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t!a» vork» Hattoiiliave ever been lie« la m 

by a n'laaQWOUS class of Histmcl.)r.s, and the 
cxo^leaec of hit Coai’.>o of- Matheaislics has boon un. 

A.. ■ '^1' 1, 1 

aclrfK>wJ<!d;?cd. , ■'■' •'* . ^ 

Doling the ■ lapse of the jaal^'twentj or thirty . jT,*,-. ^ 

achieveweiits in science have hee,i> cxlunsiveiwv- 

the bigherbraiwhes of Mathva.atics, several ele^Hnt and < fr 
ihoai^ical rfcseSFel^ff nave ad led considerably to the pr 
stock is|^nowiw’'^c; while in the elemen(ar)' braT'ches w?| 
new processes have been 't'seov;?:;;,' 

affe.'ing additional fac.'';!i.s to the praeticai (wropuhst. 
proof necessary, we have only to refer m tlie vti^'; 

' 4«iW''V’hryv.^ '•'■*' separation of t.he real 

imasiiaary? roots of 640, < ( all dci/^reet-' a suhn'O-. on 
, enersHes. of every orcit’ ' '• a luthcrc'.' ui.-tvaiiitii^ly ox 
hot \?hich 1ms now yu - ■ ' Jie tdents u j I >ndu:r:ry ot 


"^^nidusand dwtin^uislivd • -.neutul ..‘-i 1' ‘’mn. '^1 
AmW-ude and iniwtahfc hityi^ Ov/'i the u’ tlu> ri x” 


vf OdF country nmn, the wif <> • •.“'I’ikt, ,)i .i5a;h, o-. , 

yd» b^^ulj^siaiplo, and . h- 'i process t;r Uh; v.ol.il;, 

otpii*: . which,* combined m ,i . 
fternishea th.* •dent rvith auip.e nwui 
'"i feuy. 1 d CHualion tsltoVii. ^ 
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lu this edition seveij^i alterations hsve been 'VmJc, and, i*i 
helped, many improvements hiaft^e been introduced. The wl 
pfthe work has been thorougldy revised; every example 
been recomputed; and the matter ha» also been ^nbjected In i 
somewliat different arrangement ^ The plane, solid, and spheri- 
cal Geometry, and also the Geometry of the Conic Sections^ 
have boen placed continuaujiy ; and the Differentinl and In- 
tegral Calculus have>been made to ]jret'iede Mech&rdcs. This 
arrangcinent has enabled the Edit>r fo introduce iiitcilvfeebanics 
I'anguage of the CalculuSjj:wffchout 'which 'little or no progress 
^n He made in Dynamics. To ehumeraie the various changes 
^to^bave been made in the work would be altc^th€jr'’u'nneces- 
The more prominent of thej<e^are — a -new rule for' tlie 
. of the cube root; nm and gim|iile demonstrations of 

theorems ; 'the complete lUialy- 
^Innvcstigation of problems in trigonome- 

surveying'; the irx'uiod fi^uarti; besides many 

'ti^^i^jyuivestigations and examples, ^ wld(tf5> hope^ be 

acceptable and useful to the" studen^, « 

t ;; : 'he subjc<jt of Mechanics is now divided into and 

iii< s ; and several- additions )mve been miwle to this wt 
1 as to the Integral Calculus; though, from the limits 
;<fjrk, tiie IvJitor has iiot been able to introduhe so nu :ii 
sc interim useful branches of stud/ as he 

have desired. 

;||&Kicw, correct and improved edition of Hutton^s Course 
H dc.^idcratum for several years ; and while the pre- 
If h’tcTided to supply the defici^iioy, it has likewise 
'■ iinLlalcd to the (M>urse of instrucjtion now pursued in the 

Military Academy, over which the Author,, so ably pre-^ 
?v'^^for many years; and. iVortt the attention bestowed On the 
. ^^Pitations and investigattvuis, and the exercise df U careful 
=j|m'vi8ion of liie work as it has emaiiated from the press, the 
trustf^ lliat the present edition will be found to lie the 
correct of any extant. 


Military ^aidt-rny, Woolwlk^, 

Kt>vc3(El^«-r. 1 H 10, . , . ",.y' 
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A COUK 



(iJiNEtJAL 

/'r 

1 . Qi antitt, or .’>JAo.Nrri di:, is any thing iiiemse or.'<*e 

rn'ii.se ; or tli;ti is rapahlo of sort of t ««(^'''^ 

hiiiImm-s, liiMvs, spare, liiue, lii-'tioii. wei»lit. ^ 



1 

_ urtiatfevet^ ' 
f actemwoii, ' 
Ikfik 

jfilitt jpTj 

^UtAt 



:M \Tiii MATH s is til*' seleur« Mhieh IreatH oi^ 

that erm he iiuuihvred Oi jneasurrd 'I'liat pai^^' 

railed Ai'fl li//ict ic ; and that uhirl) rojirrrns ni 
is called (teomet ri/ — These (wo, uhiidj are 
inai'oitude. and are the hanKlaiion of all the 
Ahsinici Mat fiei/Kit irs ; l)ecaiise tliey iii\estigi 
ties ot abslracl nuiuhcr> and inairnilndes of al 

p.'irts are ap|died ((» particular or practi<’;d suhje , 

or parts called Mi.rc’l Mathnmtiot — 

Sjiecufatiir i\i\i\ Vntviinif ; \iz. 
in^ [uvipeil i<*s and relations; i\ui\ PravticalfW,^^.^,. 

Use conecrmiijU ph\sic.ai oi>3eets. 

b. In .Aliit liem.it ics are s(‘\eral general terms "m , 

(lens, \\i()in>, rrc]M>>itions, i'heoTems, 

liums, \c. ", .-■ ■■ •■'■•' ‘ 

1, A Ikfuiit iou is the explication of any term^. itt a 
tli(‘ sense and meaning in wliicli the termiseinpH 
to h(‘ clear, ainl express(‘d in uords that are corig 
stood. 

f), A Vropoaiiion is some i in ng proposed he| 
to 1)0 d<me ; and is ncnudinj^ly either a Theoi*eti 

(). ,/t 'I'/ieorcm is a demoiustrative projiosiii»>nJ 

asserted, and tlie I ruth of it required to he pn'v^ 

The sum of tlie three angles of any triangle is? ^ 
is a 'I’lieorem, the tnitli of \\hi<*h is demonstrateij| 
leelioii of Mu'h Theorems constitutes O-Tlieorj/. 

7, A }*)'(>hlein is a propositi* oi or n ipieslion re^ 
eitlier to in\es(io;ite souu' truth or property, or 
t(» find out the cf^iantity or :mm of rH the 
draw one linc^perpendii ular to another. A 




SCIPLES. 



Prohletn is that >vhi(;h has in- 
Prohkm is that nliich has a certain 

resK^Uibi^ or answer ^riven to it. A Nr/m£^ 
answer given in mnnhers. A O'eomtrkaJ 
principles of ( ieoiuetry. And a Mechanical 
l^ytriak 

piupnsiiioQ, laid down iiT order to shorten tlie 
[tt^itlon whicii follows iL 

^ • consequence drawn immediately from 


'viU i 

lit 'hif 

■ .li 


i «ir observation 


some forej^oing propo- 


|||^ Si • seif-evident proposition; requiring no for- 
truth of H i hut is received and assented to as 
|Mt>e wivole of any thing is greater than a part of 
|v|ii Ii3li Hs parts taken togetlier ; or, 'I’wo quantities 
l^lon third quantity, are equal to each other. 

ia oomoiiiifig rtiquired to be done, whielt is so 


iliid evtdhpl «tii iietitate t<i»allo\v it. 

^i4h ^ to he true, in order to argue 

iSticia, #r tit and demonstration of some proposition, 

/4v 15* the tevcral arguments and proofs, and 

t<i^ ibovv the truth of the proposition un- 

J)iHions(ra(ifm^ is that v\hi« h rrm ludf s 
proposition in hand.— '1 his kind of De- 
Ihe iwiud; for vthieh reaSon it is called some- 

is that vthich shows a proposi. 
absurdity would necessarily foihnv if ilte 
. wNfi|prf Ippjf 'iW^ This i* also soir.etimes (’allied lieductio ad 
' ubsurdity and falseliood of all suppositions 
proiKwiiioii. 

Irat^ iu a proper order, to 

{etfes^lj^fllie of a. propositiem, or to demonstrate it to 

<**“ ^'^y»»lhetic;il. 
e art or mode of finding out the 

known truth. I’his is also called the 
SPS? >s commonly used in 

Miih^i^h the searching out truth, by first 
pr{iKifple$, and pursuing the consequence^ 
It thfi ooticlusion. — 'I his is also called the 
Analytic method, as this 
^ conclusion ; while the other 

* considered as if it were true, 

,/|^^lrefore, when a^iy truth has l>een 
It demonstrated by a process in the 


W/t' Ac-^h^'h': 


ARITHMET 






^KiTriMKTtr is the rirl or srienc/e of numbering; 
matiivs which treats of tiie nature and properties 
of wliole Duiuhers, it is ('.alied Vulgar^ or 
Droken niiiuhcrs, or purls (»f numbers, it is called 

Utiifi/^ or rtii (hit, is that !)y which every thin yy|pdlhigPjl^ 
hei^inning of miiuher. As one man, one ball, one ’ ''rl'-i’' 1 ' 

Xufn/)f>r is either simply one, or a compound of 
thiee men, ten men. '< i- ' 

‘\n Inttgrr or Whole Xuinber, is sodie certain ^ 

on*\ tliree, ten, — 'l ljese are so called as distingiiishe#-®* 
broken nuiiihers, or parts of numbers; os one-half, 




NOTATION AND NWMERi! 




XoT vnoN, or Numkiution, teaches to denote or 
her, eillier by words or characters; or to read 

in< ml)er. >•• ' ' .!f ’ 'V> i-v ". '''' 

’Ihe numbers in Arithmetic are expressed by 
Arabic numeral llf^iires, \\hi<*!\ were introduced into 
eiiilu or nim^ hiimlred yours since: viz, I one, 2 t\v( ftp ..jgi^^,4 
six, 7 M‘\en, H eiulit, if nine, t) c.ipher or nothing:, 

wen* I’onnerly all railed h\ the jtjeneral name of U tS 

pass iliat the art of Arithmetir, w'as then often ivilled 
nine are railed Svnuftcdut Figurca^ as distinguished 
piiie insio ni(i<’anl ol itself. 

Besid<* this \alue <d' those iigures, they have also 
the place they skind in when joined to;;elher ; iw in 




'<»!> >'i;!lil til irft, (UmiiiIiis (inly 
(loiKites l<‘ii lifnc-^ its siiujtlo 
> irandlld imi's its siMi|>le \;iIiH>; and so 
suCQttSife I i.aco, lioin^ al^^ay^ (twi titaes itj 

. ■ \ .. 

6 In iirst / lace d«‘iu»to< tml) si\ units, or 

'digni^^ “t i» tlio third 


fou^ |diico, one Liuiu>.'iiid ; so that tlie 
liuiidrt'd and niiu'ty-siv. 

l)ut h(‘in^ joinod on tlir rii>!it 
v«dae in the saino tenfold pntportioii : 

aiid;;(i(i i> live luin- 

i>;r .'.■; 

1iey are di^ idt‘d into {>t-riods and 
thm^ (inures; the naino oi' the liist 
tile lliird, iiiillion') ot' iiiillioiis, (>r 
.<Nri^ioiirtl),%niiiioi)s of ntillions oi‘iiiii!ii>ii>, or 
oin AIm) llu' fir>l j»ai i of any jKoiofl 
p*rt iD many tlnnisainU. 

oi dhe wholt! dortriiic : 




BiUions; Millions; 


j|i words that is jtrojMM'd or set 
lielji of the followin'^ rulr, de- 
'■■IliiWralWiiN, \ h. 

fibber, is in tin* suimuary aitovr, inio 
*ttbel«l^li and side, anil rea<l the fi;L;ures 












Mfci 


l.'MOotiio 

4-T0;)(KiL^'i 

mimoon 

^TZl'jOidh!) 

27 lSj(i:jfi()(i<io 

rj5<wi()(}:j(i7o:^i 


mindiet pro|uw.<l in words; 
^MpEl of llie words or names helon^*- 
tlie \acant j>la<;es with eipljcrs 



notation and numeI 


EXAMPLftdU 

Set down in figures the folh numbers : 

I'irty-soven. » 

ii’wo hundreii and eighty-six, i 

INine tlKMisand, two Imndred ai I ten. 

"rwenty-seveii thousand, five In.ndred and *****<^^y*®SiS®j 
Stx hundred and forty thousand, four hundred 
I'liree niillioits, two fiiindred and sixty thousand, 
lM>ur liundred and eiglit niillioits, two hundred 

dr<*d and nii»ety-tuo. ^ ‘ 

Ta(Mi(y-se\en ihou>and and eight millions, ninety-si3e|iyi^n^i||i|ii 

f<mr. " J ‘"'i 

'] ao hundred lho^^and and five hundred and 

(eii thou>and, aiul .sixt«‘en. ^ 

'l ueijtv-one billions, <'iglil Imndred and ten millioiii|k)riSP||||^| 


hundred and filly. 




OF THE ROMAN NOTATi0lf^/c. 1, „ * . - 

I'm: l^oluail^. lihe several oth^r nations, expressii|^tr; littt»ber^^ by cieridja^.5 
letters of the alpluilyet. 'The Homans ust*d only 

lollouino- <‘apitals : viz. 1 for one ; V (*w li lor C ' 

for a hun^lnd ; D I’oryov huiufnul ; M for a Mon.vwiwt 
expressed hy \arious repetitions and comhiiialions 


I. 

II. 

111 . 

nil or IV. 
\ . 

\ 1 . 

\ II. 

Mil. 

IX. 

X, 


As <»ften as any 


iitiies is its valip^’'lNpi|tiSlJ 
A less rharacler 
its value. v 

A less eliaracler 

value. ' 




n iw 1.). 

: M or Ci:). 
M.M 

: V or 1;) J. 

: VI 


^ as many." 

it bewiiies ten Siflfr 

A biir over any 


10000 “ \ or (’(’ 1 ).). 

^0000 =:i H or IJJJ. 

GOOOO =: H\ 

lOOOOO zr tJjH* C(HH0D3* 
101)0000 == -^1 or GGCC1^D3«^* 
gOOOOQO = 

&C. » ^ 





sfit tb«ir sum nnHer tb© number that iaf 
number and the uppermost line tofijetlij 
found by the first addition, it may be j 
(»f proof is founded on the plain a^ion 
%U<eii tof^ether,” 

Third Method . — Add the figures ifi tS 
together, and find Iumv many nines 
siitn. — Heje<l those nines, and set 
towards the right hand directly even witl 
hue, as in the next example. — Do the i 
proposed lines of nnmbers, setting all tlteadli 
in a column on the ri«;l»t liand, as here 
rxc^ess of 9’s in this ^um, found as 
excess of 9’s in the total sum ls:.04, the 

©ght hand column o, o, b, is 16, the exoetfS ** **’ 

t>f I he figures in the sum total lhd04 is 16, 

'i, the same as the former.* ^ 


“ ' .'V \ „ 


18304 





KR 


2 . 

itidio 

GiKOO 

yw7()j 

4:ii?i() 

14;i45 

67^90 

30cm.;j 
1^00 1 00 
3tit>f4o 



783St: 

90684'-' 


Kx, 5. Add 9024; 5100; 

0. A(I<1 5t)9i^G7; 2d5s0.9; 7:J9iO; 8^ 


7. Add 2 ; 19; 817; A2^.)H : 50916; 7 
H. I low many days are in the twelv 

• This mfthod r)f proof (t<>prndH upon ft proprrty'lif' 
to no othor dijs'it u liHU'Vor , ttHiiK-ly, “ th«^-‘ 
rvuiiiiiider at* th«* sum of Itsfif-ures or digits dividril 
I}i'ntan$tiotion.--h*‘t IImto Ih* nn) iitinilo'r pr<«i)«j(l 
hocotnas 40(H) -f (WO :>0 -f- S. Ifut UHH) = 4 X m' 
f,M) =; a X + <’» , H»d .W = :> X it + &■ TbrnTorg, 
4. 0 + 5 X ^ -f H = 4 X 4 - X m + :> x » 

W 4- !, X 0 4- t 4- <•' 4- •» 4“ 4 * X 

a rt maiuder ; tlu-r<*(on* it tho k''**" 4 #ViS 

4 4 (; .p ^ tt d.M.ii'd t*y 1 ). And iha ‘a*ui*. it ia 
111 likt* fUHiituT, tha sHitio proptTfy m»v bi* stur 
UHualiy giviMi t(«^hf* munlior on jo r.uiiU of its \ 
Now, from tlu* drmoiihtrHtion nliovt* Kiveu. the 
9 ’s in two or moro munb* rs bruig takoo st’paraUd,^^ 
th« foTiuer rxrrasrw, it i« plain that this last 
total 6 iim Ilf all tboae Jfiimbors ; all tlm j^larts takni, 
flrut giv«n by Dr V\ ullia In hi» Arirhim-tir, pobIn.b 





'‘■ 4 ^. fir-iaoi. 

.."■<:sV"';A*w>a6«2s i- 

■■ ■ ’A' 7 



2 . X 

538(1427 I'Vom 12345(^7 

mHVJ2 'I’iike 702973 






MULTIPLICATION. S 

S, Noah’s flood happened about the year of the world H)56, and the birth of 
Christ aboul the year 4000 ; tlien how long was the flood before Cln ist? 

^ A ns. $iJi44 yeai" 8 , 

10 . 'I he Arabian or Indian me^iod of notation was first known in England 
labout the year 1 150 5 then liow long is it since, till tliis present year 1B40 ? 

Ans 690 years. 

1 1 . (iunpowder was invented in the year 1330 ; then how long was this before 

the invention of printing, which was in 1441 ? Ahs. Ill years. 

l^l^ The mariner’s compass was invented in Europe in the year 1302; then 
how long was tliat before the discovery of America by ^Columbus, which happened 
in 1492 ? Ans. 190 yeai-s. 


OF MULTIPLICATION. 

Multiplication is a compendious method of Addition, teaching how to find 
tlie amount of any given number when repeated a certain number of times. As 
4 times ('►, \vhi<*-li is 21, 

'The number to l)e multiplied, or repeated, is called the Multiplicand . — ^[The 
number you multiply l>y, or number of repetitions, is tbe Multiplier , — And the 
number found, boinj* the total amount, is called tlie P*:oduct. — Also, both the 
multiplier aud muliiplicand are, in general, named tbe Terms or Factors, 

Before proceeding to any operations in this rule, it is necessary to learn off 
very perfectly th<^ following 'fable of all the products of the first 12 numbers, 
boiuetiines called the 31ulii plication Table, or Pjthagoras’s Table, from its 
inventor, ^ 


Mui.TiPLio.vTiow Table. 


1 1 

2 

3 

4 

5 

« i 

7 

8 

9 

10 1 a 

12 

^ 1 

4 

6 

8 

10 1 

12 1 

14 

16 

18 

20 j 22 

24 

;i 1 t) 

9 

1-' 1 

i.-) 1 

18 1 

21 

24 

27 

30 1 33 

36 

•4- 


12 

16 ! 

20 

2.1 

23 

32 

36 

40 j 44 

48 

5 

10 

15 


25 

311 

35 

40 

45 

■ 50 ^ 55 

60 

6 

12 

IS 

24 

30 

30 

42 

48 

5 1- 

60 1 66 

n 

7 

14 

i ■-'I 

28 i 

35 

42 

49 

56 

63 

70 i 77 

84 

8 

16 

24 

:i2 

40 

48 j 

56 

64 

72 

I'a 1 88 

m 

9 

18 

27 

36 

45 

1 54 

63 

72 

8l 

90 j _99 

108 

10 

29 

30 

40 

50 

1 60 

1 70 

80 

90* 

100 1 1 10 

iiiT 

11 

j 22 


44 

5.5 

j 60 

i ' ' 

1 

99 

nOj 12i 

132 

12 

{ if'!' 

j^36 

48 

GO 

j 72 

84 

{ 96 

108 

120 j 133 

144 
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ARITHMETIC. 


To multiply my Given jAimber by a Single Figure, or by any Number noi 
more than 12. 

* Set the miiltipHer under the units fijjjure, or right-hand place, of the multi* 
plicand, and draw a line below it. — 'Then, beginnin;' at the right-hand, mu)tipl)f[' 
every figure in this by the multiplier. — Count how many tens there are in the 
product of every single figure, and set down tlie remainder directly under the 
figure that is multiplied; and if nothing remains, set down a cipher. — Carry as 
many units or ones, as there are tens counted, to the product of the next figures, 
and proceed in the same n^^nner till the whole is finished. 


EXAMPI.E. 


Multiply 9876543210 • Multijdicand. 

By 2 Multiplier, 

1975.3086420 Product. 


2’o multiply by a Niimbg' consisting of Several Figures* 

•|* Set the multiplier below the multiplicand, placing them as in Addition, 
namely, units under units, tens under tens, &c. dirawing a line below it. — Multi- 
ply the whole of the multiplicand by each figure of the multiplier, as in the last 
article ; setting down a line of products for each figure in the multiplier, so as 
that the first figure of each line may stand straight under the figure multiplying 
by. —Add all the lines of products together, in the order as they stand, and tlieir 
sum w ill be the answer or whole product required. 

TO PROVE MULTIPLICATION. 

There are three different ways of proving Multiplication, which are as below : 

First Method , — Make the multiplicand and multiplier change places, and 
multiply the latter by tbe former in the same manner as before. Then if tlie 
product found in this way be the same as the former, the number is right. 

Second Method , — t Cast all the 9’s out of the sum of the figures in eat'.h of the 


4 . 

• The reason of this rule is the Bnmp B8 for the proresH in Addition, in nh'ch 3’-^ r= 8X4 

) is carried for every 10, to the next place, gradually bm the several products 280 = 10 X 4 

are produced, one after another, instead of setting them all down below ea4 h 2400 = 600 X 4 

otlier, as in the annexed Example. 20000 = .5(X)0 X * 4 

22712 =”5678 X 4 

f After having found the product of the multiplicand by the 
first figure of the multiplier, as in the former case, the iniilii. 1234567 the multiplicand, 

plier is supposed to be divided into parts, and the product is 4507 

found for the second figure in the same manner: but as this 

figure stands Iq the place of tens, the product must be 10 times 8641069 = 7 times the multf 

its simple value ; and therefore the fir^t figure of this product 7407402 60 times ditto, 

must be set In the place of tens ; or, which is the same thing 01728;i5 =r 600 times ditto, 
directly under the figure multiplied by. And proceeding in this 403826S = 4000 times ditto, 

manner separately with all. the figures oi the multiplier, it is — — — — — — . 

evident that we shall multiply all the parts of the multiplicand 5638267489 = 4,567 times ditta 

by all the parts of the multiplier, or the whole of the inultipU- 

cand by the whole of the multiplier: therefore these several products being added together, will 
be equ^ to the whole required product: as in the example annexed. ^ 

t ihla method of prool is derived from tbe peeni>Hr property of the number 9, nf^ntionea in the proid 
of Addition, and tiie reason for the one may serve for that of the other. Another n^ore ample demon. 



MULTIPLICATION. Tl 

two factors, as in Addition, and set down tbe remmnders. Multiply these two 
remainders together, and cast the 9’s out of the product, as also out of the whole 
product or answer of tlie question, reserving the remainders of these last two, 
which remainders must be equal when the work is right. — Note, It is common 
*to set the four remainders within tlie four angular spaces of a cross, as in the 
example below. 

Third Method . — Multiplication is also very naturally proved by Division; 
for the product iTivided by either of the factors, will evidently give the other. 
But this cannot be practised till the rule of Division is learned. 


KXAMPLES. 

Mult. 

by bl96 -iVoo/ 

.‘11878 

I’roduct. 



or Mult. 61 9(3 
by .35+2 

1 2392 
2+78+ 

.30980 

18588 

219+6232 Pi oof. 


•O^HPR BXAMn.ES. 


IMuItiply 123456780 by 3. 
Multiply 123451,789 by +. 
Multiply 123+56789 by .5. 
Multiply 123156789 by (5. 
Multiply 123156789 by 7. 
Multiply 123+56789 by 8. 
31ulliply 123+56789 by 9. 
Multiply 123+56789 by 11. 
Multiply 123+56789 by 12. 
Multiply 30201+603 by 16. 
Multiply 273580961 by 2a 
Multiply 4020973 IG by 195. 
Multiply 82164073 by 3027. 
Multiply 756+900 by 579. 
Multiply 8+96427 by 8743.59. 
Multiply 2763325 by 37072. 


Ans, 370370367. 

Ans. +9.38271.56.- 
Ans. 617283945. 
Ans# 7+07+0734. 

A|is. 86+197523. 

Ans. 987654312. 

Ans. 111111110], 
Ans. 1358024679. 
Ans. 1481481+68. 
Als. 484663.36+8. . 
Ans. 6292369103. 
Ans. 7B+08976620. 
Ans. 248713373271. 
Ans. 4380077100. 
Ans. 7428927415293. 
Ans. 102330768400. 


Contractions in Multiplication. 

1. When there are Ciphers in the Factors- 

If the ciphers be at the right-hand of the numbers ; multiply the other figures 
only, and annex as many ciphers to the right-hand of tlie pr<jduct, as are in both 
the fitclors. — And when the ciphers are in the middle parts of the multiplier; 
neglect them as before, only taking care to place the first figure of every line ol 
products exactly under the figure by which the multiplication is made. 

etration of this rule may bo ns follows; — Let P and Q denote tlie number <jf Q’s in tiTe factors to 
be multiplied, uiui a and b what remain j then 9P +- a and 1)Q -j- ^ be^the numbers them, 
selves, and their prorfimt la (yp X HQ) -f- (9P X 6) -f- (9^2 X «) + (« X but the first tliree 
of these products are each a precise ntimber of 9’s, because their factors are po, either one or 
both; these therefore beinff «*a-.t away, there remains only a X b ; and if the 9*a be also cast out 
of this, the excess the excess of O’s in the total product: but a and b are the excesses in th# 
factors themselv^, and a X b their product ; tberetore the rule is true. 



ARlTHMETia 


C 

EXAMPLES. 


L 

Mult 9001635 
by ... 70100 

900163 ^ 

.63011445 

631014613500 Prod. 


% 

Mult 390720400 
by ... 406000 

23443224 

15628816 

158632482400000 


3. Multiply 81503600 by 7030. 

4. Multiply 9030100 fiy 2100. 

5. Multiply 8057069 by 70050. 


Ans. 572970308000. 
Ans. 18963210000. 
Ans. 564397683450. 


II. When the Multiplier is the Product of two or more Numbers in the 
Table. ; then 

* Multiply by each of those parts separately, instead of the whole number at 
•Lice. 


exampi.es. 

1. Multiply 51307298 by 56, or by 7 times 8. 
51307298 • 

7 

359151086 

8 

8873208(i88 


2. Multiply 31704592 by 36. 

3. Multiply 29753804 by 72. 

4. Multiply 7128368 by 96. 

5. Multiply 160430800 by 108, 

6. Multiply 61835720 by 1320. 


Ans. 11413653J2. 
Ans. 2142273888. 
Ans. 684323328. 
Ans. 17326526400. 
Ans. 81623150400. 


7. There was an army composed of 104 f battalions, eiich consisting of 500 

men ; what was the number of men contained in the wliole? Ans. 52000. 

8, A convoy of ainniunition $ bread, consisting of 250 waggons, and each 

waggon containing 320 loaves, having been intercepted and taken by the enemy ; 
what is the number of loaves lost? Ans. 80000. 


OF DIVISION. 

Division is a kind of compendious method of Subtraction, teaching to fiml 
how often one number is contained in another, or may be taken out of it, which 
IS the same thing. 

* The reason of this rule is obvious enough; for any number multiplied by the component p«rts of 
another, must give the same product as if it were multiplied by that number at once. Thus, in the 1st 
example, 7 times the product of 8 by the given number, makes 56 times the same number, as plainly 
as 7 times 8 makes 56. 

t A baitaluin Is a body of foot, consisting of 500. or 600, or 700 men, more or less. 

t The aininiinition bread is that which is provided for, and distributed to the'^soldlers ; the usual 
allowaaoe being a loaf of 6 pounds to every soldier, once in 4 days. 



DIVISION. 13 

The ntimber to he ilivided, is called the Dividend --^TherivivaheY to divide by, 

. is the Divisor. — And the number of times the dividend contains the divisor, is 
called tlie Quotient , — Sometimes there is a Remainder left, alter the division is 
finished. » 

® The usual manner of placing- the terms, is, the dividend in the middle, having 
the divisor on the left-hand, and the quotient on the right, each separated by a 
curve line ; as to divide 12 by 4, the quotient is 3, 

Divisor. Dividond. Quotient- 

4) 12 (3 » 

showing that the number 4 is 3 times contained in 12, or may be three times 
subtracted out of it, as in tlie margin* 


* Riilr . — Having placed the divisor before the dividend, as 
above directed, find how often the divisor is contained in as 
many figures of the dividend as are just necessary, and place the 
number on the right in the quotient. Multiply the divisor by 
this number, and set the product under the figures of the divi- 
dend before-mentioned. — Subtract this product from that part 
of the dividend under which it stands, and bring down the next 
figure of the dividend, or more if necessary, to join on the right 
of the I'emainder. — Divide this number, so increased, in the 
same manner as before ; and so on till all the figures are 
brought down and used. 


12 

4 subtr, 
8 

4 subtr. 
4 

4 subtr. 
0 


JV. B, If it be necessary to bring down more figures than one to any remain- 
der, in order to make it as large as the divisor, or larger, a cipher must be set 
in tlie quotient for every figure so brought down more than one. 


TO PROVE DIVISION. 

t Multiply the quotient by the divisor; to this product add the remainder, 
if tliere be any; then the sum will be equal to the dividend when the work is 
right. 

* In this way wo rosolvo the dividend into parts, and find by trial how often the divisor ia contained 
in ^tch of those parts, one alter another, and arranging the several figures of the quotient one after 
another, into one number. 

When there is no remainder to a division the quotient ie the whole and perfect answer to the ques- 
tion But when there is a remainder, it goes so much towards another time as it approaches to the 
divisor : so, if the remainder be half the divisor, it will go the half of a lime more j if tlie 4th part o 
the divisor, if. will go one-fourtli of a time more; and so on. Therefore, to complete tiie quotient, sf t 
tlie remainder at the end of it, above a small line, and the divisor below it, thus forming a fractional 
part of the w'hole quotient. 

f This method of proof i? plain enough: for since the quotient is the number of times the div'- 
doiid contaius the divisor, the quotient multiplied by tlie divisor must evidently be equal to the 
dividend. 

There are also several otlier methods Bometimes used for proving Division, some of the most usefoi 
of which are as folloxv ; * 

Second Method —Subtract the remainder from the dividend, and divide what is left by ?he quotient , 
BO shall the new quotient from this last division be equal to the former divi^ir, when the worii 

Third Method.^Add together the remainder and oil the products of the ^“'^^quotient figures by 
the divisor, accorditiff to the order in which they stand in the work ; and tn 1 ^lun wiil be equal to th« 
dividend when the w**\ k is ri^ht. 
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ARITHMETIC. 


El^AMPtES. 


S) 1234567 (411522 Quot. 
12 mult. 3 


4 

3 

15 


1234566 
add 1 

1 ^^ 

ProoH 

€ 


6 

G 

<7 

6 

Rem, 1 


3. Divide 73146085 by 4. 

4. Divide 5317986027 by 7, 

5. Divide 570196382 by 12. 

6. Divide 74638105 by 37. 

7. Divide 137896254 by 97, 

8. Divide 35821649 by 764 

9. Divide 72091365 ‘ by 5201. 


37) 12345678 (333666 Quot. 
Ill 37 


124 

111 

~l35 

111 


246 

222 

247 

222 


2335662 
100099b 
rem. 36 

12345(ra 
Proof. 


25 S 
222 

Rem. 36 


Ans. 18286.5211 
Aus. 7597l2289f 
Ans. 47516365^V 
Ans. 2017246/y. 
Ans. 142l6l0|j^. 
Ans. 4688 ()^iJ. 
Ans. 13861 

10. Divide 4637061283 by 57606. Ans. 80496fl-2c^ 

U. k^iippose 471 men are formed into ranks of 3 deep, what is the nunibei’in 
enoli rnnk ? Ans. 157. 

12. A p^rty, at the distance of 378 miles from the head quarters, re(*eive 

orders to join their corps in 18 days; what number of miles must th^y march 
each day to obey their orders ? Ans. 21, 

13. The annual revenue of a gentleman being 37900/ ; how much a day is that 

equivalent to, there being 365 days in the year? Ans. 104/. 


CONTRACTIONS IN DIVISION. 

There are certain contractions in Division, by which the operation in par- 
ticular cases may be performed in a shorter manner ; as follows: • 

I. Division hy any Small Number^ not greater llnan 12, may be expeditiously 
performed, by multiplying and subtracting mentally, omitting to set down the 
work, except only the quotient immediately below the dividend. 


3 ) 36103G61 
Quot. 18701320^ 
6 ) 38072910 


EXAMPLES. 

4 ) 52019676 


7 ) 81390627 


5 ) 1370192 


8 ) 23718620 


9 ) 


JI ) 57014230 


13 ) 2798031S 



DIVISION. 


n 


II. ♦ IVhen Ciphers are annexed to the Divisor ; cut off those ciphers from it, 
and cut off the same number of hg^ures from the right-hand of the dividend | 
then divide the remaining hgures, as usual. And if there be any thing remain-* 
ing after this division, place the figures cut off from the dividend to the right of 
t, and the whole will be the true remainder; oilierwise, the figures cut off only 
will be the remainder. 


1. Divide 3704196 by 20. 
i>,0 ) 370419,6 

Quot 185209 


3. Divide 7380964 by 23000, 

4. Divide 2304109 by 5800. 

III. When the Divisor is the exact Product of two or more of the small Num* 
hers not greater than 12: f Diviae by each of those nuinibers separately, instead 
of the whole divisor at once. 

N, B , — There are commonly several remainders in working by this rule, one 
to each division ; and to find the true or whole remainder, the same as if the 
division had been performed all at once, proceed as follows : Multiply the last 
remainder by the preceding divisor, or last but one, and to the product add the pre- 
ceding remainder; multiply this sum by the next preceding divisor, and to the pro- 
duct add the next preceding remainder ; and so on, till you have gone backward 
through all the divisors and remainders to the first. As in the example following : 


EXAMPLES. 

2. Divide 310a6901 by 7100. 

71,00 ) *^1086.), 01 ( 4378 
234 

268 

“ 213 

556 

497 

599 

568 

^sT 

Ans. 320jf^-§i. 
Ans. 397Hg§. 


EXAMPLES. 


I. Divide 31046835 
7) 31046835 

8 ) 4435262 — I first rem. 


by 56, or 7 times 8. 

6 the last rem. 
mult. 7 preced. divisor. 


42 


554407 — 6 second rem. 


add 1 the Ist rein. 


Ans. 554407f|. 


43 whole reiA. 


This method is only to avoid a needless repetition of ciphers, which would happen in the common 
way. And the truth of the principle upon which it is founded, is evident ; for, cutting off the same 
number of ciphers, or figures, from each, is the same as dividing each of them by 10, or 100, or 1000, &c 
aoc«irding to the number of ciphers cut off j and it is evident that as often as the whole divisor is con- 
tained in the whole di vidend, so often must any part of the former be contained in a like part of the latter. 

f This follows from the 2d contraction in Multiplication, being only the converse of itj for file half 
of the third part of any thing, is evidently the same as the sixth part of the whole ; ai^jl so of aay other 
iiumbers.<~.l he reason of the method of finding the whole remainder, from tlie several particular ones, 
will best appear from the nature of Vulgar Fractions. Thus, in the first example above, the first 
remainder being 1, w'hen the divisor is 7, makes 1 ; this must be added to the second remainder 6, 

making 6* to the diV^rS, or to be divided by 8. But and this divided by 8 

43 43 ^ 
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ARITHMETIC. 


C 

8. Divide 7014696 by 72. Ans. 97424H. 

8. Divide 5130652 by 132. Ans. 38868, y,. 

4. Divide 83016572 by 240. Ans. 345902A\j. 

c 

IV, Common Division mo\f he performed more concisely ^ by omitting’ the»;\ 
several products, and setting down only the remainders ; namely, multiply the 
divisor by- the quotient figures as before, and, vvitliout setting down the product, 
subtract each figure of it from the dividend, as it is produc d ; always remem- 
bering to carry as many to the next figure as were borrowed before. 

C’ 

EXAMPI.ES. 

1. Divide 3104679 by 833 

833 ) 3104679 ( 3727 /^. 

6056 
2-257 
5919 
88 

2. Divide 79165238 by 238. 

3. Divide 29137062 by 5317. 

4. Divide 62015735 by 7803. 


Ans. 332627,^^8. 
Ans. 5479f||^. 
Ans. 7947fl£f 


OF REDUCTION. 

K EDUCTION is the changing of numbers from one name or denomination to 
another, without altering their value. — Tliis is chiefly concerned in reducing 
money, weights, and measures. 

When the numbers are to be reduced from a higher name to a lower, it is 
called Reduction Descending; but when, contrfiriwise, from a loner name to a 
higher, it is Reduction Ascendmg, 

Before proceeding to the rules and questions of Reduction, it will be proper 
to set down the usual Tables of money, weights, and measures, whii^h are as 
below : 


OF MONEY, WEIGHTS, AND MEASUREIS. 

TABLES OF MONEY.* 


2 Farthings == 1 Halfpenny i 

4 h’artliings = 1 Penny d. 

12 Pence =: 1 Shilling s, 

2.) Shillings == 1 Pound £. 


grs. d, 

4=1 s. 

48 = 12 = 1 

960 == 240 = 20 = 


* <£ denotes pounds, s shillings, and d denotes pence. 

I denotes 1 farthing, or ohp quarter of any thing. 

4 denotes a half-penny, or the half of any thing. 

I denotes 3 farthings, or three quarters of any thing. 


1 . 


The full weight and value of the English gold and silver coin, is as here below. 

Weight. 
dwt, gr, 
18 

. 9 2^ 

3 15^ 
^ I 19* 


Gold. Value. 

Weight, 

SiLVim. Value, 

£> d. 

dwt. gr. 

8. d. 

A Guinea 1 1 0 

, 6 9i 

A Crown 5 0 

Halt- guinea 0 10 .6 

2 lOf 

Half-crown 2 6 

Quarter-giirtnea 0 5 3 

1 84 

Shilling 1 0 

Sovereign 10 0 

5 3^ 

Sixpence 0 6 

n 10 0 

2 




WEIGHTS AND MEASU|IES. 





PEMCE TABLE. 


1 SHlLLtMGB TABLE. 


s. 

d 

S. 


d 

so 

are 1 

8 

1 

18 

12 

80 

— 2 

*6 

2 

are 

24 

40 

— 3 

4 

3 

— 

36 

50 

— 4 

2 

4 

— 

43 

QO 

. — 5 

0 

5 

— 

60 

;o 

— 5 

10 

6 

— 

72 

80 

— G 

8 

7 . 

— 

84 

00 

— V 

6 

8 

.... 

96 

1(K) 

— 8 

4 

9 

— 

108 

110 

— 9 

2 ^ 

10 


120 

ISO 

— 10 

0 ' 






TROY WEIGHT.* 



Grains .... 


gr. 

dwt. 


24 Grains make 1 Pennyweight dwt. 

• 24 = 

1 

OZ. 

20 Pennyweights 1 Ounce 

OZ. 

480 = 

20 = 

1 

12 Ounces 

1 Pound 

lb. 

57G0 = 

240 = 

12 = 


lb. 

I 


By this weight are weighed Gold, Silver, and Jewels. 


APOTHECARIES* WEIGHT. 


Grains marked .,....“gr. 


20 Grains make 

1 Scruple 


. sc. or 

3 Scruples — 

1 lOram 




. dr. or 

8 10i*ains — 

1 Ounce 




. OZ. or 

12 Ounces — 

1 Pound 

— 


. lb, or 


sc. 




20 = 

1 

dr. 



60 = 

3 = 

1 

OZ. 


480 = 

24 = 

8 z= 

1 

lb. 

5760 = 

288 = 

96 = 

12 

= 1 


Ihe usual value of gold is nearly £4 an ounce, or £d a grain > and that of silver is nearly 58 an ounce. 
Also« any quantity of gold is to the same weight of standard silver, nearly aa 15 to 1, or more nearly 
as 15 and l.l4th to 1. 

Pure gold, free from mixture with other metals, usually called fine gold, is of such purity of nature, 
that it will endure the Are without wasting, though it be kept continually melted. But silver, not 
having the purity of gold, will not endure the flre.like it : yet fine silver will waste but *a very little 
by being in the fire any moderate time; whereas copper, Un, lead, &c, will not only waste, but may 
be calftued or burnt to a powder* 

Both gold and silver, in their purity, are so very soft and flexible (like new lead, &c.) that they are 
not 80 useful either in coin or otherwise, (except to beat into leaf gold or silver) as when they are 
alloyed, or mixed and hardened with copper or brass. And though most nations differ more or less 
in the quantity of such alloy, as well as in the same place at different times, yet in England ,tJie stan. 
dard for gold and silver coin has been f«»r a long time as follows, viz. That 22 parts of fine gold, apd 2 
parts of copper, being melted together, shall be esteemed the true standard for gold coin : And thit il 
ounces and 2 pennyweights vf fine silver, and 18 pennyweights of copper, being mclttsd togothbr, is 
esteemed the true standard for silver coin, called Sterling silver. * 

* The original of all weights u.sed in England, was a grain or corn of wheat, gathered out of the 
middle of the ear, and being well dried, 32 of them were to make (»ne pennyweight, 20 pennyweights 
one ounce, and 12 ounee|pione pound. But in later tim.es, it was thought sufficient to divide the same 
penny weight into f^4eaua] parts, still called grains, being the least weight now. in common use^ and 
from thence the rest dre computed, as in the Tabled above. 

u 
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ARITHMETIC, 


0 

This is the same as Troy weight, only having some different divisional. 
Apothecaries make use of this weight in compounding their medicines; but 
they buy and sell their drugs by Avoirdupois weight. 




AVOIRDUPOIS WEIGHT. 










marked dr. 

16 Drams 



make 1 Ounce 



— 

oz. 

16 Ounces ... 



— 1 Pound 



— 

lb. 

28 Pounds ... 



— 1 Quarter 



— 

qr. 

4 Quarters .... 



— 1 Hundred Weight 


— 

cwt. 



1 Ton ... 





ton 








dr. 


OZ. 






16 

=r 

1 

lb. 





266 

iz: 

16 

=z 1 

qr. 




7168 

'ZZ 

448 

= 28 = 

1 

cwt 



28672 

zz 

1792 

= 112 = 

4 = 

1 

ton. 


S73440 

35840 

= 2240 

80 = 

20 

= 1 



By this Weight, are weighed all things of a coarse or drossy nature, as Corn, 
Bread, Butter, Cheese, Flesh, Grocery Wares, and some Liquids; dso all 
Metals except Silver and Gold 

oz. dwt, gr. 

Note^ that 1 lb. Avoirdupois = 14 11 15 J Troy. 

< 1 oz. — — 0 18 — 

1 dr. = 0 1 SJ — 


LOIIQ MEASURE. 


3 Barley-oorns . 



make 1 Inch 

marked In. 

12 Inches 



— 1 Foot 

-- Ft. 




1 Yard 

— Yd. 




1 Fathom 

— Fth. 

5 Yards and a half . 


— . 1 Pole or Rod ...... 

— PI. 

40 Poles 



— 1 Furlong 

— ; Fur. 

8 Furlongs 



— 1 Mile 

— Mile 

3 Miles 



— 1 League 

— Lea. 

09^ Miles nearly . 



— 1 Degree 

— Deg. or* 

In. 


Ft 



12 

zz 

1 

Yd. 


36 

zz 

3 

= 1 PL 


198 

=: 

16i 

= 6J = 1 

Fur. 

7920 


660 

= ’ 220 = 40 = 

1 Mile. • 

63360 

= 

5280. 

== 1760 = 320 = 

8 = 1 




CLOTH MEASURE. 


2 Inches and a quarter 

make 1 Nail 


4 Nails 



. 1 Quarter of Yard 





, .... 1 £11 Flemish 

^ EP 

4 Quarters 



1 Yard 


5 Quarters 



. _ IMEngliah 

..W — ££ 

4 Qrs Inch 

-I.. 1 £11 Scotch 

•f ••*.«••• £ SL 



WEIGHTS AND 


MEASU|IES. 
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SQUARE MEASURE. 




144 Square Inches .... 



.. marked Ft 

9 Square Feet 


1 Sq. Yard 


— 

\d. 

^30^ Square Yards .... 


1 Sq. Pole . 


.. — 

Polo. 

40 Square Poles 


1 Hood 


— 

Kd. 

4 Roods , 


1 Acre 




Acr. 

Sq. Inc. 

Sq. Ft. 




144 = 

1 

Sq, YdL 




1296 = 

9 = 

1 

Sq.jn. 



39204 = 

272^ = 

30J = 

1 Bd. 



15GS160 = 

10890 = 

1210 z= 

40 = I 

Acr, 


C272640 == 

435G0 = 

4L840 = 

IfiO = 4 

=: 1 



By this measure, Land, Husbandmen and Gardeners work are measured ; also 
Artificers works, such as Board, (Bass, Pavements, Plastering-, Waiiiscoiting, 
Tiling-, Flooring-, and every dimension of length and breadth only. 

When three dimensions are concerned, namely, length, breadth, and depth or 
thickness, it is ctilled cubic or solid mcasur^ which is used to measure Tijuher, 
Stone, -^cc. 

The cubic or solid Foot, which is 12 inches in length and breadth and thick- 
ness, contains 1728 cubic or solid inches, and 27 solid feet make one solid yard. 


DRY, OR CORN MEASURE. 


2 Pints 


... make 1 Quart ... 


2 Quarts 


... — 

1 Pottle ... 

Pot. 

2 Pottles 


... — - 

1 Gallon .. 

— Gal. 

2 Gallons 




1 Peck .... 


3 Pecks 


— 

1 Bushel .. 


8 Bushels 


... — 

1 Quarter . 

— Qr. 

5 Quarters .... 


... — 

1 Weigh or Ijoad — Wey. 

2 Weys 


— 

1 Last 


Pts. 

Gal. 




8 = 

1 

Pec. 



16 = 

2 = 

1 

Bii. 


64 z= 

8 = 

4 

= 1 

Qr. 

.512 = 

64 = 

32 

= 8 = 

1 Wey. 

25G0 = 

320 =r 

160 

= 40 =: 

5 iz: 1 Last 

5120 = 

640 1= 

320 

80 

10 =: 2 = 1 


By this are measured all dry wares, as Corn, Seeds, Roots, Fruits, Salt, Coals, 
Sand, Oysters, &c. 

The standard Gallon dry-measure contains 2G8f cubic or solid inches, and the 
Corn or Winchester Bushel 2]50| cubic inches; for the dimensions of the Win- 
chester bushel, by the Statute, are 8 inches deep, and 18^ inches wide or in 
diameter. But the Coal bushel must be inches in diameter; and 3C bushels^ 
heaped up, make a London chaldron of coals, the weight of which is 3136 lb 
Avoirdupois. 


ALE and beer measure. 


2 Pints 

... make I Quart 


... marked Qt 

4 Qujirts 

1 Gallon 


... — Gal. 

36 Gallons 

... 1 Barrel 


... — Bar, 

1 Barrel aift a half ... 

... — 1 Hothead .... 

B 2 


.. — Hhd 



m 


1 

ARITHMETIC. 



8 Barrels 



— 1 Puncheon 

— — 

Pun. 

8 Hogsheads . 



— 1 Butt 


Butt. 

8 Butts 



— 1 Tun 


Tun. 

Pts. 

Qt. 



2 

= 

1 

GaL 



8 

zz 

4 

= 1 Bar. 



288 

rr 

144 

zz 36 = 1 

Hhd. 


432 


216 

= 51 zz li = 

1 BulL 


864, 


432 

= 103 == 3 = 

2 zz 1 


NotCy — Tlie Ale Gallon contains 232 cubic or solid inches, 





WINE MEASURE. 



2 Pinto 



make 1 Quart 


8 Quarts 



1 Gallon 


Gal. 

42 Gallons 



— 1 Tierce 


Tier 

63 Gallons or 1 

\ Tier. ... 

— 1 Hogshead ... 


Hhd. 

2 Tierces 



— ^ 1 Puncheon ... 


Pun. 

8 Hogsheads . 




— 1 Pipe or Butt 


Pi. 

2 Pipes 



— 1 Tun 


Tun. 

Pts. 

Qts. 





2 == 

1 


Gal. 



8 = 

4 

zz 

1 Tier. 



336 = 

168, 

zz 

42 = 1 Hhd. 



504 = 

252 

n; 

C3 = li = 1 

Pun. 


672 = 

336 

zz 

84 ZZ 2 ZZ li 

zz 1 Pi. 


1008 = 

504' 

= 

126 zz 3 zz 2 

= U = 1 

Tun 

2016 =z 1008 

=: 

252 zz 6 zz 4 

zz 3 = 2 

zz 1 


"Note . — By this are measured all Wines, Spirits, Strong waters. Cyder, Mead, 
Perry, Vinegar, Oil, Honey, &c. 

The Wine Gallon contains 231 cubic or solid inches. And it is remarkable 
that the Wine and Ale Gallons have the same proportion to each other, as the 
Troy and Avoirdupois Pounds have ; that is, ns one Pound Troy is to one 
Found Avoirdupois, so is one Wiim Gallon to one Ale Gallon. 

OF TIME. 

• 60 Seconds make 1 Minute marked M or 


60 Minutes 

— 

1 Hour 


Hr. 

24 Hours 


1 Day 


Day. 

7 Days 


1 Week 


Wk. 

4 Weeks 

— 

1 Month 


Mo. 

13 Months, 1 Day, 6 Hours, ) 

1 Julian Year 


Yr. 

or 365 Days, 6 Hours 

) 




Sec. 

Min. 




60 zr 

1 

Hr. 



3600 zz 

60 

=z 1 

Day. 


86400 z= 

1440 

z= 24 

1 Wk. 


604800 = 

10080 

zz 168 zz 

7 zz 1 Mo. 

2419200 = 

40320 

z= 672 = 

98 = = 

1 

31557600 = 

525960 

z: 8766 =z 

366i = \,Year 




REDUCTION. 


91 


I 


Wk. 

Da. 

Hr. 


Mo. 

Da. 

Hr. 

Or 69 

1 

6 

z= 

13 

1 

6 == 1 Julian Year. 

Da, 

Hr. 

M. 

Sec. 




But 365 

5 

48 

•18 

= 

1 

Solar Year. 


IMPERIAL MEASURE®. 


By the late Act of Parliament for Uniformity of Weights and Measures, 
Hhich Gonitiicnced its operation on the 1st of January, the chief part of 

the weights and measures are allowed to remain as they were ; the Act simply 
prescribing scientific modes of determining them, in case they should be lost. 

The pound troy contains 5760 grains. 

The pound avoirdupois contains 7000 grajna. 

The imperial gallon contains 977*274 cubic inches. 

The com bushel eight times the above, or 2218T92 cubic inches. 

Hence with respect to Ale, Wine, and Corn, it will be expedient to possess a 

TABLE OF FACTORS, 

For converting old measures into new, and the contrary. 



By deeunaia. | 

1 By vulfrnr frac- 
1 lions nearly. 

Corn 

Measure, 

Wine 

Measure. 

Ale 

Measure. 

Corn 

Mea- 

sure. 

Wine 

Mea- 

sure. 

Ale 

Mea- 

sure. 

To convert oldi 
measures to new, f 

; .90943 

.83311 

1.01704 

n 

1 


To convert new *5 
measures to old < 

[ 1.03153 

1.20032 

.98324 

If. 

i 

u 


N. B, — For reducing the prices^ these numbers must all be reversed^ 


RULES FOR REDUCTION. 

L When the Numbers are to be reduced from a Higher Denomirmhon to 

a Lower ^ 

Multiply the number in the highest denomination by ns many of the next 
lower as make an integer, or 1, in that higher ; to this product add the nuAiber, 
if any, which was in this lower denomination before, and set down tlie amount. 

Reduce this amount in like manner, by multiplying it by as many of the next 
lower as make an^nteger of this, taking in the odd parts of this lower, as beft>re. 
And so proceed Jthrough all the denominations to the lowest; so shall the num« 















22 j ARITHMETIC. 

her last found be the value of all the numbers which were in the higher den(h 
minations, taken together.* 


EXAMPLE, f 

1 . In 1234?/. 15«. 7c?, how many farthings? 

£. s. d 
1234 15 7 
20 

24695 Shillings, 
12 

296347 Pwico. 

4 

Answer 1185388 Farthings; 


11. When the Numbers are to he reduced from a tower Denomination to a Higher, 

Divide the given number by as many of that denomination as make 1 of the 
next higher, and set down what remains, as well as the quotient. 

Divide the quotient by as many of this denomination as make 1 of the next 
higher; setting down the new quotient, and remainder, as before. 

Proceed in the same manner through aii the denominations, to the highest ; 
and the quotient last found, together with the several remainders, if any, will be 
uf the same value as the hi'st number proposed. 

EXAMPLES. 

2, Reduce 1 185388 farthings, into pounds, shillings, and pence. 

4 ) 1185388 
12 ) 296347 d 
2,0 ) 2469,5 s Id. 

1234/. 15s. 7d 


3. Reduce 23/. to farthings. Ans. 22080. 

4. Reduce 337587 farthings to pounds, See. Arts, 351/. 13s. 0|(/. 

5. How many farthings are in 35 guineas ? Ans, 35280. 

6. In 35280 farthings how many guineas ? Ans. 85. 

7. In 59 lb. 13 dwts. 5 gr. how many grains? Ans. 340157* 

8. In 8012131 grains how many pounds, &c ? 

Ans, 1390 lb. 11 oz. 18 dwt. 19 gr. 

9. In 35 ton. 17 cwt 1 qr. 23 lb. 7 oz. 13 dr. how many drams ? 

Ans. 20571005. 

10. How many barley-corns will reacli round the earth, supposing it, according 

to the best calculations, to be 25000 miles? Ans. 4752000000* 


* The reason of this rule ia very evident ; for pounds are brought into shillings hy multiplying them 
by 20 } shiUinga into pence, %y multiplying them by 12 j and pence into farthings, by multiplying by 
4 } and the reverse of this rule by Division. — And the same, it Is evident, will bd true in the reduetioa 
of numbers consisting of any denominations whatever. ^ f; 



COMPOUND ADDITI 


qp. 


23 


1 L Haw many seconds are in a solar year, or 365 days 5 hiis« 48 min. 48 sec. ? 

Ans, 31556928, 


]2. In a lunar month, or 39 ds* 12 hrs. 44 min. 3 sec. how many seconds ? 

Ans. 2551443. 


COMPOUND ADDITION. 


CoMPOUWD Addition shows how to add or collect several numbers of different 
denominations into one sum. 

Rcle. — Place the numbers so that those of the same denomination may stand 
directly under each other, and draw a line below them. — Add up the fig^ures in 
the lowest denomination, and fifld, by Reduction, how many units, or ones, of 
the next hig^her denomination are contafhed in their sum. — Set down the 
remainder below its proper column, and carry those units or ones to the next 
denomination, which, add up in the same manner as before. — Proceed thus 
throug^h all the denominations, to the highest, whose sum, together with the 
several remainders, will give the answer sought. 

The method of proof is the same as Sn Simple Addition. 




EXAMPLES 

OP MONEY. 




L 


2. 


3. 


4. 


£t 9 * d. 

£. 

a. 

d. 

£. a. (L 

£. 

8. 

(L 

7 13 3 
• 

14 

7 

5 

15 17 10 

53 

14 

8 

3 5 10^ 

8 

19 

2} 

3 14 6 

5 

10 

2J 

6 18 7 

5 

3 

4* 

23 C 2} 

93 

11 

6 

0 2 5} 

21 

2 

9 

8 3 5 

7 

5 

0 

4 0 3 

7 

16 

8.' 

15 6 4 

2 

0 

9 

17 15 4} 

0 

4 

3 

6 12 9} 

0 

18 

7 

39 15 9} 


32 2 6} 


39 15 9} 








• 




5. 



6. 


7. 

8 


£. 

s. 

d. 

£. 

a. 

d. 

£. a. d 

£• a. 

d 

14 

0 


37 

15 

8 

61 3 2} 

473 15 

3 

5 

13 

6 

14 

12 

9} 

7 16 8 

9 2 

2} 

62 

4 

7 

5 

6 

11 

29 13 10} 

27 12 

6} 

4 17 

8 

23 10 

H 

8 14 0 

370 16 

ei 

23 

0 


8 

6 

0 

0 7 5} 

25 3 

8 

6 

6 

7 

14 

0 

Si 

24 13 0 

6 iO 

54- 

91 

0 10} 

0 

54 

2 

ii 

5 0 10} 

30 0 Ilf 



ARITHMETIC. 


1 

d. A nobleman, goin^ out of town, is informed by his steward that nis 
butcher’s bill comes to 197/. 13s. 7Jd. ; his baker’s to 59/. 5s, 2Jc/. ; his brewer’s 
to 85/. ; his wine-merchant’s to 103/. 13s. ; to bis corn-chandler is due 75/. 3(f. ; 

his tallow-chandler and cheese-monger, 2T/. 15s. ll:Jd ; and to his tailor 55^ 
3s. 6Jd. ; also for rent, servants’ wages, and other charges, 127/. 3s. : now, sup- 
posing he would take 1 00/. with him, to defray his charges on the road, for 
what sum must he send to his banker ? Ans. 830/. 14s. 6|d 

10. The strength of a regiment of foot, of 10 companies, and the amount of 
their subsistence,* for a month.of ^30 days, according to the annexed Table, are 
required ? . • • 


Number, 

Rank* * 

Subsistence for a month. 



A 

s. 

d 

1 

Colonel 

27 

0 

0 

1 

Lieutenant Colonel 

19 

10 

0 

1 

Major 

17 

5 

0 

7 

Captains 

78 

15 

0 

11 

Lieutenants 

57 

15 

0 

9 

Ensigns 

40 

10 

0 

1 

Chaplain 

7 

10 

0 

1 

Adjutant 

4 

10 

0 

1 

Quarter-mastar 

5 

5 

0 

1 

Surgeon 

4 

10 

0 

1 

Surgeon’s Mate 

4 

10 

0 

30 

Serjeants 

45 

0 

0 

30 

Corporals 

30 

0 

0 

20 

Drummers 

20 

0 

0 

2 

Fifers 

2 

0 

0 • 

390 

Private men 

292 

10 

0 

507 

TotaL 

656 

10 

0 


• Subsistence Money, is the money paid to the soldiers weekly, short of their fall pay ; because 
their clothes, accoutrements, &c. are to be accounted for. It is likewise the money advanced to 
officers till their accounts are made up, which is commonly once a year, when they are paid their 
arrears. The following Table shows the full pay and subsistence of each rank on the Engliah establish, 
•neut : 
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ARITHMETIC 


t 

EXAMPLES OP WEIGHTS, MEASURES, &0. 


TROV WEIGHT APOTHECARIES WEIGHT. 


lb. 

1 

oz. 

dwt. 

oz. 

2. 

dwt. 

gr. 

lb. 

oz, 

3. 

. dr. 

sc. 

oz. 

4. 

sc. 

r 

gr- 

17 

3 

15 

37 

9 

3 

3 

5 

7 

2 

3 

5 

1 

17 

4 

6 

3 

9 

5 

3 

13 

7 

3 

0 

7 

3 

2 

5 

0 

10 

7 

3 

16 

31 

9 

11 

0 

1 

16 

7 

0 

13 

9 

5 

0 

17 

7 

8 

0 

9 

1 

3 

9 

5 

1 

5 

176 

3 

17 

6 

9 

0 

36 

8 

5 

0 

4 

I 

3 

18 

23 

11 

13 

3 

0 

19 

5 

8 

6 

1 

36 

4 

1 

14 



AVOIRDUPOIS 

WEIGHT. 



LONG 

MEASURE. 




5. 



6. 



7. 



8. 


lb. 

oz. 

dr. 

cwt. 

qr- 

% 

mis. 

fur. pL 

yds. 

ft. 

in 

17 

10 

13 

13 

2 

15 

29 

3 

14 

137 

1 

5 

5 

14 

8 

6 

3 

3i 

19 

G 

39 

12 

3 

9 

8 

6 

15 

7 

0 

10 

5 

4 

30 

0 

3 

G 

37 

1 

6 

9 

1 

17 

9 

1 

37 

54 

1 

11 

0 

4 

0 

10 

3 

6 

7 

0 

3 

5 

3 

7 

6 

14 

10 , 

3 

0 

B 

4 

5 

9 

33 

0 

5 


CLOTH MEASURE. 


LAND measure. 



a 



la 



11. 



12 . 


yds. 

qr. 

nls. 

eL En. 

qrs. 

nls. 

ac. 

ro. 

P- 

ac. 

ro. 

P- 

36 

3 

1 

270 

1 

0 

35 

3 

37 

19 

0 

16 

13 

1 

3 

57 

4 

3 

16 

1 

35 

270 

3 

29 

6 

3 

0 

8 

3 

1 

9 

0 

13 

9 

1 

3 

217 

0 

3 

0 ’ 

3 

3 

4 

3 

9 

23 

0 

34 

9 

1 

0 

10 

1 

0 

43 

1 

19 

7 

3 

16 

55 

3 

1 

4 

4 

1 

7 

0 

6 

75 

0 

23 



WINE 

MEASURE. 




ALE AND BEER 

MEASURE. 



13. 



14. 



15. 



16. 


tr. 

bds. gal. 

hds. 

gal 

pts. 

hds. 

gal. 

pts. 

hds. gal. 

pts. 

13 

3 

15 

15 

61 

5 

17 

37 

3 

39 

43 

5 

8 

1 

35 

7 

16 

3 

4 

13 

5 

7 

9 

3 

4 

3 

36 

29 

33 

7 

3 

6 

3 

14 

16 

6 « 

95 

0 

13 

3 

15 

1 

5 

14 

0 

6 

8 

1 

3 

1 

9 

16 

8 

3 

13 

9 

6 

67 

13 

4 

73 

3 

21 

4 

36 

6 

8 

43 

4 

5 

6 

0 
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COMPOUND SUBTRACTION. 

# 

Compound Subtraction shows how to find the difference between any two 
numbers of different denominations. — To perform which, observe tlie following 
Rule : 

Rule.* — Place the less number below the greater, so that those parts which are 
of the same denomination may stand directly under each other; and draw a line 
below them* Begin at the right hand and subtract each number or part in the 
lower line from the one just above it,4and set the remainder straight below it. 
— But if any number in the lower line be greater than that above it, add so 
nmny to the upper number as make 1 of the next higher denomination ; then 
take the lower number from the upper one thus increased, and set down the 
remainder- — Carry the unit borrowed to the next number in the lower line; 
after wdiiidi subtract this number from the one above it, as before ; and so pro- 
ceed till the whole is finished. Then the several remainders, taken together, 
will be the whole difference sought. 

The method of proof is the same as in Simple Subtraction. 


EXA3IPLES OP MONET. 



1. 



2. 



3 . 



4 . 


£. 

s. 

d 

£. 


d 

£. 

8 . 

d 

£. 

s. 

d 

From 79^ 

17 

8} 

103 

3 


57 

0 

10 

251 

13 

0 

Take 35 

12 

H 

71 

12 

Si 

29 

IS 


35 

4 

7f 

Rem. 44 

5 


IT 

10 

8i 







Proof. 79 

17 

rtN* I 

cc 


3 









6. What is the difference between 73/. and 19/. 13x. lOi? 

Ans. 53/. 6s, 

6. A lends to B 100/., how much is B in his debt, after A has taken goods of 

him to the amount of 73/. 12s. 4jd? Ans. 26/. 7s. 7\d. 

7. Suppose that my rent for half a year is 10/. 12s., and that I have laid out 

for the land-tax 14s. Gd, and for several repairs 1/. 3s. 3^c?., what have I to pay 
of my half year’s rent ? Ans. 8/. 14s. 2 Jd 

8. A trader, failing, owes to A 35/. 7s. 6d, to B 91/. 13s. O^d, to C 53/. 7^d, 

to D 87/. 5s., and to E 111/, 3s, 5jd When this happened, he had by him in 
casli 23/. 7s. 5d, in wares 53/. lls. lO^d, in household furniture 63/. 17s. 7|d, 
and in recoverable book-debts 25/. 7s. 5d What will his creditors lose by him, 
suppose these things delivered to them ? Ans. 212/. 3s. 3.Jd 

^ * 

* The reason of this Rule will easily appear fiom what has been said in Simple Snbtrartion, for 
the borrowing depends upon the same principle, and is only different as the numbers to be subtracted 
»xe of different deuuiflinatiouB. 





ARITHMETIC. 


EXAMPLES OF WEIGHTS, MEASURES, ^0. 

TROY WEIGHT. APOTHECARIES WEIGHT, 

1. 2. 3. ( 

lb, oz. dwt gr. lb. oz. dwt. gr. lb. oz. dr. scr gr. 

From 7 3 14 11 4 9 1 13 73 4 7 0 14 

Take 3 7 5 19 3 7 16 12 26 7 2 I 16 

Rem. 

Proof. 

AVOIRDUPOIS WEIGHT. * LONG MEASURE, 


cwt. 

4. 

qr. 

lb. 

lb. 

5. 

oz. dr. 

m. 

6. 

fu. 

pi. 

yd. 

7. 

ft. 

in. 

From 5 

0 

17 

71 

5 9 

14 

3 

17 

96 

1 

4 

Take 3 

2 

11 

14 

6 J4 

's 

7 

9 

41 

2 

7 


Rem. 

Proofc 





CLOTH 

MEASURE. 


■— 1 



LAND 

MEASURE. 





a 


• 

9 



10. 



11. 



yd. 

qr. 

nl 

yd. 

qr. 

nl 

ac. 

ro. 

P- 

ac. 

ro. 

P. 

From 

17 

2 

I 

9 

0 

8 

17 

1 

14 

57 . 

1 

16 

Take 

5 

2 

1 

6 

1 

9 

9 

3 

6 

24 

2 

25 


Rem. 

Proof. 

WINE MEASURE. ALE AND BEER MEASURE. 

12. 13. 14. 15. 

tr. lid. gaL hd, gal pt, hd, gal, pt hd. gal. pt 

From 17 2 23 5 0 4 14 29 3 71 16 5 

Take 43 39 327 7 34 5 17 32 

Hem. 

Proof 


DRY MEASURE, TIME. 




16. 


17. 


18. 



19. 



i 

qr. bu. 

bu. 

gal. 

pt 

nio. wk. 

da. 

ds. 

brs. 

min. 

From 

9 

4 7 

13 

7 

1 

71 2 

5 

114 

17 

26 

Take 

3 

7 9 

7 

3 

4 

14 3 

0 

75 

12 

35 



Rem. 

Proof. 



COMPOUND MULTIPLICATION. 

90. The line of defence in a certain polygon being 236 yards, and that part 
f*f it which is tenninJled by the curtain and shoulder being 146 yards 1 foot 4 
inches ; what then was the length of the face of the bastion ? 

Ans. 89 yds. 1 f. 5 in. 


COMPOUND MULTIPLICATION. 

Compound Multiplication shows how to find the amount of any given nuni 
ber of difierent denominations repeated a certain proposed number of times. 

Rule. — Set the multiplier under the lowest denomination of the multiplicand, 
and draw a line below it. — Multiply the number in the lowest denomination by 
the multiplier, and find how many units of the next higher denomination are 
contained in the product, setting down what remains. — In like manner, multiply 
the number in the next denomination, and to the product carry or add the units, 
before found, and find how many units of the next higher denomination are in 
this amount, which carry in like manner to the next product, setting down the 
overplus. — Proceed thus to the highest denomination proposed; so shall the 
last product, with the several remainders, taken as one compound number, be 
the whole amount required. 

The method of Proof, and the reason of the Rule, are the same as in Simple 
Multiplication. 

EXAMPLES OF MONEY. 

1. To find the amount of 8lb. of Tea, at 5s. 8|cf. per lb. 

s. d 
6 8J 
8 

£.258 Answer. 





£. 

s. 

d. 

2. 

4 lb. of Tea, at 7s. 8d. per. lb. 

Ans. 

1 

10 

8 

3. 

6 lb, of Butter, at 9id. per lb. 

Ans. 

0 

4 

9 

4. 

7 lb. of Tobacco, at Is. 6 id. per lb. 

Ans. 

0 

11 

IH 

5. 

9 cwt. of Cheese, at 1/. 11s. 5d. per cwt. 

Ans. 

14 

2 

9 

6. 

10 cwt of Cheese, at 2/. 17s. lOd per cwt 

Ans, 

28 

18 

4 

7. 

12 cwt of Sugar, at 3/. 7s. 4d per cwt 

Ans. 

4o 

8 

0 


CONTRACTIONS. 

I. Ip the mu|Aplier exceed 12, multiply successively by its component parts, 
ln*’.*ead of the whole number at once. 



dO f ARITHMETIC 

EXAMPLES* 

1. 15 cwt. of Cheese, at I7s, 6</. per cwt 

£. 5 . iL 

0 17 6 
3 

2 12 6 

13 2 6 Answer. 



' 


£- 

s. 

d. 

2 . 

20 cwt. of Hops, at 4/. 7s. 2d. per cwt. 

Ans. 

87 

3 

4 

3. 

24 tons of Hay, at 3/. 7s. 6d. per ton. 

Ans. 

81 

0 

0 

4. 

45 ells of Cloth, at Is. 6d. per ell. 

Ans. 

3 

7 

6 

5. 

63 gallons of Oil, at 2s. 3d. per gallon., 

Ans. 

7 

1 

9 

6 

70 baiTels of Ale, at I/. 4s. per barJ’eJ. 

Ans. 

84 

0 

0 

7 . 

84 quarters of Oats, at I/. 12s. 8d. per qr. 

Ans. 

137 

4 

0 

8. 

96 quarters of Barley, at 1/. 3s. 4d, per qr 

Ans. 112 

0 

0 

9. 

120 days* Wages, at bs. 9d. per day. 

Ans. 

34 

10 

0 

10. 144 reams of Paper, at. 13s. 4d. per ream. 

Ans. 

96 

0 

0 


11. If the multiplier cannot be exactly produced by the multiplication 
simple numbers, take the nearest number to it either greater or less, which can 
be so produced, and multiply by its parts as before. — Then multiply the given 
multiplicand by the difference between this assumed number and the multiplier^ 
and add the product to that before found when the assumed number is less than 
the multiplier, but subtract the same when it is greater. 


EXAMPLES. 

1. 26 yards of Cloth, at 3s, 0|d. per yard. 

. £. s, d, 

0 3 0 | 

5 

0 15 3| 

5 

3 16 6f 
^ 0 } 

£ 3 19 7J Answer, 


% 29 quarters of Corn, at 2/. 5s. 3\d, per quarter. 
3. 53 loads of Hay, at 3/. 15s. 2d, per load. 

4w 79 bushels of Wheat, at Ilf. 5|d. per bushel. 
5. 94 casks of Beer, at 12s. 2d. per caslc. 

6. 114 stone of Meat, at 15s. 3 per stone. 


£. & d. 
Ana. 65 12 10^ 
Ans. 199 3 10 
Ans. 45 6 lOJ 
^s, 57 3 8 
Ans. 87 5 7J 



COMPOUND DIVISTO^I 2 

BXAMPLES OF WEIGHTS AND MEASURES. 


1 . 

lb. oz. dwt gr. 
21 1 7 13 

4 


mis. fs. pis. yds. 
24 3 20 8 

6 


1 

tuns. hbd. gai pte. 

29 1 20 3 

5 


2 . 

lb. oz. dr. BC. gr. 
8 4 2 1 0 


yds. qrs. no. 
127 . 2 2 
8 


• a 

WIB» bo. 

87 1 7 2 

7 


3 . 

cut. qr. lb. oz, 
27 1 13 12 

12 


a 

ac. ro. po. 

27 2 1 

9 


9. 

mo. we. da. ho. min. 
173 3 C 20 59 

11 


COMPOUND DIVISION, 

Compound Division teacher how to divide a number of several denominations 
by any given number, or into any number of equal parts. 

Rule. — Place the divisor on the left of the dividend, as in Simple Division. — 
Begin at the left hand, and divide the number of the highest denomination by 
the divisor, setting down the quotient in its proper place.— If there be any 
remainder after this division, reduce it to the next lower denomination, which 
add to the number, if any, belonging to that denomination, and divide the sum 
by the divisor. — Set down again this quotient, reduce its remainder to the next 
lower denomination again, and so on through all the denominations to the last 

EXAMPLES OF MONEY. 

L Divide 225/. 2s. 4d, by 8. 

£. s. d 

2 ) 225 2 4 


£ 118 11 8 the Quotient 
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ARITHMETIC. 


£• 

2. Divide 751 14 

3. Divide 821 1? 

4. Divide 2382 13 

5. Divide 23 2 

6. Divide 55 14 

7. Divide . 6 5 
a Divide 135 10 

• 9. Divide 21 18 

10. Divide 227 10 

11. Divide 1332 11 


c 

d 

7i by 3. 

9J by 4, 

5iby 5. 

Hby 6. 

0| by 7. 

4 by 8. 

7 by 9. 

4 by 10. 

5 by 11. 

^ by 12. 

CONTRACTIONS. 


£ 8. d. 

Ans. 250 11 04 
Ans. 205 9 54f 

Ans. 476 10 
Ans. 4 13 84 
Ans. 7 19 U ^ 
Ans. 0 15 8 
Ans. 16 1 

Ans. 2 3 10 
Ans. 20 13 8? VS 
Alls. Ill 0 JIHS 


1. If the divisor exceed 12, find what simple numbers, multiplied together, 
will produce it, aild divide by them separately, as in Simple Division. 


EfXAMPLES. 

1. What is Cheese per cu t if 16 cwt. cost 30/. 18s. 8d ? 

£. «. fi 

4)30 18 8 
‘4)~ 7 14 8 

£ 1 18 8 the Answer. 


2. If 20 cwt of Tobacco come to 1204 10a., ) 

£ 

A. 

rf. 

what is that per cwt. ? S 

Ans. 6 

0 

6 

3. Divide 574 3 a. 7d by 35. 

Ans. 1 

12 

8? n 

4, Divide 854 6a. by 72. 

Ans. 1 

3 

8il 

5. Divide 314 2s. lOJoT. by 99. 

Ans. 0 

6 

8i 

8. At 184 18a. per cwt, how much per lb.? 

Ans. 0 

3 

4 


II. If the divisor cannot be produced by the multiplication of small numbers, 
Uvide by the whole divisor at once, after the manner of Long Division. 


EXAMPLES. 

1. Divide 74/. 13s. 6d, by I?. 

£• A. {/• £. A. c/. 

17 ) 74 13 6 (4 7 10 Answer. 
68 

80 

IS 

119 

"li 

18 

m 

170 


4 



RULE OF THREE. 
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£. s, cL 

2. Divide 23 15 TJ by 37. 

3. Divide 199 3 10. by 63. 

4. Divide G75 12 6 by 138. 

•fi. Divide 315 3 10^ by SfiS. 


Ans. 0 12 IC 
Ans. 3 15 2 
Ads. 4 17 11 
Ans. 0 17 3^ 


EXAMPLES OF WEIGHTS AND MEASURES. 


1. Divide 23 lb. 7 oz. 6 dwts. 12 gr. by 7» Ans. 3 lb. 4 oz. Odwts. 12 gr. 

2. Divide 13 lb. 1 oz. 2 dr. 0 scr. 10 gr. by 12. 

* Ans. 1 lb. 1 oz. 0 dr. 2 scr. lO^f gr. 

3. Divide 1061 cwt. 2 qrs. by 28. ^ # Ans. 37 cwt. 3 qrs. 18 lb, 

4. Divide 376 mi. 2 fur. 7 po. 2 yds. 1 ft. 2 in. by 39. 

Ans. 9 mi. 4 fur. 39 po. 0 yds. 2 ft. 8^^ in. 

6. Divide 571 yds. 2 qrs. 1 nl. by 47. Ans. 12 yds. 0 qrs. 2,^ *^l8. 

6. Divide 61 ac. 1 ro. 11 po. by 61. ^ Ans. 1 ac. 0 ro. 1 pi. 

7. Divide 10 tun 2 hhds. 17 gafs. 2 pi. by 67. Ans. 39 'yals. 6 pi. 

8. Divide 120 lasts, 0 qr. 1 bu. 2 pk. by 74. Ans. 1 last, 6 qrs. 1 bu. 3 pk. 

9. Divide 120 mo. 2 wk. 3 da. 4 hr. 12 min. by 111. 

Ans. 1 mo. 0 wk. 2 da. 10 ho. 12 min. 


GOLDEN RULE, OR RULE OF THREE. 

• 

The rule of three teaches how to find a fourth proportional to three num- 
bers given. Whence^t is also sometimes called the Rule of Proportion. Jt is 
IcalJed the Rule of Three, because three terms or numbers are given, to find a 
fourth. And because of its great and extensive usefulness, it is often called the 
Golden Rule. 

This Rule is usually considered as of two hinds, ndiuely. Direct, and Inverse. 

The Rule of Three Direct, is that in which more requires more, or less 
requires less. As in this ; if 3 men dig 21 yards of trench in a certain time, 
how much will 6 men dig in the same time ? Here more requires niore, that is, 
6 men, which are more than 3 men, will also perform more work in the same 
time. Or when it is thus^ if 6 men dig 42 yards, how much will 3 men dig in 
;the same time ? Here then less requires less, or 3 men will perform propor- 
tionally less work than 6 men in the same time. In both tliese c.rtses, then, the 
Rule, or the Proportion, is Direct ; and the stating must be 

thus, As 3 : 21 ; : 6 : 42, 
or thus, As 6 : 42 : : 3 : 21. 

But the Rule of Three Inverse, is when more requires less, or less requires 
more. As in this; if 3 men dig a certain quantity of trench in 14 hours, in 
how many hours "V^l 6 men dig the like quantity ? Here it is evident that 6 
men, being more man 3, will perform an equal quantity of work in less time, oi 
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fewer hours. Or thus ; if 6 men perform a certain quantity of work in 7 liours, 
in how many hours will 3 men perform the same ? Here less requires more, 
for 3 men will take more hours than 6 to perform the same work. In both these 
cases, then, the Bale, or the Proportion, is Inverse; and the stating must be ^ 

thus, As 6 : 14 :< 3 : 7, 
or thus. As 3 : 7 : : 6 : 14. 

And in all these statings, the fourth term is found, by multiplying the 2d and 
3d terms together, and dividing the product by the Ist term. 

Of the three given numbers, two of them contain the supposition, and the 
third a demand. And for stating and working questions of these kinds, observe 
the following general Rule 0 * 

Rule. — State the question, by setting do^vn in a straight line the three given 
numbers, in the following manner, viz, so that the 2d term be that number of 
supposition which is of the same kyid that the answer or 4th term is to be ; 
maldng the other number of supposition the 1st term, and the demanding num- 
ber the 3d term, when the question is in direct proportion ; but contrariwise, 
the other number of supposition the third term, and the demanding number the 
1st term, when the question has inverse proportion. 

Then, in both cases, multiply the 2d and 3d terms together, and divide the 
product by the 1st, which will give the answer, or 4th term souglit, of tiie same 
denomination as the second term. 

Note, If the firsthand third terms consist of different denominations, reduce 
them botli to the same : and if the second term be a compound number, it is 
mostly amvonient to reduce it to the lowest denomination mentioned. — If, after 
division, there be any remainder, reduce it to the next lower denominalion, and 
divide by the same divisor as before, and the quotient will be of this last deno- 
mination. Proceed in the same maimer with all the remainders, «till they be 
reduced to the lowest denomination which the second term admits of, and the 
several quotients taken together will be the answer required. 

Note also, Tlie reason for the foregoing Rules will appear when we come to 
treat of the nature of Proportions. — Sometimes also two or more statings are 
necessary, which may always be known from the nature of the question. 

EXAMPLES. 

]. If 8 yards of cloth cost 1/. 4^., what will 96 yards cost? 
yds. £. yds. £• s. 

As 8 : 1 4 : : 96 : X4 8 the answer*. 

20 

H 

96 

"Tii 

216 

8)2304 
2,0 ) 28,8a. 

£ 14 8 Answer* 
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RULE OF THREE. ^ 

2L An engineer having raised 100 yards of a certain work in 24 days with 5 
men; how many men must he employ to finish a like quantity of work in 15 
days ? . 

da, wen da. men 

As 15 : 5 : : 24 : 8 Ans. 

5 

« 15 ) 120 ( 8 Answer 

120 

3. What will 72 yards of cloth cost, at the rate of 9 yards for 5 /, 1 2s. 

• * Ans. 44/. 10s, 

4. A person’s annual income being 140/. ; how much is that per day ? Ans. 8s, 

5. If 3 paces or common steps of a certain person be equal to 2 yards ; liow 

many yards will 100 of his paces make? Ans. 106 yds. 2 f 

6. What length must be <Mit off board, that is 9 inches broad, to make a 
square foot, or as much as 12 inches in lengtl^and 12 in breadth contains ? 

Ans. 16 inches. 

7. If 750 men require 22,500 rations of bread for a month ; how many rations 

will a garrison of 1 200 men require ? Ans. 36,000. 

8. If 7 cwt. 1 qr. of sugar cost 26/. lOs. 4(^, what will be the price of 43 cuh 

2 qrs. ? Ans, 159/. 2s. 

9. The clothing of a regiment of foot of 750 men amounting to 2S31/. 5s,; 

wliat will the clothing of a body of 3500 amount to ? Ans. 13,212/. lOi*. 

1 0. How many yards of matting, that is 2 ft. 6 in. broad, will cover a floor 

tlia! is 27 feot long and 20 feet broad ? Ans. 72 yds. 

1 1. What is the value of 6 bushels of coals, at the rate of 1/. 14^. Gd. the chal- 
dron ? Ans. 5s. dd, 

12. If 6352 stones of 3 feet long complete a certain quantity of walling; how 

many stones of 2 feet long will raise a like quantity ? Ans. 9528, 

13. What must be given for a piece of siher weighing 73 lb. 5 oz. 15 dwts. 

at the rate of 55. 9^^/, per ounce? Ans. 253/. IO5. Ojd, 

14. A garrison of 536 men has provisions for 12 months, how long will 
those provisions last if the garrison be increased to 1124 men ? 

Ans. 174 days and 

15. What w ill the tax upon 763/. be, at the rate of 85. 6d, per pound 

sterling? Ans. 133/. 135. lid, 

16. A certain work being raised in 12 days, by working 4 hours each day ; 
how long would it have been in raising by working 6 hours per day ? 

Ans. 8 days. 

17. What quantity of corn can I buy for 90 guineas, at the rate of 65. thtj 

bushel ? Ans. 39 qrs. 3 bu- 

18. A person failing in trade, owes in all 977/. ; at which time he has in 
money, goods, and recoverable debts, 4204 65. 3\d ; now supposing these things 
delivered to his creditors, how much will they get per pound ? Ans. 8s, 7^d, 

1 9. A plain of a certain extent having supplied a body of 3000 horse with 

forage for 18 days ; then how many days would the same plain have supplied a. 
body of 2000 horse? Ans. 27 days. 

20. Suppose a gentleman’s income is 500 guineas a year, and that he spends 

C2 
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19s. 7d per day, one day with another; how much will he have saved at the 
yearns end? • Ans. 1674 12s, 1<4 

21. What cost 30 pieces of lead, each weighing 1 cu t, 12 ’lb., at the rate ol 

16s. 4>d. per cwt. ? Ans. 274 2s. 6^. 

22. The governor of a besieged place having provisions for 54 days, at the 
rfite of Tjlb. of bread; but being desirous to prolong the ^siege to 80 days, in 
expectation of succour, in that case what must the ration of bread be ? 

Ans. lb. 

23. At half a guinea per week, how long can 1 be boai ded for 20 pounds ? 

Ans. weeks. 

2k How much will 75 chaldrons 7 bushels of coals come to, at the rate of 14 
13s. C)d per chaldron ? . ^ Ans. 125/ HU. O^cf. 

25. If the penny loaf weigh 9 ounces when the bushel of wheat cost Gs. Scf. ; 
what ought the, penny loaf to weigh when the wheat isatSs. 2^^/. ? 

Ans. 6 oz. 13^§^ dr. 

26. How much a year w'ill 17.1 acres, 2 roods, 14 poles of land give, at the rale 

of 14 7s. 8d. per acre ? e Ans. 240/. 2 a. 

27. To how much amounts 172 pieces of lead, each weighing 3 cwL 2 qrs. 

17^ lb., at 84 17s. 6d per fotber of lOJ cwt. ? Ans. 2864 4,v. 4^c/, 

28. How many yards of stuff, of 3 qrs. wide, will line a cloak tliat is 5 J yards 

in length and ^ yard wide ? Ans. 9 yds. 0 qrs. 2§ nL 

29. If 5 yards of cloth cost 14s. 2(4, what must be given for 9 pieces, contain- 
ing each 21 yards 1 (quarter? Ans. 274 Is. I0|(/. 

30. If a gentlemai's estate be worth 21074 12 a ’. a year; what may he spend 

per day, to save 5004 in the year ? Ans. 44 8s, 1 

31. Wanting just an acre of land cut off from a piece which is 13j poles in 

breadth, what length must the piece be? Ans, 11 po. 4 yds! 2 ft. 0^4 in. 

32. At 13s. 2^d. per yard, what is the value of a piece of cloth containing 

62 J ells English ? Ans 434, 1 0.<?. 1 1 d. 

3.3. If the carriage of 5 cwt 14 lb. for 96 miles be 14 12.9. 6(4 ; how far may 
I have 3 cwt 1 qr. carried for the same money? Ans. 151 m. 3 fur. 3j\. pol, 

34. Bought a silver tankard, weighing 1 Jb. 7 oz. 14 dwts. ; what did it cost 

me at 6s. 4(4 per ounce ? Ans. 6/. 4,?. 9J(4 

35. What is the half year’s rent of 647 acres of land, at 15s. 6(4 the acre? 

Ans. 2114 19 a. 3^4 

36. A wall that \s to be built to the height of 27 feet, was raised 9 feet high 

by 12 men in 6 days ; then how many men must be employed to tinish the wall 
in 4 days, at the same rate of working ? Aiis. 36 men. 

37. What will be the charge of keeping 1 1 horses for a year, at the rate of 

IHd. per day for each horse ? Ans. 192/. 7s. 8|c4 

38. If 15 elk of stuff* that is J yard wide cost 37s. 6(4 ; what will 40 ells of 

the same goodness cost, being yard wide? Ans. 64 13s. 4(4 

39. How many yards of paper that is 30 inches wide, will hang a room that 

is 20 yards in circuit, and 9 feet high ? Ans. 72 yds. 

40. If a gentleman’s estate be worth 3844 16s. a year, and the land-tax be 
assessed at 2s. 9^(4 per pound, w'hat is bis nett annual income ? 

Ans. 3314 Is. 9^i(4 

41. The circumference of the earth is about 25,000 miles; at what rate pei 

hour is a person at the middle of its surface carried round, one whole rotation 
being made in 23 hours 56 minutes? Ans 1044/;^% miles. 
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42. If a person drink 20 bottles of wine per month, when it costs 8s. a 

gallon; how many bottles per month may he drink, without it\creasing the 
expense, when wine costs lOs. the gallon? Ans. IG bottles. 

43. What cost 43 qrs. 5 bushels of corn, at 1/. 8s. Gr/. the quarter V 

® Ans. (j2/. 3s. 

44. How nifiny yards of canvass that is ell wide, will line 20 yards of say that 

Is 3 quarters wide ? Ans. 12 yds. 

45. If an ounce of gold cost 4 guineas, what is the value of a grain ? 

Ans. 

46. If 3 cwt. of tea cost 40/. 12s.; at how much a pound must it be retailed, 

to gain 10/. by the whole ? Ans. 


COMPOUND PROPORTION. 

Compound Proportion teaches how to resolve such questions as require two or 
more statings by Simple Proportion: and that, whether they be Direct or Inverse. 

In these questions, there is always given an odd number of terms, either live: 
or seven, or nine, &c. These are distinguished into terras of supposition, and 
terms of demand, there being always one term more of the former than of the 
latter, which is of the same kind with the answer sought, 

Hulr. — Set down in the middle place that terra of supposition which is of 
the same kind with the answer sought. — ^'lake one of the other terms of suppo- 
sition, and^one of the demanding terms which is of the same kind with it; then 
^ilace one of them for a first term, and the other for a third, according to the 
directions given in the Rule of Three. — Do the same with another term of sup., 
position, and its corresponding demanding term ; and so on if tliere be mure 
terms of each kind ; selling the numbers under each other which fall all on the 
left hand side of the middle term, and the same for the otiiers on the right hand 
side. — ^Then, to work. 

By several Operations , — Take the two upper terms and the middle term, in 
the same order as they sUind, for the first Rule of 'I'liree question to he worked, 
whence will he found a fourth term. Then take this fourth number, so found, 
for the middle term of a second Rule of Three question, and the next two under 
terms in the general stating, in the same order as they stand, finding a fourth 
term from them. And so on, as far as there are any mimhers in the general 
stating, making always the fourth number resulting from each simple staling to 
be the second term of the next following one. So shall the last resulting imm- 
bei be the answer to the question. 

By One Operation — Multiply together all the terms standing under each 
other, on the left hand side of the middle term; and in like manner, multijily 
•ogether all those on the right hand side of it. Then multiply the middle term 
by the latter product, and divide the result by the former product, so sh^l the 
yuotient be the ^swer sought. 
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exXmples. 

1. How many men can complete a trench of 135 yards lonff in 8 days when 
16 men can dig 54 yards in 6 days 't ^ 


General Stating, 

yds. 54 : lf> men :: 135 yds. 

days 8 C days 

432 810 

IG 

4860 

810 

432 ) 1 2960 ( 30 Ans. by one operation. 
1296 

' 0 


The same by two operations. 


Ist 

Aj 54 : 16 135 ; 40 

16 

135 

34 ) 2160 ( 40 
216 ■ 

0 


2d. 


A* 8 : 40 : : 6 : 30 
6 

8)240 (30 Ans. 
24 

~0 


2. If 1001. in one year gain 5/. interest, what will bo the interest of 750/. for 

^ years? Ans. 262/. IOa-, 

3, If a family of 9 persons expend 1204 in 8 months ; how much will serve a 

family of 24 people 16 months ? Ans. 640/. 

A If 27s. be the wages of 4 men for 7 days ; what will be the wages of 14 
men for 10 days? Ans. 6/. 15.s'. 

5. If a footman travel 130 miles in 3 days, when the days are 12 hours long ; 
in how many days, of 10 hours each, may he travel 360 miles ? Ans. 9|| days 

6. If 120 bushels of*corn can serve 14 horses 56 days; how many days will 94 

bushels serve 6 horses ? Ans 102^1 days, 

7. If 3000 lb. of beef serve 340 men 15 days ; how many lbs. will serve 120 

men for 25 days ? Ans. 1764 lb. 1 oz. 

8. If a barrel of beer be sufficient to last a family of 7 persons 12 days ; how 
many barrels wiU be drunk by 14 persons in the space of a year ? 

Ans, 60 J barrels, 

9. If 240 men, in 5 days, of 11 hours each, can dig a trench 230 yards long, 

3 wide, and 2 deep ; in how many days, of 9 hours long, will 24 men dig a 
trench of 420 yards long, 5 wide, and 3 deep ? Ais. 278 days. 
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OF VULGAR FRACTIONS. 

^ A Fraction, or broken number, is an expression of a part, or some parts, of 
somethin/^ considered as a whole. 

It ia denoted by two numbers, placed one below the other, with a line between 
them ; 


thus, 


3 numerator 
T denominator 


which is named three-fourths. 


The Denominator, or number placed below the line, shows how many equal 
parts the whole quantity is divided into; and represents the Divisor in Division. 
And the Numerator, or number set above the line, shows how many of those 

parts are expressed by the Fraction ; being the remainder after division Also, 

bolli these numbeix are, in general, named the Terms of the Fraction. 

Fractions are either Proper, Improper, Simple, Compound, or Mixed. 

A Proper Fraction, is when th8 numerator is less than the denominator; as 

h h or i 

An Improper Fraction, is when the numerator is equal to, or exceeds, the 
denominator ; as or or J ; &c. 

A Simple Fraction, is a single expression denoting any number of parts or 
the integer; as or |. 

A Compound Fraction, is the fraction of a fraction, or several fractions con- 
nected with the word (^between them; as ^ of f , or f of*^ of 3, &c. 

A Mixed Number, is composed of a whole number and a fraction together; 
as or 12f, &c. ^ 

A whole or integer number may be expressed like a fraction, by writing 1 below 
it, as a denominator; so 3 is or 4 is &c. 

A fraction denotes division ; and its value is equal to the quotient obtained by 
dividing the numerator by the denominator ; so V is equal to 3, and is equal 
to 4. • 

Hence then, if the numerator he less than the denominator, the value of the 
fraction is less than 1. If the numerator be the same as the denominator, the 
fraction is just equal to 1. And if the numerator be greater than tlie denomina- 
tor, the fraction is greater than 1, 


REDUCTION OF VULGAR FRACTIONS. 

Reduction of Vulgar Fractions, is the bringing them out of one form or 
denomination into another ; commonly to prepare them for the operations of 
Addition, Subtraction, &c. of which there are several cases. 


To find the greatest common measure of two or more numbers. 

The Common Measure of two or more numbers, is that number which will* 
dWide them both without a remainder: so 3 is a common measure of 18 and 24; 
the quotient of tlj(f former being 6, and of the latter 8. And the greatest number. 
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fiat' will is the greatest common measa^ : so 6 is the greatest common 

tiensure of 18 and 24 ; the quotient of the ‘former being 3, and of the latter 4, 
ivhich will not both divide farther. 

Rule. — If there be two numbers only ; divide the greater by the less ; the^ 
divide the divisor by the remainder; and so on, dividing always the last divisor 
by the last remainder, till nothing remains ; then sliall the last divisor of all be 
the greatest common measure sought. 

When there are more than two numbers ; find the greatest common measure 
of two of them, as before; then do the same for that common measure and 
another of the numbers ; and so on, through all the numbers ; then will the 
greatest common measure last found be the answer. 

If it happen that the common measure ,thus found is 1 ; then the numbers 
are said to be incommensurable, or to have no common measure. 


EXAMPLES. 


1. To find the greatest common measure of^l998, 918, and 522, 

918 ) 1998 ( 2 * So 54 is the greatest common measiirf 


1836 

) 918 ( 5 
810 


of 1998 and 918. 

Hence 64 ) 522 { 9 
48G 


108 ) 162 ( 1 
108 


30 ) 54 ( 1 
30 


54 ) 108 ( 9 


103 


18 ) 30 ( 2 
30 


that IS is the answer required. 


2. What is the greatest common measure of 240 and 372 ? • Ans. D, 

3. What is the greatest common measure of 330, 720, and 1730? Ans. 8. 


CASE T. 

To abbreviate or reduce fractions to their lowest tci'nis, 

Rule.^ — D ivide the terms of the given fraction by any number that will divide 
them without a remainder ; then divide these quotients again in the same man« 

• That dividing both the terms of the fraction by the same number, wliatever it be, will give 
another fraction equal to the former, is evident And when those divisions are performed as often as 
can be done, or when the common divisor is the greatest possible, the terms of the resulting fraction 
must be the least possible. 

Note 1. Any number ending with an even number, or a cipher, is divisible, or can be ^vlded by 2. 

2. Any number ending with 5, or 0, is divisible by 5 

3. the right hano place of any number be 0, the whole is divisible by 10 j if there be two ciphers, 
.t is divisible by 100 ; if 3 ciphers, by 1000 ; and so on ; which is only cutting off those ciphers. 

4. If the two right liand figures of any number be divisible by 4, the whole is divisible by 4. And 
If thq three right hand figures be divisible by 8, the whole is divisible by 8. And so on. 

&. If the sura of the digits In any number be divisible by 3, or by 9, the whole is divisible by 3, or by 9. 

6. If the right hand digit be even, and the sura of all the digits be divisible by 6, then the whole wHl 
be divisible by & 

*7 A number is divisible by 11, when the sum of the Ist, 3d, 5th, &c., or of all the odd places, is equal 
to the sum of the 2d) 4th, 0th, dec., or of ail the even places of digits. 

8. If a number caniiot be divided by some quantity less than the square of seme, that mimbi^ it 
a prime, or cannot be divided by any number whatever. \ 



VULGAR FRACTIONS. 


41 


fier ; and so on ; till it appears that there is no number greater than 1 which 
will divide them ; then the fraction will be in its lowest terms. 

Or, Divide both the terms of the fraction by their greatest common measure, 
and the quotients will be the terms of the fraction required, of the same value 
ft at first. 

EXAMPLES. 

1. Reduce m to its least terms. 

ilS = - U = iS = A = t. tJ'* answer. 

• Or thus: 

144 ).240 ( 1 Therefore 48 is the greatest common measure, and 

144 48 ) i the answer, the same os before, 

) 144 ( 1 
9h 

48 ) 98 ( 2 
9d • 

2. Reduce to its lowest terms. 

3. Reduce ||| to its lowest terras. 

4 Reduce to its lowest terns. 


Ans. i* 
Ans. A- 
Ans. 


CASE IL 

7b reduce a mixed number to its cgtavalent improper fraction. 

RT’LE.^ — Multiply the whole number by the denominator of the fraction, and 
add tlie numerator to the product ; then set that sum above the denominator 
for the froi^tion required. 

EXAMPLES. 

1. Reduce 23| to a fraction. 

Or, 

g3 (23X5) + 2 117^^ 

5 5 5 * 

iTi 

dl7 

5 


9. Al) prime unmbers, except 2 and B, hare either 1, 3, 7, or 9, la the place of unite ; and all other 
numbers are composite, or can be divided. 

i 0. When numbers, with the sign of iiddition or subtraction between them, are to be divided by any 
number, then each of those numbers must be divided by It. Thus, ^ = 5 + 4 — 2 = 7 

11, But if the numbers have the sign of multipllcHtion between them, only one of them must be 

ilvidAd Thn. 10 X 8X3 _i(>X4X3_lOX4Xl_10X2Xl_20_«, 

* 6X2 6X1 2X1 1X1 — 1 — 

^ This is DO more than first multiplying a quantity by some number, and tlten dividing the refuH 
back again by the same, which it is evident does not alter the value; for any fraction represeuts a 
division of tiM nurora^tor by the denominator 
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Reduce 

to a fraction. 

Ans. 

>4 

Reduce 14^ 

to a fraction. 

Ans. 

w 

Reduce 183 ® 

to a fraction. 

Ans 



casb iil 

To reduce an improper fraction to its equivalent whole or mixed numberm 

Rule ♦ — Diride*the numerato by the denominator, and the quotient will be 
the whole or mixed number sought 

EXAMINES* 

1. Reduce y to its equivalent number. 

Here y or 12 -f- 3 = 4, the answer. 

2. Reduce y to its equivalent number.* 

Here V’ 15 -f- 7 =r 24^, the ansiver. 

3. Reduce y/ to its equivalent number. 

Thus, 17) 749(44Vt 
68 

69 So that W s=: 44^ the ujofmr. 

63 

4. Reduce y to its equivalent number. Ans. 8. 

5. Reduce to its equivalent number. Ans. 54}J. 

6. Reduce to its equivalent number, Ans. 17J 

.CASE IV. 

To reduce a whole number to an equivalent fraction, having a giver 
denominator* 

RuLE.f — Multiply the whole number by the given denominator, then set the 
product over the said denominator, and it will form the fraction required. 

EXAMPLES. 

1. Reduce 9 to a fraction whose denominator shall be 7. 

Here 9 X 7 == 63, then V is the answer. 

For y = 63 -f. 7 =: 9, the proof. 

2. Reduce 13 to a fraction whose denominator shall be 12. Ans, 

3. Reduce 27 to a fraction whose denominator shall be 1 1. Ans. V/. 

* This rule is evidently tlio reverse of the former; and the reasoft of it is manifest from ^he oatiire 
®f Common Division. 

f JAultipticiiUon and Division being here equally used, the result must be the same as the ^BMotsty 
first proposedt 



YUIGAE FBACTlONa 


4 S 


CASE F. 

0 To reduce a compound fraction to an equimhnt simple one. 

Rule.* — Multiply all the numerators toj^ether for a numerator, and all the 
denominators togetlier for the denominator, and they will form the simple frac- 
tion sought. 

When part of the compound fraction is a whole or mixed number, it must 
first be reduced to a fraction by one of the former cases. 

And, when it can be done, any two .terms of the fraction may be divided by 
the same number, and the quotients used instead of them. Or when there are 
terras that are common, they ma^ be omitted. 


EXAMPLES. 


]. Reduce 5 of J of J to a simple fraction. 

„ 1X2X3 6 1,1 

2x 3X4 

1x2x3 i 

Or, g ~ ^ 3 X ~ omitting the twos and threes. 


2 . 41cduce § of | of to a simple fraction, 
X 3 X 10 _ 60 
3 X 5 X 11 i ^ 

2 X 3 X 10 4 


Here 


12 4 . 

= 33 = 


Or. 


3 X 5 X 11 ~ Tl* ^ before. 


3. Reduce * of 4 to a simple fraction. 

4. Reduce f of | of | to a simple fraction. 

5. Reduce | of | of 3^ to a simple fraction. 

6. Reduce f of ^ of ^ of 4 to a simple fraction. 


AnsL 41^. 
AnsL ^ 
Ans. J. 
Alls. 


CASE VL 

To reduce fractions of different denominators to equivalent fractions^ having a 
common denominator, 

RuLE.t — Multiply each numerator into all the denominators except its own 
for the new numerators ; and multiply all the denominators together for a 
common denominator. 

Note. It is eviaent, that in this and several other operations, when any of 
the proposed quantities are integers, or mixed numbers, or compound fractions, 
they must be reduced, by their proper rules, to the form of simple fractions. 

* The truth of this rule mayjie shown as follows: Let the compound fraction be ^of 
Now 4 of ^ is *-r-3, which is ^ ; consequently | of f will be ^ X 2 or » that is the numer- 

ators aro multiplied together, and also the denominators, as in the rule. — When the com- 
poiiud fraction consists of more than two single ones j having first reduced two of them as 
above, then the resulting fraction and a third will be the same as a compound fraction' 
of two parts; and so on to the last of all. 

t This is evidently no more than multiplying each numerator and its denominator by 
the same quantity, ^and consequently the value of the fraction is not altered. • 
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EXAMPLES. 

L Reduce and J to a common denominator. 

I X 3 ^ 4 = 12 the new numerator for i* 


2 X 2 X 4 = lo ditto for 

3 X 2 X 3 = IS ditto for J. 


2 X 3 X 4 = 24 the common denominator. 

Therefore the equivalent fractions are and JJ, 

Or the whole operation of multiplying may be very well performed meiuaiiy, 
and only set down the results and given fractions thus : j, = 

T7» T^> abbreviation. 

2. Reduce ^ and ^ to fractions of a c<mimon denominator. Ans. | J. 

3. Reduce J, J, to a common denominater. Ans. |g, 

4. Reduce h 2|. and 4, to a common denominator. Ans. ViP. 

Note 1. Wlien the denominators of two given fractions have a common mea- 
sure, let them be divided by it; then multiply the terms of each given fraction 
by the quotient arising from the other^s denominator. 

2. When the less denominator of two fractions exactly di\ides the greater, 
multiply the terms of tliat which hath the less denominator by the quotient. 

3. Wlien more than two fractions are proposed; it is sometimes convenient, 
6rst to reduce two of them to a common denominator ; then these and a •third ; 
and so on till they be all reduced to their least common denominator. 

CASE VII. 

To find the value of a fraction in parte of the integer. 

Rule. — Multiply the integer by the numerator, and divide the product o^ .-..e 
denominator, by Compound Multiplication and Division, if the integer be a 
compound quantity. 

Or, if it be a single integer, multiply the numerator by the parts in the next 
inl'erior denomination, and divide the product by the denominator. Then, if 
any tiling remain^, multiply it by the parts in the next inferior denomination, 
and divide by the denominator as before; and so on as far ns necessary; so 
shall the quotients, placed in order, be the value of the fraction required.* 

EXAMPLES. 

1. What is the f of 2/. 6s. ? 2. What is the value of | of 14? 

By the former part of the rule, By the 2d part of the rule, 

24 65. 2 * 

4 20 

5)9 4 

Ans. 14 16s. 9d. 2f«7. 

3 ) 12 ( Id. 

* T1i« nuqueratnr of a fraction being* considered as a reinHinder, in Division, and the denoaaiaator 
as the divisor, this rule is of the same nature as Compound Divibion, or the valuation of reoiaiodera 
in the Rule of lliree, before explaJued. 


3*) 40 ( 13s. id. Ans. 

"T 

12 
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8. AVhat is llie value of | of a pound sterling ? 

4. What is the value of f of a guinea ? 

5. What is the value of } of half-a-crown : 

^ 6. What is. the value of | of 4s. lOdL ? 

7. What is the value of J of a pound troy? 

8. What is the value of of a cwt r 

9. What is the value of J of an acre ? 

10 What is the value of of a day ? 


A ns. 7a*. 6f4 
Alls. 4.S’. 8d 
Ans. Is. 10^. 
Alls. Is. Hit/, 
Ans, 7 oz. 4 dwts. 
Ans. 1 qr. 7 lb. 
Ans. 2 ro. 20 po. 
Ans. 7 hrs. 12 min. 


. CASE VIII. 

To reduce a fraction frornmone denomination to another • 

Rule.* — Consider how many of the less denomination make one of the 
greater ; then multiply the numerator by that number, if the reduction be to a 
less name, or the denoidinator, if to a greater. 


EXAMPLES? 

1. Reduce of a pound to the fraction of a penny 
t X V X V* ^ the answer. 

% Reduce | of a penny to the fraction of a pound, 

i X t’j X 5h = Tiio = 5lit. t*'® answer. 

3. Reduce to the fradion of a penny. .Ans. 

4. Reduce § of a farthing to the frai^tioii of a pound. Ans. 

5. Reduce ^ cwt, to the fraction of a lb. Ans. 

(i Reduce J dwt. to tbe fraction of a lb. troy, Ans. 

7. Reduce | of a crown to tbe fraction of a guinea, Ans. 

8. Reduce j^f a balf-crown to the fraction of a shilling. Ans. '4^, 


ADDITION OF VULGAR FRACTIONS. 

To add fractions together that have a common denominator. 

Rule, — Add all the numerators together, and place the sum over the common 
denominator, and that will be the sum of the fractions required. 

If the fractions proposed have not a common denominator, they must he 
reduced to one. Also compound fractions must be reduced to simple ones; 
and mixed numbers to improper fractions ; also fractions of diflFerent denomina- 
tions to those of the same deuomination.’f* 

• pils Is the same as the rule of Reduction in whole numbers, from one denomination t<» another. 

t Before fractions are reduced to a common denominator, tliey are quite dissimilar, as much as 
ahiilings and pence are, and therefore cannot be Incorporated with one an<»thor. any more than these 
can. But when they are reduced to a common denominator, and made parts of the same thing, their 
or difference, may titen be as properly expressed by tbe sum or dilference the nuraerat^rH, 
w the sum or difference of any two quantities whatever, by the sum or difference of their individaala. 
w^i .ce the reason of the ml© is manifest both for Addition and Subtraction. 

When several fracti^s are to be collected. It is commonly best first to add two of them togeOief 
uiar most easily redutli to a common d.-uominator j then add their sum and a third, and bo on, 
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EXAMPLES. 

1. To add I and 4 together. 

Here | -J- 4 = ’ = the answer. 

To add § and | together. 

I + {- = if + ii = if = li * Ihe answer. 

3. To add § and 7^ and ^ of ^ together. 

I + 7i + i of } = I + V + i =1 + ¥ + f - V = answer. 


4. To add 4 and 4 together. Ans. I4. 

To add } and | together. Ans. ] 

6. Add ^ and together Ans. 

7, Whitt is the sum of | and 4 and Ans. 1 jgj. 

5, What is the sum of | and 4 and 2^? Ans. 3|g, 

9. What is the sum of * and J of and 9^*^ j* Ans. 


10. What is the sum of f of a pound and 4 ot a shilling ? 

Ans. or 13**. lOd. 2|fy. 

1 1. What is the sum of 4 of a shilling an*d of a penny T Ans. or 7d. l^^/y. 

12. What is tlie sum of 4 of a pound, and f of a shilling, and of a penny ? 

Ans. or 3s. Id, 


SUBTRACTION OF VULGAR FRACTIONS. 


Rule. — Prepare the fractions the same as for Addition ; then subtract the 
one numerator from the other, and set the remainder over the common deno- 
minator, for the difference of the fractions sought. 


EXAMPLES. 

j. To find the difference between | and 
Here | — J = J = §, the answer. 

2. 'To find the difference between J and 4* 


3. Wbat is tlie difference between and ? Ans. J. 

4. What is the difference between ^*3 and ^ ? Ans. 

5* What is the difference between and tV ^ Ans. 

6 What is the difference between 5| and ? of 4^ ? Ans. 4^V^. 

7, What is the difference between 4 of a pound, and | of J of a shilling i’ 

Ans, W*’* 1^**' 7d. Jjq. 

3. What is the difference between f of of a pound, and 4 of a shilling ? 

Ans.|?S5f.^>rU8s. IIjV/* 


MULTIPLICATION OF VULGAR FRACTIONS. 

RuLE.«^Eeduce mixed numbers, if Ihere be any, to erpiivalent fractions; 

* Multiplication of any thing by a fraction linpUes the taking some part or parts of the thing ; it 
may th^^or«;i be truly expreasod oy a compound fraction ; wluch ia resolved multiplying together 
tfeia aofBMratora and the deuumiuaturai ^ 
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then ntultijdy nil ilie numerators together for a numerator, and all the deiionii* 
imtors together for a denoniiiiatory wiiich will give the product required. 

EXAMPLES. 


* 1, Required the product of J and f. 

Here, J X f = yW = i the answer. 

Or, J X f = i X i = 

2. Required Uie continued product of §, 3:J, 5, and J of 
Here V ^ V ^ ^ ^ 


Here ^X^XjX^X^— 4 ,^ 2 — g 

3. Required the product of ^ and 

4. Required the product of and 

5. Required the product of *, 4, and ||. 

6. Required the product of f , aitd 3. 

7. Required the product of |, and ^ 

8. Required the product of and § of f. 

9. Required the product of 6, 9nd | of 

10. Required the prinluct of | of and f of 3j, 

11. Required the product of 3f, and 4^* 

12. Required the product of 5, |, 4 «f 

zz 4y, answer. 

Ans. /g. 
A ns. tV- 
Ans. 

Ans. 1. 
Alls. 2^'^. 
Ans. 

Ans. 20. 
Ans. IJ. 
Ans. 14.1§f. 
Ans. 22^. 


DIVISION OF VULGAR FRACTIONS. 

llui.E.^ — Prepare the fractions as before in Multiplication ; then divide the 
lUinierator by the numerator, and the denominator by the denominator, if they 
U'ill exactly divide ; but if not, then invert the terms of the divisor, and multi* 
ply the dividend by it, ns in Multiplication. 

EXAMPLES. 

1. Divide V W r 

Here -j- ^ J = 1|, by the hrst method. 

2. Divide J by X* 


Here f -f- = J- X = i X f = V’ = way. 


3. Divide If by f. 

Alls. f. 

4. Divide ^ by f. 

Alls. -YTj. 

5. Divide by f . 

Ans. Ij. 

6. Divide f by 

Alls. -jV 

7. Divide Jf'by f. 

Alls. 4. 

8. Divide f by f. 

Ans. J?. 

9. Divide by 3. 

Ans. 

10. Divide f by 2. 

Ans, y%. 

11, Divide 7^ by Of. 

Ans. il. 

12. Divide f of ^ by 4 of 7|, 

Ans, y4^- 


Note. A fraction is best rnultipiVed by an integer, by diyidlog the denominator by it; but if i% will 
not exacUy divide, tlien multiply the numerator by it • 

* Division being the reverse of Multiplication, the reason of the Rule is evident. 

Note, A fraction yiiest divided by an integer, by dividing the numerator by it^ but if It will not 
exactly divide, then multiply the denominator by it 
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RULE OF THREE IN VrJLG4R FRACTIONS. 

Rulp^* — M ake the necessary preparation! as before directed j then multiply 
ooptinually together, the second and third terms, and the first with its teritn 
Inverted as ij|||Divlsion, for the answer. 

EXAMPLES. 

1. If I of a yard of velvet cost f of a pound sterling; what will of a yard 

eost ? « 

1^325825,, 

Here, “g" • • Jg • X ~ X ~ = = 6s. 8ti the answer. 

2. What will ^ oz. of silver (jost, at 6s. id. an ounce ? Ans. If. Is. i^d. 

3. If ^ of a ship be worth 2t3/. 2s. 6d., what is g% of her vvortli ? 

Ans. 227/. 12s. Id. 

4. What is the purchase of 1230iL baflk-stock, at 108f per cent? 

» Ans. 1336/. Is. 9d. 

5. Wliat is the interest of 273/. ]5s. for a year, at 3^ per cent ? 

Ans. 8/. 17s. llt^4 

a If of a ship be worth 73/. Is. 3d., what part of her is worth 250/. I Os. ? 

Ans. y. 

7. What length must be cut off a board, that is 7J inches bn^ad, to contain a 
sfpiare foot, or as much as another piece of 12 inches long and 12 broad ? 

Ans. 18]^ inches. 

8. What quantity of slialloon, that is } of a yard wide, will line 9^ yards of 

cloth, that is 2^ yards wide? Ans. 31§ yds. 

9. If the penny-loaf weigh 6^ oz. when the price of wheat is 5s. the bushel ; 
what ought it to weigh when the wheat is at 8s. 6d. the bushel ? Ans. ij\ oz. 

10. How much in length, of a piece of land that is 11 poles broad, will 
make an acre of land, or as much as 40 poles in length and 4 in breadth ? 

Ans. ISf^’g poles. 

FI. If a courier perform a certain journey in 35^ days, travelling 13f hours 
a-day; how long would he be in performing the same, travelling only ll 
houi-s a-day ? Ans. 40|fJ days. 

12. A regiment of soldiers, consistiiig of 976 men, are to l)e new ciotlieil, 
each coat to contain 2^ yai^s of cloth that is 1| yard wide, and lined with 
shnIlt)on J yard wide ; how many yards of shalloon will line them ? 

Ans. 4531 yds. 1 qr, nails. 


DECIMAL FRACTIONS. 

A Decimal Fraction is that which has for its denominator, a unit (1) with 
as many ciphers annexed as the numerator has places ; and itis usually expressed 
by setting d(»\vn the numerator only, mth a point before it on the left hand* 

This U oii||r roultlplyinir ieoond nnd third temw together, and dividt^Qg the product hy the 

hrst. as iiirthe kule of Thrtie in whole numbon. 
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Thus, IS *5, and is *25, and is *075, and is -00124; mchm 

ciphers are prefixed to make up as many places as are in the numerator, wheii 
there is a deficiency of figures. 

A mixed number is made up of a whole number with some decimal fraction, 
tie one being separated from the other by a point Thus 3*25 is the same as 

Ciphers on the right hand of decimals make no alteration in their value ; for 
•5 or '50 or *500, are decimals having all the same value, being each = 

But if they are placed on the left hand, they decrease the value in a tenfold 
proportion. Thus *5 h ^ or 5 tenths, but *05 is only or 5 hundredths, and 
•005 is but or 5 thousandths. 

The first place of decimals, counted from the left hand towards the right, is 
called the place of primes, or lOtlis ; the second is the place of seconds, or lOOths ; 
the third is the place of thirds, lOOOths; and so on. For, in decimals, as well 
jis in whole numbers, the v^aues of the places increase towards the left hand, and 
decrease towards the right, both in the same tenfold proportion ; as in the fbl- 
lov\inf»’ Scale or Table of Notation,* 

X* 

cS 


cn 



33383S»*333S33 


ADDITION OF DECIMALS. 

Rule. — Set the numbers under each other according to the value of thefr 
places, like as in whole numbers; in which state the decimal separating points 
will stand all exactly under each other. Then, beginning at the right hand, add 
up all the columns of numbers as in integers ; and point off as many places, for 
decimals, as are in the greatest number of decimal places in any of the lines that 
are added ; or place the point directly below all the other points. 

EXAMPLES. 

1. To add together 29-0146, and 3146*5, and 2109, and '62417 and 14*ia 

29-0146 

8146*5 

2109- 

•62417 

14-16 


5299'«9877, the sum. 
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8; To find tho sum of 5J76-25 + 86-125 + 6374725 + 6-5 + 41-02 + 
858-865. • Ans. 1506-2325. 

3. Roquired the sum of 3-5 + 47-25 + 2-0073 + 927-01 + 1-5. 

Ans. 981-267^ 

4. Required the sum of 276 + 54-321 + 112 + 0-65 -J- 12-5 + -0463. 

Ans. 455-5 17a 


SUBTRACTION OP DECIMALS. 

• 

Rule. — Place the numbers under each other according to the value of their 
places, sis in the last rule. Then, beginning at the right hand, subtract as in 
whole numbers, and point off the decimals as in Addition. 

EXAMPLES^ 

«* 

1. To find the difference between 91*73 and 2*138. 

91*73 

2*138 

Ans. 89*592 the diflerence. 


2. Find the difference between 1*9186 and 2*73. Ans, 0*8115. 

3. Find the difference between 2H*81 and 4*90142. Ans. 209-90858, 

4. Find the difference between 2714 and •916, Ans. 2713*084. 


MULTIPLICATION OF DECIMALS. 

Rule.* — Place the factors, and multiply them together the same as if they 
were whole numbers. — Then point off in the product just as many places ot 
decimcals as there are decimals in both the fiictors. But if there be not so many 
figures in the product, then supply the defect by prefixing ciphers. 

EXAMPLES. 

1. Multiply *321096 
by *2465 

1605480 

1926576 

1284384 

642192 

Ans. *0791501640 the product 

* The rule will be evident from this example: Let it be requireo to multiply *12 by *361 , 
these numbers are equivalent to and the product of whi(^ is =*04332, 

by the nature of Notation, which consists of as many places as there are ciphers, that is, of 
' as many places as there are in both numbers. Aud in like manner for any oilier xiumb(. rs. 
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2. Multiply 79-347 by 23-15, Ans. 1836*88305 

3. Multiply *63478 by *8204. Ans. *520773512, 

4. Multiply *385746 by *00464. Ans. *00178986144. 

CONTRACTION I. * 

To multiply decimals by 1 with any number of ciphers^ as 10, or 100, or 1000, ^c. 

This is done by only removing' the decimal point so many places farther to 
the right hand as there are ciphers in the multiplier ; and subjoining ciphers 
if need be. 


EXAMPLES. 

1. The product of 51*3 and 1000 is 51300 

2. 'I’he product of 2*714 and 100 is 

3. The product of *916 and 1000 is 

4. The product of 2 1 *31 and 10000 is 

• 

CONTRACTION ^I. 

To contract the operation^ so as to retain only as many decimals in the product 

as may be thought necessary, vdicn the product would naturally contain several 

more places, 

uSet theiiiiils’ jdace of the multiplier under that figirre of the multiplicand 
whose pla(;e is the same as is to be retained for the last in the product ; and 
dispose of the rest of the figures in the inverted or contrary order to nhat they 
are usually placed in. — Then, in multiplying, reject all the figures that are more 
to the right than each multiplying figure; and set down the products, so that 
their right hand figures may fall in a column straight helou eacdi other; but 
observing to increase the first figure of every line with what would arise from 
the figures omitted, in this manner, namely 1 from 5 to 14, 2 from 15 to 24, 3 
from 25 to 34, &c. ; and the sum of all the lines will be the product as required, 
commonly to the nearest unit in the last figure. 

EXAMPLES. 

I To iivultiply 27*14986 by 92*41035, so as to retain only four places of 
decimals in the product. 


Contracted way. 


Common Avny, 

27-14986 


2' 

( *14986 

53014-29 


92-41035 

24434874 


13 

574930 

542997 


81 

44958 

108699 


2714 

986 

2715 


108599 

44 

81 


542997 

2 

14 


24134874 


2508*9280 


2508-9280!g50510 


2. Multiply 480-14936 by 2*72410, retaining only four decimals in the product. , 
o. Multiply 2490*30^8 by *573286, retaining only five decimals in the product.* 
4 . Multiply 325*701428 by *72 18393, retaining only three decimals in the product 
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DIVISION OF DECIMALS. 

Rule, — Divide as in whole numbers ; and point oflP in the quotient as many 
places for decimals, as the decimal places in the dividend exceed those in theT 
divisor,* 

When the places of the quotient are not so many as the rule requires, let the 
defect be supplied by prefixing ciphers. 

When there happens to be a remainder after the division ; or Avhen tlie 
decimal places in the divisor are more than those in the dividend ; then ciphers 
may be annexed to the dividend, and the quotient carried on as far as required, 

EXAMPLES. 


i. 

2. 

179 ) -48624097 ( -00271643 | 

•2685 ) 27*00000 ( 100*55866 

1283 

15000 

294 

15750 

1150 

23250 

769 

17700 

537 

15900 

000 

24750 

Divide 234-70525 by 64-26. 

Ans. 3*653. 

Divide 14 by -7854. 

A ns. 17*825. 

Divide 2175'68 by lOO; 

Ans. 21*7568. 

Divide -8727587 by -162. 

Ans. 5*38739. 


CONTRACriOJJ L 

When the divisor is an integer, with any number of ciphers annexed ; cut off 
those ciphers, and remove the decimal point in the dividend as many pJac-es 
farther to the left as there are ciphers cut oft' prefixing ciphers if need be ; tlien 
proceed as before.f 


EXAMPLES. 

1. Divide 45*5 by 2100. 

21-00 ) *455 ( ‘0216, &c. 

35 

140 

14 

2. Divide 41020 by 32000. 

3. Divide 953 by 21600, 

4. Divide 61 by 79000. 

» The reason of this rule is evident ; for, since the divisor multiplied by the quotient gives the 

dividend, therefore the number of decimal places in the dividend is equal to those in the divisor and 
quotient taken together, by the nature of Multiplication; and consequently the quotient Itself must 
contain as many as the dividend exceeds the divisor. 

f This is no more than dividing both divisor and dividend by the same number, either 1C, or 100, or 
1000, &c., according to the number of ciphers cut off ; which, leaving them in the same proportion, 
does not affect the quotient. And, in tlie same way, the decimal point may be moved the same num> 
ber of places in both the divisor and divideud| either to the right o;[ left, whether they have 
ciphers or not. 
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CONTRACTION 11. 

Hem e, if the divisor be 1 uith ciphers, as 10, or 100, or 1000, &c, ; then the 
quotient will be found by merely moving the decimal point in the dividend so 
^nany places farther to the left as the divisor has ciphers ; prefixing ciphers if 
need be. 


So, 217*3 -f- 100 = 2*173. and 419 -f- 10 = 

And 5*16 -f. 100 = . and *21 1000 zz 


CONTRACTION III. 

When there are many figures in the divisor; or only a certain number of 
decimals are necessary to be retained* in the quotient, then take only as many 
figures of the divisor iis will be equal to the number of figures, both integers 
and decimals, to be in the quotient, and find how many times they may be con- 
tained in the first figures of the dividend, as usual. 

Let each remainder be a new dividend; and for every such dividend, leave 
out one figure more on the right hand side of4.he divisor; remembering tocaiTy 
for the increase of the figures cutoff, as in the 2d contraction in Multiplication. 

When there are not so many figures in the divisor as are required to 
ne in the quotient, begin the operation with all the figures, and continue it as 
usual till the number of figures in the divisor be equal to those remaining to be 
found in the quotient, after which begin the contraction. 


EXAMPLES. 


1. Divide 2608*92806 by 9*2*41035, so as to have only four decimals in the 
quotient, in which case the quotient will contain six figures. 


Contracted, 

92*4103,5 ) 2508*928,06 ( 27*1498 
• 660721 

13849 
4608 
912 


80 

6 


Common way, 

92*4103,5 ) 2508*928,06 ( 27*1198 
60072106 
13848610 
46075750 
91136100 
79467850 


65395 ;0 


2. Divide 4109*2361 by 230*409, so that tlie quotient may contain only four 
decimals. 

3. Divide 37*10438 by 5713*96, that the quotient may contain only fi>e 
de(*>ima]s. 

4. Divide 913*08 by 2137*2, that the quotient may contain only three decimals. 


RKDUCTION OF DECIMALS. 

CASE I. 

To reduce a vulgar fraction to its equivalent decimaL ^ 

Rule. — Divide the numerator by the denominator as in Division of Deci* 
mals, annexing ciphers to the numerator as far as necessary ; so shall the quotient 
be the decimal required. 
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EXAMI*LKS» 

Reduce to a decim.il. 

24 4 X Then 4 ) 7* 

6 ) 1*750000 

•2916()(), &C, 


2. Reduce and J, and J, to decimals. 

3. Reduce f lo a decimal. 

4. Reduce lo a decimal. 

5. Reduce to a decimal, 

6. Reduce ^ decimal. 


Ans. ‘25, and *5, and *75. 

Ans *375, 
Ans. *04. 
Ans. *0156^:5. 
Ans. *071577, &c. 


CASE 11. 

To find the value of a decimal in terms of the inferior denominations. 

Rule Multiply the decimal by the number of parts in the next lower 

denomination ; and cut off as mai^y places for a remainder, to the right hand, 
as there are places in the given decimal. 

Multiply that remainder by the parts in the next lower denomination again, 
cutting off for another remainder as before. 

Proceed in the same manner through all the parts of the integer; then the 
several deyominations separated on the left hand, will make up the answer. 

Note, This operation is the same as Reduction Descending in whole numbers. 


EXAMPLES, 

1. Required to find the value of *775 pounds sterling, 

•776 

20 

sTis*^ 

12 Ans. 16s. i\(L 

d. 6*000 


2. What is the value of *6255. ? 

3. WTiat is the value of *86354 ? 

4. What is the value of *0125 lb, troy? 

5. What is the value of *4694 lb. troy ? 

6. What is the value of *625 cwt. ? 

7. Wliat is the value of *009943 miles ? 

8. What is the value of *6875 yd. ? 

9. What is the value of *3375 ac^ ? 

10. What is the value of *2083 hhd. of wine ? 

CASE IIL 

To reduce integers or decimals to equivalent decimals of higher denominations. 

Rule. — Divide by the number of parts in the next higher denomination 5 
continuing the operation to as many higher denominations as may be necessary, 
the same as in Reduction Ascending of whole numbers. 


Ans. Ihd, 
Ans. 175. 3*24f4 
Ans. 3 dwts. 
Ans, 6 oz. 12 dwt. 15*744 gr. 

Ans. 2 qr. 14 lb. 
Ans. 17 yd. 1 ft. 5*98848 in. 

Ans. 2 qr. 3 nls. 
Ans. 1 rd. 14 poles. 
Ans. 13*1229 gal. 
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EXABfPLES. 


1. Reduce 1 dwt to the decimal of a pound troy 

20 1 dwL 
12 0*06 oz. 

0*004166, &C. lb. answer. 


2 . 

3. 


4. 


5. 


6 . 

7. 

B. 

9 . 


10 . 


Reduce 

Reduce 

Reduce 

Reduce 

Reduce 

Reduce 

Reduce 

Reduce 

Reduce 


9c?. to the decimal of a pound. 

7 dr. to the decimal of a pound avoird. 
*26d to the decimal of a £. 

2*15 lb. to the decimal of a cwt 
24 yards to the decimal of a mile. 

*056 poles to the decimal of an acre. 

1*2 pints of wine to the decimal of a hhd. 
14 minutes to the decimal of a day. 

*21 pints to the decimal of a peck. 


A ns, *0376/, 
Ans. *02734375 lb. 
Ans. *0010833, &c. £. 
Ans. *019196 + cwt 
Ans. *013636, &c. miles 
Ans. *00035 ac. 
Ans. *00238 + hhd. 
Ans. *009722, &(^ da. 
Ans. *013125 pea 


Ts'ote JV/ien there are several numberSy tb he reduced all to the decimal of 

the highest 

the given numbers directly under each other, for dividends, proceeding 
or<lerly from the lowest denomination to the highest 

Opposite to each dividend, on the left hand, set such a number for a divisor 
as will bring it to the next higher name ; drawing a perpendicular line between 
all the divisors and dividends. 

Begin at the uppermost, and perform all the divisions; only observing to set 
the quotient of each division, as decimal parts, on the right hand of the dividend 
next below it ; so shall the last quotient be the decimal required. 


EXAMPLES. 


1, Reduce 15«> 9|<i to the decimal of a pound. 


4 

12 

20 


3* 

9*76 

15*8125 


JC 0*790625, answer. 


2. Reduce 19/. 17s. ^d. to £. 

3. Reduce I5.V. 6c/. to the decimal of a £. 
1. Reduce 7^c/. to the decimal of shil, 

6. Reduce 5 oz. 12 dwts. IG gr. to lbs. 


Ans. 19*86354166, &c. £. 
^ Ans. *775£, 
Ans. *6255. 
Ans. *46944, &c, lb. 


RULE OF THREE IN DECIMALS. 

Rule. — Prepare the terms by reducing the vulgar fractions to decimals, any 
compound numbers either to decimals of the higher denominations, or to inte- 
gers of the lower, also the first and third terms to tlie same name; then 
tiply and divide as in whole numbers. 
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ybte. Any of the convenient examples in the Rule of Three or Rule of Five 
in Integers, or Vulgar l^raetions, may be taken as proper examples to the same 
rules in Decimals. — The following example, which is the first in Vulgar Frac- 
tions, is wrought here to show the method. 

If I of a yard of velvet cost J/, what will yd. cost ? 

yd. 1. yd. 1. s. d. 

I = -375 *375 : -4 : : *3125 : *333, &c. or G 8 

*4 

375 ) *12500 ( *333333, &c. 

1250 20 

' 125 

s. 6*66606, &C. 

12 

Answer, 65 . 8 ^/. d. 7*99999, &c. ~ SJ, 


DUODECIMALS. 

Euodecimai>s, or Cross Multiplication, is a rule made use of by workmen and 
artificers, in <;oniputing the contents of their works. 

Dimensions are usually taken in feet, inches, and quarters ; any parts smaller 
than these being neglected as of no consequence. And the same in multiply ing 
them together, or casting up tl»e contents, 

• 

Rule. — Set down the two dimensions, to be multiplied together, one under 
the other, so tliat feet stand under feet, inches under inches, 

Multiply each term in the multiplicand, beginning at the lowest, by the feet 
in the multiplier, and set the result of each straight under its corresponding 
term, observing to carry 1 for every 12, from the inches to the feet. 

Jn like manner, multiply all the multiplicand by the inches and parts of the 
multiplier, and set the result of each term one place removed to the right hand 
of those in the multiplicand ; omitting however what is below parts of inches, 
only carrying to these the proper number of units from the lowest denomination. 

Or, instead of multiplying by the inchCvS, take &u<h parts of the multiplicand 
as these are of a foot. 

Then add the two lines together, after the manner of roiiiponnd Adtlitori, 
carrying I to the feet for 1 2 inches, when these come to so many, 

EXAMPLES. 

2. Multi])ly 14 f. 9 inc. 
by 4 6 

59 0 

j n 

Answer, 66 4| 


I. Multiply 4 f. 7 inc. 
by 6 4 

27 6 

] 6i 
Answer, 29 0^ 


1 = 4 
= *3125 
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3, Multiply 4 f. 7 inc. by 9 f. 6 iiic. 

4, Multiply 1‘2 f. 5 inc. by 6 f. 8 ina 

5, Multiply 35 i\ 4^ inc. by l"2 f. 3 inc. 

^ 6. Multiply 64 f. 0 inc. by 8 f. 9:| inc. 


Ans, 43 f. 6J inc. 
Ans. 82 9i 
Ans." 433 4^ 

Ans. 565 8| 


INVOLUTION 

Involution is the raising of Powerg from any given number, as a root, 

A Power is a quanlity produced by multi})lying any given number, called tho 
Hoot, a certain number of times continually by itself. Thus, 

2 r= 2 is the root, or first po\ver of 2. 

2 X 2 = ^4 is the 2d power, or square of 2. 
2x2x2= Sis the 3<b power, or cube of 2. 

2 X 2 X 2 X 2 = 16 is the 4th power of 2, &(% 

And in this manner may be calculated tlie following Table of the first nine 
powers of the first nine numbers. 


TABLE OF THE FIRST NINE POWERS OF NUMBERS. 


i St 

•id 

3d 

4th 

5th 

6th 

7th 

8th 

9lh 

1 

1 

1 

1 

1 

1 

1 

1 

1 

2 

4 

8 

16 

32 

64 

128 

256 

512 

3 

9 

27 

81 

~^43 

729 

2187 

5561 

19583 

4 

16 

64 

256 

1024 

4096 

16384 

65536 

262144 

5 

25 

125 

625 

3125 

15625 

78125 

390625 

1953125 ‘ 

6 

36 

3l(i 

121)5 

7775 

46656 

279936 

1670515 

10077696 j 

7 

49 

343 

24.01 

16807 

117649 

823543 

5764801 

40353607 | 

8 

64 



512 1 

4096 

32768 

252144 

2007152 

15777216 

134217728 j 

9 

hP 

729 
— — 1 

6561 

59049 ‘ 

T31441 

478205!) 

43045721 

I 3s742JTsf) j 


The Index or Exponent of a Pow cr, is the number denoting the height or 
degree of that power; and it is 1 more than the number of multiplications used 
in producing the same. So I is the index or exponent of the 1st power or root, 
2 of the 2d power or square, 3 of the 3d power or cube, 4 of the 4th power, and 
so on. 

J'owors, that are to be raised, are usually denoted by placing the index above 
the root or first power. 

So 2'^ = 4 is the 2d power of 2. 

2"* r: 8 is tlie 3d power of 2, 

2‘ zz: 16 is the 4th power of 2. 

540^ is the 4th power of 540, &c. 

V hen two or more powers are mullijdied together, their product will be that 
pow er whose index is the sum of (he exponents of the factors or powers multi 
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plied. Or the miilti plication of the powers, answers to the addition of the indi- 
ces. Thus, in the following powers of 2. 


1st 2d 

3d 

4th 

5th Cth 7th 8th 

9th 10th 

2 4 

8 

16 

32 64 128 256 

512 1024 

r, 2» 2^ 

23 

2* 

25 2 « 27 28 

29 210 

Here, 4 

X 

4 = 

16, and 2 + 2 zz 

4 its index ; 

and 8 

X 

16 zz 

128, and 3 + 4 zz 

7 its index ; 

also 16 

X 

64 = 

1024, and 4 + 6 =: 

10 its index. 


OTHER EXAMPLES. 

1. What is the 2d power of 45 ? ^ 

2. What is the square of 4*16 ? 

3. What is the 3d power of 3*5 P 

4. What is the 5th power of •0£9 ? 

5. What is the square of f ? 

G. What is the 3d power of 4 ? 

7. What is the 4th power of J ? ^ 


Ans. 2025. 
Aris. 17*3056. 
Ans. 42*875. 
Ans. *000000020511 149. 

Ans. 

Ans. yff. 
Ans. 


EVOLUTION. 

Evolution, or the reverse of IiiToliition, is the extracting or finding the roots 
of any given powers. 

The root of any number, or power, is such a number, as being multiplied into 
itself a certain number of times, will produce that power. Thus, 2 is the square 
root or 2d root of 4, because 2^ =: 2 X ^ ; and 3 is the cube root or 3d 

root of 27, because 3* =: 3 X 3 X 3 = 27. 

Any power of a given number or root may be found exactly, namely, by 
multiplying the number continually into itself. But there are many numbers 
of which a proposed root can never be exactly found. Yet, by means of decimals 
we may approximate or approach towards the root, to any degree of exactness. 

Those roots which only approximate, are cfilled Surd roots ; but those which 
can be found quite exact, are called Rational roots. Thus, the square root of 3 
is a surd root; but the square root of 4 is a rational root, being equal to 2 : also 
the cube root of 8 is rational, being equal to 2 ; but the cube root of 9 is sur<I 
or irrational. 

Kools are sometimes denoted by writing the character before the power, 
with ttie index of the root against it. Thus, the third root of 20 is expressed 
by ^20; and the square root or 2d root of it is y/ 20, the index 2 being 
always omitted, when the squnre root is designed. 

When the power is expressed by several numbers, with the sign -j- or — 
between them, a line is drawn from the t op of the sign over all the parts of it ; 
thus, the tliiid root of 45 — 12 is ^45 — i2> or thus, ^(45 — 12}, inclosing 
the numbers in parentlieses. 

But all roots are now often designed like powers, with fra<‘tional indices; 
thus, the squnre root of 8 is 8^’ the cube root of 25 is 25^’ and the 4th root ol 
45 — 18 is 43^1^^’ or, (45 — 18)t 
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TO EXTRACT THE SQUARE ROOT. 

• — Divide the given number into periods of two figures each, by setting 

n point over the place of units, another over the place of hundreds, and so on, 
over every second figure, both to the left hand in integers, and to the right in 
de<-imals. ^ 

Find the gi*entest square in the first period on the left hand, and set its root 
on the right hand of the given number, after the manner of a quotient figure 
in Division. 

Subtract the square tluis found from the said period, and to the remainder 
annex the two figures of tlie next following period, for a dividend. 

Double the root above mentioned for a divisor; and find how often it is con- 
tained in the said dividend, exclusive of its right hand figure; and set that 
quotient figure both in the quotient and divisor. 

3Iultiply the whole augmented divisor by this last quotient figure, and subtract 
the product from the s.ud dividend, bringin|^ down to the next period of the 
given number, for a new dividend. 

Repeat the same process over again, viz. find another new divisor, by doubling 
all the figures now found in the root; from which, and the last dividend, find tiie 
next figure of the root as before ; and so on through all the periods, to the last. 

jVo/c. 'The best way of doubling the root, to form the new divisors, is by adding 
the last figure always t(» the last divisor, as appears in the following examples. — 
Also, after the figur s belonging to the given number are all exhausted, the 
operation may be continued into decimals at pleasure, by adding any number 
of periods of ciphers, two in each period, 

• 

♦ Th<‘ r**!i8oii for sopiu* itins: the figures of the dividend into periods or portions of two places each, 
is, that tlje square <»f any single figure flever consists of mf)re than two places; the square of a nuns, 
ber of two figures, of not more than four places, and bo on. So that there will be as many figures in 
the root as the given number cont tins periods bo divided or parted oflf. 

And the reason of the several steps in the operation, appear^ from the algebraic form of the square of 
any number of terms, wliether two, or three, or more. Thus, o + 6)*^ — o* -f- 2o/? + A . 

the square of tw'o terms ; where it appears, that a is the first term of tlte rof»t, and 6 the second term ; 
also a the first divi‘*or, a»id the new divisor is 2o -f- 6, or dotible the first term increased by tha 
second. And hence the manner of extraction is thus : 

1st division n ) of 2ab -j- {a-\- b the root* 

of 

2d divisor 2o 4- /m o6 -j- b* 
b\2ab-\- 


Again, for a root of three parts o, c, thus : 

"tt 4” 6 4* * rr os 4" 4* d" d" d“ *'■* — 

o* d- d- b . h d- 2a d- 2^4- c . c, the square of three terms \ 
where a is the first term of the root, b tlie 8*’cond, and c the third term ; also a the first divisor, 2« 4- A 

the second, and 2a’j-2b c tlie tliird, each consisting of the double of the root increased by the next 

term of the same. And the mode of extraction is thus : 

1st divisor a) <i* 4- 2o5 4- -j- 2ac 4“ 25c 4- ( a 4- 5 4“ the root, 

2d divisor 2a -^b 2ab 4- b* 

2ab 4- 5* 

3d divisor 2a 4* 25 4" I 2rtc 4- 25c 4- 
c I 2ac 4- 25c 4“ c* 
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EXAMPLES. 

1. To find the square root of 29506624. 

29506621- ( 5432 the root. 
25 


104 

450 

4 

416 

1083 

3466 

3 

1 3249 

10802 

721724 

2 

1 21724 


Note , — When the root is to be extracted to many places of figures^ the work 
may be consider ably shortened^ thus : 

Havings proceeded in the extraction after the common method till there be 
found half the required number of fegnres in the root, or one fig-ure more ; then, 
for the rest, divide the last remainder by its corresponding divisor, after the 
manner of the third contraction in Division of Decimals; tlius, 

2. To find the root of 2 to nine places of figures. 

2 ( 1-4142 
1 


24 1 

100 

4 1 

96 

261 1 

400 

1 1 

i 281 

2824 

11900 

4 

11296 

•28282 1 60400 

2 1 56564 


2b284 ) 3836 ( 1356 

. . . 1008 
160 
19 
2 

Answer, 1*41421 366 

3. What is the square root of 2025 ? 

4. What is the square root of 17-3056 ? 

5. What is the square root of *000729 ? 

6. What is the square root of 3 ? 

7 . What is the square root of 5 ? 

8. What is the squai*e root of 6 ? 

9. What is the square root of 7 ? 

10. What is the square root of 10 ? 

1 1. What is the square root of 11 ? 

12. What is the square root of 12 ? 


the root required. 

Ans. 45. 
Ans. 4*16. 
Ans. *027. 
Ans. 1*732050. 
Ans. 2*236068. 
Ans. 2*449489. 
Ans. 2-646761. 
Ans. ‘3*162277 
Ans. 3*316624. 
Ans. 3-46410L 
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mULES FOR THE SQUARE ROOTS OF VULGAR FRACTIONS AND 
MIXED NUMBERS. 


0 First, prepare all vulgar fractions, by reducing them to theii least terms, 
both for this and all other roots. Then, 

1. Take the root of the numerator anil of the denominator for the respective 
terms of tlie root required. And this is the best way if the denominator be a 
complete power: but if it be* not, then, 

2. Multiply the numerator and denominator together; take the root of the 
product: this root being made the numerator to the denominator of the given 
fraction, or made the denominator to the numerator of it, will form the fractional 
root required. 




And this rule will serve whether the root be finite or infinite. 

3. Or reducje the vulgar fraction to a decimal, and extract its root. 

4. Mixed numbers may be either reduced to improper fractions, and extracted 
by the first or secomf '*ule; or the vulgar fraction may be reduced to a decimal, 
then Joined to tlie integer, and the root of the whole extracted. 


EXAMPLES. 


J. What is the root of ? 

2. What is the root 

3. What is the root of ? 

4. What is the root of ? 

5. Wiiat is the root of 17| ? 


AnsL 

Ans, 

Ans. 0*8(56025. 
Ans. 0-6454i>7. 
Ans. 4*1 68333. 


By means of the square root also may readily be found the 4th root, or the 
8th root, or the 16th root, &c. ; that is, the root of any power whose index is 
some power of the number 2 ; namely, by extracting so often the square root as 
is denoted by that power of 2 ; that is, tw o extractions for the fourth root, three 
for the 8th root, and so on. 


So, to find the 4th root of the number 21035*8, extract the square root two 
times as follows; 


21035*8000 

1 

2+ I no 
4 I 96 


( 145*037237 

1 


22 

2 


45 

44 


(12*0431407, the 4th root. 


285 1435 
5 1425 


2404 1 10372 
4 i 9616 • 


29003 

6 


108000 

87009 


24083 75637 

6 72249 


20991 ( 7237 
687 
107 
SO 


3388 ( 14U7 
980 * 

17 
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TO EXTRACT THE CUBE ROOT. 

1. Ditide the page into three columns (i), (ii), (iii), in order, from left to 
right, so that the breadth of the columns may increase in the same order. 
In column (iii) write the given number, and divide it into periods of three 
figures* each, by putting a point over the place of units, and also over every 
third figure, from thence to the left, in whole numbers, and to the right in 
decimals. 

2. Find the nearest less cube number to the first or left-hand period; set its 
root in column (m), separating it from the right of the given number by a 
curve line, and also in column (i); then multiply the number in (i) by the 
root figure, thus giving the square of the first root figure, and write the result 
in (ii); multiply the number in (ii) by the root figure, thus giving the cube of 
the first root figure, and write the result below the first or left-hand period 
in (ill); subtract it therefrom, an^ annex the next period to the remainder for 
a dividend. 

3. In (i) write the root figure below' the former, and multiply the sum of 
these by the root figure; place the product in (ii), and add the two numbers 
together for a trial divisor. Again, write the root figure in (i), and add it to 
the former sum. 

4. With the number in (ii) as a trial divisor of the dividend, omitting the 
tw'o figures to the right of it, find the next figure of the root, and annex it to 
the former, and also to the number in (i). Multiply the number now in (i) 
by the new figure of the root, and write the product as it arises in (ii), but 
extended two places of figures more to the right, and the sum of these two 
numbers will be the corrected divisor; then multiply the corrected divisor by 
the last root figure, placing the product as it arises below the dividend; sub- 
tract it therefrom, annex another period, and proceed precisely as described 
in (3), for correcting the columns (i) and (ii). Then with the new trial 
divisor in (ii), and the new dividend in (iii), proceed as before.f 

Note I. When the trial divisor is not contained in the dividend, after tw'O 
figures are omitted on the right, the next root figure is 0, and therefore one 
cipher must be annexed to the number in (i); two ciphers to the number in 
(ii); and another period to the dividend in (iii). 


• The number Is divided into periods of three figures each, i)ecause the cube of one figure never 
amounts to more than three figures; the cube of two figures to more than six, but always more than 
three; and so on. For a similar reason, a number is divided into periods of n figures, when the «Lh 
root is to be extracted. 

t The truth of this rule will be obvious from the composition of the algebraic expression for the 
cube ol a binomial. Thus (a+d)3=a3+3 a* then by the rule 


(0 


a 

a 

2a 




3a* 

Zab + b^ 


Za^+dab'^P 


(m) 

a^+3aH+Zab^+b'^ia+b= root. 


ZPb+3ab^ + b^ 
ZaH+Zab'^ + b^ 
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Note II. When the root is interminable, we may contract the work very 
considerably, after obtaining a few figures in the decimal part of the root, 
if we omit to annex another period to the remainder in (iii); cut off one 
figure from the right of (ii), and two figures from (i), which will evidently 
have the effect of cutting off three figures from each column; and then work 
with the numbers on the left, as in contracted multiplication and division of 
decimals. 


EXAMPLE. 


Find the cube root of 21035*8 to ten places of decimals. 


(0 


(n.) 

2 

4 

21035-8 (27-60491055944 

2 

8 ' 

% 


— 

■ 

4 

12 , . 

13035 

2 

469 

11683 

67 

166 9 

1352800 

7 

5 1 8 

1341576 

74 

2187 . . 

112*24 

7 

4896 

9142444864 

8 16 

223596 

2081555136 

6 

4 932 

2057415281 

8 22 

2 2 8528 ... . 

24139855 

6 

831216 

22860923 

82804 

228561 1216 

1278932 

4 

831232 

1143046 

8 28 08 

22859424 418 

135886 

4 

7 45 3|1 

114305 

1-8128112 

2 2 8 6 01 6 9 7|9 
745311 

21581 

20575 


228609151 

1006 


8|3 

914 


228609234 

92 


83 

91 


2|21816|0|913|2 

1 


EXAMP’.ES FOR 

PRACTICE. 


Required the cube roots of the following numbers:- 


(1) 48ii28544, 46656, and 15069223. 

(2) 64481*201, and 28991029248. 

(8) 12821119155125, and *000076765625. 

(4) 16* 

(5) 94, and 7f 


Ans. 364, 36, and 247. 
Ans. 40*1, and 3072. 

Ans. 23405, and *0425. 
Ans. and 2*519842.^’» 
Ans. 4*5, and 1*98802366. 
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ARITHMETIC 

TO EXTRACT ANY ROOT WHATEVER.* 

Let N be the given power or number, n the index of the power, A the a^med 
^ower, r its root, R the required root of N. 

'I'beii, as tlie sum of -}- 1 times A ^nd n — 1 times N, is to the sum of n 
1 times N.aiid n — 1 times A, so is tlie assumed root r, to tlie required root it. 

Or, as half the said sum of n +1 times A and n — 1 times N, ijS to tne 
difference between the given and assumed powers, so is the assumed root r, to 
the difference between the true and assumed roots ; Which difference, added or 
subtracted, as the case requires, gives the true root nearly. 

That is, n-f- i.A-f->i — 1 -f; n — 1 . A : : r : R. 

Or, 71 -f- I . JA + 71 — 1 ^ ’N : Ji - 1 r R go r. 

And the operation may be repeated as often as we please, by using alw ays the 
last found root for the assum^l root, and its7<th power for the assumed power A. 

EXAMPLE, 

7b extract the blh root of 210^^5’8. 

Here it appears that the 5tlj rool is between 7*3 and 7*4. Taking 7*3, its 5th 
power is 30730*7151)3. Hence then we have, 

N = 21035*8 j 7 • = 7*3 ; 7i == 6 ; i In -f 1 = 3 ; ITJmTT 2 
A rr 20730*716 
N — A = 305*084 ■ 

A”= 20730-/16 N =: 21035*8 
3 3 

3 A =r^2T92*l48 43071*6 

2N = 42071*6 

As 104263-7~’ : 305*084 :: 7*3 : *0213605 
7*3 

015252 

2135588 

104263*7 ) 2227*1132 ( *0213605, the difference. 

14184 7-3 =r r add 

37 58 

630 7*321360 zz R, the root, true to the 



5 

last iigin e. 



OTHER EXAMPLES. 



I. 

What is the 3d root of 2 ? 

Ans. 

1*259921. 

2. 

What is the 4th root of 2 ? 

A ns. 

1*180207, 

3. 

What is the 4th root of 97*41 ? 

Ans. 

3*1415999. 

4 

What is the 6th root of 2 ? 

Ans. 

M48699. 

6. 

What is the 6th root of 21035*8 ? 

Ans. 

5*254037. 

6. 

'What is the 6th root of 2f 

Ans. 

1*122402. 

7. 

What is the 7th root of 21035*8 ? 

Ans. 

4*145392. 

8. 

What is the 7th root of 2 ? 

Arts. 

1*104089. 

9, 

What is the 8th root of 21035*8 ? 

Ans. 

3*470323.% 

la. 

What is the 8th root of 2 ? 

Ans. 

1*090508. 

,fi. 

What’is the 9th root of 21035-8 ? 

Ans. 

3D22239. 

12. 

What 18 the 9th root of 2 f 

Aifs. 

1*080069. 


^ • ThU IsjBi very general approximating rule for the extraction of any root of a given number, and 
la. the best adtmted faf practice, and for memory, of any that I have yet seen. It wa? first diiscovered 
bf myself, an?the investipiion aad uso of it were given at lai'ge in my Tracts, vol. 1, p, 45. &c. 



OF RATIOS, PROPORTIONS, AND PROGRESSIONS. 

^ Numbers are compared to each other in two differerit ways : the one comparison 
considers the difFeren<;e of tlie two numbers^ and is named Arithmetical Relation ; 
and the difference sometimes' the Arii^metical tlatjo: the other considers 'tf*eir 
quotient, and is called Geometrical Relation, and the quotient the Geoinetri- 
<;al Ratio. ^50, of these two numbers 6 and 3, the difference, or arithmetical 
ratio, is 6 — 3 or 3 > Ijot t\ie geometrical ratio is f or 2. # 

'Ihere must be two numbers to form a comparison : the number which is com- 
pared, being placed first, is called the Antecedent ; and that to which it is com- 
pared, the Consequent. So, in the tw# numbers above, 6 is the antecedent, and 
3 liie consequent. 

If two or more c.ou|>lets of numbers Imve eqiial.ratios, or equal differences, 
the equality is nanc*d Pro[M>rtion, and the terms of the ratios Proportionals, 
So, the two couplets, i,2 and 8,b, are ai‘ilhmefi<^al proportionals, because 4 — 2 
= 8 — 6 = 2; and the two couplets 4,2 an46,3, are geometrical proportionals, 
because J | = 2, the same ratio. 

To denote nunibcrs as being geometrically proportional, a colon is set between 
the terms each cmiplet, to denote their ratio ; ‘and a double colon, or else a 
mark of equality, betw een the <H>uplets or ratios. So, the four proportionals, 
4, 2, 6, 3, are set thus, 4 : 2 : : 0 : 3, which means, that 4 is to 2 as 6 is to 3 ; or 
thus, 4 : 2 = 6 : 3; or thus, J = |, both whicii mean, that the ratio of 4 to 2, 
is e(jual to the n tio of (i to 3. 

Proportion is distinguished into rontinued and Discontinued A\hen the 
dirt'creiu e or ratio of the consequent of -pne couplet and the aniecedent of the 
Ile^t couplet, is not the same as the comiuon dillerence or rali;; ol' the <;ouplcts, 
the proportion is discontinued. So, 4, 2, 8, 6, are in (lis(a)ntinued arithmetical 
)!V(>port ion,«l>ec.'tuse 4 — 2 = 8 — 6=2, whereas, 2 — — 6 ; and 4, 2, 6, 3, 

are in discontinued geometrical proportion, becau e J J = 2, Ij^ut | = 4 , 
whicli is not the same., . / 

Put when the difference or ratio, of every two succeeding terms is the same 
quantity, the proportion is said to be continued, and the numbers themselves a 
series of (Continued proportionals, or a progression, i^o, 2, 4, 6, 8, form an 
arithmetii'al progression, because 4 — 2 = G — 4 = 8 — 6 = 2, all the same 
common difierence; and 2, 4, 8, IG, a geometrical progres,sion, because ^ | 

= 1 / = 2, all the same ratio. 

AVhen the following terms of a Progression exceed each other, it is called ail 
Ascending Progression o«’ Series; but if the terms decrease, it is a Descending one. 
So, 0, I, 2, 3, 4, &c., is an ascending arilhmeli(;al progression, 

but 9, 7, 5, 3, 1, &c., is a descending arithmetical progression: 

Also, 1, 2, 4, H, 16, &c., is an ascending geonietricnl progression, 

and IG, 8, 4,. 2, 1, &c., is a descending geometrical progression. 


ARITHMETICAL PROPORTION AND PROGRESSION. 

Till? first and last terms of a Progression, are called the Extremes; and the 
odier terms, lying between them, the Means. •• 

The most useful part of arithmetical proportions, is contained in the following 
theorems: ^ 
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ARITHMETIC. 


Theorem L— If four quantities Ue in arithmetical proportion, the sum of i he 
two extremes will be equal to the sum of the two nieuntj. 

Thus, of the four 2, 4, 6, 8, here 2 + 8 = 4+ 6 = 10. 

Thj^rem 2. — In any continued arithmetical progression, the sum of the two 
extremes, is equal to the sum of any two means that are equally distant fronP 
them, or equal to double the middle term when there is an uneven number of 
terms. 

Thus, in the terms 1, 3, 5, it is 1 + 5 = 3 + 3 = 6. 

And in the series 2, 4, 6, 8, 10, 12, 14, it is 2 + 14 = 4 + 12 = 6 + 10 = 
8+8=16. 

Theorbm 3. — The difference between the extreme terms of an arithmetical 
progression, is equal to the common difference of the series multiplied by one 
less than the number of the terms. 

So, of the ten terms, 2, 4, 6^ 8, 10, 12, 14, 16, 18, 20, the common difference 
is 2, and one less than the number of terms 9; then the difference of the 
extremes is 20 — 2 = 18, and 2 X ^ = 18 also. 

Consequently, the greatest termjis equal to the least term added to the product 
of the common difference multiplied by 1 less than the number of terms. 

Theorem 4. — The sura of all the terms, of any arithmetical progression, is 
equal to the sum of the two extremes multiplied by the number of terms, and 
divided by 2 j or the sum of the two extremes multiplied by the number of the 
terms gives double the sura of all the terms in the series. 

This is made evident by setting the terms of the series in an inverted order 
under the same series in a direct order, and adding the corresponding terms 
together in that order. Thus, 

in the series 1, 3, 6, 7, 9, 11, 13, 15; 

ditto inyerted, 1 5, 13, 11, 9, 7 , 5 , 3 , 1 ; 

the sums are 16+16 + 16+16 + IG +1 g^P~ 16 +l6, 
which must be double the sum of the single series, and is equal to rthe sum of 
the extremes repeated so often as are the number of the terms. 

From these theorems may re.adily be found jiny one of these five parts ; the 

two extremes, the number of terms, the common difiereiice, and the sum of all 

the terms, when any three of them are given ; as in the following Problems : 


PROB. h 

Given the extremes, and the number of terms ; to find the sum of all the teims. ' 

Rule. — Add the extremes together, multiply the sum by the number of terms 
and divide by 2. 

EXAMPLES. 


1. The extremes being 3 and 19, and the number of terms 9 ; required the 
sum of the terms ? 

19 

3 


22 

9 

2 ) 198 
Answer, 99 


O'-. X 9 = ~ X 9 = 11 X 9 = 99. 


2. It is required to find the number of all the strokes a 
whole revolution of the index, or in 12 hours? 


clock strikes in one 
Alls. 7a 
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S. How many str(»kes do the clocks of Venice strike in the compass of the 
day, which go right on fjrom 1 to 24 o’clock ? Ans. 300. 

4, What debt can be discharged in a year, by weekly payments in arithmeli- 
cal progression, the lii’st payment being 1^., and the last or 52d payment 5/. 3s. 

* Ans.l35i. 


PROD. IL 

Given the extremes, and the number ef terms ; to find the common difference. 

Rule. — Subtract the less extreme from the greater, and divide the remainder 
by I less than the number of terms, for the common diOerence. 


EX^PLES. 

1, The extremes being 3 and 19, and the number of terms 9; required the 
common difference? 

19 


Or. 


19 


8) 16 
Ans. 2 


3 _ 16 _ 
9 — i 8 “ 


2. If the extremes be 10 and 70, and the number of terms 21; what is the 
common diflereiice, and tlie sum of the series ? 

Ans. the com. difT. is 3, and the sum is 840. 

3. A certain debt can be discharged in one year, by weekly payments in 

arithmetical progression, the first payment being Is., and the last 5/. 3s.; what 
is the common difference of the terms ? Ans. 2. 


PROD. III. 

Given one *of the extremes, the common difference, and the number of terms ; to 
find the other extreme, and the sum of the scries. 

Rule, — Multiply the common difference by 1 less than the number of terms, 
and the product will be the difference of the extremes : therefore add the product 
to the less extreme, to give the greater; or subtract it from the greater to give 
the Jess. 

EXAMPLES. 

1. Given the least term 3, the common difference 2, of an arithmetical series 
of 9 terms ; to find the greatest term, and the sum of the series ? 

2 

8 

"iG 

3 

19 the greatest term. 

3 the legist. 

22 sum. 

9 number of terms. 

99 the sum of the series. 


SB 
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2, If the greatest term be ^^he common difference 3, and the number of 
terms 21 ; whrat is the least term and the sum of the series ? 

Ans. the least term is 10, and the sum is 840. 

3. A debt can be discharged in a year, by paying \s, the first week, 3s. the 
second, and so on, always 2s. more every week ; what is the debt, and what will^ 
the last payment be ? Ans. the last payment will be 51. 3^., and the debt is 1 35/. 4s 

PROS. IV. 

To find an arithmetical mean proportional between two given terms. 

Rule Add the two given extremes or terms together, and take half their 

sum for the aritliraetical mean required. Or, subtraci the less extreme from the 
greater, and hAlf the remainder will be the common dilFerence; which being added 
to the less extreme, or subtracted from the greater, will give the mean required* 


EXAMPLE. 

To find an arithmetical mean between the two numbers 4 and I I. 
Here, 14 Or, 14 Or, 14 

4 4 5 


2) IS 
Ans. 9 


2 ) 10 


9 


5 the com. dif. 

4 the less extreme. 


9 

So that 9 is the mean required by both methods. 

PROB. V. 

To find two arithmetical 7neons between two given extremes. 

B-ule. — Subtract the less extreme from the greater, and divide the difference 
by 3, so will the quotient be the common difierence ; which being continually 
added to the less extreme, or taken from the greater, gives the me^jns. 

EXAMPLE. 

To find two arithmetical means between 2 and 8. 

Here 8 
2 

- — Then 2 4- 2 == 4 the one mean, 

3)6 ' 

and 4 -j- 2 = 6 the other mean. 

com. dif. 2 

PROB. VI. 

To find any number of arithmetical means between two given terms or extreines* 
Rule. — Subtract the less extreme from the greater, and divide the difference 
by 1 more than the number of means required to be found, which will give the 
common difference ; then this being added continually to the least term, or 
8ubti(%cted from the greatest* will give the mean terms required. 

EXAMPLE. 

To find five arithmetical means between 2 and 14. 

Here 14 
2 

- Then by adding this com. dif. continually, 

^ ^ the means are found 4, 6, 8, 10, 12. 

com. dif. 2 

Note^ Moie of Ai'iibmetkal Progression is given in the Algebra, 



GEOMETRICAL PROPORTION AND PROGRESSION. 


^ The most useful part of Geometrical Proportion, is contained ii the following 
Uieorems : 

Theorem i, — >lf four quantities be in geometrical proportion, the product of 
IJie two extremes will be equal to the product of the two means. 

Thus, in the four 4, 3, 6, it is 2 X 6 = 3X4= 12. 

And hence, if the product of the two means be divided by one of the extremes, 
the quotient will give the other extreme. So, of the above numbers, the product 
of the means 12 -f- 2 = 6 tlie one extreme, and 12 -f. 6 = 2 the other extreme ; 
and this is the foundation and reason of the practice in the Rule of Three. 

TiiEORpr 2. — In any continued geometrical progression, the product of the 
two extremes is equal to tlie product of any two means that are equally distant 
from them, or equal to the square of the middle term when there is an uneven 
number of terms. * 

Thus, in the terms 2, 4, 8, it is 2 X 8 = 4 X 4 = 16. 

And in the series 2, 4, 8, 16, .32, 64, 128, 
it is 2 X 128 = 4 X 64 = 8 X 32 = 16 X 16 = 256. 

Theorem 3. — The quotient of the extreme terms of a geometrical progres* 
sion, is equal to the (common ratio of the series raised to the power denoted b^ 
1 less than the number of the terms. 

So, of the ten terms 2, 4, 8, 16, 32, 64, 128, 256, 512, 1024, the common 
ratio is 2, one less than the number of terms 9 ; then the quotient of the ex- 
1024 

tremes is = 512, and 2® = 512 also. 

Consequently the greatest term is equal to the least term multiplied by the 
said power of the ratio w hose index is 1 less than the number of terms. 

Theorem 4. — The sum of all the terms, of any geometrical progression, is 
found by adding the greatest term to the difference of the extremes divided by 
1 Jess than the ratio. 

So, the sum of 2, 4, 8, 16, 32, 64, 128, 256,512, 1024, (whose ratio is 2,) is 
1021 — 2 

1024 -I ^— --- •= 1024 + 1022 = 2046. 

The foregoing, and several other properties of geometrical proportion, are 
demonstrated more at large in the Algebraic part of this work. A few examples 
may here be added of the theorems, just delivered, with some problems con- 
cerning mean proportionals. 


1. The least of ten terms, in geometrical progression, being 1, and tlie ratio 
2 ' what is the greatest term, and the sum of till the terms ? 

Ans. the greatest term is 512, and the sum 1023* 

2. What debt may he discharged in a year, or 12 months, by paying 1/. tlie 
first month, 2/. tlie second, 44 the third, and so on, each succeeding payment 
being double the last; and what will the. last payment be ? 

Am. the debt 40954, and the last payment 20484 
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PROB. L 

To find one geometrical mean proportional between any two numl)€r^. 

Rule. — Multiply the two numbers together, and extract the square root of 
the product, which will give the mean proportional sought. 

Or, divide the greriter term by the less, and extra<;t the square root of the 
quotient, which will give the common ratio of the three terms: then multiply 
the less term by the ratio, or divide the greater term by it, either of these will 
give the middle term required. 


EXAltfT'LE. 

To find a geometrical mean between tl\p two numbers 3 and 12. 

First v)ay. Second way, 

12 3 ) 12 ( 4, its root is 2 the ratio. 

3 

36 ( 6 the mean. Then, 3X2 = 6 the mean. 

36 Or, 12 -f. 2= 6 ditto. 

PROB. II. 

To find two geometrical mean proportionals between any two numbers. 

Rule.— .Divide the greater number by the less, and extract the cube root of 
the quotient, which will give the common ratio of the terms. Then multiply 
tlie least given term by the ratio for the first mean, and this menu again by the 
ratio for the second mean : or, divide the greater of the two given terms by the 
ratio for tlie greater mean, and divide this again by the ratio for the less mean. 

EXAMPLE. 

To find two geometrical mean proportionals between 3 and 24. ‘ 

Here, 3 ) 24 ( 8, its cube root, 2 is the ratio. 

Then, 3X2= 6, and 6X2= 12, the two means. 

Or, 24 -f- 2 = 12, and 12 -f- 2 = 6, the same. 

That is, the two means between 3 and 24, are 6 and 12. 

PROB. Ill, 

To find any number of geometrical mean proportionals between two numbers. 

Rule. — Divide the greater number by the le^s, and extract such root of the 
quotient whose index is 1 more than the number of means required, that is, the 
2d root fqr 1 mean, the 3d root for 2 means, the 4th root for 3 means, and so 
on ; and that root will he the common ratio of all the terms. Then with the 

ratio multiply continually from the first term, or divide continually from the 

last or greatest term. 

EXAMPLE. 

To find four geometrical mean proportionals between 3 and 96. 

Here, 3 ) 96 ( 32, the 6th root of which is 2, the ratio. 

Then, 3X3= 6, and 6X2=12, and 12 X 2 = 24, and 24 X 8 = 

Or, 96 -t- 2 = 48, and 48 -f- 2 = 24, and 24 -f- 2 = 12, and 12 -f- 2 = 

That is, 6, 12, 24, 48, are the four means between 3 and 96. 
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OF MUSICAL PROPORTION. 

t There is also a third kind of proportion, called Musical, which being but oi 
Jittle or no common use, a very short account of it may here suffice. 

Musical Proportion is when, of three numbers, the first has the same propor- 
tion to the third, as the difference between the first and second, has to the dif- 
ference between tlw second and third. 

As in these three, 6, 8, 12; 

Where, G : 12^:: 8 — 6 : 12 — 8, 
that is, 6 : 12 : : 2 : 4. 

When four numbers are in Musical Proportion ; then the first has the same 
Proportion to the fourth, as the difference between the first and second has to 
tlie difference between the third and fourth. 

• 

As in these, 6, 8, 12, 18; 
where, 6 : lb :: 8 — 6 : 18 — 12, 
that is, G : 18 : : 2 : 6. 

When numbers are in Musical Progression, their reciprocals are in Arith- 
metical Progression; and the converse, that is, when numbers are in Arith- 
111 e tits'll Progression, their reciprocals are in Musical Progression. 

So, in these Musicals 6, 8, 12, their reciprocals i, tV? arithmetical 

progression ; for ^ + jV = tt = i i and | ^ = f = j ; that is, Uie sum of 

the extremes is equal to double the mean, which is the property of arithmeticals. 

The method of finding out numbers in Musical Proportion, is best expressed 
by letters in Algebra. 


FELLOWSHIP OR PARTNERSHIP. 

Fellowship is a rule, by which any sum or quantity may be divided into any 
number of parts, wliich shall be in any given proportion to one another. 

By this rule are adjusted the gains, or losses, or charges of partners in com- 
pany ; or the effects of bankrupts, or legacies in case of a deficiency of assets 
or effects ; or the shares of prizes, or the numbers of men to form certain 
detachments ; or the division of waste lands among a number of proprietors. 

Fellowship is either Single or Double. It is Single, w hen the shares or por- 
tions are to be proportional each to one single given number only ; as when 
the stocks of partners are all employed for the same time : and Double, jvhen 
each portion is to be proportional to tw o or more numbers ; as when the Stocks 
of partners are employed for different times. 
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SINGLE FELLOWSHIP 

(tENERAl Rule. — Add together the numbers that denote the proportion 
the shares. Then, 

As the sum of the said proportional numbers, 

Is to the whole sum to be parted or divided, 

ISo is each several proportional number, 

To the corresponding share or part. 

Or, As the whole stock, is to the whole gain or loss, 

So is each man's particular stock, to his particular share of the gain or loss. 

To prove the work , — Add all the shares or parts together, and the sum will 
be equal to the whole number to be shared, when the work is right. 

EXAMPLES. 

1. To divide the number 240 into three such paits, as sliall be in proportion 
to each other as the three numbers 1, 2, and 3. 

Here 1 -f- 2 -f- 3 =: d the sum of the proportional numbers. 


Then, 

as 6 

240 : 

: 1 : 

40 

the 1st part. 

and. 

as G 

240 ; 

: 2 

80 

the 2d part, 

also 

as 6 

: 240 ; 

: 3 : 

120 

the 3d part. 


Sum of all 240, the proof. 


2. Three persons, A, B, C, freighted a ship with 340 tuns of wine ; of which, 
A loaded lIO tuns, B 97, and C the rest: in a storm the seamen were obliged 
to throw overboard 85 tuns; how much must each person sustain of the loss? 

Here, 110 + 97 = 207 tuns, loaded by A and B ; 
theref,, 340 — 207 = 133 tuns, loaded by C. 
hence, as 340 : 85 :: 110 , 

or, as 4 : 1 :: 110 : 27.} tuns = A^s loss; 

and, as 4 : I ; : 9? : 2 1 ^ tuns = B’s loss ; 

als<j, as 4 ; 1 : : 133 : 33| tuns = C’s loss. 

Sum 85 tuns, the proof 

3. Two merchants, C and D, made a stock of 120/,; of which C contributed 
75/., and D the rest; by trading they gained 30/. ; what must each have of it? 

Ans. C 18/. 15s., and D 11/. 5s. 

4. Three merchants, E, F, G, made a stock of 70(>/. ; of which E contributed 

12.3/., F 35b/,, and G the rest ; by trading they gain 125/. 10s. ; what must each 
have of it? Ans. E must have 22/. l.s. 0^4 2y\^. 

F 64 3 8 0^|. 

« G 39 5 3 Ig-V 

5. A general imposing a contribution* of 700/., on four villages, to be paid 

in propvu'tion to the number of inhabitants contained in each ; tlie 1st contain- 
ing 250, the 2d 350, the 3d 400, and the 4th 500 persons ; what part must each 
village pay ? Ans. the 1st to pay 116/. 13s. 4d 

the 2d 163 6 8 

the .?d 186 13 4 

the 4th 233 6 8 

• ContnbutJow Is a tax p'»id by provinces, towns, villagefe, , to exuu&e them from being plua 
iered, and is paid in provisions or in money, and sometimes in both. 
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C. A piece of ground, consisting of 37 ac. 2 ro. 14 ps. is to be divided among 
three persons, L, M, and N, in proportion to their estates : now if L’s estate be 
worth 5004 a year, M’s 3204, and N’s 754 ; what quantity of land must each one 
^ Ans. L must have 20 ac. 3 ro. 3y|^5 ps. 

• M 13 1 30.iVv 

N 3 0 23i^ 

7. A person is indebted to 0 574 I5s., to P 1084 Ss. 8(4, to Q 224 \»d., and 
lo R 734 1 but at his de<’.ease, his effects are found to be worth no more than 
1704 14s. : how must it be divided among his creditors ? 

Ans. O must have 374 15s. 5(4 

P 70 15 2 

, Q 8 4 

R 47 14 11 


ft. A sliip worth 9(>0/^ being- entirely lost, of which ^ belonged to 8, i to T, 
nn<l the rest to V ; what loss will each sustain, supposing 540/. of her were in- 
sured? Ans. S will lose 45/., T 90/., and V 225/. 

9. Four persons, W, X, Y, and Z, spent among them 25s, and agree that W 
sliall pay ^ of it, X Y and Z that is, tfieir shares are to be in proportion 
as, 1, and what are their shares? Ans. W must pny 9s. 8//. 


X 6 5 34?- 

Y 4 10 4? 

Z 3 10 

10. A detachment, consisting of five companies, being sent into a garrison, 
in wlii<;h the duty required 76 men a day ; what number of men must be fur- 
nished by each company, in proportion to their strength ; the Isl consisting of 
64 men, the 2d of 5l men, the 3d of 48 men, the 4th of 39 men, and the 5th of 
36 men? Aiis. The 1st must furnish 18, the 2d 17, the 3d 

16, the 4th 13, and the 5th 12 men.’*' 


DOUBLE FELLOWSHIP. 

Double Fellowshii*, as has been said, is concerned in cases in which the 
stocks of partners are employed or continued for ditferent times. 

liuLE.t — Multiply each per.son’s stock by the time of its continuance ; then 
divide the quantity, as in Single Fellowship, into shares in proportion to these 
products, by saying, 

As the total sum of all the said products, 

Is to the w'holc gain or loss, or quantity to ho ]>arfed. 

So is ea(;h particular product, 

To the corresponding share of the gain or loss. 


* Questiom of this nature frequently occurring in militRry eervice, general Ilaviland, an offirer of* 
great inarit, contrived au ingenious instrument, for more expeditiously resolving them; which la 
diatinguished by the name of the inventor, being called a Haviland. 

♦ The proof of this rule is as follows : when the times are equal, the shares of the gain or loft we 
•▼idently as the stocks, ds in Single Fellow’ship ; and, w’hen the stocks are equal, the shares are as tl»# 
tlmea: therefore, when neither are equal, the shares must be as their products. 
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EXAMPLES. 

1. A had in company 50/. for 4 months, and B had 60/. for 5 months ; at the 
end of which they find 24/. gained f how must it bo divided between them ? 

Here 50 CO 

4 5 

200 + :m = 500. . 

Then, as 600 : 24 : : 200 : 9^ = 9/. 12s’. == A’s share, 
and, as 500 : 24 : : 300 : 14| := 14 8 = B’s share. 

2. C and D hold a pie<;e of ground in common, for which they are to pay 36/. 

C put in 23 horses for 27 days, and D 21 horses for 39 days; how much ought 
each man to pay of the rent ? , Ans. C must pay 1 5/. lOs. C(/, 

1) 20 9 G. 

3. Three persons, E, F, (t, hold a pasture in common, for which they are to 

pay 30/. per annum ; into which E put 7 oxen for 3 months, F put 9 oxen for 
5 months, and G put in 4 oxen for 12 months ; how miudi must each person pay 
of the rent ? Ans. E must pay 5/. lOs, Oaf. l^%q. 

' F 11 16 10 O^V 

G 12 12 7 2/v. 

4. A ship’s company take a prize of 1000/., which they agree to div ide among 
them according to their pay and the time they have been on board : now the 
officers and midsltipmen have been on board 6 months, and tlie sailors 3 months ; 
the officers have 40^. a month, the midshipmen 30.s., and the sailors '22s. i 
month ; moreover, there are 4 officers, 12 midshipmen, and 1 10 sailors: what 
will each man’s share be ? Ans. each officer, must have 23/. 2^. 5d. 

each midship., 17 6 9 3-^%. 

each seaman, 6 7 2 

5. H, with a capital of 1000/., began trade the first of January, and, nieeting 

with success in business, took in 1 as a partner, with a capital of 15f)0/., on the 
first of March following. Three months after that they admit K as» a third 
partner, who brought into stock 2800/. After trading together till the end of 
the year, they find there has been gained 1776/. IO 5 . : how must this be divided 
among the partners ? Ans. H must have 457/. 9^. 4|^f, 

I 571 16 8^ 

K 747 3 Hi 

6. X, Y, and Z, made a joint-stock for 12 months ; X at the first put in 20/., 

and 4 months after 20/. more ; Y put in at the first 30/., at the end of 3 months 

he put in 20/. more, and 2 months after he put in 40/. more ; Z put in at first 
60/., and 5 months aft< r he put in 10/. more, 1 month after which he took out 
30/. ; during the 12 monllis they gained 50/; how much of it must each have? 

Ans. X must have 10/. 18^. 6d, 

Y 22 8 1 Oil 

Z 16 13 4 0 


SIMPLE INTEREST. 

Interest is the premium or sum allowed for the loan, or forbearance of money. 
The money lent, or forbom, is called the Principal. 

The sum of the principal and its interest, added together, is called the Amount 
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Interest is allowed at so much per cent, per annum ; which premium per cent, 
per annum, or interest of a 100/. for a year, is called the Rate of Interest:— So. 
When iiitere&t is at 3 per cent, (he rate is 3; 


4 per cent 4 ; 

5 per cent 5 ; 

6 per cent 6. 


Rut, by law, interest ou^ht not to be taken higher than at the rate of 5 pe^ 
cent. 

Interest is of two sorts ; Simple and Compound. 

Simple Interest is that which is allowed for the principal lent or forbom 
only, far the whole time of forbearance. 

As the interest of any sum, for any tune, is directly proportional to the prin- 
cipal sum, and also to the time of continuance ; hence arises the following 
general rule of ciilculalion. 

Gknkral Rule. — As 100/. is to the rate of interest, so is any given principal 
to its interest for one year. And again, 

As 1 year is to any given time, so is the interest for a year, just found, to the 
interest of the given sum for that time. 

Otherwise. — Take the interest of 1 pound for a year, which, multiply by the 
given principal, and this pio<luct again by the time of loan or forbearance, in 
yeai'8 and parts, for the interest of the proposed sum for that time. 

When there are certain parts or years in the time, as f|iiarters, or 
months, or days ; they may he worked for cither by taking the aliquot or like 
parts of the interest of a year, or by the Rule of I hree, in the usual way. Also, 
to divide by 100, is done by only pointing off two figures for decimals. 

EXAMPLES. 

1. To find the interest of 2:10/. 10.s., for I year, at 4 per cent, per annum. 

• Here, as 100 : 4 :: 230/. 10s. ; 9/L 4s. 4|r/. 

4 . 

100 ) 9|22 0 

00 

4140 

1 :/ 

4(80 

4 

3100 A ns. 9/. 4s. 4 fc/, 

0, To find the interest of 547/. 15s., for 3 years, at 5 per cent, per iniium. 

As, 100 : 5 : : 547 15 : 

Or, 20 : I 547*75 ; 07.3875 interest for 1 year. 

3 

L 82.1625 ditto for 3 years. 

20 

^ b ,’^|2600 

12 

d, S|00 Ans. 82/. 3s. 3<<. 
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3. To find the interest of 200 guineas, for 4 years, 7 months, and 25 days 
percent per aiiimm. 

210 
_4] 

840 
105 

9.45 interest for 1 ye.ar. 

4 

37*80 ditto 4 years. 

6 ino. =: .j 4 'i25 ditto 6 monthsi 
1 mo. J ‘7^73 ditto 1 month. 

*0472 ditto 25 days. 

/rial 9597 

20 

5. 19|1940 

d. 213280 

4 

q. 113120 AiVs. 43/. I9«. 

4. To find the interest oi' 150/., for a year, at 5 per cent per annum. 

Alls. 2 2/. 10s. 

6. To find the interest of 230/. 10s., for a year, at 4 per cent, per annum. 

Ans. 9/. 4s. 4Jf/. 

Ch To find the interest of 715/. 12s. 6dL, fora year, at 4 per rent, per annmn. 

Ans. 32/. 4.V. 

7. To find the interest of 720/., for 3 years, at 5 per cent, per annum. 

Ans. lOS/. 

8. To find tlie interest of 355/. 15s., for 4 years, at 4 per cent per annum, 

Ans. 50/. 18^. 4Jc/. 

9. To find the interest of 32/. 5s. 8d, for 7 years, at 4] per cent per annum. 

Ans. 9/. 12^. id, 

0. To find the interest of 170/., for J | year, at 5 per cent per annum. 

Ans. 12/. 15.9. 

11. To find the insurance of 205/. 15.v., fin* ^ of a year at 4 per cent per annum. 

Ans. 21. Ij. ] Jc/. 

12. To find the interest of 319/. ChI., for 5J years, at 3J per cent per annum. 

Ans. 08/. 15.9. 9id 

13. To find the insurance on 107/., for 117 days, at 4J per cent, per annum. 

Ans. 1/. I2s. Id. 

14. To find the interest of 177. 5s., for 1 17 days, at 4J per cent, per annum. 

Ans. 5s. 3<7. 

15. To find the insurance on 712/. Oi*., for 8 months, at 7^ per cent per annum. 

Ans. 35/. 12s. 3 Jr/. 

Note. The rules for Simple Interest, serve also to cahmlate Insurances, or 
the Purchase of Stocks, or any thing else that is rated at so much per cent 
See also more on the subject of Interest, witli the algebraical expression and 
Investigation of the rules, at the end of the Algebra, next following. 


ds. /. 
as, 305 : 9*45 
or, 73 : 9*45 
5 


ds. 
25 : 
5 : 


1 . 

•0472 


73 ) 47-25 ( -0472 
345 
53.) 

19 
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Compound Intfrkst, cillrd also Interest upon Interest, is tTiat which arises 
from the principal and interest, taken tog^ether, as it becomes due, at the end of 
e%*h stated time of paymenti 

Although it be not lawful to lend money at Compound Interest, yet in pur- 
chasing annuities, pensions, or leases in reversion, it is usual to allow Compound 
Interest to the purchaser for his ready money. 

Rules, — 1. Find the amo.uni of the given principal, for the time of the first 
payment, by Simple Interest. Then consider this amount as a new principal 
for the second payment, whose amount cahudate as before And so on, through 
all the payments to the last, always accounting the last amount as a new princi- 
pal for the next payment. The reason of which is evident from the definition 
of Compound Interest. Or else, 

2. Find the amount of I pound for the time of the first payment, and raise or 
involve it to the power whose index is denoted by the number of payments. 
Then that power multiplied by the given principal, will produce the whole 
amount. From which the said principal bein^ subtracted, leaves the (compound 
Interest of the same. As is evident from the first rule. 

EXAMPLES. 

1. To find the amount of 720/., for 4 years, at 5 per cent, per anniira. 

Here, 5 is the 20th part of 100, and the interest of 1/. fora year, is or *05, 


and its amount 1 *05. Therefore, 

1. By the 1st rule. 

. 2, By the 2d rule. 

/. 

s. 

d. 

1*05 amount of 1/. 

20 ) 720 

0 

0 1st year’s principal. 

1*05 

3() 

0 

0 1st year’s interest. 

El 025 2d power oi’ it. 
1*1025 ditto. 

20 ) 756 

t) 

0 2d year’s pritu ipa]. 

37‘ 16 

0 2d year’s interest. 

1 *21 550625 4th power of it. 

20 ) 793 

16 

0 3d year’s principal. 

720 

39 

13 

9i 3d year’s interest. 

/. 87511645 

20 ) koF 

9 

9.' 4th year’s priiicip.'il. 

20 

41 

13 

5J 4tlj year’s interest. 

s. 312900 

£ >b75 

”3 

3^ the whole amount, 

12 

— 

— 

or Jinswev reciuiif;d. 

d .314800 


2. To find the amount of 50/., in 5 years, at 5 per cent, per annum, compound 

interest. A ns. 03/. Ifis. 

3. To find the amount of 50/., in 5 years, or 10 half years, at 5 per cent, per 
annum, compound interest, the interest payable halt yearly. Ans. 04/. Os. I’d. 

4. To find the amount of 50/., in 5 years, or 20 quarters, at 5 per cent, per 
annum, compound interest, tlie inteiest payable quarterly. Ans. 64/. 2s. O^d. 

5. To find the compound interest of 370/., forborn for 6 years, at 4 per cent, 

per annum. Ans. 9b/. 3s. ^ 

6. To find the compound interest of 410/., forborn for 2^ years, at 4^^ pef 

cent, per annum, the interest payable half yearly. Ans. 48/. 4s, 1 l^d, 

7. To find the amount, at compeui d interest, of 217/., forborn for 2^ yeans, 
at 5 per cenu per annum, the interest payable quarterly. Ans. 2424 i3s. 4^(i 
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POSITION. 

Position is a method of performing certain questions, which cannot be resolved 
by the common direct rules. It is sometimes called False Position, or False 
Supposition, because it makes a supposition of False numbers, to work with, the 
same as if they were the true ones, and by their means discovers the true num- 
bers sought. It is sometimes also called Triiil and Error, because it pro(;ee<is 
by trials of false numbers, and thence finds out the true ones by a comparison 
of the errors, 

Tosition is either Single or Double. 


SINGLE POSITION. 

Single Position is that by which a question is resolved by means of one 
supposition only. 

Questions which have their results proportional to their suppositions, belong 
to Single Position ; such as those which require the multiplication or divisiim 
of the number sought by any proposed number ; or when it is to be increased 
or diminished by itself, or any parts of itself, a certain proposed number of times. 

Pule. — Take or assume any number for that required, and perform the same 
operations with it, as are described or performed in the question. 

'I hen say, as the result of the said operation, is to the position, or number 
assumed ; so is the result in the question, to the number sought,* 


EXAMPLES. 


1. A person, after spending J and ^ 
what had he at first? 

Suppose he had at first 120/. 


Now i of 120 is 

40 

^ of it is 

30 

their sum is 

*70 

which taken from 

120 

leaves 

50 


Then, 50 : 120 : : 


his money, has yet remaining CO /. ; 

Proof. 

J of 144 is 48 
A of 144 is 36 

their sum 84 
taken from 144 

leaves 60 as per question. 

: 144, the answer. 


2. What number is that, which multiplied by 7, and the product divided by 
6, the quotient may be 14 ? Ans. 13. 


* The reason of the rule Is (evident, because it is supposed that the results are proportional to the 
•upposittoot. ^ 


Thus, nx i X i: na \ 

X a 

,^:x ch 


or, 


n m 


6cc.:x 


and BO on. 


n — m 


a. 
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3. What number is that, which bein^ increased by 4^, and j of itself, the 

sum shall be 1 25 ? Ans. GO. 

4. A jreneral, after sending out a foraging I and J of his men, hud yet remain- 

11^ 700; what number had he in command? Ans. 4200. 

6. A gentleman distributed 78 pence among a number of poor people, con- 
sisting of men, women, and children ; to each man he gave 6(l„ to each woman 
4<i., and to each child 2d. : moreover there were twice as many women as men, 
and thrice as many children as w omen. How many were there of each ? 

Ans. 3 men, G women, and 18 children. 

6. One being asked his age, said, if ^ of the years I have lived, be multiplied 
by 7, and f of them he added to the product, the sum will be 292. What was 
his age ? • Ans. GO years. 


HOUBLE POSITION. 

Douri-e Position is the method of resolving certain questions by means of 
two suppositions of false numbers. 

'I’o the IJouble Buie of Position belong such questions as have their results 
not proportional to their positions: such are those, in which the numbers 
st>ught, or their parts, or their multiples, are increased or diminished by some 
given absolute number, >Nbic,h is no known part of the number sought, 

Bi i.E 1.^ — Take or assume any tuo convenient numbers, ami proceed with each 
of them separately, according to the conditions of the question, as in Single 
Position ; and hud how much eacli result is dift'ereut from the result mentioned 
in the question, noting also whether the rcsnlts are too great or too little. 

Then multiply each of the said errors by the contrary supposition, namely, the 
first ]>ositioii by the second error, and the second position by the lirst error. 

If tlie errors are alike, divide the ditl'erence of the products by the ditference 
of the errors, and the quotient will be tlie answer. 

But if the errors are unlike, divide the sum of ihe products by the sum of the 
eri’ors, for the answer. 

^ote. The errors are said to be alike when they are either both too great, 
or both too little ; and unlike, when one is too great and the otlier too little, 

* The rule is founded on this supposition, namely, that the first error is to the 

second, as the difference between the true and first suppi*8ed number, is to the difference between the 
true and second supposed number ; when that is not tlie case, the exact answer to the question cannot 
be found by tbis riilc.—That the rule i rue, according to that supposition, may be thus proved. 

Lot a and b be the two suppositions, and A and B their results, produced by similar operations ; 
also r and t tJieir errors, or the differences between the results A and B from Uie true result N j an'd 
let X denote the number sought, answering to the true result N of the question. 

Then, is N — A = r, and N — B = And, according to the supposition on which the rule is 
founded, r X —a : x — b; hence, by multiplying extremes and means, rx — ro = wr — «a ; 

then, by transposition, rx — fx =r. rb — m; and, by division, x s ^ ^ S the number sought, 
W'hich is the rule when the results are both too little. 

If the results be both too great, so that A and B are both greater than N ; then N — A =r — r, and 

N B rr — s, or r and s are both negative ; hence — r : — s ; : x — o ; x — but -r- r : — s : 

-f- r ; -f- I, therefore r : f ; i x — a : x -- b^ and the rest will be exactly as In the former case. , 

But if one result A only be too little, and the other B be too great, or one error r positive, and'tha 

other s negative, then the theorem becomes x = Gie rule in this case, or when tha 

errors are unlike 
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EXAMPLE. 

I, What number is that, which being inuliiplied by (), the product iiiiareased 
oy 18, and the sum divided by 9, the quotient shall be 20. ' 

suppose tne tsvo numbers, IS and 30. l lien, # 


First position, 

Second position. 

Proof. 

18 

30 

27 

6 inulf. 

6 

6 

108 • 

180 

162 

18 add. 

18 

18 

9 ) 126 

9 ) 198 

9 ) 180 

14 results. 

22 

20 

20 true res. 

20 

— - 

-f- 6 errors unlike. 

— 2 • 


)Os. 30 mulL 

18 1st pos. 


( 2 

To 


(6 36 

— 



sum 8 ) 216 sum of products. 

27 answer souglit. 

Rule 1 1.*' — Find, by trial, two numbers, as near the true number ns possible, 
and operate with them as in the question; marking the errors which arise from 
e tcii of them. 

Multiply the difference of the two imnibers, found hy trial, by tbo least eri or, 
and divide the product by the difference of the errors, when they are alike, but 
by their sum when they are unlike. 

Add the quotient, last found, to the number belonging to the least error, when 
that number is too little, but subtract it when too great, and the result will give 
the true quantity sought. 


EXAMPLES. 

1. A son asking his father liow old he was, received this answer: Your age 

is now one fourth of mine; but 5 years ago, your age was only one fifth of 
mine. What then are their two ages ? A ns. 20 and 80. 

2. A workman was liired for 30 days, at 2s. 6fi. per day, for every day he 

worked ; but with this condition, that for every day he played, he should forfeit 
Is. Now it so happened, that upon the whole he had 24 14a. to receive. How 
many of the days did he work ? Ans. 24. 

3. A and B began to play together with equal suras of money : A first won 
20 guineas, but afterwards lost back f of what he then had ; after which, B had 
4 times as much as A. What sura did each begin with ? Ans. 100 guineas. 

4. Two persons, A and B, have both the same income. A saves ^ of his ; but 
B, by spending 504 per annum more than A, at the end of 4 years finds himself 
100/ in debt. What does each receive and spend per annum ? 

Ans. They receive 1254 per annum ; also A spends 1004, and B spends 160/, 

per annum. 

• For since, by the supposition, f : # ; : jr - a : x - therefore by division, r - r : » : : t - a 
jr d, which is the 2d ride. 



PRACTICAL QUESTIONS IN ARITHMETIC. 

1 . The swiftest velocity of a cannon-ball is about 2000 feet in a second of 

^inie. Then in what time, at that rate, w'ould such a ball move from the earth 
to the sun, admitting the distance to be 100 millions of miles, and the year to 
contain eS65 days 6 hours ? Ans. 

2. What is the ratio of the velocity of light to that of a cannon-ball, w’hich 

issues from the gun with a velocity of 1500 feet per second; light passing from 
the sun to the earth in 8^ minutes ? Ans. the ratio of 704000 to 1. 

8. The slow or parade-step being 70 paces per minute at 28 inches each 
pace, it is required to determine at what rate per hour that movement is ? 

• Ans. 1-f^^ miles. 

4. The quick-time or step in marching, being 2 paces per second, or 120 
per minute, at 28 inches each, at what rate per hour does a troop march on 
a route, and how long will they be in arriving at a garrison 20 miles distant, 
allowing a halt of one hour by the way to refresh ? 

Ans. The rate is miles an hour, ainj the time 7f hours, or 7 hours 
] 7j. min. 

5. A wall was to be built 700 yards long in 29 days. Now, after 12 men 
bad been employed on it for 11 days, it was found that they had completed 
only 220 yards of the wall. It is required to determine how many men must 
be added to the former, that the w'hole number of them may just finish the 
wall in the time proposed, at the same rate of working? 

Ans. 4 men to be added. 

6. Determine how far 500 millions of guineas will reach, when laid down 

in a straight line touching one another; supposing each guinea to be an inch 
in diameter, as it is very nearly? Ans. 7891 miles, 728 yds., 2 ft. 8 in. 

7. Two persons, A and B, being on opposite sides of a wood, which is 536 

yards about, begin to go round it, both the same way, at the same instant 
of time; A goes at the rate of 11 yards per minute, and B 34 yards in 3 
minutes; tlie question is, how' many times will the wood be gone round before 
the quicker overtake the slower? Ans. 17 times. 

8. A can do a piece of w^ork alone in 12 days, and B alone in 14; in what 
time will they both together perform a like quantity of work ? 

Ans. 6/3- days. 

9. A person who is possessed of a | share of a copper-mine, sold of his 

interest in it for 1800/.; what was the reputed value of the whole at the same 
rate ? * Ans. 4000/. 

10. A person, after spending 20/. more than ^ of his yearly income, 4iad 
then remaining 30/. more than the half of it; w'hat w as his income ? Ans. 200/. 

11. The hour and minute-hands of a clock are exactly together at 12 o’clock; 

when are they next together? . Ans. l^q- hr., or I hr. 5 -^ min. 

12. If a gentleman, whose annual income is 1500/., spend 20 guineas a-week; 
whether will he save or run in debt, and how much in the year ? 

Ans. Save 408/. 

13. A person bought 180 oranges at 2 a penny, and 180 more at 3 a penny; 

after which he sold them out again at 5 for 2 pence; did he gain or lose by the 
bargain ? Ans. He lost 6 pence. 

14. If a quantity of provisions serves 1500 men 12 weeks, at the rate of2Q 
ounces a-day for each man; how many men will the same provisions maintaili 
for 20 W'eeks, at the rate of 8 ounces a-day for each man ? Ans. 2250 meiu 
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15. In the latitude of London, the ‘distance round the earth, measured on 

the parallel of latitude, is about 15,550 miles; now, as the earth turns round in 
23 hours 56 minutes, at what rate per hour is the city of London carried from 
W'est to cast ? Ans. 6494|~J- miles an hoi^^ 

16. A father lefl his son a fortune, 4- of which he ran through in 8 months; 

of the remainder lasted him 12 months longer; after which he had 820/. left. 

What sum did the father bequeath his son ? Ans. 1913/. 65. 

17. If 1000 men, besieged in a towm, with provisions for 5 weeks, allowing 
each man 16 ounces a-day, be reinforced with 500 men more; and supposing 
that they cannot be relieved till the end of 8 weeks; how many ounces a-day 
must each man have that the provision may last that time ? Ans. 6^ ounces. 

18. A younger brother received 8400/., w^hich was just of his elder brother s 

fortune. ’What was the father worth at his death ? Ans. 19,200/. 

19. A person looking on his watch, was asked what was the time of the day, 

who answered, “ It is between 5 and 6;” but a more particular answer being 
required, he said “ that the hour and minute-hands were then exactly together.” 
What was the time ? ^ Ans. 27-^ min. past 5. 

20. If 20 men perform a piece of work in 12 days, how many men will 

accomplish another, thrice as large, in one-hfth of the time ? Ans. 300. 

21. A father devised of his estate to one of his sons, and of the 

residue to another, and the surplus to his relict for life. The children’s 
legacies w’ere found to be 514/. 65. 8d. different. What money did he leave 
the widow' the use of? Ans. 1270/. l.s\ 9-^d. 

22. A person, making his will, gave to one child of his estate, and the rest 
to another. When these legacies came to be paid, the one turned out to be 
1200/. more than the other. What did the testator die worth ? Ans. 4000/. 

23. Tw'o persons, A and B, travel betw'cen London and Exeter. A leaves 

Exeter at 8 o’clock in the moniing, and walks at the rate of 3 miles an hour, 
without intermission; and B sets out from London at 4 o’clock the same 
evening, and walks for Exeter at the rate of 4 miles an hour constantly. Now', 
supposing the distance between the two cities to be 130 miles, where will they 
meet ? Ans. 69|- miles from Exeter. 

24. One hundred eggs being placed on the ground, in a straight line, at the 

distance of a yard from each other; how far will a person travel who shall 
bring them one by one to a basket, which is placed at one yard from the first 
egg? Ans. 10,100 yards, or 5 miles and 1300 yards. 

25. The clocks of Italy go on to 24 hours; then how many strokes do they 

strike in one complete revolution of the index ? Ans. 300. 

26. One Sessa, an Indian, having invented the game of chess, showed it to 
his prince, who was so delighted with it, that he promised him any reward he 
should ask; on which Sessa requested that he might bo allowed one grain of 
wheat for the first square on the chess-board, 2 for the second; 4 for the third, 
and so on, doubling continually fo 64, the number of squares. Now, supposing 
a’ pint to contain 7680 of these grains, and one quarter or 8 bushels to be 
worth 27s. 6d,f it is required to compute the value of all the com. 

Ans. 0450468216285/. 17s. 3^^. 

27. A person increased his estate annually by 100/. more than the ^ part 

of it; and at the end of 4 years found that his estate amounted to 10342/. 3s. 9d, 
What had he at first ? Ans. 4000/. 

28. Paid 1012/. 10s. for a principal of 750/., taken in 7 years before; at what 

rate per cent, per annum did Lpay interest ? Ans. 5/. per cent. 
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29. D'nide 1000^. among A, B, C; so as to give A 120/. more, and B 95/. 
less than C. Ans. A 445/., B 230/,, C 325/! 

80. A person being asked the hour of the day, said, the time past noon is 
^ual to |ths of the time till midnight. What was the time ? 

Ans. 20 min, past 5. 

31. Suppose that I have yV ship, whose whole worth is 1200/.; what 
part of her have 1 left ailer selling f of ^ of my share, and what is it worth ? 

Ans. worth 185/. 

32. What number is that, from which if there be taken f of |, and to the 

remainder be added of the sum will be 10 ? Ans. 9|^. 

83. There is a number which, if multiplied by | of f of 1^, will produce 1. 
What is the square of that number? • Ans. 

34. What length must be cut off a board, 8^ inches broad, to contain a 
square foot, or as much as 12 inches in length, and 12 in breadth ? 

Ans. 16|f inches. 

35. What sum of money will amount to 138/. 25. 6c/. in 15 months, at 5 per 

cent, per annum simple interest ? ^ Ans, 130/. 

86. A father divided his fortune among his three sons. A, B, C, giving A 4 
as often as B 3, and C 5 as often as B 6; what was the whole legacy, sup- 
posing A’s share was 4000/. Ans. 9500/. 

37. A young hare starts 40 yards before a greyhound, and is not perceived 

by him till she has been up 40 seconds; she scuds away at the rate of 10 miles 
an hour, and the dog, on view, makes after her at the rate of 18. How' long 
will the course hold, and what ground will be run over, counting from the out- 
setting of the dog? Ans. OO^V sec., and 530 yds. run. 

38. Divide 9360/. among A, B, and C, in such a manner that A’s share may 
So to B’s as 7 to 6, and B’s to C’s as 4 to 3.V. 

Ans. A’s share 3640/.; B’s 3120/.; and C’s 2600/. 

39. If I of a steam-ship be purchased for 15,300/. 13.9. 4(i., how much will 
be gained per cent, by selling half the vessel for 12,902/. 195. 2|c/. ? 

Ans. 12/. per cent. 

40. Find the cube root of *068 to eight places of decimals, Contracting the 

work for the last four figures. Ans. •40816551. 

41. Su{>])ose 2/. au<l I of ^ of a ]K)nnd w ill purchase 3 yards ana 4 of f of a 
yard of cloth; how much may be purchased by 9 shillings and ^ of a shilling? 

Ans. 4 of a yard. 

42. Divide 43/. 12.5. 9d, among 7 men, 9 women, and 3 boys, and give a 
woman 4 of a man’s share, and a boy f of a w oman’s. 

Ans. A boy’s share 1/. 125. 24 
A w'oman’s 1 17 64 

A man’s . 3 2 74 

43. A workman was hired for 24 days, at 45. 6c/. per day. for every day he 
W'orked; but for every day he was absent he w'as to forfeit I5, 6d, How 
many days did he work w'hen the balance due to him w'as 3/. I85.; and also 
how many days was be absent, when he had to receive only one day’s wages ? 
To be done without position. 

Ans. 19 days, in the former case; andl7J days, in the latter case. 

44. The interest of a certain sum for 12 years and 9 months, at 4/. per cent, 

simple interest, was found to be 185/. more than the interest of the same sum^ 
for 64 years, at 5L per cent. Find the sum without the aid of the rule of 
position? > 1000/* 

f2 
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DEFINITIONS AND NOTATION. 


1. Algh^bba is that department of Mathematics which enables us, by the aid 
of certain symbols, to abridge and generalize the reasoning employed in the 
iolution of all questions relating to numbers. 

These questions are of two kinds: — 

The Theorem, w'hose object is to demonstrate certain properties and relations 
which exist in numbers which are known and given. 

The Problem, whose object is to discover certain numbers which are un- 
known by means of other numbers which are known, and w'hich bear a relation 
to the unknown numbers, indicated by the conditions of the problem. 

2. The principal symbols employed in algebra are the following: — 

I. The letters of the alphabet, a, b, c, &c., which are employed to denote 
the numbers which are the object of our reasonings. 

II. The sign + which is named plus,m^ is employed to denote the addition 
of two or more numbers. 

Thus 12 + 30 signifies 12 plus 30, or, 12 augmented by 30. In like manner 
a’\~b signifies a plus b, or, the number designated by a augmented by the 
number designated by b, 

III. The sign — which is named minus, and is employed to denote the sub- 
traction of one number from another. 

Thus 54 — 23 signifies 54 minus 23, or, 54 diminished by 23. In like 
manner a — b signifies a minus h, or, the number designated by a diminished 
by Jthe number designated by 5. 

The sign is sometimes employed to denote the difference of two num- 
bers, when it is not known which is the greater. Thus a b signifies the 
difference of a and b, when it is not known whether the number designated 
by a be less or greater than the number designated by 5. 

IV. The sign X w'hich is narjed into, and is employed to denote the multi- 
plication of two or more numbers. 

Thus 72 X 26 signifies 72 into 26, or, 72 multiplied by 26. In like manner, 
h X b signifies a into b, or, a multiplied by b; and a X b X c, signifies the 
continued product of the numbers designated by a, b, c; and so on for any 
number of factors. 

The process of multiplication is. also frequently indicated by placing a point 
between the successive factors; thus, a • 5 • c • d signifies the same thing aa 
u Xh X c X d. 
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In general, however, when numbers are represented by letters, their multi- 
plication is indicated by writing the letters in succession, without, the interpo- 
sition of any sign. Thus a b signifies the same thing as a . ^, or a X h\ and 
ab c d\^ equivalent to a , b , c . d, or a X b X c X d. 

^ It must be remarked, that the notation a . or a ^ can be employed only 
when the numbers are designated by letters; if, for example, we wished to re- 
present the product of the numbers 5 and 6 in this manner, 5 . 6 would be 

confounded with an integer followed by a decimal fraction, and 56 would 

signify the nomhor fifty -six ^ according to the common system of notation. 

For the sake of brevity, however, the multiplication of numbers is some- 
times expressed by placing a point between them in cases where no ambiguity 
can arise from the use of this symbol.. Thus, 1 . 2 . 3 . 4, may represent the 

• 2 7 6 

continued product of the numbers, 1, 2, 3, 4; and - - ^ may represent 

o • Si • 1 1 

2 7 6 

the product of ^ and yy. 

V. The sign -r- which is named by^ and when placed between two numbers 
is employed to denote that the former is to be divided by the latter. 

Thus 24-f-6 signifies 24 by 6, or, 24 divided by 6. In like manner a-r-5 
signifies a by 5, or, a divided by b. 

In general, however, the division of two numbers is indicated by writing the 
dividend above the divisor, and drawing a line between them. Thus 24-f-6 

and n-f-5 are usually wTitten ^ and 

VI. The sign = w hich is named is equal tOy and when placed between two 
numbers denotes that they are equal to each other. 

Thus 56 4* 6 = 62 signifies that the sum of 56 and 6 is equal to 62. In 
like manner, a b signifies that a is equal to by and a -{■ b c — d sig- 
nifies that a plus b is equal to c minus d, or, that the sum of the numbers 
designated* by a and b isr equal to the difference of the numbers designated 
by c and d, 

VII. The sign Z which is named is unequal tOy and when placed betw'ecn 
tw'o numbers denotes that one of them is greater than the other, the opening 
of the sign being turned towards the greater number. 

Thus a y b signifies that a is greater than by and a Z 5 signifies that a is 
less than b. 

VIII. The coefficient is a sign which is employed to denote that a number 
designated by a letter, or some combination of letters, is added to itself a cer- 
tain number of times. 

Thus instead of w'riting a a-\‘ a a Uy which represents 5 a’s added 
together, we write 5 a. In like manner 10 a 5 will signify the same thing as 
a b a b a b a b a b a b a b a b a b aby ox ten time^ 
the product of a and b. 

The coefficienty then, is a number writ^^n to the left of another number, 
represented by one or more letters, and denotes the number of times hat the 
given letter, or combination of letters, is to be repeated. 

When no coefficient is expressed, the coefficient 1 is always understdod; 
thus 1 a and a signify the same thing. 

IX. The exponent or index is a sign which is employed to denote that 
a number designated by a letter is multiplied by itself a certain numbea of 
times. 



86 


ALGEBRA. 


Thus instead of writing a X a x a X a x a^or aaaaa, which ropreseiita 
five a*s multiplied together, we write where 5 is called the exponent or 
index of a. Similarly bxbxbxbxbxbxbxbxbx by ovb,b*b, 
b,b.h.h,b.b,byOrbbbhhhhbbb; or the continued product of 10 is 
WTitten more briefly where 10 is the exponent or index of b, f 

The exponent or index of a number is, therefore, a number w'ritten a little 
above a letter to the right, and denotes the number of times which the number 
designated by the letter enters as a factor into a product. When no ex- 
ponent is expressed, the exponent 1 is always understood; thus and a 
signify the same thing. 

The products thus formed by the successive multiplication of the same 
number by itself, are in general called the powers of that number. Thus a is 
the first power of a; a X « = a a = ffe the second power of a, or the square 
of a; aaa^ is the third power y or cube of a; a fl « a a = a® is the fifth 

power of a, and aaaa to » factors = a", is the nth power of a, or the 

power of a designated by the number n. 

X. The square root of any expression is that quantity which, w-hen multi- 
plied by itself will produce the proposed expression, and, in numbers, is 
generally denoted by the symbol ^/y which is called the radical sign, Tims 
the square root of 9 is ^9 = 3, and = a, is the square root of for in 
the former case 3x8 = 9, and in the latter « X n = 

XL The cube root of any expression is that quantity w'hich, when multi- 
plied twice by itself, will produce the proposed expression. The fourihy or 
hiquadrate root of any expression is that cpiantity which, when multiplied 
three times by itself, produces the given expression; and the nth root of any 
expression is that quantity which, multiplied (n— 1) times by itself, produces 
the proposed expression. Thus the cube root of 8 is 2; for 2 X 2 X 2 = 8, 
the fourth root of o'* is a; for a . a . a . a = and the nth root of x^ is 
X y\ fox xy Xxyxxy,,.,ion factors = a: . a* . a; . a; . • . , to n factors 
'i^y*y*y*y*»**ion factors = a" 

The roots of expressions are ireqnciitly designated by fractional or decimal 
exponents, the figure in the mjrnerator of the fractional exponent denoting 
the pow’er to which the expression is to be raised or involved, and the figure 
in the denominator denoting the root to be extracted or evolved. Thus the 

of operatrou for t\ve square root of a \s ertber Vci or for tbo 

cube root it is /v/a»or a^; for the fourth root or and or a« 

denotes the nth root of a. Also X/a^y or denotes the sixth root of the 

fifth power of U’y and a'*, or Va'", signifies the nth root of l«.ie mih power 
of a, 

XII. A rational quantity is that which has no radical sign, or fractional 
exponent annexed to it, as 3 m n, or 5a?2 y", 

XIII. An irrational quantity is that which has no exact root, and is ex- 

pressed by means of the radical sign //, or a fractional exponent, as V'‘2 
Wa\ or y^* * 

XIV. The reciprocal of any quantity is unity divided by that quantity; 

* I I 1 

thus the reciprocals of x^, y^, /yi, are respectively a®’ but the 

following notation is generally used, as being more commodious : thus the 
_L _} ' ' 

fractions are expressed by 
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XV. The following characters are used to connect several quantities 
togcLlier, viz,: — 

vimuluni or bar 

parentheses ( ) 

braces or brackets 

Thus m-{-n, a?, or x signifies that the quantity denoted by m-\-n is 

to be multiplied by a?, and | signifies that is to be 

imiltiplicd by ~ 

XYI. The signs .% therefore or consequently^ and *.• because, are used to 
avoid the too frequent repetition of these words. 

XVll. Every number written in Algebraic language, that is, by aid of 
algebraic symbols, is called an algebraic quantity, or, a liteial quantity, or, 
an algebraic expressum. 

Thus 3 a is the algebraic exj)rcssion for three times the number «; 5 a" is 
tlic algebraic expression for live times the square of the number a\ 1 b^ is 
the algebraic expression for seven times the ^’th power of a multiplied by the 
cube of 5. 

3 cr — 6 P is the algebraic expression for the difference between three 
times the square of a and six times the cube of b multiplied by the fourth 
power of 6‘. 

2 a—3b'^ C'‘+4 e* is the algebraic expression for twice a, diminished 
by three times the square of b muUijrlied by the cube of c and augmented by 
four times the fourth power of d multiplied by the product of the fifth power 
oft" and the sixth power oif 

XVm. An algebraic quantity, which is not combined with any other by 
the sign of addition or subtraction, is called a monomial, or, a quantity of one 
term, or simply, a term. Thus, 3a^, 4 1)\ 6 c, are monomials. 

An algebraic expression, which is composed of several terms, separated 
from each other by the signs -f or — is called generally a polynomial. Tijus, 

3 -f" 4 5- — G c + c/, is a polynomial. 

A polynomial, consisting of two terms only, is usually called a binomial, 
\s\\cu V\wvie \.e.T\ws>, a triaoniial. 'VW-i, (i -V h> ^ h“ c — ac z, are 

\Vn\ouua\a, and a -V h — c, n® — i> p^ r -\-S) d, are Iviuonuals. 

XIX. 'rhe numerical value of an algebraic expression is die number wliicli 
results from giving particular values to tbe letters which coin])ose the exjrres- 
sion, and pertbrming the aiilhmelicul operations indicated by the algebraic 
symbols. This numerical value will, of course, depend upon tbe particular 
^ allies assigneid to the letters. Thus the numerical value of 2a^ is 54 wdien 
we make a — H, for the cube of 3 is 27, and twice 27 is 54. The numerical 
value of the same expression will be 250 if we make a ~ 5; for the cube off* 
is 125, and twice 125 is 250. 

The numerical value of a polynomial undergoes no change, however we 
may trans[)Osc the order of the terms, provided wo preserve the proper sign 
of each. Thus the polynomials 4 — 3 a^ 5 -f 5 a 4 + 5 a — 3 a" b, 

5 « _ 3 a- 5 -h 4 a\ have all the same numerical value. This follows mani- 

festly from the nature of arithmetical addition and subtraction. 

XX. Of the different terms which compose a polynomial, some arc ])rcceiJed 
by the sign -f, others by the sign—. The former are called additicc^^ix 
positiiu terms, the latter, subtractive, or negative terms. 
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The first term of a polynomial Is not in general preceded by any sign; in 
that case the sign + is always understood. 

Terms composed of the same letters, affected Viith the same exponents, are 
called similar terms. 

Thus, 1 ab and 3 a 6 are similar terms, so are G c and 7 a® c; also, 10 
and for they are composed of the same letters, and these letters 

in each are affected with the same exponents. On the other hand, 
and are not similar terms, for although composed of the same letters, 

these letters are not affected with the same exponents in each. 

Examples of the numeral values of algebraic expressions : — 

Let fl = 4, Z> = 3, c = 2; then will 

( 1 ) ^ 4.^,_^=4 + 3 _ 2 = 7-2 = 5 

(2) 4 . a 4 . ^,2 — 42 ^ 4 X 3 4- 3- = 16 + 12 + 9 = 37 

(3) ac~-aZ»+6c=4x2 — 4X34-3X2 = 8— 12 4-6 = 2 

a^+lr-^d 42 4_32_22 10 4-9-4 21 

^ ^ a/^—«c4-^c"“4x3 — 4X24-3X2“" 12 — B-f-G ““ 10 
(5) Vja-^-b) c -^^{a^b) d = V(44-3) X 2 — V(4-3) X 2^ = V14— -^^8 

= 3*7416574 —2 = 1*7416574 

^ ^ a—c 5+7 d^b ■“ 2 5 7 * 


ADDITION. 

1. Addition is the collecting of several similar quantities into one term or 
sum, and the connecting of dissimilar quantities by their respective signs. 

The rule of addition may be divided into two cases: — 

(1) When the quantities arc similar, and have the same signs. 

(2) When the quantities are similar, and have different signs. 

Case I. 

2. When the quantities are similar ^ and have the same signs. 

Add the coefficients; affix the letter or letters of the similar terms, and 
prefix the common sign + or — .* 

Thus a+2a+3a+4rt+5a=(l +2+3+4+5)a=15a 
(-a)+(-2a)+(-3a) + (-4a)= ~(l+2+3+4)a= -10a 
(2a+35)+(4a+55)=f2a+4a)+(35+55)=6a+85. 


* The truth of this rule is evident; for suppose 3a and 5a are to be added together; then bv tb« 
definition of a coefilcient we have 

5a « a + a + a + a + a 
3a =a a + o + a 

Hence 5a + 3a = a + a + a+ a + a + a + a + ass 8a. 

Similarly, — 6a = ( — a) + ( — a) + ( — a) + (—a) + ( — a) 

— 3a = (—a) h (—a) + (— 0 ). 

Hence — 5a + (—3a) » C"”®) + ("^) + ( — a) + ( — a) + ( — a) + ( — a) I- (— 0 ) + 

.8/ > _8a. 
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Examples. 



(I) 

(2) 

(3) 

(4) 

(5) 

8 a 

abc 

daxy — 

5b X 

\/a -f a? 

7a 

2abc 

3 ax y — 

2bx 

2/v/a -h X 

2a 

7 abc 

7 axy — 

b X 

5^/a -f- X 

a 

Babe 

5axy — 

b X 

\/a + a? 

6a 

abc 

axy — 

4b X 

7 \/ a X 

0a 

Babe 

5axy — 

10 b X 

4\/a + a? 


27 a \d a be 


(6) 

(7) 

(8) 

3a2+ 6’ 

2 a?’ — a?y 

20 (a’ — *=)’■— 15 

2 a' + 3 

4 a?’ — 7 xy 

/v/a’ — 5’ — 7 /v/ a?’ — y’ 

Ca' + Si’ 

3 a?’ — 4 a?y 

12 /v/a’ — 5’ — >v^a?’ — y* 

a^ + 76» 

ar — xy 

*4 (aa_i2)^_ 3 — 

0^ + 66* 

8 a?’ — 7 xy 

to 

1 

n. 

1 

5 


Case II. 

8. When the quantities are similar^ and have different signs. 

Collect into one sum tlm coefficients affected with the sign +, and also 
those affected with the sign — ; to the difference of these sums affix the 
common literal quantity, and prefix the sign -J- or — , according as the sum of 
the -f or ~ coefficients is the greater.* 

Thus a — 2a -f 8a — 4a + 5a = (I -f 3 + 5) a — (2 -h 4) a = 9a— 6a = dci 
And 8a? + 4^ — 2a? + 3^ = (3 — 2) a? + (4 + 3)V - a? + 7g. 


(') 

tf 4" ^ 
— 2 a + 3 J 
3a — 45 

— 5a + 65 
7 a — b 
4 a -j- 5 b 


Examples. 


( 2 ) 

a?^ — ab 
2a?y -f 5 a 5 
— 5xg -j- 7 ab 

— xy — ^ab 
8 a?y — 9 a 5 


( 8 ) 

a/ or -f- — 2 w n 

— 2 y/x^ + ^ — 5 n^ 5mn 

— 5^/x^ -\-y^ — 4m^ + 5 n^ — 7m?i 

2 (a?^-fy“)^4- 12 

8(a?2+y2)T_ 8m2— ^n^^Gmn 


• Tli« truth of this will be obvious; for to add S a and — 3 a together, we have 

6a5=a + a+ fl + o + a 
—3 a = ( — a) + ( — a) + ( — a) 

Hence 5a + ( — 3a) =:a + a + a + a + a + (—a) + (— o) + (—a). 

B= a + o = 2 a. 

Rimilarly 2 a + (—5 a) = a + a + (—a) + (— «) + (—a) + (—a) + (— «) 
c= + (—a) + (—a) + (—a) 
e 3 (— <i) *= — 3 a. 
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( 4 ) 

— Vr-f// 

— 3(a— Z^) 

12a/v/a?— 3 V^-j-y -f-12(a— Z>) 

— Za^x — ^\/x-\-y — (a~Z>) 

— ax^ + (®+y)^— 3(o— &) 


( 5 ) 

^\fxy-\-xz-\-yz -f- ^i\/ax-\-by 

— ti^xy-\-xz-\-yz — 3 {ax-\-by')^ 

12 {xy+xz+yzy+b {ax-\-hy)^ 

— 3 \/xy + xz -^yz — 2 Vax -\~hy 

(x!i+xz+yz)^-\- {ax-\-by)^ 


( 6 ) 

o+&+c+<f+«-/ 

a-\-b-\‘C—‘d-\-e-\‘f 

a-{-b—c-\-d+€-\-f 

CL — b •\-C-\-d-\-6'\-J' 

— + 6'-f/ 


. ^ (7) ^ 

4(a +&) — y^ — 2((i — h) /y/jr -f 

— Q(a-{-b)^x^—y" + (a—b)^/x"-i^ 

— (a+Z») (oP—y'^Y 4- 3(a— Z/) (x^+y^)^ 

6^ai-b) (ar~-y''y — (a—b) {ar-^y’^-y 

\(}(a-{-b)\/x^—y^ — b{a—b) 

— 2(«-fZ») {y—y-y -f 4(rt_-z>)vVM^ 


4. Dissimilar quantities can only be collected by writing them in suc- 
cession, and prefixing to each its respective sign. Thus 9ic^, — 5 c cZ, and 
3 a Z», are dissimilar quantities, and their sum is 9 a’y 4 3 a b — b c d. In like 
manner 2 a 6, 3 a Z>^, 4 a Z>^ are dissimilar quantities, and their sum is2aZ> + 
3 a Z>^ 4- 4 a Z>^; which, however, admits of another form of expression, as will 
be explained in the rule of Division. When several polynomials, containing 
both similar arid ^dissimilar quantities, are to be collected into one polynomial, 
the process of addition w ill be much facilitated by w riting all the similar terms 
under each other in vertical columns. 


Examples. 

(1.) Add together ax -\~cz\ aJx -f 4- y/z\ Zy^—2x"^ 4 3-2^, 

4cz — Sax — 2b y, 2 aa; — 4^/^ — 2x:^. 

ax + 2by + czi~^x + ^/y-\-^z 
— 3 a a? — 2by 4c z — 2 a:'^ 4" 3 

2a® —4 2 z^ 

5 cz — j\/x + 2 \/z = sum required. 


(2.) Add together, 

4d^b d — 9m^n; 4in^n a IP -{- 5 d + 7 b\ ZnPn — 5(Pd 4-4 m n; 
^ & a b^; 7 mn^ -j- 6 c^d — brrP n — 6 Z»i 7 iP d — \Oalr — ZnPn — 1 0 
and 12 ^ — G a 4" 2 cZ 4 w «, 
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Arranging the similar terms in vertical columns, we have 
4 “h 3 G? — 9 m^n 

7 or b -jr 5 c' d 4 w + a 

— dc^d Gm^n — 8 a -f 4 m 

• — Ga^b - j ;- Gc^d — 5 rn^n + 7 m 

-h 7c^d— 8m^n-^10ab^ — 

12a^b-i- 2 C^d — G a b^ -{- ni n 


n a- b + Ibc^ d—^]2ni?n — 2Sab- -i- 11 m7i^ — 10 d^ -i' mn = sum 


(3.) Add llZ»c-j-4aG? — S a c -{- 5 c d; &ac-^7 b c — 2 a d 4 rn n; 2c d 
— S a b 5 a e -\- a 71; and 9 an — 2b c — 2ad 5cd together. 

(4.) Add together 

2ab'^ -^-0 a — 8 c ar- -|- 9lP x — 8hy^ — 10 

— 4 a V* — 7 bx“ — x — 4 — Xbhy 

blty — hy^-\-\\x -f-14Z»* — 22 a — 10 

\9a(^—‘8y^x-\- 9^2 4- Ghy + 2a Z>* 

(5.) Add together — b^ ^ b — ba b"; 3 a^ — 4 a? -f 3 — 3 a Ir; 

_L -|- ^ a/l); 2 — 4b'^ — bab“; G a^ /> H- 1 0 a and •— G a^ — 7 cr b -f- 

4 a i;2 4- 2 b\ 

(6.) Add \/x^ +y‘— —y^ —bxy; — — y’^) 4" Bxy-— 2 (a^4-y‘)^» 

2 d- y^ — 3 ar^ — 5 7 xy +10 — y^ — 12 and 

ary 4- y2 ^ together. 


Answers. 


(3.) IGbc + bac + 12 cd 4-4wiw-- 3a&4- 10a n. 

(4.) 5 a'* 4- 14 — 8c ar- — 7 b ar — a:?*4*l 1 ^ — 0 A — 2 hy^ — bky — 9 hy, 

(5.) + a^b + ab'^ + b‘\ 

(C.) 2 x^ir —y- — 10 ^/x- + f/'-^+8xy. 

b. When the coefficients are literal instead of 7iumeraly that is, denoted by 
letters instead of nunihers, their sum may be found by the rules for the addition 
of similar and dissimilar terms; and the sum thus found being enclosed in a 
parenthesis, and prefixed to the common literal quantity, will express the sum 
required. 


Examples. 


( 1 ) 

aa? 4 “% 4 *c- 

bx+ey+az 

cx+ay+bz 


(a+b+c)x^ 
4-(^4"c4-«)y r =: sum. 

4 -(c 4 -af^»>) 


( 2 ) 

3aar4* {a + b) (x + y) + 2 mnz^ 
— ax — 2{a + b) {x + y) — b7n7iz^ 
47nnz^+ b {a + b) {x + y) 4“ 10 a a? 
^pqz^+{p+q) (x 4- y) 4- 2px 


(12a+2p)x+ ^ 4{a+b)+p+q | (x4-y) 
+{mn+2pq)z^ 




ALGEBRA. 


9 ^ 


( 3 ) 

(a— + ^2 

(a+c) — • (m— 4-2 \/2 
(^— c)//« +3(m— n)V!y — 3/v/2 
(c— a)>/aj — 5 (m— n)/v/^ — 6^2 


( 4 ) 

(w+n) 2/®*— ( a— ^)a!®+fla2^ 
(n—p) (2a+ b) 3 iP-^bxy 

( c— 8a)a?^+CJ7^ I 
(^— ( c+2f/)a^— 


( 5 ) Add + + Ay + 

(6) Add together + ^'; aa^—axy f-ay^; and — Ay®+^xy+6x’ 

(7) Add i (x 4“ y) and i (x — y). Also and ^^+y ■ 

(8) What is the sum of (a 4- a? + (c — c?)y — X/v/2; (a — ^) x + 
(3c42i)y + 5x\/2; 26x + Scfy — 2xv'2; and — 3Z>x c?y —4x^2. 


Answers. 

( 3 ) {a 4 c) ^/x — 2 (m — n) ^/y — 6 

( 4 ) ^y'-^ — ( 2 c 42 c?)x 2 + (a — 6 + c — cO^y* 

(6J (a + e/) x2 4 (6 + li)y 4-^4^. 

(6) (1 4^4 3^24 (1— a 4 A) xy 4(1 4 a — A) y*. 

( 7 ) First part X. Second part ar 4 y^* 

(bj (2 a — Z>) X 4 (4 c 4 3 c?)y — 2 x\/2. 


SUBTRACTION. 


6. The subtraction of monomials is indicated by placing the sign — be- 
tween the quantity to be subtracted and that from which it is to be taken. 
Thus a— ft signifies that the quantity denoted by ft is to be subtracted from 
that denoted by a\ and if 2 xy is to be subtracted from x^ 4 y^, the result is 
represented by x^ 4y^ — 2 xy. 

Place the quantity to be subtracted under that from which it is to be taken; 
change the signs of all the terms in the lower line from 4 to — and from — 
to 4 » or else conceive them to be changed, and then proceed as directed in 
Addition. 

It is evident, that if all the terms of the quantity to be subtracted are 
nflfected with the sign 4* we must take away, in succession, all the parts 
or terms of the quantity to be subtracted; and this is indicated by affecting all 
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its terms with the sign — , Also, if c — is to be subtracted from o + 5, 
then c taken from a -f 6 is expressed by a -f — c; but if c — cf, which is less 
than c by the quantity d, be taken from a b, the former difference, « -f — c, 
will obviously be too small, and will require the addition of d to make up the 
deficiency; and therefore c^d taken from a + is expressed by a + — 
c + dy which is equivalent to the addition of — c + to a + Hence the 
reason for the change of the signs in the quantity to be subtracted. Or thus: 
Since c — is to be subtracted from a + then, if c be subtracted, wo 
shall have subtracted too much by d; hence the remainder a b — c is too 
small by d-, and tlierefore, to make up the defect, the quantity d must be 
added. 


Examples. 


(1) 


(2) 

From 4a+3fr — 2c+8d 

From 

1203^+3^— 17a“+3v'2 

Take a+26+ c+5d 

Take - 

—» + 7y ‘^ — 1 2 \/2 

Rem. 8a -f- b—3c-^Sd 

Rem. 

l7xy—4y^-{- 2ar+ a/2 

(3) 

(4) 

(•^) 


82a-)- 86 28aa'® — 16a‘a^-|-25a^ar — l.W 2(a-i-6)-)-3(a — x') 

5a-\-l7b 18ax^4-20aV— 24a*’ar— • 7a^ (a+6)— 8(a— x) 


■ ( 6 ) 

6ab^ — 4:zx 
— 2aby -f + 2yx 


(7) 

■\-y ) — S-v/a+it 
3 (*+J/)— 2(a’— /)^+3 (a+x)'^ 


(8) (9) 

x'+^xy+y' x^—2xy+y^+(a^—y’)+ (^xy—f) 

x'—2xy+y’ x'‘+^y—y^-{-(x'‘+y^)—il{2xy—y'‘) 


( 10 ) 

2a’+ ax-\- — I2a'‘x+20ax ’ — 4x^ +6a’j:* — 10a®* 

3a®+2a* — 16a''®+12ax* — 120 ®* — 4®* + 2a V 
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(11) 

4yS — ^yx + a:*-— 2a(a: -f-y) +6 a:‘^— 8 

4a:" — 4:xy — 4a(ar -f y ) — 10 \/Ij^ — y^ + 4 \/a^ — x^ 


7. In order to indicate the subtraction of a polynomial, without actually per- 

forming the operation, we have simply to enclose the polynomial to be sub- 
tracted within brackets or parentheses^ and prefix the sign — , Thus, 2a^ 
— 3a^64*4a^ — signifies that the quantity is to 

be subtracted from 2a® — 3a^i>-i-4a6^ When the operation is actually per- 
formed, we have by the rule 

= a® — ^d^b-{'^ab '^ — 

8. According to this principle, w'c may make polynomials undergo several 

transformations, which are of great utility in various algebraic calculatious. 
Thus, . 

a^^Sa^b -f 3aZ»^— 3a/;^ -f b^) 
=a^-^^^(Sa'^b^Sah^) 

=a®-f 3aZ>"— (3rt7> -f />3) 

= — 3a7^-f //®) 

And x^^^xy -{■y^=x^-^{2xy---^y^)z=^y'^^(^lxy---x^y 

Examples of Quantities with Literal Coefficients. 

( 1 ) 

From ax'^+hyx-\-cy’^ From (a-]-b)^x^-Jry’^-\-(a-^c) (a-fx)® 

Take dx^ — hxy’jrky'^ Take (a — c (a-j-x)^ 


Rern. (a — d)x'^-{-(b+h)xy-{-(c — k)y\ Rem. 2^)/v/a:’^4-y‘'+a (a-|-ar)®. 


(3) From m® n® ;r®— 2 mnpq x-\-p^ take <7® ^®— 2 pqmn x+m® n®. 

(4) Frdm a{x-\-y) — h xy-\-c{x—-y) take ^{x-{-y')-\-(a-^b') x y — 7 J/). 

(5) From {a-\-h){x-^y^—{c-^d) (a:— y)-f4® take {a~b) 

(ar— ^)+A®. 

(6) From (2a — bb)^/x-\-y {a — b^ x y — cz^ take %hxy — (5+c) 

(3 a—V) (x+y)^. 

(7) From 2x— y+(y— 2x)— (x— 2y) take 2x— {2y— x)+(x+2^). 

(8) To what is a+i+c — (a — h) — (A— c) — ( — V) equal ? 

Answers. 

(8) («* »* — -p* ?*) x*+p* g* — TO® n® or (»j® »®— p® ^®) x® — (w® i»® — p* 

(4) (a— 4) (x+y)— (a+26) xp+(c+7) (x— p). 

(5) 2J (x+y)— 2c(x— y)+A®— A*. 

(6) (5a-^fi)V'x4-y+(« — 4A)xy+5x*. 

(7) y-x. 

(8) 2A+2C. 



MULTIPLICATION. 


9. Multiplication is usually divided into three cases:— 

(1) M^heri both multiplicand and multiplier are simple quantities. 

(2) When the multiplicand is a compound, and the multiplier a simple 
uantity. ■ 

(3) When both multiplicand and rnultiplier arc compound quantities. 

Case I. 

10. When both multiplicand and multiplier are simple quantities. 

To the product of the coefficients affix that of the letters. 

Thus, to multiply 5 a x by 4 nxy, we have 
5X4 = 20; ax X axy = a^x^^y; 

baxX4axy = 20 X a^x-y = 20a^ar^y = product. 


Rule of Signs in Multiplication.* 

The product of quantities with like signs, is affected with the sign -j-; the 
product of quantities with unlike signs, is affected with the sign — ; 

or 

+ multijdied by -f and — multiplied by — give -f; 

-f multiplied by — and — multiplied by -f give — ; 

or 

like signs produce -h unlike signs — . 

The truth of this may be shown in the following manner; — 

(1) Let it be required to multiply + a by -f h. 

Hero a is to be taken as often as there are finits in and the sum of 
any number of quantities affected with the sign -}- » being -j- t fhe 
product a h must be affected with the sign -f- , and is therefore -j- a b, 

(2) Multiply + « by — 5, or — « by + d. 

In the former case — Z> is to be taken as. often as there are units in a, 

and in the latter — « is to be taken as often as there are units in bi 

but the sum of any number of quantities affected with the sign — is 
also — ; hence in either case the product ab must be affected with 
the sign — , and is therefore — ab, 

• Let N represent either a number or any quantity whatever, and put 
a = + N; 6 = -N 

Then, since a s= + fl, And + A, we shall have 
+ 0= 4- N; + — N 

— o = — N; — ft = 4- N. 

Now if in these four last equations we substitute the values of o and ft from the first two eqtm- 
lloDs, we have 

+ (+ N) = + N; + (— N) = — N 
-(+N) = -N;— (— N)= +N. 

Now, in each of these formulas, the sign of the second number Is what.is named the product oQhe 
two signs of the first number; hence the truth of the rule of signs. 
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(3) Multiply — a by — b. 

Since by the last case + a multiplied by — h produces — nh, and 
since — a multiplied by — h cannot produce the same product 4 is -f- a 
multiplied by — by it is evident that the product of — a and — b ca{) 
only be + a 

H. Powers of the same quantity are muhipMed by simply adding their 
jndices; for since by the defmit!(ii of a power 
= aaaaa\ dJ = aaaaaaa 

X dJ = aaaaa X aaaaaaa = aaaaaaaaaaaa = 

Also = aaa .... to w factors; < 2 " = aaa . . . . to n factors 
.‘.a® X = a a a . • . . to m factors X a a a .... to n factors 

= aaaaaa to (m4-n) factors 

= a™+". 

It is proved in the same manner that a® X X X 


, Examples. 

a.) 4a^b^cd X Sabd(P =12 a- d (P. 

(2.) 12/\/ay X 4 hx =.4%bx^ay, 

(3.) 5^ X Q xx^ d = 33 a:^ 

(4.) (P b^ d yX — b ab xy^ = — 65 x^ y*. 

(5.) — 5 X — 4 x^y^ = + 20 a;®+” ?/®+". 

(6.) — . 20 aP X 5 a^b^ = — 100 a“+P 5"+** c". 


Case IL 

12. When the multiplicand is a compoundy and the multiplier a simple 

quantity. 

Multiply each term of the multiplicand by the multiplier, beginning at the 
left hand; and these partial products being connected by their respective signs, 
M ill g^ve the complete product. 


Examples. 


(1.) Multiply a* -h a 5 -f 
By 4 a 


(2.) Multiply — 2a5 -f- 5* 

By 3 ary 


Product 4a* + 4db + 4 a Product Za^xy — 6a5ary + 3 5* xy^ 


(8.) Multiply 5 m n H- 3 — 2 w® by 12 a 5 w. 

(4.) Multiply 3ax — 55y-f-7aryby — 7a b^y. 
(5.) Multiply — 15 4 - 3 a 5® — 125* by — 5 a 5. 

(6.) Multiply ad — 5 ar® 4- c ar — by — ar®. 

(7.) Multiply VaT~ ^ + Vx’^—y^ — 3 ary by — 2 
(8.) Multiply +b^y^ — c"y® — rf" or® by x® y\ 
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13 . When both multiplicand and multiplier are compound quantities. 
Multiply each term of the multiplicand, in succession, by each term of the 
ftultiplier, and the sum of these partial products will give the complete product 


Examples. 


(l) 

(2) 

(3) 

a + ft 

a 4- ft 

a-^b 

a 4- ft 

a — ft 

a — ft 

a* “I- ub 

a® 4“ ttft 

a® — a ft 

+ a ft + ft® 

— ab — ft® 

— aft H- ft® 

a® -h 2 a ft -f ft® 

a^—h^ 

a® — 2 a ft 4* ft* 


(4) 

a b + cd 
a b — cd 


(5) 

-f 2 « h -\-b^ 
a^— b^ 


abed 

— abed — c* 


o'* + 2 a® f a* ft® 

— a«ft2 — 2aft® — ft* 




a* -f 2a^ft — 2 a ft® — ft* 


(f ) Multiply 40 *— 5 a'J— 8 a 62 + 2 &’ by 2 a*— 3 «t— 
4 a'^— 5 «®ft — 8 aft®-|- 2 ft® 

2 a® — 3 aft — 4 ft® 


8^5 — — 16a®ft®+ 4a®ft® 

1 2 a‘‘ft -f 15 a®ft® H- 24 a?ft* — baft* 

— 16 a®ft®+ 20 a®ft®-f 32 aft*— 8 ft* 


8 a*— 22 a‘ft— 17 a®ft®+ 48 a®ftH 26 aft*-^ft" = product. 


(7) Multiply a'ft — aV by ft'ft — 
dh—aV 
h!k — hll 


dbdk — dddk 

— dbhd -Yddhld 


dhdk-^^dk—aW+ayhd = [ roduct. 
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(8) Multiply &c., by j:+^* 

x+!/ 


jf® + * + + a:“— + 

+x^'j/+z^Y+x^Y+ 




(9) Multiply x^-\-y^ by — y^, 

(10) Multiply x^-\-2xy-\-y'^ by x — y. 

(11) Multiply — 2a^Z>+4a^Z>2 by c ? — 

(12) Multiply a:** +2a:^-f-3a:2-J-2x+l by a:® — 2a:-f"l. 

(13) Multiply ^a-2-f 3<2ar — la^ by 2a*~ — ax — ^a\ 

(14) Multiply a^+2a6+^^ by — 2ad-j-d^. 

(15) Multiply x^-^xy-^y^ by x® — xy -\-y^. 

(16) Multiply x^-{-y^-\~z^ — xy — xz — yz by x-\~y-^z, 

(17) Multiply together x — a, x — 5, and x — c. 

Answers. 

(9) x^--y\ 

(10) x^-^-x'^y — xy"^ — y^. 

(11) 5dJ — 22a®5 -f- 1 2a*b^ — + 8a®5®. 

(12) 2x3+1. 

(13) 5x^+-J«x3 — 4^a'^X‘+}a'W + |fll 

(14) a*^2cL^b^-tb\ 

(15) x^+xy+^^ 

( 16 ) x 3 +^ + 2 ; 3 — ^xyz, 

(17) x3 — + 5 + c)x^ + {ab + ac + bc)x — abc. 

Multiplication by detached Coefficients. 

14, In many cases the powers of the quantity or quantities in the multi- 
plication of polynomials may be omitted, and the operation performed by the 
coefficients alone; for the same powers occupy the same vertical columns, 
when the polynomials are arranged according to the successive powers of the 
letters; and these successive powers, generally increasing or decreasing by a 
common difference, are readily supplied in the final product. 

Examples. 

(1.) Multiply x3+x®^+xy*+^ by x — y. 

Coefficients of multiplicand 1 + 1 -j- i + 1 
multiplier 1 — i 


14 - 14 - 14-1 

1+04040—1 
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Since ar^Xx — the highest power of x is 4, and decreases successively by 
unity, while that ofy increases by unity; hence the product is 

X* -f- Ox^^ + O O = x^-—y^ = product. 

(2.) Multiply 3a® + 4aa: — 5a:® by 2a® — 9ax + 4a;®. 

3+ 4— 5 
2— 6-f 4 ‘ 

6+ 8 — 10 
-.18—24 + 30 

+ 12 + 16 — 20 

6— .10— 22 + 46 — 20 

Product = Ga^ — lOa'^a: — 22a® a:® + 46aa:® — 20a:^. 

(3.) Multiply 2a''* — 3a5® + 5b^ by 2a® — 55® 

Here the coefficients of a® in the multiplicand, and a in the multiplier, are 
each zero; hence, 

2 + 0 — 3 + 5 
2+0— 5 

4 - 1 - 0 — 6 + 10 

— 10+ 0 + 15 — 25 

4 + 0— 16 + 10+15 — 25 

Hence 4a® — 16a^ 5® + 10 a® 5^ + 15a5^ — 255® = product. 

The coefficient of being zero in the product, causes that term to dis- 
appear. 

(4,) Multiply x^ — 3a:® + 3a: — 1 by a:® — 2a: + 1 
(5.) Multiply ^® — ^a + -ja® by j^® +ya — ^a® 

(6.) Multiply ax — 5.r® + car'* by 1 — a; + a® — x'^ +a'‘*. 


(4.) 


• Answers. 

a® — 5 0 “* + lOa^ — 10a® + 5a — 1 . 
*a®^® + — Vo«'*- 


(0.) ax — a 

a:® + a 

x^ — a 

+ a 

a:® — 5 


5 

— 5 1 


— c 

— b\ 

c 

— c 1 

-he 


Or, ax — (a -p 5)a:® + (a + 5 + c)x^ 

— (a + 5 + c)a:‘* + (c 


a:® cx^ 


-(5+c)a;•+car^ 


DIVISION. 

15 . The object of algebraic division is to discover one of the factors of a 
given product, the other factor being given; and as multiplication is divided 
into three cases, so in like manner division is also divided into the three fol- 
lowing cases. 

(1) When both dividend and divisor are monomials. 

(2) When the dividend is a polynomial, and the divisor a monomial 

(3) When both dividend and divisor are polynomials. 
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Case 1. 

16. When both dividend and divisor are monomials. 

Write the divisor under the dividend, in the form of a fraction; cancel iixe^ 
<juantities in both divisor and divicieiid, and suppress the greatest factor com- 
mon to the two coefficients. 

17. Powers of the same quantity are divided by subtracting the exponent 
of the divisor from that of the dividend, and writing the remainder as the 
exponent of the quotient. 

Thus dJ aaaaaaa\ a^ -=■ aaaa 

dJ aaaaaaa „ 


Generally a“’=a aaa to factors; a“=aaa .... to n factors 

b^=.bbbb ..... to p factors; b'^^bbb .... to lactois 

. a^b^ a aa , , , Aom factors X.bbb ,,, Ao p factors 

a < 2 « .... to n factors xbbb , to q factors 
:=aa a ... to (?n — n) factors X ^ .... to (p — q) factors 
q. 

Prom this reasoning it follows that everp quayitity whose exponent is 0, is 
eqnal to 1. 

/jta 

For — = rt®— but — =1. 


= 1 . 


Again, j 


But we may subtract 5, the greater exponent, from 3, the less, and affect the 
difference with the sign — ; hence 

^ =a-^; but 


Similarly,^ = (a+x) \ = (x+i,) *; a‘ = ‘ 

And ^ T = and so on. 

For more information on negative exponents^ see a subsequent article. 

18, In multiplication, the product of two terms, having the same sign, is 
affected w ith the sign +; and the product of two terms, having different signs^ 
is affected with the sign — ; hence we may conclude, 

(1.) That if the terra of the dividend have the sign -|-, and that of the divisor 
the sign +, the resulting term of the quotient must have the sign -f- . 

(2.) That if the term of the dividend have the sign -r, ana that of the 
divisor the sign — , the resulting term of the quotient must have the sign — . 

(3.) That if the term of the dividend have the sign — , and that of the 
divisor the sign +, the resulting term of the quotient must have the sign-—. 

(4.) That if the term of the dividend have the sign — , and that of the 
divisor the sign — , the resulting term of the quotient must nave the sign 
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-f divided by -f-, and — divided by — give -p 
— divided by + » and -f divided by — give — ; 


or, 

= + i; zif* = + J; 

+ a —a -J-a 


= -b; 


a 


IGi 


Ekamples. 


(1.) Divide 48a^ P <?■ d by \^alr c. 
48a^b^c^d 4Saaabbbccd 


Uab^c 


Vlabbc 


z=. 4a ah c d ■=^ 4a® b c d. 


( 2.) c = 5a= , a. 


(3.) 


^‘sUaFWd^ 

— 1 6a® b^ r ® 

— 4aZ>c 


= 4a®—* 6®~* c®— * = 4a c. 


1 rfjZm ~ 3 ii «yln 

=_8a'«-P6'-. 

^ 6aJ' b'^ 

(G.) — = 4. 9a b^c* 

^ ^ --la^bcd^x^fz^ ^ ^ 

Case 11. 


19. When the dividend is a polynomial, and the divisor a monomia.* 
Divide each of the terms of the dividend separately by the divisor, and con- 
nect the quotients with their respective signs. 

Examples. 


(1.) Divide Ga^x^y ^ — \9.a^x^y^ -}■ \ba!^x^y'^ by Sa^ x^ y\ 

= 2.r=y-4a:ry+i„«^^. 

»3a* X y 

(2.) Divide 1 5a® b c — 20a c y®4"^ ^ ^ 

Ans. — 3«+4^1~- 


^JL 

ab. 


(3.) Divide a:"+* — x"+®-|-:r"+'‘ — x"+'‘ by x", Ans. x — x'-j-x^ — x\ 

(4.) Divide 5 (a+/;)^— 10 (a+b/+ld (a+b) by— 5 (a+b), 

Ans. — (a~i-b)^-j-2 (a^b) — 3, 
(5.) Divide 12a'‘^^’ — lOa" y^"j-20a^y^ — by — ia'*^. 

Ans. — 3y''^-{-4ay^ — ^a^y-^-7a\ 


Case III. 

20. When both dividend and divisor are polynomials* 

1. Arrange the dividend and divisor according to the powers of the same 
letter in both. 

2. Divide the first term of the dividend by the first terra of the divisor, ana 
the result will be the first term in the quotient, by which multiply all the 
terms in the divisor, and subtract the product from the dividend. 

8. Then to the remainder annex as many of the remaining terms of tlje 
dividend as are necessary, and find the next term in the quotient as before.' 



m 


ALGEBRA. 


Examples. 

(1.) Divide — 4a* x-|“6a® x® — 4a by a® — Saar^-^- 

a® — 2a a* — ia* ar+Sa® -i??® — 4a ar^+ar^ (a® — ^2a ar-f-ar* 

a* — 2a® a: -J- a® a:® 


— 20 ® ar+-5ci® a:® — 4a a:® 

— 2a® a:4-4a® ar® — 2a a:® 

a® a;* — ^2a ar®-f*^^ 
a® ar® — 2a a:®+^* 


Arranging the terms according to the descending powers of x, we have 
ar® — 2aar-(-a®) x* — 4a a®4"ha® ar® — ^a^x-\-a* (a:® — 2aar-f-a® 

— 2aa^-\- a®ar® 

— 2a a:®-f-5a® a:® — 4a® a; 

— 2a a;®4-4<2* — 2a® a: 

a® a.® — 2a®a+a^ 
a® a:® — 2a® ar-j-a^ 


(2.) Divide ar^+a:®^®-j-y by x'^-\-x 

ar®4-a:^+^®) ary+^® 

x^J^-x^y +xY 

— a^y — a®^® — xy^ 

a:®^®+ary®+y 

x^y'^+xy^-^y\ 

(8.) Divide a® — a®Z)®+2a®^® — by a® — aZ>-j-Z»®. 

at__aJ4.i!) a*— a’6'+2a'&’— ai>''+&‘ (a’+a^ 6— a 

* ' a® — a 

a^— 0^6+ a®^® 

b — 2a® ^®-f-2a® 

(i^b — a®6®+ 

— a®6®+ a®Z^® — a 

— a® 6®+ a® ^®^ — a 

# # # -{.^,6. 


Arranging the terms according to powers of h, we get 

i«L_aJ+a*) J'— aJ^+2a**’— a’i-‘+a' (J’+o* *+ 

* a® — ao-j-fl*. 

a® 6® 

a® — a® 6®4-a* 
a® b^ — a® 
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The ropults we have obtained in these two arrangements are apparently 
different; but their equivalence will be established as follows: — ’ 

( 1 ) (a^^ab+b^^) {a^+a^b—ab^) = a^^a^b^+2a^P--ab* 

• Add remainder = 

Proof .... a* — 


(2) (^b^-^b+a^) (b^^aH) 
Ad<i remainder 


= — a^^*+a« 


Proof .... b^ — ab^-^-^a^b ^ — 


Examples for Practice. 

(1.) Divide a^—2ab-\-b'^\iy a — b, 

(2.) Divide a^-{-4:ax-\-‘ix^ hy 

(3.) Divide 12x’ — 192 by 3a: — 6. 

(4.) Divide Ca*'^ — (jj/® by 2a:® — 2^®. 

(5.) Divide — Sa"* ^®-(-3a® b^ — ¥ by — 3a® b-\-^a b ^ — 
(6.) Divide x'^-^5x^ ^~\-5x by a:®+4a;y-f-y®. 

(7.) Divide a:"— -y by a,-— y. 

(8.) Divide — b"^ by h-\-a b^-\-h\ 

(9.) Divide ar* — 9a*®-l-27a: — 27 by x — 3. 

(10.) Divide by x^y, 

(II.) Divide 48a:^ — 76a a:® — 64a®a:4-105a^ by 2a; — 3a. 

(12.) Divide 4^^+I' 


Answers. 


(1.) a^b. 

(2.) .a+2a:, 

(3.) 4x^+8x^+l6x+S2, 

(4.) 3a:^+3a:®^®-f‘%^* 

(5.) i-j-3a 

(6.) X +5/. 

(7.) x^+x^ y-\-x'^ ^®+a: y^+y^. 


(8.) a — b. 

( 9 .) a:®— 6a:+9. 

(10.) ar3~.a:®y+ary®— 

xisf 

(11.) 24a:®— 2aa:-— 35«® 

(12.) a:®+4. 


Examples with literal Exponents. 


( 1 .) Divide 2a3"— 6a®"6"+6a"Z»®"— 2^>3" by a"— 6“. 

a"— Z>“) 2a3"— 6a®“Z»"+6a“^»2“— 2i»3« ( 20 "*"— 4a" ^>“+2i*‘ 
2a»"— 2a®"ft" 


_4a2>‘6«+6a"^>®" 

Jn_j_4Qn JSn 


2an2,2n_2i^ 
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(2.) Divide by jr“+^ 

(3.) Divide a” — ar® by a — x, 

(4.) Divide ar^"-f by 

(5.) Divide a"*+“ Z>® — 4a“+“~* — 270“+*^-^ + 42a™ bf 


Answers. 

(2.) or + y. 

(8.) a— + a"-^* + 

a — z 

(4.) a:«“ — ar"y® + /". 

(5.) a“»-f-3a™-'i5>®— 6a“-“5i'“. 

Examples with literal Coefficients. 

(1.) Divide aa^’{-ax*-\-b x'^-\-aa^-{-ha^-\‘Cx^-\-ax^-{‘bx^-\-cx^-\-hx-\-cx-\-e 
by ax'^-^’b X’\~c, 

Arrange the terms of the dividend in the following manner, in order to 
keep the operation within the breadth of the page. 

ax^^-bx+c) oar^+alar^+a a:®4-a a:*+^>|ar+c (a:®+x*+ar+l. 
b\ b b cl 
c c 

ax^'^-b a?^+c x^ 

^1 b 
c 

a ar*+^ ar^+c or* 

a a:^+a|a:*+^>|ar 

a x^~^b ar^-fc a? 

a x^+b x-\-c 
ax--\-b ar+c 

(fl) Divide ar*+aar*+i a: 4-c by ir — r. 

*—r)a:*4"a«*+^ «+<?(«*+ (r-\-a)x+ {7*-\-ar-^b) 
x^^rx^ 

{r-^a) z^+b X 
(r+a) «* — (r®+a r) x 

{r^+ar+b)x+c 

(r*+a r+b) x — (r®4-a r®+^ r) 

f^+ar^+bri-e Remainder. 

Id tbe preceding and umilar examples, the remainder differs only from Iho 
Afidend in having r instead of ». 
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(8.) Divide — a x — c by x — r. 

(4.) Divide — (a+6-f-c)jr^f (ai+fcc-f ca) x — ahchy x — 9 

(5,) Divide X''—[a-\-^)x^-\-{2a’^b)x^2b by 

(6.) Divide 19aZ>c-fl0a»— 15a2c-f3a^»2_|. 

5(3®+3fl b — bb c. 

(7.) Divide a:^-- (a+Z»-f {ad-^bd‘^c)x — cdhy ar2-~(a+i>)a:4-c. 

Answers. 

(3.) x^-\- (r — a)x 4-(^® — a r*fZ»), and remainder is — ar^-j-br — c. 

(4.) (5.) x^—ax+b. 

(0.) 2a+ (Z>~3c). (7.) x ^d. 

21. In those coses in which the division does not terminate, and the 
•[uotient may be continued to an unlimited numt)er of terms; then the quotient 
8 termed an infinite series^ and the successive terms ol the quotient are 
generally regulated by a law, which in most cases is readily discoverable. 

Examples. 

(1.) Divide 1 by 1 — x, 

1— x) I 

I — X 


^-X 

-j-X — X* 


H-or* 

-fx^ — X* 




The quotient in this case is called an infinite series, and the law of formation 
of this series is that any term in the quotient is the product of the imme- 
diately preceding term by x. 

(2.) Divide 1 by 1+x, Ans. 1 — x-j-x^ — 

(3.) Divide 1+x by 1 — x. Ans. 1 +2x-f-2x®-|-2x^-f 2x‘*-f- . . .. 

(4.) Divide 1 by x+l. Ans. X“^ — or *+x— ^ — x— 

(5.) Divide x — a by x — b, 

Ans. 1 — (a— ,-6) x—^ — (a — h) hx-^ — {a — b) 6^x— 

(6.) Divide 1 by 1 — 2x-l-x*. Ans. I4*2x-l-3x*+4x3+5x^-f ... 

22. When a polynomial is the product of two or more factors, it is often 
requisite to resolve it into the factors of which it is composed, and merely to 
indicate the multiplication. This can frequently be done by inspection, and 


by the aid of the following formulas: — 

(x + a)(x + ^) = x'^+ {a’\-b)x -\-ab (1) 

(x + fl)(x — = x*+ (2) 

(x — a){x + ^») = X*— -(a — ft)x — a A (3) 

(x — 11) (x — = X*— (a -h X + a ^ ( 4 ) 
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(a + 5)(a — 5) = a* — ^2 (5) 

(n + l)(n + l) = n^ + Sn + l (C) 

(»-.]) (7J — 1) = (7) 


Examples. 

(1.) Resolve ax — cx^ into its component factors. 

Here a Z> x^ — cx^=x^ — c). 

(2.) Transform the expression n^-l-2n*-|-n into factors 
Here n®+2n®-|-w = w (7i®-f 2rt-f-l) 

= n (»-hl) (w+l) by (6) 

3 = n 

(8.) Decompose the expression -ar® — x — 72 into two factors. 

By inspecting formula (8) we have — 1 = — 9-1-8, and — 72 = — 9x8; 
hence x^ — x — 72 = {x — 9) (j:-h8), 

(4.) Decompose 5a^Z> c-}-10a6^c+15ai»c^ into two factors. 

(5.) Transform Sm^n^ — into factors. 

(6.) Transform Sb^ c — Sb into factors. 

(7.) Decompose ar^-j-Bar-f 15 into two factors. 

(8.) Decompose x^ — 2x^ — 15ar into three factors. 

(9.) Decompose x^ — x — 30 into factors, 

(10.) Transform — 5^+25c — c® into two factors. 

(11.) Transform a^x — x^ into factors. 


Answers, 


(4.) 5a5c(a-f25+3c). 
(5.) 3m^ (m n — •/?)*. 
(6.) Sbc(b+c) (5-~c). 
(7.) (r+3) (x-f5). 


(8.) X (ar-f 8) (^—5). 

(9.) (x^5) (x+e), 

(10.) (a 4-5 — c) {a — 54-Ci). 

(11.) X («-}-a?) {a — x). 


23. By the usual process of division we might obtain the quotient ol 
a” — divided by a — 5, when any particular number is substituted for w; but 
we si a.1 here prove generally that a“ — 5" is always exactly divisible by a — 5, 
and exhibit the quotient. 

It is required to divide a“ — 5" by a — 5. 

a—b) o"— 6“ ( o“-> + ^ 

a — b 

a«— 


Hence 




^ b — 5® 
or b (a"—* — 5“—*) 


= a^ + 




(!)• 


a — b * a — h 

Now it appears from this result, that a" — 5" will oe exactly divisible by 
a — by if a”— ^ — 5“—^ be divisible by a — h\ that is, it tne difference of the 
same powers of two quantities is divisible by their difference; then the dif- 
ference of the powers of the next higher degree is also divisible by that 
difference. 
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But jg exactly divisible by a—t, and we have 

^^ = a + b (2). 

^ And since is divisible by a — b, it appears from what has been just 

proved, that a^—b^ must be exactly divisible by a— Z>; and hence, by putting 
8 for n in formula (1), we get 

= a^b. 

a—b . a—h 

= a^-\-b, {a-\-b) by (2) 

= a^-\~ab-\-b^ (3). 

Again, a* — b* must be exactly divisible by a—b, since a^—¥ is divisible 

by a — b; hence, by writing 4 for n in formula (1), we have 

a^~b^ T , , a^-P 

— = a^-jrb 

a — 0 a — o 


= {a^+a b+b'^) by (3) 

= a^-\-a^b -\~ab^-}-b^ (4). 

Hence, generally, a^—b^ will always be exactly divisible by a—b, and give 
the quotient 

-'!i:^‘=:a"-’+a''“Z.+a"— ■'*«+ (5). 

(t — 0 ' ' 


III a similar manner we find, when n is an odd number, 

— -f « &“— • • ‘C^). 

a-\-h 

And when n is an even number, 

— a .... (7). 

ti-\~b 

By substituting particular numbers for n, in the formulas (5), (0), (7), we 
may deduce various algebraical formulas, several of which will be found in 
the following deductions from the rules of multiplication and division. 


Useful Algebeaic Formulas. 


(1.) a^-h^ = {a -j-b) (a-b). 

( 2 .) a^-b* = («+^) {cL-b), 

(3.) a? — P =: (p-j-ab-^-P) {a — b), 

(4.) a^-{-P = (a^ — ab-]rP) {a-\~b), 

(5.) a*— A* = (a’+/r*) (a-'— J'') = (n*+i>“) (a*+o («— 0- 

(6.) a'— i® = {a^+P) (P—P) = {P—P) (p—ab-^P) (a+6). 

(7.) = [P+P) (P-P) - {P-P) {P+P 

(8.) P-P ={a+b) (a -b ) {P+ab+P) {P-ab {-P 

(9.) {P-P) -i- {a-h) = a +&. 

(10.) (a®-!.®) -4- {a-b) = P-^-ab+P. 

01.) {P+P) -5- («+*) = P-ab+P. 

(12.) (o®— -i- {a+P) = P—Pb+aP—P. 

03.) {P-P) -i- {a-b) = a®+a=6+a* 

(14.) {a^+P) -r- (a+ft) = P — 

(15.) {P-P) -*■ (a*-i*)=a®+a*i*+*‘. 
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Division by detached Coefficients. 

24. Arrange tne terms of the divisor and dividend according to the suc- 
cessive powers of the letter or letters common to both; write down simply th^ 
coeiSicients with their respective signs, supplying the coefficients of the absent 
terms with zeros, and proceed as usual. Divide the highest power of the 
omitted letters in the dividend by that of the suppressed letters in the divisor, 
and the quotient will give the literal part of the first term in the quotient. 
The literal parts of the successive terms follow the same law* of increase or 
decrease as those in the dividend. The coefficients prefixed to the literal 
parts will give the complete quotient, omitting those terms whose coefficients 
are zero. 


Examples. 

( 1.) Divide 6a^—96 by 3a^6. 

8—6) 64- 04“ 04-0—96 (24-44-84-16 
6—12 


12 

12—24 


24 

24—48 


48-96 

48—96 


But and the literal parts of the succes^iivo terms are therefore 

G-, a\ a®, or a^ a, 1; hence, 2fl!®4"4«^4“8a4“ib=quotient. * 

(2.) Divide 8a® — 4a* x — 2a®x*4-«®^ by 4a^ — x-, 

44-0-1) 8-4-24-1 (2-1 
84 - 0-2 

-4+04-1 
—4—0 + 1 


Now, a®-^a®— a®; hence a® and a^x are the literal parts of the terms in the 
quotient, for there are only two coefficients in the quotient; therefore 
2a®— a® a;= quotient required. 

(2.) Divide x* — 3a — 8a® a?®+ I8a® x — Sa'* by ar®+2a x — 2a®. 

(4.) Divide 3^®+8a;^®— 4a:®y— 4a:® by x-\-y, 

(5.) Divide lOa^— 27a®a?+34a®4?®— 18a a:®— 8a?^ by 2a®— 3aar+4«® 

(6.) Divide a®+4a® — 8a^— 23a®+35a®+21a— 28 by a®+5a+4. 


Answers. 


(3.) ar®— 5aar+4a* 
(4.) -4«*+3y** 


(5.) 5a*— 6aar— 2jr®. 

(6.) a^-a®-7«®+14a-7. 
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Synthetic Division. 

^25. In the • common method of division, the several terms in the divisor 
are multiplied by the first term in the quotient, and the product subtracted 
Irom the dividend; but subtraction is performed by changing all the signs of 
the quantities to be subtracted, and then adding the several terms in the lower 
line to the similar terms in the higher. If, therefore, the signs of the terms in 
the divisor were changed, we should have to add the product of the divisor 
and quotient instead of subtracting it. And since the process would be the 
same for every step in the operation, the successive products of the divisor 
and the several terms in the quotient would all become additive. By this 
process, then, the second dividend would be identically the same as by the 
usual method; but the second term in the quotient is found by dividing the 
first term of the second dividend by the first term of the divisor; and since the 
sign of the first teim in the divisor has been changed, it is obvious that the 
sign of the second term in the quotient wdll also be changed. To avoid this 
change of sign in the quotient, the sign of the first term in the divisor might 
remain unchanged, and then omit altogether the products of the first term in 
the divisor by the successive terms in the quotient; because in the usual 
method the first term in each successive dividend is cancelled by these pro- 
ducts. Omitting, therefore, these products, the coefficients of the first term 
in any dividend will be the coefficient of the succeeding term in the quotient, 
the coefficient in the first term of the divisor being unity; fur in all cases it 
can be made unity, by dividing both divisor and dividend by the coefficient of 
the first term in the divisor. This being the case, the coefficients in the 
quotient are respectively the coefficients of the first terms in the successive 
dividends. The operation, thus simplified, may however be further abridged 
by omitting the successive additions, except so much only as is necessary to 
show' the fitst term in each dividend, which, as before remarked, is also the 
coefficient of the succeeding term in the quotient, and writing the products of 
the modified divisor, and the several terms of the quotient as they arise, 
diagonally, instead of horizontally, beginning at the upper line. Hence the 
following 


Rule.* 

(1) . Divide the divisor and dividend by the coefficient of the first term in 
the divisor, which will make the leading coefficient of the divisor unity, and 
the first term of the quotient will be identical w ith that of the dividend. 

(2) . Change all the signs of the terms in the divisor, except the first, and 
multiply all the terms so changed by the term in the quotient, and place the 
products successively under t\\e corresponding terms of the dividend, in a 
diagonal column, beginning at the upper line. 

(3) . Add the results in the second column, which will give the second term 
of the quotient; and multiply the changed terms in the divisor hy this result, 
placing the products in a diagonal series, as before. 

• The rule here given for Synthetic Division w due to the late W. G. Horner, Efq., of Bnih. 
whose researches in science have issued in several elegant and useful processes, especially in the^ 
higher oraiiches of algebra, and in the evolution of the roots of equation of all dimensions. • 
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(4) . Add the results in the third column, which will give the next term in 
the quotient, and multiply the changed terms in the divisor by this term in the 
quotient, placing the products as before. 

(5) . This process continued till the results become 0, or till the quotient is 
determined as far as necessary, will give the same series of terms as the usilil 
mode of division when carried to an equivalent extent. 

Examples. 

(1.) Divide a^—5a^x-{'10a^x^ — 10a®a;®-f 5a a?* by a® — Saa-j-a-. 

1 1-5 + 10— 10-f5—l 

+2 +2— 6+ 6—2 

1+ 8—3 + 1 
1 * # 

Hence a* — 3a^ a+3a a® — a^=quotient. 

In this example the coefficients of the dividend are written horizontally, 
and those of the divisor vertically, with all the signs changed, except tl e first. 
Then +2 and — 1, the changed terms in the divisor, are multiplied by 1, 
the first term of the dividend or quotient; and the products + 2 and — 1 are 
placed diagonally, under — 5 and + 10, the corresponding terms of the dividend, 
'rhen by adding the second column we have — 3 for the second term in the 
quotient, and the changed terms + 2 and'— 1 in the divisor, multiplied by — 3, 
give — 6 and + 3, which are placed diagonally under + 10 and — 10. The 
sum of the third column is + 3, the next term in the quotient, which multi- 
plied into the changed. terms of the divisor, gives +6 — 3, for the next diagonal 
column. The sum of the fourth column is — 1, and by this we obtain the last 
iiagonal column — 2 + 1. The process here terminates, since the sums of the 
fifth and sixth columns are zero; and the quotient is completed by restoring 
the letters, as in detached coefficients. 

Having made the coefficient of the first term in tlic divisor unity, that co- 
efficient may be omitted entirely, since it is of no use whatever in continuing 
the operation here described, 

(2.) Divide ar® — 5a;''+l5a?'*— 24a:^+27a7* — 13a;+5 by a?'*— 2a?’+4a?^— 2x+ 1, 


1 

1«-5 + 15 _ 24 + 27 — 13+5 

+2 

+ 2 — 6+10 


—4 

— 4 + 12 - 

■20 

+2 

+ 2 - 

• 0+10 

-1 

— 

1 + 3-5 


1 — 3+-5 0 

0 0 0 


Pence a?® — 3a:+5=quotient required. 

(3.) Divide a^+2a^5+3tt^5^— 2a5^— 35* by a^+2a5+a52. 
1+2+3-1-2-3 
—2 — 2+0+0+2 
—3 — 3+0+0+3 

l+O+O-l 

Hence a^+0*a^5+0'a 5®— 5'*=a®— 5^=quotierit. 

(4.) Divide 1— a?by 1+a?. Ans. 1 — 2a?+2a?^— 2a?^+, &c. 

(5.) Divide 1 by 1— ar. Ans. l+a;+a;^+a;^+, &c. 

Divide by ar— w, Ans, a’®+a?* y+ai^V®+a?V'‘+a:V+ac’ ?/ + v® 

(7.) Divide by a^-Sa^x+Sa 

Ans. a^-\~2(i^x+Sax^+^ 
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The Geeatest Common Meabuke. 

^ 26. A measure of a quantity is any quantity that is contained in it exactly, 
or divides it without a remainder; and, on the other hand, a multiple of a 
quantity is any quantity that contains it exactly. 

27. A common measure^ of two or more quantities, is a quantity which is 
contained exactly in each of them. 

28. The greatest common measure^ of two or more quantities, is the greatest 
factor which is common to each of the quantities. Thus 5 is a measure of 15, 
and 15 is a multijilc of 5; for 5 is contained in 15 exactly 3 times, and 15 con- 
tains 5 exactly 3 times; also Sx is a common measure of \2ax and 185x, jind 
6a: is the greatest common measure of 12aa; and 


29, To find the greatest common measure of two polynomials. 

Arrange the polynomials according to the powers of some letter, and 
divide that which contains the highest power of the letter by the other, as in 
division; then divide the last divisor by the remainder arising from the first 
division; consider the remainder that arises from this second division as a 
divisor, and the last divisor the corresponding dividend, and continue this 
process of division till the remainder is 0; then the last divisor is the greatest 
common measure. 

Note 1. When the highest power of the leading quantity is the same in 
both polynomials, it is indifferent which of the polynomials is made the 
divisor, the only guide being the coefficients of the leading terms of the poly- 
nomials 

• 

Note 2. If the tuo polynomials have a simple common measure, it may be 
8upj)resscd to simplify the process; but as it is a factor of the greatest common 
measure, it must be restored in the final divisor, and therefore the last divisor 
must be multiplied by the common factor at first rejected. 

Note 3. If any divisor contains a factor, which is not a factor also of the 
dividend, that factor must be rejected before commencing the division, as 
such factor can form no part of the greatest common measure* 

Note 4. If the coefficient of the leading term of any dividend be not divisible 
by that of the divisor, it may be rendered sO by multiplying every term of the 
dividend by a proper factor, to make it divisible. 

In order to prove the truth of this rule, we shall premise two lemmas. 

Lemma 1. If a quantity measures another quantity, it will also measure 
any multiple of that quantity. Thus, if d measures a, it will also measure m 
times a, or ma\ for let a^hd, then ma^mhd, and therefore d measures wia, 
the quotient being mh. 

Lemma 2. If a quantity measures two other quantities, it will also measure 
both their sum and difference, or any multiples of them. For let a = A d, and 
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m 

then d measures both a and i; hence a^b=^hd^kUl=zd 
and therefore d measures boin a 4-6 and a— 6, the quotient being h-^k in tho 
former case, and h-^k in the latter; and by lemma 1, d measures any multiples 
ot 0+6 and a— 6. ^ 

Now, let a and^^ be two polynomials, or the terms of a fraction, and 
let a divided by b leave a remainder c 

h c . . d 

c d leave no remainder, as is shown 

in the marginal scheme. Then we have, by the nature 
of division, tirese six equalities, viz.: 
a— mb = c . . . . (1) a^m b^-c .... ( 4 ) 

b-^n c = (d . . . (2) b = n c-\-d .... (5) 

c — p (f = 6 .... (3) c ^ p d ( 6 ) 


b) a {m 
m b 

c) b (n 
n c 

d)c{p 
P d 


Where the equalities marked (4), (5), (6), are not deduced from those marked 
(1), (2), (8), but from the consideration that the dividend is always equal to 
the product of the divisor and quotient, increased by the remainder. 

Now, by (6) it is obvidua that d measures c, since c=p d\ hence (Lemma 1) 
d measures nc, and it likewise measures itself; therefore (Lemma 2) d mea- 
sures nc-k-d, which by (5) is equal to b; hence again d, measuring b and c, 
measures wA+c, by the Lemmas l^and 2. 

.’. d measures a, which is equal to m 6-1- c by (4). 


Hence d measures both the polynomials a and 6, and is consequently a 
common measure of these polynomials; but d is also the greatest comnion 
measure of a and 6; for if c?' is a greater common measure of a and b than d is, 
it is obvious that by (1) d measures a—mb^ or c; and d' measuring both b 
and c, it measures b—n c, or d by (2); hence d' measures d, which is absurd, 
since no quantity measures a quantity less than itself; therefore d is the 
greatest common measure. Q. E. D. 

Again, let a^ha! and b’=-hb’\ then the greatest common measure of a 
and b will be h d, where d is the greatest common measure of a! and U. 
For let a! = dm, and V ^dn\ then a-=^hd ^hd and b = W = h d n; 
then m and n contain no common factor, for d is the greatest common mea- 
sure of d and 6'; hence h d is obviously the greatest common measure of 
hd tn and h d n, or of a and 6; and this t)roves the truth of Note 2. 


Moreover, if any divisor contains a factor, which is not a factor also of the 
corresponding dividend, it must be rejected before b) a {m 

commencing the division. For as in the marginal m b 

scheme, let c contain a factor h, which is not a factor 
also of a and 6; then rejecting 6, the remaining 
factor d is employed as a new divisor, instead of c, and 
80 on. For, by the nature of division, we have 


Q—'"^7lb’^hd ■ a • • 

(1) 

a=^mb-\-hd . 

. . (4) 

b-^iid^^hd • • . . 

(2) 

b:=^tiC‘\-kd . 

. . . (5) 

c'-./ki'=0 . . . . 

( 3 ) 

d^pd . . . 



c=A c 
d) h (n 
nd 


d=kd 

a) dip 

p d 
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Now, by (6) we see that dl is a measure of hence d\ measuring nd and 
kd\ it also measures nd-{‘kd\ or bi therefore d\ measuring d and h, mea- 
sures m b+hd^ or a\ hence d* measures both a and b, and it is also the 
greatest common measure. For if e? be a greater common measure than (f, 
Then dy measuring both a and measures a-^mb, or hd by (1); but d does 
not measure A, and it must therefore measure d; hence d measures n d and b\ 
therefore it measures h—nd^ or kd! by (2); but again, d deles not measure A, 
and hence it must' measure c?'; but d is greater than d\ and cannot therefore 
measure it; hence d' is the greatest common measure. Tbjs is the proof of 
note 3, an<l in very nearly the same manner it is proved, that if’ any dividend 
be multiplied by a factor, which is not a factor of the greatest common mea- 
sure, in order to make the leading term of the dividend divisible by that of 
the divisor, the final divisor, or resulting greatest common measure, will re- 
main unchanged. 

Thus it appears that, to avoid the difficulty of operating with^ fractional 
quotients, we can always remove from the divisor, or introduce into the divi- 
dend any factor w hich may obstruct the exact division of the leading coefficient 
of the dividend by that of the divisor. These remarks will be fully exem- 
plified in the subsequent examples; and as the process for finding the greatest 
common measure of any two polynomials is now very important, being em- 
ployed in the general solution of equations, we have endeavoured to explain 
the reasons of the several steps in the process, with perspicuity and clearness, 
as far as our limits w ill permit. 

SP, If the greatest common measure of three quantities be required, find 
the greatest common measure of two of them, and then that of this measure 
and the remaining quantity will be the greatest common measure of all three. 
For let a, A, c, be the quantities, and let d be the greatest common measure of 
a and A, and d! the greatest common measure of c and d\ then any measure of 
d will evidently measure a and h, and whatever measures c and d will also 
measure a, A, c; hence the greatest common measure of c.and d is also the 
greatest common measure of a, A, c, and therefore is the greatest common 
measure of a, A, c. This reasoning may bo extended . to any number of 
quantities. 

31. If the two polynomials be the terms of a fraction, as^, and d thei** 

greatest common measure, then we may put a^da!, and A = c/ A'; hence 

^ and consequently, by dividing both numerator and denominator 

of a fraction by the greatest common measure of the terms of the fraction, the 
resulting fraction will be simplified to its utnpipst extent, and thus the proposed 
fraction will be reduced to its lowest terms. 


Examples. 

(1.) What is the greatest commdn measure of and • 

Here 4 is the greatest common measure of 4 and 8, and is that of 

the literal parts; hence is the greatest common measure required. 
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( 2 .) Find the greatest common measure o 

(x 

a^^xy^ 

(a;-|_y). rejecting the factor 5 /* 
x^y) a?*— (a?— y 
a^'-^-xy 




^xy—y^ 


Hence x+y is the greatest common measure sought, and 

= t=:=‘y+£ = reduced fraction. 


( 3 .) Required the greatest common measure of the two polynomials 
6 a^~ 2 ^^ .... (a) 

12 o 2 — I5ay +3/ \b). 


Here 6a"~ 6 aV+ 2 a/- 22 ^® = 2 (3a"-3a*2^+aj/®-^') 
12a* — 15a^ +3^^ = 3 (4a * — bay +^*); 


And therefore, by suppressing the factors 2 and 3, which have no common 
measure, we have to find the greatest common measure of 
— 3a*^+^^®““y* ai^d 4a* — 5ay+^*. 

4a*— 5a^+^®) 3a®— 3a*^-f a^*— y^ 

4 


12a® — 12a*y + 4a^*— 4^® (3a 
12a®— 15aV+3a3^* 


3a*^-|- ay ^ — 4^® 
4 


12 a*^+ 4ay* — 16^ (3y 
12a*y— 15a^*-b 8^® 


19a^* — 19y=19^* ( a— y) 
Or, a— v) 4a*— (4tt— y 
4a* — 4,ay 


— a^+ 2 /* 

— aj^+^*. 


Hence a— y is the greatest common measure of the polynomials a and d. 

(4.) Required the greatest common measure of the terms of the fraction 
a°— a*j?^ 

+ a^x— o^iT*— a®a7®* 

Here a** is a simple factor ot the numerator, and a® is a factor of the deno- 
minator; hence a* is the greatest common measure of these simnle factory 
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which must be reserved to be introduced into the greatest common measure ot 
the otbor factors of the terms of the proposed fractions; viz.; 

and a® -\-a^x—ax^—ar\ 
a^-i-a^x — ax^ — af) o'* — a?** (a—x 

^ a^-j- a V — ax^ 


— a^x + a^x^ + ax^ — x* 
— a^x — a V -h ax^ + a?^ 


2a^x^ — 2x*=2x^ (a^ — x^); rejecting 2a!® 
a® — x^) a^-l-a^x—ax^—x^ (a-i-x 

a^x — ar^ 
a^x — a?® 


Therefore a® (a® — x^) is the greatest common measure; and hence 

— d^x ^ (a^ — a^x^) -i- (a^ — x^) 

aP-\-dx—dx^—dx^ (a^-\-dx — a*a^ — aV) -r-a- (a**^ — ixP) a^^ax' 

Additional Examples. 

(1.) Find the greatest common measure of 2aV, 4a?2y®, and 6x^^, 

(2.) Find the greatest common measure of the two polynomials a® — d^b-\- 
— 36®, and — bab-\-4.b^, 

(3.) What is the greatest common measure of ar® — xy^ and 
(4.) Find the greatest common measure of x^-^y^ and 
(5.) Find the greatest common measure of the polynomials 
(6— c) 6 (26 — c)^+6® .... (a) 

• (6-hc) a:®— 6 (264-c)a;®-i-6®a! (6). 

(6.) Find the greatest common measure of the polynomials 
a?'* — 8a;®+21x'^ — 20a;-f-4 .... (a) 

12a;2+21a:— 10 (6). 


Answ'ers. 

(1.) 20!® (4.) x—y. 

(2.) a— 6. (3.) x—b, 

(3.) aj-hy. (6.) a:— 2. 

The least Common Multiple. 

32. We have already defined a multiple of a quantity to be any quantity 
that contains it exactly; and a common multiple of two or more quantities is 
a quantity that contains each of them exactly. 

The least common multiple, of two or more quantities, is therefore the least 
quantity that contains each of them exactly. 

33. To find the least common multiple of two quantities* 

Divide the product of the two proposed quantities by their greatest 
‘::ommon measure, and the quotient is the least common multiple of the^ 

H 3 
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quantities; or divide one of the quantities by their greatest common measure^ 
and multiply the quotient by the other. 

Let a and b be two quantities, d their greatest common measure; and m 
their least common multiple; then let 

a = hdt and b = kd; ^ 

and since d is the greatest common measure, h and k can have no common 
factor, and hence their least common multiple is hk; therefore A ^ is' the 
least common multiple of h d and k d\ hence, 

hkd^ hdxkd axA ah 

d d ~d 


%:=.hkd^ 


Q. E. D. 


\2x\x-iry) 


Examples. 

(1.) Find the least common multiple of and 8aV. 

Here m = ^ = SaV = least common multiple. 

(2.) Find the least common multiple of 4x* (x^—y^) and \2x^ (^— y*). 
Here d = 4a?* (a: — y)^ and therefore we have 

in = ^ ^ X 12^^ . 

d 4a:* (x—y) 

or m = 1 2a:7+ j 2^®^ — 1 2xf*y^ — 1 ^a^y*, 

(3.) Find the least common multiple of a:*+2a?^-f^* and x'^—xyK 
Here d = x-\-y, and therefore we get 

m=« 

d x+y 

C=z (a:-j-^) (x^—xy^) 

= X (x-j-y) (a:*— •^*) = least common multiple. 

(4.) What is the least common multiple of a;^— 5a:^+9a:* — 7a: + 2, and 
;i-4_0a:*-f 8a:— 3 ? 

JBy the process for finding the greatest common measure, we find 
(/ = a:'— 3a:*+3a:— 1 

m = — k-b - 7 - A (a:^— 6a:*-F8x— 3) 

a:’‘— 3ar*+3a:— 1 ^ ' 

= (a: — 2) (x* — 6a:*d-8a: — 3) 

= a:®— 2a:^— 6a:^+20a:*— 19a:+6, the least common multii)]o. 

(5.) Find the least common multiple of a* — 2ab+b\ and a* — b\ 

( 6 .) Find the least common multiple of a* — b\ and 
(7.) Find the least common multiple of a:* — ^*, and x^—y^, 

(8.) Find the least common multiple of ^*—8^+7, and ^*+7^—8. 

Answers. 

(1.) (a-b) (a*-b*). (S.) (;r+y)(^-y’) 

( 2 .) (a-b) (a^+b^). ( 4 .) f -57^+56. 

84. Every common multiple of two quantities ^ a and b, is a multiple of m, 
the least common multiple. 

For let ml be a common multiple of a and A, then, because ml is greater 
than m; and if we suppose that m! is not a multiple of m, we have, as in the 
annexed scheme, m) mi (h 

m'=:Ayn+A . . « (1) hm 


mS^hm^k . . . ( 2 ) 


k = remainder. 
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Now the remainder k is always less than m the divisor; hence, since a and b 
measure m and m\ it is evident by (2) that a and b measure A m, or A; 
therefore ^ is a common multiple of a and 6, and it has been proved to be less 
4ian w, the least common multiple, which is absurd; hence m must measure m!, 
or m! is a multiple of m, 

35, To find the least common multiple of three or more quantities. 

Let a, b, c, d, &c., be the proposed quantities; 

find m the least common multiple of a and b 

, , m! c and m 

. . m" d and m! . 

&c, &c. 

Then, since every multiple of a and b measures m, their least common mui- 
iiple, the quantity sought, a?, measures m; but x also measures c; therefore x 
measures both c and m, and thence it measures m^; but x measures d and w', 
and therefore must measure m"; hence x cannot be less than w", and there- 
fore m!' is the least common multiple. 


Examples. 


^ I .) Find the least common multiple of 2a®, 4a^ and 6a h\ 
Here taking 2a® and 4a^ b\ we find d = 2a®, and, therefore. 


m 


_ ^ _ 2a®x4a3^® _ ^^3^2^ 


d 2a® 

Again, taking m, or 4a^ b\ and 6a b^, we find d^2a 6®; hence 

m'=: ^ = answer required. 

d 2a b- ^ 

(2.) Find the least common multiple of a — x, a® — x\ and a® — or*. 
Taking a — x aud a® — :r®, we have df=a — x; and hence 


a h a — . 




X = a ^— x \ 


Again, taking a® 


m'= = (f 

d 


a- 

a — X 

a:® and a’ — x^, we find dx=.a — x\ hence 

C? . ) = Ca+x') (a®— ar^)= answer sougnt. 


(3.) Find the least common multiple of 15a®Z>®, 12a and 6a^b, 

(4.) Find the least common multiple of 6a® a:® (a — ar), 8a:* (a® — .r®) and 
12 (a— ar)®. 

(5.) Find the least common multiple of x^ — x^p — if*; 
and X* — p*, 

(6*) Find the least common multiple of (a+&)®, and 

a^+3a^b+3ab^+b\ 


Answees. 


(3.) 60a^b\ (5.) ar*— 

(4.) (6.) (a+^) (a*-6®)*. 
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Of Algebraic Fractioks, 

556. Algebraic fractions differ in no respect from arithmetical fractions; an(P 
all the observations which wq have made upon the latter, apply equally to the 
former. We shall therefore merely repeat the rules already deduced, adding 
a few examples of the application of each. It may be proper to remind the 
reader, that all our operations with regard to fractions were founded upon the 
three following principles: — 

] . In order to multiply a fraction by any number, we must multiply the 
numerator, or divide the denominator of the fraction by that number, 

2. In order to divide a fraction by any number, we nmst divide the nume- 
rator, or multiply the denominator of the fraction by that number, 

3. The value of a fraction is not changed, if we multiply or divide both 
the numerator and denominator by the same number 


Reduction of Fractions. 


1. To reduce a fraction to its lowest terms. 


87. Rule. — Divide both numerator and denominator by their greatest 
common measure, and the result will be the fraction in its lowest terms. 

When the numerator and denominator are, one or both of them, monomials, 
their greatest common factor is immediately detected by inspection; thus. 


aH}C 


a^b Xc c . 1 . . 

^ in Its lowest terms. 


5d^b‘^~'d^bX5b'~‘5b 


So also, 

ax^ xXax ax . . 

— — ___ m its lowest terms, 

a30-\-sJc^ a;(a+a7) a-\-x 

If, however, both numerator and denominator are polynomials, we must 
nave recourse to the method of finding the greatest common measure of two 
algebraic quantities, developed in a former article. Thus, let it be required 
to reduce the following fraction to its lowest terms: 

3/“ 


• These principles will be obvious from the following considerations : — 

1. If the numerator of a fraction be increased any number of times, the fraction itself will be 
increased as many times ; and if the denominator be diminished any number of times, the fraction 
must still be increased as many time:^. 

2. If the denominator of a fraction be increased any number of times, or the numerator dimi- 
nished tne same number of times, the fraction itself will in either case be diminished the same 
number of times. 

If the numerator of a fraction be increased any number of times, the fraction is increased the 
same number of times; and if the denominator be increased as many times, the fraction is again 
diminished the same number of times, and must therefore have its original value. 
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The greatest common measure of the two terms of this ii-action was found In 
pag-e 114 to be a — therefore, dividing both numerator and denominator by 

this quantity, we obtain as our result the fraction in its lowest terms; or, 

12 a — 3 y 

In like manner, taking the fraction “Tr ^ ^ ^ ~ ^ ^ r— 

® 6a* + 4a^b — 9a^b^ 3 ab^ + 2F* 

the greatest common measure of the two terms is found to be 2 + 2 ab 

and dividing both numerator and denominator by this quantity, the 
reduced fraction is, 

2g8 — 2g5 + 5» 

3 — a b — 2 h'^ 


(1.) Reduce 


Examples for practice. 


2 SB® — 16 a; — 6 
3x8— .2+ a;— 9 


to its lowest terms. 


(2.) Reduce ^ — to its lowest terms, 

24x8 — 22 x8 + 17x — 6 

(3.) Reduce ’j" ^ — to its lowest terms. 

25 x^-4- 5 X® — X — I 


(4w) Reduce 


9x8-f-2x8+ 4x8 — x-f-1 

15 x^— 2x8+ 10x8 — x + 2 


to its lowest terms. 


/t? \ T* j 4«*c.ir — \a*dx 2\a}hcx — 24^*^ffa*+3<Vift*cx — 36(t6*(Ix . 

{O.J Keauce qabcs^^-labdx^ + 7a(!U9—~ lacdx* — 2Wdx» 2lbc*x*+21bcdx^ 

1 w * A 4 g (« + 35) 
louest terms. Ans. — 


88. It frequently happens, however, that when the polynomials which form the 
numerator and denominator of a fraction which can be decomposed are not very 
complicated, we are enabled by a little practice to detect the factor and effect 
the reduction, without performing the operation of finding the greatest common 
measure, which is generally a tedious process. The results to which we called 
the attention of the reader, at the end of algebraic division (see page 107), will 
be found particularly useful in simplifications of this nature. 

Thus for example: 


<60 

3x'^y+3xy^ 

.Sx8+6xt/+3^ 

_ 3xy{x+y) _ 

- SOe+yf 

9xy{x+y) 

K‘i^+y)L^+y) 

x+y 

(70 

g8— 5* 

(a—b)(a+b) _ 

g+5 



(a~~b)“ 

g— 6 


(8.) 

Sa» + l0a®J+5aJ* 

Sa(a^+2ab-f-b^)_ 

5g(g+5)8 


Sa^+Qa^b 

8g*(g+5) 

8g8(g+5) 

8a 


a’ — __ 

.(g8+gx+x®)(a— x)_ 

.g’+gX+X® 


,(9.) 

g* — 2ax+sc^ 

(g— x)^ 

g— X 
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(10 ) _ (a+6)c+(a'J-5)d _ * 

^ qf+)ibx+2ax+bf 

fll > 6ac+106c+9a(i+l5M 3a(2C’i“3d)^5d("2c-j^3d) 3a-{~5b C 

^ 6c2-f-9cd— 2 g— 3d "" 3c(2c+3d)^(2c+3d) "" 3c— 1 


( 12 .) 


aocr^x^+^ 

a^lx^b^x^ 


x^'~\ax — X^^\ax — bx^ ) 

bx{a * — b * a; * ) bx(a-j-bx)(a — bx) 


IL To reduce a mixed quantity to an improper fractioyu 

S9, Multiply th£ integral part by the denominator of the fraction, and to 

(he product add the nu/mrator with its proper sign ; then the result placed over 
the denominator will give the improper fraction required. Thus, 

(1.) |.+ 1. =: 


/9 \ 11 ^ — tx? _ 2fl* 

(3 ^ (tb-\~cd -I- aibC’^c^d’\-2cd)dr\\2cd^-\-ahc — c*d— 2cd* 

V T ^2^ — 

— 2abc~\~2ahd 

c-f-2d 

— 2fl^(c-f-d) 

c+2d 


r . V 1 . b*d^c* — a* 2^-f-5*-}"C^ — a* (5-f-c)® — 

W ^ ^ - 2b^ 


• 40. It is to be remarked that when a fraction has the sign — , it signifies that the 
whole fraction is to be subtracted, and consequently the negative sign applies 
to the numerator alone; and when the numerator is a polynomial, the negative 
<wgn extends to every term of the polynomial ; thus, 



(6.) C — 


e/ _ ed — ef 
•J d~~ 


(7.) 1 


o* — 2a6+6* 

tf* + 6* 


o» +6*— .<a»_2oJ+6*) _ 8a» 

a*+6* ■”«» + *» 
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( 81 ) »•+ 2*^ + > ? - ^ir:i£!|:±yyl-zV 

_ x^+3x*y+3a:ij^+ij^—ia^-^ 3x^t/+?,xy^^.y^ 
^ ~ 

““ X + ^ 

= %(3a;^+/) 
a’+y 


(10) mn — pq — 


2mn^ — ^pqn m« n — mpg-^mn^ — npq — (2mn'^ ~^2p qn) 

7» 4" ^ wi -f- n 

— ^ ^ — ^pfj — ^ ""h 

m + n 

7tnt(?n — n) — pq( 7n — ??) 

m -f" w 

(mn — pq)(yi — 7^) 

?// 4“ ^ 


III. Tb reduce fractions to others equivalent^ and having a common denomi- 
nator, 

41 . Rule. — Multiply each of the numerators^ separately ^ into all the denomi- 
nators^ except its own., for the new numerators^ and all the denominators together 
for a common denominator^ 


Thus : reduce ~ and to equivalent fractions having a common deno- 
o d 

minator. 

a X d is the new numerator of the first, 

• c X ^ is the new numerator of the second, 

^ X d is the common denominator; 

Therefore the fractions required are and . 


Reduce -r-, 
o 

adfhln 
h dfh I n * 


c e 

7’ 

chfhln 


—t to a common denominator* 


b dfh In' 
are the fractions required. 


k 

V n 
eh d hi n 
h ifh I n ' 


gbdfln 

bdfhln' 


h h df h n 
b d fh In' 


m h df h I 
b d f h I n ' 


Reduce i±4 

l^x' 1 — a;*’ 1 — 

(y.a:)(l-<i;* )(1-^ ) (l+a;*)(l— ar)(l— a:* ) 

(l^)(l-.^*)(l_a;3y (i_a;)(l-a;*)Cl— a;®)* 
are the fractions required. 


to a common denominator. 
(1— a;)(l— a. *)(i — ) 


ADDITION OF FRACTIONS. 


42. Rule. — Reduce the fractions to a common denominaior^ add the numeraiore 
together^ and subscribe the common denominator* Thus : 


00 


a , c 

T+ r = 


ad 
b d 


be 

bd 


ad + be 

67“*’ 
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r2.l£-4-i24-^4-® — ^ 7 .V phny , a;5 n <; 

n 7 y bn qy bn qy hnqy 

an qy -f- rn.h q y + phny + xhnq 




(4.) 


t I 

1 — a* ^ 


1 — «;« 
1 + s* 


__ adfx? f cbfx^ j_ ehds? 

”■ M/F bdjhF ^ b~dpF 

— + ^cfx* 4 - hdex? 

"" bdfafi 

- + 

“ (l_a’)(l + a:^) ^ (I - a>')(l + a-“ ) 

- (l + a^)»+(l — a» )» 

- + 

1 — 


(5.) 


1 

1 + * 


+ 


1 


1 — X 


^ 1 — X ^ 1 +a: 

~ (1 + X)(1— X) '*' (l+x)(l— x) 

— ^ — X + 1 -f- jg 
~ ri + *)(l — a:) 


SUBTRACTION OF FRACTIONS. 

43. Kule. — Reduce the fractions tq a common denominator, subtract the nume- 
rator or the sum of the numerators of the fractions to be subtracted^ from the 
numerator or the sum of the numerators of the others, and subscribe the common 
denominator. 

/n ® _if 

O) b ~ d — Td'' bd— bd 


( 2 \- 4 - VL _ 1 L _ 2 . - + 

' ^ A ~ n q y bnqy * 


mhqy phny xhnq 

bnqy bnqy bnqy 


anqy + mhqy — phny — xhnq 
bnqy 


® I hcfha^ hedhx' hdfgsfi 

bx da^ fx^ ha^ bdfhx^^ * bdfhx^^ bdfhx^^ ““ 

adfhx^ + bcfhx^ — bedhx' — bdfga^ 

bdf hx^^ 


(4) 


fl + 6 


a _ (a + 5)g — (g-~5)g 
0 + 6 (a + 6) (a — 6) 

4a b 





1 + a:« 
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_(l+a:0' (!-*'»» 

l + 0— (1 + ®®) “ (1— 

— 0 + x'^)- — (] 

— (l^x^)Xl + x^) 

__ 4 x^ 

— 1— a;4 


44. Wlion the denominators of the fractions which it is required to reduce are 
expressed in numbers, the result will frequently be much simplified by findin|y 
Mie least common multiple of the denominators, and then reducing the fractions 
to their least rx)ininon denominator, according to the method explained in 
Arilhmetic. 

Thus, if we are required to reduce the following fractions: 

a — 3a; , 3a — 5 x ^ 3a — 5 x 
+ 5 + 20 

The least common multiple of 4 and 5 is 20, the denominator of the third 
fraction ; therefore the fractions, when reduced to their least common denomi- 
nator, are 


5a — 15a: 12a — 20a? 3a — 5a?_5a — 12a — 20x+3a — 5x 

20 + ~ 20 + 20 20 

_ 20 a — 40 a? 

20 

2 = a — 2 as 

!So also, 

27— .9* 5a: + 3 61 , « a; + 5 , 29 + 4a? 5 — 37a? 

4 -“~15-T2 + r + 12 12~^ 


ilio least common multiple of 3, 4, 6 is 12, which will be the least common de- 
nominator, and the above fractions become 

12a? 81 — 27 a? lOaj + ^i 618a?4-20 29-f-4a? 5 — 37 x 

— H 12 12 “12+ 12 T 12 “ 12 

Or, 

• 2.,; + 81—27 X — 10a? — 4 — 61 -f 8a? + 20 + 29 + 4a;— 5 + 37a? 24a?+ 60 

12 '* — 12 

= 2x + 5 


MULTIPLICATION OF FRACTIONS. 

45. Rule. — Multiply all the mimerators together for a new numerator, and.aU 
I he denominators together for a new denominator* Thus, 


(1) 


a 

T 


X 


c ac 

T = 5d 


(2) y X 


^ £. V — — 


(3) 


a -f- 5 
c + d 


X 



^ + I ^ p — q _ -f (g "-■/) + 0 (P—g) 

— n ^ r + s (c- + d) (^— A ) (»i — «) (r+s) 
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rtA ® y J_y -1.V V ^ «_ 

cx*^ ex*^fx* bcdefx^ ■"/*• 


DIVISION OF FKACTIONS. 

46. Rule , — Invert ike divisor and proceed as in Mvlttplicatioru, 

' d ’ d . A ^ c be 

. ^ — f _ a + b g — h __ (a + J) (j7 _ A) 
'■'■'c + d “ g—k - c + d ^ e—f - (c + d) 

1— ®» _ 1 + x* .. 1 + ®* Cl+®*)* 

^ 1 — ~ r+T* “ l—x* ^ niF* — 

f4^ _ X* — b* X — h 

' •' X ‘—2dx-j- 6 * ' X — b X* — U b x-\- b* ^ x* -j- b x 

_ (x*-b*) (x-b) 

(x* — 2fix+ft*}(ir* + 6 x), 

— («* — &*) (x^ + b*)(x-~ b) 

’ (x — b)*. X , (x-f- b) 

_ (x — b) (x* + b>) (x — 6) 

x(x—b)(x — b)(x-l-b) 


47. Miscellaneous Examples in the operations performed in Algehraie Fractious 

I * _42ae.y-f-35 6/’y — Sbe x 

^ 4!b 8e 7g ~ 56 beg 

( 9 \ 4 . ^ 16a6c + \5edf— tkdeg 

^ Sic ^ 8b'c “ efi'e" — 24i‘c* 


J. S'* , /■ /) — 3s^*+2/” + * 

r3) 


W ^ + - .if — ■ 


6 efg 

a — ca;+da;^ + * 
X“ 


y'x.N lot. ft — 5 ah* a^ 2ah* — ^c*4-3aftc*— cr 

(5) e+ gab^Suc- 


(6) 


a + 5 , a — ^ ^ 


(0 •■-+- - 



( 8 ) 
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13 a — 5ft 7a — 2ft 3a 89 a — 55 ft 


4 


t) 


60 
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3a— 4ft 2a^h^c . 15 a — 4 c 85 a — 20 ft 

(•) 3 + 


12 


84 


® I ® — 8ft , a» — ft* — aft act/ — 4ft*+a* 

T + + b7d = 


( 11 ) 


a* 


aft 


(a + ft) ^ (a + ft)*‘a+ft 


jft _ g * 4 " fl! ft ” + ft * 


(a + ft/ 


/12\ 5 + ? + ^ ^ _ 1 + J: + »* 

4(1 — a)' T 8(1 — a) ^ «(l + ar)“4(l + a*)-l_a:— 1 *+*^ 

/iqt «*+ ^* V ”* — * _ a’ + b> 

^ — ft* a ^ b ^ 2 a b 




a;» — 9a: + 20 a;*— 13a;-f 42 _ g»— . H x-j- 28 


■ 6 X 


a; “ — b X 


, .a:*-f'8x + 2 ^ x^ -j- 5 x 4* x 2 

a; " 4- 2 a; + 1 ^ a; * 4- 7 a; 4- 12 


;iG) 


£ 4 . £ 

i ^ d 

/ + A 


(a i 4 “ ^ 

(,eh+fg)bd 


^ j. 

(■’) ^ = > 
a — b a + b 


g +a: a —X 

.. .. a —X a + X _ a + x’ 

a + X g — .r ~ Si « a 

a — X a 4" 

w — 1 


(19) 


1 + 


n 4“ ^ 


1 -- 


n — 1 
n 4 - 1 


( 20 ) 


0 ^ — a*a; + a x^ — x^ 

a* — a^aj+a^a;* — ax* — x^ 



dr -I- st^ 
a* 4" a'^a? 4 
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ALGEBRA. 


ON THE FORMATION OF POWERS, AND THE EXHACT^O^^ OF ROOTS OF ALGEBRAIC 

aUANTlTIES. 


, r 

^ 48. We begin by considering the cose of monomials, and, in order to simplify 
the subject as much as possible, we shall first treat of the formation of the square 
and the extraction of the square root only, and then proceed to generalize our 
reasonings in such a manner as to embrace powers and roots of any degree 
whatsoever. 

Definition. — The square root of any expression is that quantity which, when 
multiplied by itself, will produce the proposed expression. Thus the square root of 
c ^ is a, because a, when multiplied by itself, produces a * ; the square root of 
(a + i) * is a -j- 5, because a -J- when multiplied by itself, produces 
(a ■»f- 5) * ; in like manner 8 is the square root of 64, 12 of 144, and so on. The 
process of finding the square root of any quantity is called the extraction of the 
square root. 

The extraction of the square root is indicated by prefixing the symbol \/ to 
the quantity whose root is required. Thu«^ “V/ a * signifies that the square 
root of is to be extracted ; \/ signifies that tlie square 

root of a * -j- 2 a 5 + ^ ^ is to be extracted, &c. 

In order to discover the method which we must pui-sue in order to extra<Jt 
the square root of a monomial, let us consider in ivhat manner we form its 
square. According to the rule for the multiplication of monomials. 


(5 a * 6 3 c) i 

So, 

{Qab^c^d"^)^ 

And, 

(Aa:*" y " 


= 9ab^c^d*y9ab^c^d^ = 81a*^5*c®(2« 
=:Aa;"' 1/ "2*’— -X A a;™ y" ^5^’---=: A . 


49. Hence it appears, that, in order to square a monomial, we must square its 
coefficient, and mnltijdy the exponents of each of the different letters by 2. There- 
fore, in order to derive the square root of a monomial fi-om its square, we 
must, 

L Extract the square root of its coefficient according to the rules of Arith^ 
metic. 

IL Divide each of the exponents by 2. 

Thus we shall have, 

; \/WaJW zz 

This is manifestly the true result, for 

(8a»Z>«)* zz 8a«^* X 8a*6* zz C4a6&^ 

Similarly, 

\/ 625 a* b^ zz 25 ah* 

Here also, 

(25 a b*c^)^ z= 25 a 6 4 c 3 X 25 a 6 ^ c 3 = 625 o 2 5 » c ® 

50. It appears from the preceding rule, that a monomial cannot he the square of 
mother monomial unless its coefficient be a square number ^ and the exponents of 
the different letters all even numbers. Thus 98 a 5 ^ is not a perfect square, foi 
18 is not a square number, and tlie exponent of a is not an even number. In 
lliis case we inti'oduce tlie quantity into our calcuLitioiis, afi'cctcd with tlie sign 
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/ Tand it is written under the form \/ 98 a b \ Expressions of this nature 
are called Surds^ or Hadicals, of the Second degree. 

61. Such expressions cam frequently be sixupliiied by the application of the 
following principle i^The square root of the product of two or rmre factors is 
equal to the product of the square roots ef these factors. Or, in algebraic 

language, 

\/a bed z=z a X \/b X \/ c X 

In order to demonstrate this principle, let us remark, that, according to our 
definition of tlie square root of any expression, we have, 

(v/ abed -"T — ^ ~ a h c d — - -- 

Again, 

Wo. X \/*"x \/~ X v/5~ — )* = (a/^' X WS)' X (v/tT* X (x/t?)'--- 

=z a b c d 

Hence, since the squares of the quantities \/ a b c d and \/ a , \/b 

\/ c • \/ d are equal, the quantities themselves must be equal. 

This being established, the expression given above \/ 98 ab^ maybe put un- 
der the form \/ 4?9 * X \/‘^ «, hut ^ is by (Art 49) zz 7 ; hence 

v/98 b ^ a = \/4-y P X == 7 bWTa 

yimilarly, 

y/ b^ c^ d zr: \/ 9 c'^ b b d z=: 9 a '^ b '^ c * Y, \/ b b d 

= 'b a b c \/ bb d 

So also, 

\/ b(4 a'^ b^ = Xb6c = \/ 144 a'* b^ c X \/(ib^( 

= 12 a b^ \/6 h c 

In genera?, therefore, in order to simplify a monomial radical of the second 
degree, separate those factors which are perfect squares, extract their root (Art 
49), place the product of all these roots before the radical sign, under which are 
to be included all those factors which are not perfect squares. 

Ill the expressions, 1 b ^ \/ 2 a, b a b c y/ b b d, \2 a c^ y/i) b c, &c. tlie 
quantities 1 b"*, b a b c, \2 a b ^ c^, are called the coefficients of the radical, 

52. We have not hitherto considered the sign with whicJi the radical may be 
afl’ected. But since, as will be seen hereafter, in the solution of problems we are 
led to consider monomials affected witli the sign — , as well as the sign +, it is 
necessary that we should know how to treat such quantities. Now the square 
of a monomial being the product of the monomial by itself, it necessarily fol- 
lows, that whatever may he the sign of a monomial, its square must he affected 
until the sign +. Thus, the square of + 5 a ^ 6 or of — 5 b 

+ 25 a^b^ 

Hence we conclude, that if a monomial he positive its square root may he either 
positive or negative. Thus, v^O « ^ 3 « or — 3 « for either of these 

quantities, when multiplied by itself, produces 9 a^\ we therefore always affect 
the square root of a quantity with the double sign -f-, vvhich is called plus or 
minus. Thus, \/9~a^ zn + ba \ f 12 a 5 ^ ^ s, 

53. If the monomial be affected with a negiative sign, the extraction of its square 
foot is impossible, since we have just seen that the square of every quantity, 
whether positive or negative, is essentially positive. Thus,\/ — 9,\/ — 4? a 
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y/ — 5, are algebraic symbols winch represent operations which it is impossible 
to execute. Quantities of this nature are called imaginary ^ or, impossible^ quan- 
Hties^ and are symbols of absurdity which we frequently meet with in resolving 
quadratic equations. f 

By an extension of our principles, however, we perform the same operations 
Upon quantities of this nature as upon ordinary surds. Thus, by (Art 51), 

— 9 = v/9 X — n. =z — 1 = Sv/TITl. 

v/ — — 1 =\/4a*v/ — 1 = 2«v/ — 1. 

/ — X^X — 1 = V X\/^^X\/ — i = 

54. Let us now proceed to ooiisider the formation of powers and extraction 
of roots of any degree in nwnoiuial algebraic quantities. 

Definition.— The cube root of any expression is that quantity which, multiplied 
twice by itself, will produce the proposed expression. The fourth^ or, biquadrate 
root of any expression is that quantity which, multiplied three times by itself, 
will produce the proposed expression; and in general, the root of any ex- 
pression is that quantity which, multiplied (ii — 1) times by itself, will produce 
the proposed expression. Thus, the cube root of a ^ 5 ^ is a 5, because a 5, mul- 
tiplied by itself twice, produces 5 ^ ; for the same reason, (a -f- b) is the G“* 
root of (a + &) 2 is the seventh root of 128, &c, 

55. Let it be required to form the fifth power of 2 a^b\ 

(2a35*)® = X 2 ^ 2 a352 ^ 2 5^ X 2 

= b^\ 

Wliere we perceive, 1°. That the coefficient has been raised to the fifth 
po^ye^ ; 2°. That the exponent of eadi of the letters has been multiplied by 5. 

Jp liVe manner, 

(8o*5^c)* = 8a*5^cX8a*53cX8a*5^c 
= 83a* + * + *5« + 8 + 8ci+^ + i 
= ^\2a^b^cK 

So also, 

(8a5*c*d*)" = 2 a 5*c® d* X 2 a 5 * c® d* X to n factors 

z= 2"u“5*“ c®" d^®. 

Hence we deduce the following general 

RULE TO RAISE A MONOMIAL TO ANY POWER, 

* 

Raise the numerical coefficient to the given power ^ and multiply the exponents 
of each of the letters by the index of the power required. 

And hence reciprocally we obtain a 

RULE TO EXTRACT THE ROOT, OP ANY DEGREE, OP A MONOMIAL 

i\ Extract the root of the numerical coefficient according to the rules ofarith- 
metic. 
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Divide the exponent of each letter by the index of the required root 
Thus, 

== 4a8ftc* 

{/ i(> d* = 2a*b^c^d. 

M According to this rule, we perceive that in order that a monomial may be 
a perfect power of that degree whose root is required, its coefficient must be a 
perfect power of that degree, and the exponent of each letter must be divisible 
by the index of the root 

Wlien the monomial whose root is required is not a perfect power of the re- 
quired degree, we can only indicate the operation by placing the sign, \/ be- 
fore the quantity, and writing within it the index of the root. Thus, if it be re- 
quired to extract the cube root of 4 ^ the operation will be indicated by 

writing the expression, 

■ 

Expressions of this nature are called mrds^ or, irrational qumtities^ or, radicals 
of the second, third, or, degree, according to the index of the root required. 

bl. We can frequently simplify these quantities by the a]>plicatioii of the fol- 
lowing principle, which is merely an extension of that already proved in (Art 
51> 

The root of the product of any number of factors is equal to the product 
of the roots of the different factors. Or, in algebraic language, 

y/abcd ~ \/a X X \/c X \/d! X - - -- 

Rais^each of these expressions’to the power of n, then 

( 

Again, 

( Va X i/AX "v/c X )" = ( Vaf X ( VW” X ( VcT ( VdT - - - 

• =z abed 

Hence, since the powers of the quantities \/ abed, and V" « • \/b .\/c . 

”\/ d , are equal, the quantities themselves must be equal. 

This being established, let us take the expression v/ 54 a ^ ^ ^ c * , whose root 
cannot be exactly extracted,^ since 54 is not a perfect cube, and the exponents of 
a and c are not exactly divisible by 3. 

We have, 

(1.) = {/^ X 2 >^a3 X ^X J® X 

by the principle just proved, 

=:3abi/2ac^ 

So also, 

(2.) t/48a^^»8c^ = \/l6 X 3 X X « X 5^ X c* X c* 

= VlbX v/<t*xV^®X\/c^ X \/3 X X 

= 2ah ^c{/Sa c\ 

C8.) \/\92a^b^^ = V^4 X 3 X cr X b X 

== X ® X X X X 

= 2ac*V3a5. 
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In the above expressions, the quantities 3 a 2 a 5 * c, 2 a c’, placed before 
the radical sign, are called the coefficients of the radical, 

58. 1 liere is another principle which can frequently be employed with advan- 
tage in treating these quantities ; this is. 

The m'* power of the power of any quantity is equal to the m a'* powO of 
that quantity^ Or, in algebraic language, 

= a-. 

For we have, 

01^ + ^ + ^ + ^ ~ a'*. 


And in general, 

{a “}*" == a”Xo“Xa"Xa"---toja iactors, 
r= + “ + terms, 

= 


And reciprocally, 

The in n'* root of any quarUity is equal to the root of the n** root of that 
quantity. Or, in algebraic language, 



m n y — 

Va 

II 

For let 



Raise the two quantities 



to the power of w. 

vr 

- 

Again, raise botli to the 



power of n, 

a 

=r !>»•, 

Extract the m root. 

"V“ 

= Pf 

But by supposition, 

^ Vo* 

= Pf 

• an y 

• • V a 

II 

< 1 


Flence, as often as the index of the root is a number conq>osed of two or more 
fa<*toi«, we may obtain the root required by extracting in succession the i*oots 
whose indices ore the Victors of tliat number. Thus, 


(1.) *v/ 4 

= 


~ {/ VTcT by 


— \/TE 

t 

(2-) V36a‘6* 

"" v/ /SoTTF 


a y/^ab 

(3.) In (^nernl, 



^ ?/ 


= vr 


Tliat is to say, that when the index of the radical is multiplied by a certair^ 
lumha fh'fnd the quantity under the radical sign is an exact n*^' power ^ we can* 
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wiihoui changing the value of the radical, divide its index by n, and extract the 

\/b a^b 

i/38m3X*«3X8 p3X * 

\/3wi* fi® 

59. This last proposition is the converse of another not less important, wbiclt 
consists in this, that we may multiply the index of a radical by any number, pro- 
vided we raise the quantity under the sign to the power whose degree is marked 
by that number ^ or, in algebraic language, 

\/a = 

For in fact, o is the same thing as &nd therefore, 



= “1/5^ 


60. By aid of this last principle, we can always reduce two or more radicals of 
dirt'erent degrees to others which shall have t he sa me. index. Let it be required, 
for example, to reduce the two radicals \/%a and \/3hc to others whi<di 
shaJl be equivalent, and have the same index. If we multiply 3 the index of 
the first, by 5 the index of the second, and at the same time, raise 2 a to tlie 
5th power; if, in like manner, we multiply 5 the index of the second, by 3 the 
ind<jx of the first, and at the same time raise 3 5 c to the 3d power, we shall 
not change the value of the two radicals, which will thus become 

v/2a = * ^ V(2 a) ‘ 

i/sTc — = VswFcT 

We shall thus liave the following general 

RULE. 

In order to reduce two or more radicals to others which shall be equivalent and 
have the same index, multiply the index of each radical by the product of the in 
dices of all the others, and raise the quantity under tut, sign to the power whose 
degree is marked by that product. 

Thus, let it be requifed to reduce a, V 3 ^ * c ®, y/i d * e to the 
same index, 

{/ra 

{/3b^c* = * X 6 X X 5 = 5 

v/4d* ® X (/(4d*eV6)* X ® ® d 

The above rule, whidi bears a great analogy to that given for the reduction 
of fractions to a common denominator, is susceptible of the same modifications. 
Let it be required, for example, to reduce the radicals, \/ a, \/ b b> c, to 
the same index : since the least common multiple of the numbers 4, 6, 8, is 24, * 
it will be sufficient to multiply Uie index of Uie first by 6, of the second by 4, 
and of the third by 3, raising tiie quantities under the radical in each caseto 
the powers of 6, 4, 3, respectively, 

t/j = vre == 

I 2 


root of the quantity under the sign. 

Thus, 

l/25a*5^c® = 

% _ 

Vs? mW»V* = 
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6U Let us now proceed to execute upon radicals, the fundamental operatioiia 
ef arithmetic. 


ADDITION AND SUBTRACTION OF RADICALS. 

Definition, — Hadicols are said to be similar when they have the same in- 
dex, and when the quantity under the radical sign is the same in each ; th as, 
Sa/oT 12 a c\/a, 15 d\ /^ are si milar radicals, as are also, 4 a^d\/m 7^ p *, 
5/ \/m n^p 25 d{/mn^p &c. 

This being premised, in order to add or subtract two aiiailar radicals we have 
the following 


RULE. 

Add or subtract their coefficients^ and place the sum or difference, as a coeffi- 
cient^ before the common radkaU For example, 

(1.) 3Vr+ 2i/6" = Bi/r 

(2.) Si/S'— Zv/r = v/r 

(3.) 3p qx/nTn -]r i li/ mn -zz (3p q -f- 4 

(4.) 9cd\/a — ■4icd\/a sz Scd\/'a 

If the radicals are not similar, we can only indicate the addition or subtrac- 
tion by interposing the signs -f- or — . 

It frequently happens, that two radicals, which do not at first appear similar, 
may become so by simplification ; thus, 

(5.) a/ 48a6*+ hy/^ = \/3x^eiX** + V3X2^K« 

= 46v/3o + ibs/Tii 
= 9by/3T 

(6.) 2^/45 — 3v/T " ' = Zy/bjT^ — 3y/T 

= 3v/6 

(7.) V8o‘i-j-16o‘— 2ai» z= VSa* (6+2o) — y/b^ib+^ia) 

=z (2 a — 6) ^2 a b 

(a) 3 ViT* + 2 {/n" =3 (/2T + 2 y/fT 

z= 6 i/2T 


WJLTIPLICA.TION AND DITISION OF RADICALS. 

62. In the first place, with regard to radicals which have the same index, let ii 
be required to multiply or divide Vo by then we shall have 

X VS = VS' = 

For if we raise X Vb, and \/a 5, each to the powor of wo obtain the 
•ame result a b ; hence these tiyo expressions ore equal 
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In like manner^ ^ when raised to the nth power, give 

hence, Hie two expressions are equal We shall thus have the follo\\ing 


RULE. 


In order to multiply or divide two radicals which have the same index, mnltt^ 
ply or divide the quantities under the sign by each other, and affect the nsu/t 
with the common radical sigru If there be any coefficients, we commence by 
multiplying or dividing them separately. Thus, 


a, ..ysSx-a. 


(a) 3a 1/8 tt‘ X 26 l/Jo’c 


— ^ ^ ^ ^ “f“ ^ 

\/ c d 

s=: 6 a 5 \/3‘2 a ^ c 
= I2a^b 


( 3 ,’, 2 a \/b c%Zh\/abc % a\/2a = 6 a* h \/2 b* c* 

sr Q b^ cx/li 


^ »b^/T 


(4.) 


25 a* b\/m^ u 
5 a h^\/m n* 




Sa /'S 

-rwT 

__ 95a^b /nJ~n 
5 a b^ V mn^ 

5 a /rn * 

5am / \ 
yj n 


1/ a^b^ + F^ 

« /a* — b* 

V • 86 


_ M ^b(aH‘ + b*) 
V a<‘ — b^ 


— a^ — b^ 


If the radicals have not the same index, we must reduce them to others hai 
ing the same index, and then operate upon them as above ; thus, 

(7.) 3oV 7 X 5»v/^c = SaVr* X SS VsT* 

s 15a6H/86*c* 

(8*) yfaVc* X t/8«"6c* = v/125a“6“c» X <» 

= t/gPOa ’^^c^ 

. r: a c* V 600 ab* c 
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FORMATION OF POWERS, AND EXTRACTION OP ROOTS OF RADICALS* 

63. Let it be required fo raise to the nth power ; then, 

("V = - - - ton factors, 

= “ according to the rule for multiplication just established 

Hence we have the following 

RULE, 

In order to raise a radical quantity to any given power^ raise the quantity 
under the sign to that power ^ and affect the result with the radical sign with its 
original index. If there he any coefficieni^ we must raise the coefficient separate* 
ly^ to the required power, Tims, 

(L) ( v/4 « 0 ® ~ \/ 16 

= 2 a \/a^ 

(Z) (3 » = 3 i/W^ 

= 243 1/32 a ^ 

486 a i/4 a * 

When llie index of the radical is a multiple of the exponent qf the power 
which we wish to form, the operation may be simplitied. 

Let it be required for example, to square v/2 a, we have seen (Art. 58,) that 

V5a=v/v/? a; but in order to square this quantity, it is sufficient to sup- 
press the first radical sign, hence, (\/2 a)^ = \/2 a. Again, let it be re- 

. » ^ 

qtiired to raise ^\/abc to the power of 5 ; now, 'v/« ^ c = ^ \/ a be, but in 

order to raise this quantity to the powe r of 5 , it is sufficient to suppress the first 
radical sign; hence, (V«^) * = \/ a be, and in general, 

(rvaY = 

that is to say. 

If the index of the radical be divisible by the index of the required power, we 
may divide the index of the radical by the index of the power, and leave the 
quantity under the sign unchanged, 

64. W ith regard to the extraction of roots, by virtue of the principle established 
in (Art. 59), we shall manifestly have the following 

RULE. 

In order to extract any root of a radical quantky, multiply the index of the 
radical by the index of the root required, and leave the quantity under the sign 
unchanged. If there be any coefficient, we must extract its root separately, Thus^ 

(!•) y = vTc 

(2-) y {/T^ - {/^i 
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M.) = icViTT 

If the quantity under the si^ be a perfect power of the same degree as ibe 
root required, we may simplify. Thus, 

0-) ^ ~ y * 

= K/Ta 

= 

Examples. 

(1.) \/^ + \/5r — \/¥ = 4v/r 

(2.) \/rr + 2i/W+ 3\/7F + Sv/S" = sav/s" 

(a) i/8T~— 21/24"+ v/^+ = 8y/T— i/T 


(4.) \/45c‘ — v/80c» + \/5<?r = {a—c)y/5c 


(5.) + v'50a’fi’ = (3a’J + 5aJ)v/l«J’ 

(C.) — t/4X + V^4xe*ai*c 

sz (8o’5 — 6ab’c + 65) '/ 4tibc 



(8.) i/54a"+‘63 _ + i/2a^“'-H + VSr'u" 


= (3a 5 — 1^+ tt” +’ + c) ' 


(a N v/3 X l/syr- 5£ . Jll 

\/ d' g \/ 3’c’5<’y* t rf 3cd ) V y p 


(10.) 



(n.) v^Sa'c + 6aic + 36*c = 

(12.) (/4 a *5* — 20 aV + 25 a o’ =: 


^l/«-+2r 

(a + h)y/^T 
a* — ^ 5 Z>) y 7^ 


* It ta manffost that, in general, \/ "V" a y "v/ for hy (Aft 58) eRoh of these cxpresslotM li 
c »toov'~ 



im 


algebra. 


(la) 


\/^x — 2 a x^ X 

v/«* + 2 a X 4“ ^ 


' a + b^a^ — 2a5-f*5* 

/« — ^ 

VSIT 

(16.) vr X X t/r = 

(17.) t/r X X vr = 

(18.) aVo< X cVi* := 




65. Let ns now consider the sign with which the monomial may be affected. 

We have seen (Art. 52) that, whatever may be the sign of the monomial its 
square is always positive ; and it is evident that, in like manner, every even 
power must be positive, whatever may be the sign of the original monomial, 
and that every uneven power will be affected with the same sign as the original 
monomial. 

Thus — a when raised to different powers in succession will give 
— o. + a*, — a®, + — a*, + o®, — &c. 

And -f- « in like manner will give 

+ + «*, + a®, -f- a*, fit®, + a®, + &a 

In fact, every even power 2 n may be considered as the square of the w*'* power, 
or «*“ = (a")*, and must therefore be positive; and in like manner, every 
power of an uneven degree (2 « -f- 1) maybe considered as the product of the 
2 pow'er by the original monomial, and must therefore have the same sign 
ivilh the monomial. 

Hence it appears, 

I. That every root of an uneven degree of a monomial quantity^ must be 
affected with the same sign as the quantity itself Thus : 

= 2a; = —Za; (/— 32a>«6» = — 2a»i 

II. That every root of an even degree of a positive monomial may be affected 
with the sign + , or the sign — , indifferently. Thus : 

\/WcFW =z ± Za¥ i V64^=+2a» 

III. That every root of an even degree of a negative monomial is an impose 

sihle root. For no quantity can be found which, when raised to an even power, 
can give a negative result. Thus — c, . . . are symbols of opera- 

tions which cannot be perfo rmed, and are called impossible^ or, imaginary 
quantities^ as v/— «, V — (Art. 58). 
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66, The different rules which have been estihlished for the calculation of 
radicals, are exact so long as we treat of absolute numbers ; but. are subject to 
foine modifications, when we consider expressions or symbols which aie purely 
a^ebraical; such as the imaginary expressions just mentioned. 

' Xet it be required, for example, to determine the product of \/ — a by 
\/ — a; by the rule given in (Art. 62.) 


V—a X V- 


= V—a X 
= 


But v/-f-o* = +a, 80 that there is apparently a doubt as to the sign with 
which a ought to be affected, in order to answer the question, iriowever, tiie 
true result is — a; because, in general, in order to square it is sufficient 
to suppress the radical sign ; but v/ — a X V — « is the same thing as 
w — «) ® , and consequently is equal to — a. 

Next, let it be required to determine the product of — a by \/ — by 
the rule, (Art. 62.) 

\/—a X yj -—b = V'— « X —b 

= ah 

= + \/irzr 

The true result, however, is — \/ a b^ so long as we suppose the radicals \/ — a, 
y/m^b to e^ch preceded by the sign -f- *, for we have, according to (Art. 50.) 


Hence, 


v/ —a = 

v/:=3 

y/ZIa Xv/— 6 = 


y/ a . v/ — 1 

\^h • V — 1 


a Xv'— 6 = \/a5(\/— 1)’ 

• y/ ab % — 1 

= — y/ ab 

According to this principle, we shall find for the different powers of \/^i 
tile following results : 


(v/- !)• 


■v/— 1 

_ I 

(v/iri)* . v/“ 

-v/--' 

(^'ZTT)’ X W- !)• 
-1 X —1 
4- 1 


Since the four following powers will he found by multiplying + i by the 
first, the second, the third, and the fourth, we shall again lind for the four new 
powers -}-v/ — 1, — I, — \/ — 1, -f- 1 ; so that all (lie powers of \/ — I, will 
form a repeating cycle of four terms, being successively, y/ — 1, — I, — \/ — I 

+• 1 .* 

e nils may be expres9»*d In its most grenoral form thus. If n be any who’e number; 

(.v'rnj*" = a*" X +i = «’" . • 

' = „■'" + • X 4 V'-I = , *"+'•>/-( ' 

(ov'ILi)’» + * = + * X — I _n "+» 

(.✓^1)^'' + ’ — .*'+• X — V'— 1 ■ V'—J 
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' Finally let it be required to determine the product of ^ by V~3; 
vrhicli according to the rule woUd be {/ aTi. To doteinants the true rebulti 
Mre miujt observe that, 



{/—a 


zz 

t/r . v— 1 




zz 

t/r- v/~i 

And 





But, 

(t/~/ 


zz 

(yy:rr)' 




zz 


Hence, 

X 

ll 

t/:rF 

■ 

\/ab • \/ — 1 


The above principles will enable the student to operate upon these qiiati lilies 
williout euibaiJLiioomeAii, 


THEORY OF FRACTIONAL AND NEGATIVE EXPONENTS. 

67. This is the proper place to explain a species of notation which is found 
extremely useful in algebraic calculations. 

L Let it be required to extract the n**' root of a quantity such as o™. We 
have seen by (Art. ,55.) that, if m is a multiple of n, we must divide w, the 
index of the power, by w, the index of the root required. But if m is not 
divisible by n, in which case the extraction of the root is algebraically impos- 
sible, we may agree to indicate that operation, by indicating the division of tlie 

exponents. We shall thus have, 

• ____ ™ 
v/"'“ = ■ 

m 

the expression being understood to signify the root of by a conven- 
tion founded upon the rule for the extraction of roots of monomial quantities. 
According to tills convention or definition, we shall have, 

IT. Let 1 . be required to divide a™ by g" . According to the rule in (Art. 
17.) we must subtract the index of the divisor, from the index of the dividend ; 
so that, 

■ — - a“““ 

it is to be remarked, however, that here it is supposed, that m dil. n. But 
if m n, in which case the division is algebraically impossible, we may agree 
to indicate the division by subtracting the index of the divisor, from the index 
of the dividend. Let/? be the absolute difference of m and n\ so that nzzm 
-f- 1 ), we shall then have ' 
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^ “^» suppressing the factor 

coniiuon to both terms of tiie fraction ; we shall then have 

• 1 


<r-p 




The expression ar-v is then the symbol of a division which cannot be executed; 
and the true value of the expression is unity divided by the same letter a, affected 
uith the exponent /?, taken positively. According to this convention, ne 
shall have, 


=z 


1.-, &C. 


III. By combining the two last conventions, we an-ive at a third notation, 
which is the negative and fractional exjtonenL 

Let it be required to extract tlie root of — . 

In the first place, ^ = <r-“ ; hence = a~~ suhstitut- 

ing the fivictional exponent for the ordinary sign of the radical. 

As in words, a*" is usually enunciated a to the power of m being a positive 

integer ; so by analogy, aT, 0 ”“, a » , are usually enunciated, a to the 
powtr of m by w, a to the power of minus m, and, a to the power of minus rn 
by w. 

All that has been hitherto said, with regard to fractional and negative 
exponents, must be considered as a mere matter of definition; in short, tliat by 

a convention axxion^ algebraists, a“ is undci-stood to mean the same thing as 

a”""* to be the same as — » ^"<1 ® “ y P*’®- 

ceed to prove^ that the rules already established for the multiplication, division, 
formation of powers, and extraction of roots, of quantities affected nilh positive 
integral exponents, are applicnable without any modification, nheii the exponents 
are fractional or negative. We shall examine the different vAises in succession. 


68. Mult .PLICATION. Let it be required to multiply by ; then it is 
asserted, that it will be sufficient to add the two exponents, and that, 


a 


i 


X « 




a 

a 


i + i 

it 


For by our definition, 

3 


Audi* 




X 


= i/a*” 

= 

= X i/r* 

= 

19 

ss u by definition in (Art. 67. 1.) 
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For, 


A^n, let it be required to multiply a - ^ by a then it is asserted that 

_ A+tS 
= 

a ^ == a *, and = V«*. 

a~^ xa* = y^»X {/^ 

= •y^’XVa'" 

• =yP 

• . = VT 

= a by definition in (Art, 67. L) 

Generally, let it be required to multiply a ^ by , then 

■— S L — - 4- X 

c “Xu< rru iii^q 


For, 


a >4 


« ’ - -y^a-andaf = ya* 


a u X a <* = 


- . /-L 


a”* X \/af 


= a 

69. Hence we have the following general 


2= 

by defniitioi.. 


n p — m q 
iTq 


BULE OF EXPONENTS IN MULTIPLICATION. 

In order to multiply quantities expressed by the same letter^ add the exponents 
of that letter, whatever may be the nature of the exponents. 

This is the same rule as was established in (Art. 11), for quantities nfiected 
%viih integral and positive exponents. According to this rule we shall find 

}, — i — 1 vr i Vt — i — 1 

a* b *c c® = a*b ®c ^ 

3a-*6* X 2o~*6^c* = 6a~'^b^cK 

I 1 

70. Division. Let it be required to divide a by a* ; then it is asserted, 
liiiit ii will be sufficient to subtract the index of the divisor from the index of 
the dividend, and that we shall thus have 
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For, 


I 


feXTRAoTION OP BOOT?. 


s: =: 

a* 

= a* 


= (/J5, and = i^a. 

a ^ j/a^ 

A ~ l/“ 


a ' 


= {/iA 

=:: fl by defixutici:^ 


In like manner, we can prove that 


4r. = «*-<-<> 


= af. 


2L X* 

Generally, let it be required to divide a '» by a ^ 
Then, 


For, 


i: I ji. 

an.:. a<i ~ a» ^ 

■ q — "F 

= a 


an = \/a®, andflf = 


= 


— flUp 


= "ya"“i-“P 

m — n p 

= a «q by definition* 


71. Hence we have the following general 


RULE OF EXPONENTS IN DIVISION, 

jbi order to divide quantities expressed by the same letter ^ subtract the erpon* 
ent of the divisor from the exponent of the dividend^ whatever may be the nature 
of the exponents* 

This is the same rule as that established in (Art. 17), for quantities afiecM 
%ith integral and positive exponents. According to this tiile we have 
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a 

a 




a-^ 


72. Formation of powers. In order toraise a monomial to any power, the 
rule given in the case of positive and integral exponents was, to multiply tiie 
index of the quantity by the index of the power sought We have now to prove 
tluot this holds good, whatever may be the nature of the exponent 


A 

Let it be required to raise a to the 4*^ power. 
Then, 

(aV = 


-r- /I 


For, 


But, 


a* = V”’- (“^) = (Va')*. 

^ == \/^i by (Art 63,) 

- .V 


Generally, let it be required to raise a > to the power of />• 


Then, 

/ p — X ^ 

1 a n 1 zz c » 

p 

For, 

ZZ an 

a'o 

— . m p 

— “i/a”, and (a^) = (*v/a”)^ 

But, 


(Vo”)' = 


a »’ 


The demonstration will manifestly be precisely the same if we suppose one or 
both of the indices to be negative. 

73. Hence we have the following general 

RULE FOR RAISING A MONOMIAL TO ANY POWER. 


Mvltiply the exponent of the monomial hy the exponent of the power required^ 
whatever may be the nature of the exponents* 

This is the same rule as that established in (Art 55) for quantities affected 
with positive iutegi*al exponents. According to this rule we have 


f * 

(«*) 





EXTflACTION OF ROOTS. 

(«V = 


I4S 


(a a 


= a‘ 

= s'a-ix'jJX* 


= 64 a \ 


74. Extraction of Roots. In order to extract the n'* rout of any quantity 
according to the rule in (Art. 55), we must divide the exponent of each letter by 
the index n of the root. JLet us examine the case ot fractional exponents. 

Let it be required to extract the cube root of a 


Then, 



& 

a by definition. 


(Jenerally, let it be requii’e^i to extruct the root of a"*'# 
Then, 

• (/ri“ = AM- 

For, 

= v/a" , wid i/a'^ = 

But, 

• V' (by Art, 58.) 

m 

= a ■' p, by definition. 


75. Hence we liave tl;e following 


RULB FOR THE EXTRACTION OP ANY BOOT OF AN ALGEBBAIC MONOMUl. 

ZMvide the ex/ionent of the. tioHomial by the exponent of the root requiree^ 
ndtatener may be the nature <flhe expomnts. Thus, 
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»-5-7 — S+/ 

= O* b 


= 


C' 

76. We shall close this discussion by an operation which includa9 the deinoiv 
stration of every possible vaiiety of the two precedijig ri^es. 

“ r 

Let it be required to raise a “ to the power of wa miisl prove that 



a 


m r 



If we recur to the origin of tills notation, we find that 



HI r 

ss ' a ® * 


77. The notation above explained can be extended to polynomials, by including 
them within brackets, in the same manner as was explained in the case of in- 
tegral exponents. 

Thus, (a; -f- o) 4 signifies the same thing as \/a; -J- c, or, the square root of 
x+ a. 

So, (x + a) ^ is equivalent to ^ or, unit^ divided by the square 

root of x-j- a. 

In like roani|er, (x a -f- b)i will be the same as ^(x+ a + b)\ or, 
the fourth root of the third power of the quantity a; -f-^a -f- &, and (x a 
+ 6) — 4 will be unity divided by the last mentioned quantity. Since the ex- 
ponent unity is always understood, when no other index is expressed 

(x -}“<*) — ^ is the same as ^ and so on. — ^The same rules which have been 
established for the treatment of monomials affected with exponents will also 
manifestly apply to polynomials under the same restrictions. 

Examples. 

(1.) a * X « ' = a ’ = «(/ 5 T 

(i.) a'^h'^*Xa*b^c= a^b~^c - ^ 
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(a.) _ 2 _ X —1 

c-i 


= -i = 


= in^- 

a V t 


(4.) a~"“ -r- a"”^ 
(5.) ca^ -f- da^ 


p m 

a q n 


•5-« 


Bp — ir^ 

a oq 


(6.) -4-a h 




C7-) 




c a 


C®d 3 

i(« + ^')“J (« + *}"■* 

(a* + a=fi^ + a*J^ + a6 + a*i* + t*)x(a*— i*) = a’— i* 

<"•> (,i + .l,* + ,*) X (.»_/) = .!_/ ■ 

(l*+J*) X (»—* + ,, — *) = ilj — t + Z + l—*!,* 

(WO^^ ■=. + 


(15.) 




a^-.5‘ 


= a»— "5 


78. Having thus discussed the formation of powers, and the extraction of roots, ^ 
in monomial quantities, we shall now direct our attention to polynomials ; and 
ha the first place, let it be required to determine the square of a; + « i then, ^ 

(a? + af = (x + a)x (a; + a) 

= a;® + 2a;a + a* by rules of multiplication. 
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Next let it be required to form the square of a trinomial + a d). Let 
us repi'esent, for a moment, the two terms, x-j- a, by the single letter Jt. 


Then, 


(x + a+i)» 


But, 




And, 


2zd 


(z + 6y 

(x + a)* 

a;*-j-2a;a + a* 

2 5 (x + a) 

2 xb + 2 ab 




Tlierefbrc, substituting for z * and 2 z b their values, we find, 

+ + = x*'i-a*-l-b*~t‘2xa + 2xb-j-‘2ab 


llenoe it appears, that ibe square of a trinomial is composed of the sum of th* 
squares of all the terms, together with twice the sum of the products of all the 
terms rmltiplied together two and two* 

We shall now prove, that this law of formation extends to all polynoiiiials, 
whatever may be the number of terms. In order to demonstrate this, let us 
suppose that it is true for a polynomial consisting of n terms, and then endea- 
vour to ascertain whether it will hold good for a polynomial composed of 
(n 1) terms. 


Let x + <2-f-5 + c-f-----+^-f-/be a polynomial consisting of n + I 
terms, and let us represent the sum of Uie n first terms, by the single letter z * 
then. 


(3:+a+b+c+ - - - +h+l) = (z+l) 
and, (x-f-o+^+c-f- - - - +A+0* = (^+0® 

= z^+2zl+ l'^ 

or putting for z its valitfe, z= (x-j-a+b+c-l + 2(x-f-a-f-d 

l~^l ^ 


But, the first part of this expression, being the square of a polynomial con- 
sisting of n terms, is, by hypothesis, composed of the sum of the squares of all 
the terms, together with twice the sum of the products of all tlie terms multi- 
plied two and two : the second part of the above expression is equal to twice 
the sum of the products of all the n first terms of the proposed polynomial, 
multiplied by the (u + ly* term I ; and the third part is the square of the 
i'f term i. 

Hence, if tlie law of fimnatim already enounced, holds agood for a polyno- 
mial composed oC n terms, it wiH hold good for a polynomial composed of 
{n -f: 1) terms* 

But we have seen above that it does hold good for a polynomial composed of 
terms; therefore k must hold for a polynomial composed of four terms, 
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and therefore for a polynomial of Jive terms, and so on in succession* There* 
fore, the law is general, and we have the following 


RULE FOR THE FORMATION OF THE SQUARE OF A POLYNOMIAU 

The square of any polynomial is composed of the sum of the squares of all 
the terms together, with twice the sum of the products of all the terms multiplied 
together two and two. According to this rule, we shall have, 

(1.) 2 he 

2hd-^ 2he-\- 2cd-f- 2c£;-f - 2de, 

‘2/ (a — b — c-f-d)* zr — 2ah — 2«c+2<wZ-f-25c — 2bd — 2cd, 

If any of the terms of the proposed polynomial be affected with exponents 
or coetheients, we must square these monomials according to the rules already 
established. 

(3.) (2a — 4 6‘^cS)* zz: 4 + 16 6^ c® — IC ^3 

(4.) (3a2 — 2a^+ 4i“)2 = 9 a + 4< b^ + 16 — 12 6 

24 a * ^ — li a 6 * 

— 9a* — 12a®6-|-28a‘^6® — l6aZ>^4-I6 6* ar- 
ranging according to powers of a, and 
reducing. 

0 

{b.) (ba^b-^iabc+Gbc^^3a^c)^ zz 25 a*b*+ 16 a^b^c^ + 36 b^c* +9a^c^ 

— 40 60 a‘^ — 30a*Jc 

— 48 a 5* c3 + 24 a^^^c* — 36 

= 2oa^b^-^ 40a^b^C+76a^b^c^-^4Sab^c^ 
+ 36b^e^ — 30a*6c + 24a85c* 
^36a^bc^+ 9a*c^. 

79. Let us now pass on to the extraction of the square root of algebraic 
quantities. 

Let P be the polynomial whose root is required, and let R represent the root 
which for the moment we suppose to be determined ; let us also suppose the two 
polynomials P and R to be arranged according to the powers of some one of 
the letters which they contain ; a, for example. 

If we reflect upon the law of the formation of the square, it will be seen, that 
the two first terms of the polynomial P, when thus arranged, will enable us at 
once to determine the two first terms of the root sought; for, 

• P. The square of the first terra of R must involve a, affected with an ex- 
ponent greater than any tliat is to be found in the other terms which compose 
the square of R. * 

2°. Twice the product of the first term of 11 by the second, must contain a, 
affected with an exponent greater Uian any to be found in tJje subceediBg 
terms. 

K 2 
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Hence, the two terms of which we speak not being susceptible of reduction 
with any other terms, will necessarily form the two terms of P, affected with the 
highest exponent of a, and the one immediately inferior. It follows from this, 
that if P be a perfect square, 

I. The first term must be a perfect square ; and the square root of this term, 
when extracted according to the rule for monomials (Art* 49), is the first term 
of R. 

II. The second term must be divisible by twice the first term of II thus found, 
and the quotient will be the second term of R. 

III. In order to obtain the remaining terms of R, square the two terms of R 
already determined^ and subtract the result from P; we thus obtain a new' poly- 
nomial P', which contains twice the product of the first term of R by the third 
term, together with a series of other terms. But twice the product of the first 
term of R by the third, must contain «, affected with an exponent greater than 
any that is to be found in the succeeding terms, and henc^e this double product 
must form the first term of P'. 

IV. The first term of P' must be divisible by twice the fii*st term of R, and 
the quotient will be the third term of R. 

V. In order to obtain the remaining terms of R, square the three terms cf 
the root already determined, and subtract the result from the original polyno- 
mial P ; * we thus obtain a new polynomial P'', concerning which we may rea- 
son precisely in the same manner as for P', and continuing to repeat the ope- 
ration until we find no remainder, we shall arrive at the root required. 

The above observations may be collected and embodied in the following 


RULE FOR THE EXTRACTION OF THE SQUARE ROOT OF ALGEBRAIC POLYNOMIALS. 

1". Arrange the polynomial according to the powers of some one letter. 

Extract the square root of the first term according to the rule for mono- 
mials, and the result will be the first term of the root required. 

3". Square the first term of the root thus determined, and subtract it from the 
original polynomial. 

4*. Double the first term of the root, and divide by it the first tcim of the re- 
mainder, and annex the result ( which will be the second term of the root J with 
its proper sign to the divisor. 

5". Multiply the whole of this divisor by the second term of the root, and sub- 
tract the product from the first remainder. 

6®. Divide this second remainder by twice the two first terms of the root al- 
ready found, and annex the result (which will be the third term of the root) 
with its proper sign to the divisor. 

7®. Multiply the whole of this divisor by the third term of idle root, and suh- 
trnct the product from the second remainder; continue^ operation in this 
manner until the whole root is ascertained. 

The above process will be readily understood by attending to the following* 
examples : — 


* In practice this operation Is dispensed with by following tjie precepts in the following rule, 
which evidently come to the same thinf 
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Example I. 

Extract the square root ofl0a;«_l0a:3_12a;* + 5x2+9;r'' — 2x-f-l. 
1)^ airaiiging according to the powers of x, 

Ss' — lSa:* + lOx'' — I0a'3 + 5xs_2a;+ 1 1 Sri _2x2+a^-l 
9.r« I 

Gx^ — 2x'^| — 12 3:»+ 10x*_10x* + 5x2 — 2x+ 1 
- 12:^ :^ -f* 


— 4x^4“ 

Gx^ — lOa-^+Sx^ — 2®+ 1 
Gx* — 

6x^ — 4x*-f‘2x- 

— 1 

— 6x34-4x* — 2xq- 1 
~G.,:3^4xii_2x-f 1 

0 . 


Having arranged the jmlynonii.il according to powers of .r, we first extrn<!t 
the square root of 9 i; ^ the first term, tliis gives 3 x ^ for the first term of the 
root required; tliis Me place on the right hand of the polynomial as in division; 
K(|uaring this quantity, and subtracting it from the Mhole polynomial, we obtain 
lor a first remainder, — 12 a; ® -f ® ^ — 10 a; ^ 5 a: — 2 x -f 1 ; we now 

double 3 x ^ and place it as a divisor on the left of this remainder, and dividing 
by it — 12 X ^ the first term of the remainder, we obtain the quotient — 2 x 
(ihe s(M‘,ond term of the root sought), which mv annex with its ]>roper sign totlie 
double root 6 x ^ ; multiplyiiig the whole of this quantity, C x ^ — 2 x ^by — 2x‘^, 
and subtracting the product from ihe fii*st remainder, we obtain for a second 
remainder, 6x^ — lOx^-f-^^^ — 2x-f- 1* Next doubling 3 x ^ — 2 .x 
the two terms of the root thus found, and dividing 6 x \ the first term of th.o 
new remainder, by G x the first term of the double root, we obtain x for a quo- 
tient, (winch is the third term of the root sought,) and annex it to the double 
root fi X ^ — 4 X multiplying the whole of this quantity 6 x ® — 4 x * -f- x by 
X, and subtracting the pro<luct from ihe second remainder, we obtain a third 
remainder — G x ^ -f" "I' + 1» double 3 x ^ — 2 x ^ 1^*® 

three terms of the root alren<ly found, and dividing — 6 x^, the first leem of 
the new remainder, by 6 x the first term of the double root, we obtain — 1 
for the quotient, (which is the fourth term of the root sought,) and annex it to 
ilie double root 6 x ^ — 4 x * -j- 2 x, multiplying the whole of this quantity 
(5x3 — 4 ^ * _j. 2 X — 1 by — 1, and subtracting it from the third remainder, 
we find 0 for a new remainder which shows that the root required is 
3 X ^ — 2 X * -J- X ■— I 
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The root is therefore + * + 5 ca”-'*a;“ + * — 3a. 




... 1! . .a*®'+2a6'i’4-6‘a:‘ . o®+6’x 

(8/ Extract the square rofiot of — 2 a + a; “ 
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(9) Extract the square root ot 

*» + 4 « ^ + G a: + 4.y ^ + 12 y ^ 2 ; ^ + a i 

Ans. X ^ -f- 2 y ^ -fr 3 

( 10) Extract the square root of 

ixa + 12 — le — 20 x^ + 9 6* y’ 

^S4,6^y^c^z^—30d^y^d^+ IGc'^' + iOc^a^d^+SSd’ 

Ans. 2x^a^-l-3d^y^ — 4c ^ z^ — 5 d ^ 

80. If the proposed polynomial contain several terms affected with the same 
power of the principal letter, we must arrange the polynomial in the manner 
explained in division (Art. 20.) ; and in applying the above process we shall be 
obliged to perform several partial extractions of the square roots of the coeffi- 
cients of the different powers of the principal letter, before we can arrive at tlio 
root required. Such examples however very rarely occur. 

Before quitting this subject we may make the following remarks : — 

I. No binomial can be a perfect square ; tor the square of a monomial is a 
monomial, and the square of the most simple polynomial, that is, a binomial, 
consists of three distinct terms, which do not admit of being reddCed with ea(;h 
ether. Thus, such an expression as a * + & * is not a square ; it wants the 
term + 2 a 5 to render it the square of (<z -j- b), 

II. In order that a trinomial, when arranged according to the powers of some 
one letter, may be a perfect square, the two extreme terms must be perfect 
squares, and the middle teim must be equal to twice the product of the square 
roots of the extreme terms. When these conditions are fulfilled, we may obtain 
the square root of a trinomial immediately, by the following 


Rule. 

Extract the square roots cf the extreme terms, and connect the two terms thus 
found by the sign -j-, when the second term of the trinomial is positive, and by 
the sign — \ when the second term of the trinomial is negative. Thus the ex- 
pression 

9a® — 4)8a*6*-f- 64a*6® 


is a perfect square ; for the two extreme terms are perfect squares, and the mid- 
dle term is twice the product of the square roots of the extreme terms, hence 
the square root of the trinomial is 


Or, 


\/9 a® — v^6 4 a * i * 
3a® — 8a6® 


An expression such as4a® + 12a b — 95® cannot be a perfect square, al- 
though 4 a *and 9 5*, considered independently of their signs, are perfect squares, 
•nd 12 a 5 = 2 a X 6 5, for — 9 5 * is not a square, since no quantity, when 
multiplied by itself can have the sign — 
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fll. In performing the operations required by the general rule, if we find 
#iat ihe'first term of one of the remainders is not exactly divisible by twice the 
first term of the root, we may immediately comdiide that the polynomial is not 
a perfect square. 

IV. We may apply to the square roots of polynomials which are not perfec^t 
squares, the simplifications already employed in the case of monomials (art. 51). 
Thus, in the expression, 

The quantity under the radical is not a perfect square, but it may be put un- 
der the forai 

The factor within brjickets is manifestly the square of « + 2 5, hence 

v/a ^ 5 + 4 « ^ ^ ^ ^ ^ = \/« 5 (a -f* I" ^ ^ 4“ 4* ^ 

— \/ a b (a 2 b) ^ 

= {ci 2 h) \/ a b 

til. Let us next proceed to form the Cube of x a. 

{x ^ a) ^ = (.X’ + ^0 X (a: + a) X (x* + «) 

= 2 - ^ + 3 X- + 3 x a ^ -j- a ^ by rules of multiplication. 

Let it be required to form the cube of a trinomial (x a 4- 5) ; represent the 
two last terms a -j- b by the single letter 5, then 

(x + a -f- 6) ^ = (x + .s) ^ 

= X -h 3 X 2 (a 4“ 4" 3 X (<7 + 5) * -f- (« + 5) ^ 

= a; ^ -f- 3 X rt -f- 3 X 5 3 X a ^ -f" b X « 5 4" 3 x 5 + o 

+ 3 « - 5 + 3 a 5 - + ^ ^ 

T/iis expression is composed of the sum of the cubes of nil the tci'ms, to{]eth r 
with three times the sum of the squnirs of enck term, multiplied bp the simple 
vower of each of the others in succession^ together ivith six times the product oj 
the simple power of all the terms. 

By following a process of reasoning analogous to that employed in (Art. 78), 
we can prove that the above law of formation will hold good for any polynomial 
of whatever number of terms. We shall thus find 

*• 

(a+5+c+c/) 3 z=a 3+5 s+c ^+d 3+3a^ 5+3«« c+Sa^ d+3d^ a+3b^ c+3// d 
+3c' a+3c‘^ 5+3c"' d+^d^ a+3d^ b+3d^ c+Gabed 
(2a2— 4a5+35 ^ _64a3 53 + 2756 — - 48 5 +36 52 + 96 5 « 

+ 144 b^ + 54 d^ 5* — 108 a ^ 144«3 52 
r: 8a6 — 48 5+ 132 ¥ —208 5 3+198 5* ^108 a5 ’ . 

+ 27 5 6 

% 

in a similar manner, wc can obtain the 4th, 5th, &c. powers of any poly* 
nomiaL 
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82. "VYe shall now explain the process by which wo can extract the cube root 
of any polynomial, a method analogous to that employed for the square root, and 
^vhich may easily be generalized, so as to be applicable to the extraction of 
roots of any degree. 

Let P be the given polynomial, R its cube root Let these two polynomials 
Oe arranged accolxling to the powers of some one letter, a for example. It fol- 
lows, from the law of formation of the cube of a polynomial, that the cube of R 
contains two terms, which are not susceptible of reduction with any others; these 
are, the cube of the first term, and three times the square of the first term mul- 
tiplied by the second term; for it is manifest that these two terms will involve 
a affected with an exponent higher than any that is to be found in the succeed- 
ing terms. Consequently these two terms must form the two first terms of P 
Hence, if we extract the cube root of the first term of P, we shall obtain the 
first term of R, and then, dividing the second term of P by three times the 
square of the first term of R thus found, the quotient will be the second term of 
R. Having thus determined the two first terms of R, cube this binomial, and 
subtract it from P. The remainder P' will contain three times the product of 
the square of the first term of R by the third, together with a series of terms 
involving a, affected with a less exponent than that with which it is affected in 
this product, which consequently forms the first term of P'. Dividing the first 
term of P by three times the square of the first term of R, the quotient will be 
the third term of R. Forming the cube of the trinomial root thus determined, 
and subtracting this cube from the original'polynomial P, we obtain a new po- 
lynomial which we may treat in the same manner os P', and continue the 
op rati wn till the whole root is determined. 


EXTRACTION OF THE SQUARE ROOT OF NUMDERS. 

83. We have already given rules in our Arithmetic, by which we arc enabled to 
extract the Square and Cube Hoots of any proposed number ; we shall now 
proceed to explain the principles upon which these rules are founded. 

The numbers 

1, 2, 3, 4, 5, 6, 7. 8, 9, 10, 100, 1000, 

when squared become 

1, 4, 9, 16, 25, 36, 49, 64, 81, 100, 10000, 1000000, 

and reciprocally, the numbers in the first line are the square roots of the num 
bers in the second. 

Upon inspecting these two lines we perceive, that among numbers expressed 
by one or two figures, there are only nine which are the squares of other whole 
numbers; consequently, the square root of all the rest must be a whole number, 
plus a fraction. 

Thus the square root of. 53, which lies between 49 and 64, is 7 plus a frac« 
tion. So also, the square root of 91 is 9 plus a fraction, 

84. It is however very remarkable, that the square root of a whole number^ 
which is^not a perfect square^ cannot be expressed by an exact fraction^ and L 
therefore irwomnwnsurahle with unity. 
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To prove this, let a fraction in its lowest terms, be, if p.^ssil/le, the 

^ , n ft- 

gqnnre root of some whole number N, then the square of — , or ^ must be 

^ual to N. But since a atid h are, by supposition, prime to each other, a’^ and 

(T^ 

are also prime to each other; therefore, — • is an irreducible fraction, 
and cannot be equal to a whole number. 

85. The difference between the squares of two consecutive whole numbers is 
p-eatcr in proportion as the numbers themselves are greater ; the expression 
for this did’erence can easily bo found. 

Let a and a -f“ 1 two consecutive whole numbers; 

Then 

(a+l)2 = flr 24 - 2a+l 

Hence 

+ = 2a +1 

(hat is to say, the difference of the squares of two consecutive whole numbers^ is 
equal to twice the less of the two numbers^ plus unity. 

Thus the difference between the squares of 348 and 347 is equal to 
2 X 347 + I, or 095. 

Let us now proceed to investigate a process for the extraction of the square 
root of any number, beginning with whole numbers. 


Frfraction of the square root of whole numbers. 


80. if the number proposed consist of one or two figures only, its root may bo 
found immediately, by inspecting the squares of tlie nine first number-, iu 
(A.t. 83.).« Thus, the square root of 25 is 5, the square root of 42 is fi plus a 
fraction, or 0 is the approximate square root of 42, and is within one unit of 
the true value; for 42 lies between 3G, which is the square of G, and 49, whi(;h 
is the square of 7, 

Let us consider, then, a number composed of more than two figures, Gd t 
for example. 

Since this number is comprised between 100, which is the ' ^8 

square of 10, and 1 0000, which is the square of 100, its root 
must necessarily consist of two figures, that is to say, of tens 148 
and units. Designating the tens in the root sought by a, ' 
and the units by 5, we have 


60'84 

1 118^4 

0 . 


60'84 = (a + 5)2 = a^ + 2ab + b^ 

which shows, that the square of a number consisting of tens and units^ is com- 
posed of the square cf the ten%^ plus twice the product of the tens hy the unit'<, 
plus the square of the units. 

This being premised, since the square of a certain number of tens can contain 
nothing lower than hundreds, it follows that the squares of the tens contained in 
the root must he found in the part GO (or GO hundreds), to the left of the tvfo 
last figures of G084 (which written at full length is 6000 + 80 + 4 ); we 
therefore separate the two last figures from the othei*s hy a point, ThS part 
60 is comprised between the two squares 49 and G4, the roots of which are 7 
and 8, hence 7 is the figure which expresses tlie number of tens in the root 
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Boug^ht; for (3000 is evidently comprised between 4900 and 0400, wliicli are Uie 
squares of 70 and 80, and the root of()(!84 must, thercibre, be coniprisc'd between 
70 and 80; hence, tlie root sought is composed of 7 tens and a certain number 
of units less than ten. 

The Figure 7 being thus found, ire place it on the right of the given nuwheP, 
Bcpavaling them by a vertical line as in division ; we then subtract 40, which is 
the square of 7, from 6(^, which leaves as remainder 11, after which we mite 
the remaining figures 84. The number 1184 whicli results from this first 
operation contains, as we have seen above, twice tl e product of the tens mul- 
tiplied by the units, plus the square of the units. But the product of the tens 
multiplied by the units cannot be less than tens, and therefore the last figure 4 
cannot form any part of the product of the tens by the units ; hence this pro- 
duct is contained in the part 1 18 to the right of the figure 4, which we there- 
fore separate from the others by a point. 

If we double the tens, vvhich gives 14, and divide 118 by 14, the quotient 
8 is the figure of units in the root sought, or a figure greater than the 
one required. It may mauifeslly be greater than the figure sought, for 118 
may contain, in addition to twice the product of the tens by the units, other 
tens arising from the square of tlie units. In order to determine nhelher 8 
expresses the real number of units in the root, it is sufficient to place it on the 
right of 1 1, and then multiply the number 148, thus obtained, by 8. In this 
manner we form, 1®, the square of the units; twice the product of the 
units by the tens. This operation being elfected the product is 1 184, a numher 
equal to the result of the first operation ; subtracting this product the remainder 
is 0, which shows that GOBI is a perfect square, and 78 the root sought. 

It will be seen, in reviewing the above process, that we have successively 
subtracted from 0084, the square of 7 tens or 70, plus tui(X5 the product of 70 
by 8, pliM the square of 8, that is, the three parts whicli enter into the compo- 
sition of the square of 70 + B, or 78 ; and since the result of this subtraction is 

0, it foUoivs that G084 is the square of 78. 

Take as a second example the number 841. 

This number being comprised between 100 and 10000, its 

root must consist of two figures, that is to say, of tens and 
units. We can prove, as in the last example, tliat the root 
of the greatest squai’e contained in 8, or in that portion of 
the number to the left of the two last figures, expresses the number of tens in 
the root required. But the greatest square contained in 8 is 4, wliose root is 
'2, which is therefore the figure of the tens. Squaring 2, and sul)ti 7 K;ting the 
result from 8, the remainder is 4; bringing down the figures of the second 
period 41, and annexing them on the right of 4, the result is 441, a number 
whicli contains twice the product of the tens by the units, plus the square of 
the units. 

We may further prove, as in the last case, that if we point off the last figure 

1, and divide the preceding figures 44 by twice the tens, or 4, the quotient will 
be either the figure which expresses the number of units in the root, ore. figure 
greater than the one sought In this case the quotient is 11, but it is manifest 
that we cannot have a number greater than 9 for the units, for otherwise we must 
suppose that the figure already found for the tens is incorrect — Let us try 9 ; 
place 9 to the right of 4, and then multiply this number 49 by 9 ; the product 
is 441, which, when subtracted from the result of the first operation, leaver a 
remainder 0 ov»ng that 29 is the root required. 


8'41 29 

4 


49 


44'1 

441 

0 . 
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12'87 

9 

65 I 3ti'7 ' 
f^^5_ 
62 


56'82'14'44< 

+9 

78'2 

725 

571'4 

4509 


12054^4 

120541 


0 . 


Let ws take, as a third example, a number which is not a perfect square, such 
as 1287. 

Applying to this number the process described in the 12'87 1 35 

preceding examples, we find that the root is 35, with a 
remainder 62, Tliis shows that 1287 is not a perfect 
square, but that it is comprised between the square of 35 
and that of 36, Thus, when the number is not a perfect 
square, the above process enables us at least to determine 
the root of the greatest square contained in the number, or the integral pail; of 
the root of the number. 

87. Let us pass on to consider the extraction of the s piare root of a number 
composed of more than four figures. 

Let 56821444 be the number. 56'82'14'44 1 7538 

Since the number is greater than 10000, its root 
must be greater than 100 ; that is to say, it must 1 45 j 
consist of more than two figures. But, whatever 
the number may be, we may always consider it as 1503 
composed of units and of tens, the tens being ex- 
pressed by one or more figures. (Thus, any num- 150G8 
her such as 37142 may be resolved into37140-f- 2, 
or 3714 tens, plus two units.) 

Now, the square of the root sought, that is, the proposed number, contains 
the square of the tens, plus twice the product of the tens by the units, plus the 
square of the units. But the square of tlie tens must give at least hunth-eds j 
hence, the two last figures, 44, can form no part of it, and it is in the portion 
of the number to the left hand that we must look for that square. We fnrtlKjr 
assert, tliat if we find the root of the greatest square contained in this portion of 
the root to the left hand, <*.onsidering its absolute value 568214 alone, without re- 
ference to the remaining figures 44, we shall determine the whole numl)cr of 
tens in the root sought. 

1 'or let a be the rout of the gxeatest square con tain^nl in 5682 14, then tins 
last iimuher must bo comprised between a'^ and (a -f- 1) hence, 568214 X 100, 
or 56821400 is comprised between a* X 100 and (a -j- 1)“ X 100, and since 
these two last numbers differ from each other by more than a hundred (Art. 85. ), 
it follows, that the proposed number itself, 56821444, is comprised between 
X 100 and (a+ 1)^ X 100, and the root required must be comprised be- 
tween the square roots of these two numhera, that is, l)et\veen a X 10 and 
(«-f- 1) X 10. Hence, it ap])ears that the root sought consists of a tens, plus a 
certain number of units less tlian ten. The question is thus reduced to find- 
ing the square root of 5682 14, considering its absolute value alone. 

Reasoning with regard to this number in the same manner as for the original 
number, in order to find the tens contained in its root, we must extract the 
root of the greatest square contained in the part to the left of the two hist 
figures, 14, (which we therefore separate from the preceding ones by a point,) 
that is, in 5682. 

The question is now farther reduced to extracting the square root of 568*2, 
considering its absolute value alone, without reference to the figures which follow 
It. In order to find the number of tens in this new^root, we must again sepa- 
rate the two last figures 82 by a point, and extract the root of the greatest 
square contained in 56. 

Extracting then the root of 56, we find 7 for the root of 49, the greatest 
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square contained in 56; we place 7 on the Tight of the proposed number, and 
squaring it, subtract 49 from 56, which gives a reaiainder 7, to which we an- 
nex the following period 82, because Ave must detenuine the second figure of 
the root of the greatest square contained in 5682. Separating the hist figure tp 
the right of 782, and then dividing 78 by 14, wliich is twice the root already 
found, we have 5 for a quotient, which we annex to 14, we then multiply the 
whole number 145 by 5, and subtract the product 725 from 782; 75 represeius 
the number of tens contained in the root of the number 568214. 

In order to obtain the units in the root of the above number, we bring down 
the period 14, annex it to the second remainder 57, and point off the hist figure 
of this number 5714. Dividing 571 by 150, which is twice the root already 
found, the quotient is 3, Avhich we place to the right of 150, and multiplying 
the whole number 1503 by 3, Ave subtract the product 4509 from 5714. 1 1 once, 

753 expresses the Avhole number of tens in the root of the number 56821444. 

Finally, in order to find the figure of units, Ave bring doAvn the last period 
44, annex it to the third remainder 1205, and point off the last figure of this 
number 120544. Dividing 12054 by 1506, which is twice the root already 
found, the quotient is 8, which A\'e place on the right of 1506, and multiplying 
the whole number 15068 by 8, Ave subtract the product 120544 from the last re- 
sult 120544. The remainder is 0; hence, 7538 is the root sought. 

From what has been said above, it is easy to deduce the rule, wliich we have 
already given in arithmetic, for the extraction of the square root of a number 
consisting of any luuuber of figures, and Avhich it is unnccessoi’y here to repeat. 


Extraction of the square root by approximation, 

88. When a Avhole number is not the square of another Avliole number, we have 
seen (Art. 84.) that its root cannot be expressed by a Avhole number, and an 
exact fraction; but although it is impossible to determine the precise value of 
the fraction which completes the root sought, avc can approximate to it as nearly 
as Ave jdcase. 

Suppose that a is a Avhole number which is not a perfect square, and that wo 
are required to exU-act the root to that is, to determine a number which 

shall differ from the time root of a, by a quantity less than tlie fra(;tion ~ . 

To effect this, let us obsei^ve that the quantity a may be put under the form 
a 

— j-; if we designate the integral portion of the root of an^ by r, this mini her 

* (X n ^ 

an^ will be comprised between r ^ and (r -f- 1) ^ hence, -jy is comprised be- 

tween ^ and ^ consequently, the root of a is comprised between 

T ® (r "4“ I ) ^ r r “I- 1 

the roots of — j and — jpj — , that is, between ~ • Tims, it ap- 

l 

pears, that ^ represents the squaim root of a Avilhin of the true \;ilu0. 

From this we derive the following 
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RUI.E, 

Multiply the given number a, by the square of n, (n being the denominator 
*f ft action which determines the required degree of ajrproxiiniittoii) , extract 
ike integral part of the square root of the product ^ and divide this integral part 
by the denominator n. 

Let it be required, for example, to find the square root of 59 within of 
the true value, 

Miiltiply 59 by the square of 12, that is 144, the [)roduct is 8495, the integ^ral 
part of the root of 8496 is 92. Hence, or ^ 5 ^ is the approximate root of 59, 
tlie result difforin*^ friuu the true value by a quantity less than tV 

So also, 

/ IJ_ = true to 

/ 223 = 14^ true to 

89. The method of approximation in decimals, which is the process most fre- 
quently employed, is an immediate consequence of the preceding rule. 

In order to obtain the square root of a whole number w iihiii . . . 

of the true value, we must, according to the above rule, multiply the propose<l 

iiniuber by (iO) ( 100 ) ( 1000 ) or, wliich conies to the same thing, 

place to the right of the number, two, four, six, cyphers, then extra<;t 

the integral part of the root of the product, and divide the result by 10, lOO, 
1000 

Ilenre, in order to obtain any required number of decimals in the root, wo 
must 

Place on the right hand of the proposed number twice as many zeros as we 
wish to have decimal figures; extract the integral part of the root of this m to 
number, and then mark off in the residt the required number of decimal places. 

This mlo has already been sufficiently exemplified in our arithmetic. 


Extraction of the square root of fractions. 

We have seen (Art. 62) that / hence, in order to extract the 
V 5 \/ b 

square root of a fraction, it is sufficient to extract the square roots of the nun e- 
rator and dcnoniiiiater, and th< 3 n divide Uie former result by the latter. This 
method may be employed with advaiitfige when either one or both of the terms of 
the proposed fraction are perfect squares; but when this is not the case, it will he 
found inconvenient in practice. If, for example, we take the fraction al- 

though^^^= (since each of these expressions, when multiplied by it- 

self, produces the same quantity |,) we must find an approximate value both 
for y/ 3 and also fof not be able to determine at 

once the degree of approximati(»n in the result Under such circumstances 
the following process may be employed : — 

Let the proposed fraction be this may be put under the form this be- 
ing premised, let r represent the integral part of the root of the nmneratr)r 
« b, hence or is comprised between ^ and > consequently, the 
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root of is comprised between ^ pnd . Thus it appears, that ^ «>- 

presents the root of ^vitliin of the true value. Hence, in order to obtain 

the square root of a (raction, € 

Make the denominator of the fraction a perfect square^ hy rnnltiplying both 
terms of the fraction by the denominator^ extract the integral patt of the root of 
the numerator y and divide the result by the denominator. 

Let it be required to extract the square root of 
7 X 1‘^ 

This fraction is the same as 7 : or , But the I '^itol the 

9 

square root of 91 is 9, hence, pj is the root sought; a result within of the 
true value. 

A grijater degree of approximation may, perhaps, be required. In this case, 
91 

rotiiriiirig to ilie number extract the root of 91 to any required degree 

of approximation. Suppose, for example, we wish to find the root of 91 within 
j^of the real value, it will become, by (Art. 88) y/ 91 = 9. 53 Hence 


91 


9.53 


the root of jj, or^|^^,avill be , or a result within 


of the true value. 


For it is evident that 


13 ^ 


. , , , (9.53)^ , (9. 5^)2 

is comprised between , . and 
\lo) 

7 9 53 

henc^ the square root of f[ypi or pj, differs from • by a quantity less than 


91 

( 13 )^ 

91 

( 13 )^ 


l.iOO’ 

Remark. — It frequently happens that the denominator of the fraction, al- 
though not a perfect square, has a perfect square for one of its factors, in which 
case the above operation may bo simplified 

Let the fraction, for example, be 48 is equal to 16 X 3, or (4)*-^ X 3^ 


23 X 3 

hence, multiplying both terms of the fraction by 3, it becomes , . ^ or 

X w) 

69 

1^*® denominator is thus made a pei’fect square. Extracting the 

1 ,'83 83 

root of 69 to whicli gives 8 . 3, we find or, Ibr the root required, 

a result within of the true value. 


In general, therefore, whenever the denominator of the fraction involves a fa(s 
tor which is a perfect square, mmltiplifbotk terras of the fraction by the factor 
which is not a perfect iquare. 


Extraction of the square root vf decimal fractions* 

90. This process is an immediate consequence of the preceding remark. 
Required, for example, the squmre root of 2.36. ’ , 

! >236 . . ' 

This fraction is the same as ; in this case the denominator is a perfect 
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square, extracting therefore the integral part of Uie root of Uie numerator we 
15 1 

have a result within ~ of the true value* 

^gain, let it be required to extract the square root of 3s 425. 

34*25 

This fraction Is the same as But 1000 is not a perfect square, it is 

however equal to TOO X 10, or (lof X 10; thus, in order to render the dem>. 
fuinator a perfect square it is sufficient to multiply both terms of the fraction by 
i.- T. • 34250 34250 ^ 

10, wmcn gives or Extracting the integral part of the root 

185 

34250 we find 185, hence the root required is or 1.85, a result which is 


within of the true value« 

If we wish to have a greater numbeif of decimal places in the root, we must 
add on tlie right of 34250 twice as many zeros as we wish to have additional de- 
cimal figures. 

From what has just been observed, we readily deduce tlie general rule for 
the extraction of the square root of a decirnd fraction which has beep ah*eady 
given in our Arithmetic. 


EXTRACTION OF THE CUBE ROOT OF NUMBERS. 


01. The numbers, 

1, 2, 3, 4, 5, C, 8, 9, 10, 100, 1000, 

when Ciibed become 

1, 8, 27, 64, 125, 216, 343, 512, 729, 1000, 1000000, 1000000000; 
and reciprocally, the numbers in the first line are the cube roots of tlie Bunibers 
in the second. 

Upon inspecting the two lines we perceive, that, among the numbers expressed 
by one, two, or three figures, there are only nine which are perfvct cubes, conse- 
quently, the cube root of all the rest must be a whole number plus a fraction. 

92. But we can prove, in the same manner as in the case of the square root, 
that the cube root of a whole nutnber, which is not the perfect cube of some other 
whole number, cannot be expressed bp an exq,ct fraction, and consequently its 
cube root w imommensurahl&mth unity. 

For if we suppose an exact fritfetion in its lowest terms, to be the cube root 


a a ^ 

of some whole number N, it follows that the cube of ^ , or g-j, must be equal 
to N. But since a and b are, by supposition, prime to each other, a ^ and b * 

d ® * * 

are also prime to each other ; , and ^therefor© ^75 cannot be equal to a whole 
number. 

93. The dilFerenoe between the cijdbes of two dbnsecutive whole numbers is 
greater in proportion as the numbers themselves are Renter ; tlie expression 
ior this difieren4^ can easily be found. , ' 

Let , , . ' 

a and a 1 he f wo conseoutive whole no^nbers ; 

Then, 

(a-f»l)>^ = a^4-3a® + 3a+l; 

' Li ' • 
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" Hence, 

(a+l)8-.a» = 3a«+8a+l; 

that is to say, the difference of the cubes of two consecutive whole numbers is 
equal to three times the square of the less of the two numbers^ plus three tirnq^^ 
the simple power of the number^ plus unity. 

Thus, the difference between the cube of 90 and the cube of 89 is equal to 
8 X (89)* 4-3 X 89 + 1 = 24081. 

Let us now proceed to investigate a process for tne extraction of the cube 
root of any number. 


Extraction of the Cube Root, 

94. The cube root of a proposed number, consisting of one, two, or 
three figures only, will be found immediately by inspecting the cubes of the 
first nine numbers in Art. 91. Thus the cube root of 125 is 5, and the cube 
root of 54 is 3 plus a fraction, for 3 X 8 X 8=27, and 4 X 4 X 4=G4 ; therefore 3 
is the approximate cube root of 54 w’ithin one unit of the true value. 

For the purpose of investigating a new and simple rule for the extraction of 
the cube root, it will be necessary to attend to the composition of a complete 
power of the third degree. Now, since we have 

{a~\-bf=^{a+b') (a+b) (a+5)=a‘^+3a*5+8a5*-|-5\ 

it is obvious that the cube of a number, consisting of tens and units, will be 
algebraically indicated by the polynomial 

-|“ 3a*5 -f- 3a5* -1- 

where a designates the number of tens, and h the number of units in the root 
sought. The number in the tens’ place will evidently be found by extracting 
the cube root of the monomial for va’*=a, and removing a'* from the pol} - 
nomial a^-l-3a*5-|-3a5*-f we have the remainder 

and the difficulty that has been hitherto experienced in the extraction of the 
cube root entirely consists in the composition of the expression 3a*4"3a5-f-5*, 
which is obviously the true divisor for the determination of 5, the figure of the 
root in the place of units. The part 8a* of the expression 3a*-|-8a5-l-5*, 
being independent of 5, the yet unknown part of the root, is employed as a 
trial divisor for the determination of 5; but since the expression 3a*-f 3a54“^* 
involves the unknown part of the root in its composition, it is obvious that the 
trial divisor 8a*, which does not contain 5, will at the first step of the opera- 
tion give no certain indication of the next figure of the root, unless the figure 
denoted by b be very small in comparison with that denoted by a; for the 
trial divisor 3a* will be considerably augmented by the addend 3a5-|-5*, when 

is a large number, whHe the augmentation, whan 5 is a small number, will 
not so materially affect the trial divbor. 

When the figure in the tens’ place is a small number, as 1 or 2, it is hence 
obvious that little or no dependence can be placed on the trial divisor; but if a 
be great and b small, the trial divisor 8a* will generally point out the value 
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of h. All this will be evident if we consider that the relative values of a and 
h materially affect the true divisor, 3a*+3a2>+^®. In the successive steps, 
however, of the cube root, this uncertainty diminishes; for conceiving a to 
designate a number consisting of tens and hundreds, and b the number of 
#)its, then the value of b being small in comparison with a, the amount of the 
effect of b in the addend 3ai+^^ will be very inconsiderable; hence the trial 
divisor, 3a®, will generally indicate the next figure in the root. 

To remove, in some measure, the difficulty w hich has hitherto been expe- 
rienced in the extraction of the cube root, we shall proceed to point out two 
methods of composing the true divisor, 3a®+3aZ>-j-Z>®, and leave the student 
to select that w hich he conceives to possess greater facility of operation. 


95. First method of composition <^3a®H-3a5-f 5®. 


ay. a = a® a^-|-3a®5-}-3a5®4'^ (a = root sought 

a a* X a= a® 

a a® 


— — 3a®5+3a5®4’^^ 

3a® 

f3a-f“^)x^>“ 3a5-|-5® 

b — : 

b (8a®-f3a5-f^*)x5=. . . . 3a®5-f-3a5®+5* 

5 * 


3a ^-35 3a®4*6a5+36® 


Distinguishing the three columns from left to right, by firsts second, and 
third columns, we write a in the root, and also three times vertically in the 
first column; thenaXa produces a®, which write also three times vertically in 
the second column; multiply the second a® by a, placing the product, a^ 
umler a® in the third. column; then subtracting from the proposed quantity, 
we have the remainder 3a®5-|-3a The sum of the three quantities in 

the second column gives 3a* for the trial divisor, by w'hich find b, the next figure 
of the root, and to 3a, the sum of the three last written quantities in the first 
column, annex 5; then the sum, 3a-|-5, is multiplied by b, and the product, 
3a 5+5®, is placed in the second colnmn; then the trial divisor 8a®, and 
the addend 3a 5+5® being collected, give the true divisor, 3a®+3a5+5*, 
which multiply by 5, and place the product, 3a®5+3a5®+5^ under the re- 
mainder 3a® 5+3a5®+5®. When there is a remainder after this operation, 
the process may be continued by writing 5 twice in the first column, under 
3a +5, and 5® once in the second column, under the last true divisor; then 
3a*+6a5+35®, the sum of the last written three lines in the second column, 
will be another trial divisor, with which proceed as above. We have written 
a* in the second column three times in succession, to assimilate the first step 
in the operation to the other successive steps, but the first trial divisor, 3a*, 
may be WTitten at once, and the symmetry of the disposition of the quantities 
in the first steps disregarded 

t 2 
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96, Second method <i) c<mposing6a*-\-6ab-\-h\ the true divisor, 

a a* ..••••• a® 

2a 2a* 8a*^-f-Sa6*-t- ft® 

a ' 3a* 

8a 4-^ ... . Saft4- ft* 

ft 3a*+3aft+ ft* . • . . 3a*ft+3aft*+ft* 


3a+2ft 8a ft -f 2ft* 

ft 

8a*-|-6a ft + 3ft* = second trial divisor. 

3a+3ft 


In this method we write a under a in the first column, and the sum 2a 
oeing multiplied by a, gives 2a* to place under a* in the second column, and 
the »um of 2a* and a* is 8a* for the trial divisor. Again, under 2a in the first 
column write a, and the sum of 2a and a gives 3a. Now, having found ft by 
the trial divisor, annex it to 3a in the first column^ making 8a+ft, which, mul- 
tiplied by ft, and the product placed in the second column, gives, by addition, 
the true divisor 3a*-f8aft+ft*, as before. We shall exhibit the operation of 
extracting the cube root by both these methods. 


Examples. 


(1.) What is the cube root of a:®— 9ar®+39af^— 99af®+156ar®— 144x-f 64 ? 


.8 


3# . . 


l««>-ar+4 


Bt/ the first methods 


** 4r^x‘+39jr<--994i® + I6&r«~1444r+64 (jf*--34f+4 

e* 

g4 

— 9«»+394f^— ®9 j? 

8t* 


. — 94)*+ 94!* 


84r<— ar»+ Qjfi — 94f»+2r»^27«« 

Qjfl 

■ iai^724P«+15&r2— 144^+64 

XT*— l&r»+27.^ 

. . 12a <-36#+ 16 


ajr<— 18#*+39f*-36»+16 . . . 12Ar<-72^+l56A»~144A+64 
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( 2 .) What is the cube root of ai'+e**— 40a!*f964:— 64? 

By the second method. 


...... Jf® 

2jr* ...... 2jr< 4ar8 

t'i 

Zje* 

3i*+2jr . . . 

2x 

3a^+ 6:p3+ Ax^ . . . 6j:»+12j?4 + 8x* 

Zx^ + Ax. . . 6 ^ 3 + ^2 

2x — 12jr^— 48jr3+96jH-64 

Zx*-^\2xfl+l2^ 

JfcH+6jr— 4.. — 244f+10 


3jr4 + 12.^3 — 244?+ 16 — 124f<— 48J?5+96jr-€4* 

(3.) What is the cube root of (j^-{-Za^b’\-Zab^+b^+^a^ c-\-^abc-\-Zb^e 
+3ac^+3Z>c^+(r^i' * Ans. a+^+c. 

(4.) Extract the cube root of a,*®— 6a7®+15x^--20a:*+15a?®— 6jr+l. 

Ans, a:*— 20:+' 

97. The same process is employed in the extraction of the cube root c 
numbers, as in the subsequent examples. 


Examples. 


( 1 .) Extract the cube root of 403583419. 


7 49 

7 49 . . 

7 49 

147 

213 639 

3 

3 15339 . 

9 

15987 

2199 19791 


1618491 


403583419 (739 = root 
343 

60583 

46017 

14566419 

14566419 
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(2.) What is the cube root of 1 1*5501303 ? 

115501303 (487 = rook 

16 , ae******* * 6^ 

4 51501 

8 . 82 

4 48 

128 1024 

8 

5824 . 

136 1088 

8 

6912 

1447 10129 


701329 4909303 


46592 


4909803 


98. The local values of the figures in the root determine the arrangement 
of the figures in the several columns, as is exemplified by working the last 
example as belowj and by omitting the terminal ciphers, the arrangement is 
precisely the same as in the preceding example. 

115501303 (400+80+7 


400 . • . 

. • . 160000 

• . . 64000000 

400 


51501303 

800 .. . 

. . • 320000 


400 

480000 


1200 

8 C 





1280 . . . 

. . . 102400 


80 

582400 

. . . . 46592000 

1360 • . . 

. . . 108800 


80 

691200 

4909303 

1440 

7 

1447 . . . 

, . • 10129 



7U1329 . . . , 

4909303 
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99. Extraction of the fourth root of whole nwmberBj, 

The investigation of a method for extracting the fourth root of any number 
is^similar to that employed for the cube root. Thus, since 

(a-f 

we may conceive a to denote the number of tens, and b the number of units 
in the root of the number expressed by Then 

figure in the tens’ place, and the remainder, when a'* is removed, is 

-f 6a® A® + 4a + 6'*= (4a* -f 6a®6 -f 4a -f- 6*) b. 

The method of composing the divisor 4a*+6a®64-4a&®4-2>*, for the deler- 


miuation of b, the figure 

in the units’ place, may be illustrated as follows: 

aXa = a* 


o*+4a®6+6a®6®+4a6*+6" (a+6 

a a®Xa 

= a® 


2a X a =2a® 

a®Xa 

= a* 

a 3a® X a 

= So® 

4a^b + 6a®6® + 4a 6® + b* 

iiaXa =3a® 

4a® 


6a® 



(4a +6)6= 4a6+6® 

• 



(6a® + 4a 6 -f 6*)^ = 6a*6-b4a6*4-6* 

(4a® -f" ba®6 -{- 4a5® 5®)5 = 4a* J -h 6 a®i® + 4a -f b\ 


100. From this mode of composing the complete divisor we easily derive 
the following process for the extraction of the fourth root of any number. 

Example. — What is the fourth root of 1185921 ? 

3X3 = 9 1185921 (33=root 


3 

9X3 

= 27 


6X3 

= 18 

27X3 = 

81 

3 

^7X3 

= 81 

~37592l 

9X3 

= S7 

108 .. . 


3 




— — 

54 . . 




123X3 =- 369 

6769X3= 17307 


126307 X3 


375921 
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In the same manner the student may readily investigate rules for the ex- 
traction of the higher roots of numbers, simply observing to use an additional 
column for each successive root. 

101. To represent a rational quantity as a surd. ^ 

Let it be required to represent a in the form of a surd of the wth order; 

then, by Art. 63, the form will be Va®, or (a")”; for by raising a to the wth 
])ower, and then extracting the nth root of the nth power of a, we must evi- 
dently revert to the proposed quantity, a. Hence we have 

a = Va* = V'o** = 7a“ = Va' 

a = (o^)^=(aV=(a^)=- 

102. When the given quantity is the product of a rational quantity and 
surd, we must .represent the rational quantity in the form of the given surd 
and then express the product by means of the radical sign, or fractional index 
Thus we have 

a^b = 

Sa^/Eb = X V5b = ^9a^xbb = V45M 

a X/xy = X/aXaXaX = i/Wx l/xy=- Xfct'xy 

12V'7 = a/144 X a/7 = a/ 144 xT = \/i008 

{a^f (l-a-®a?s)^= (a^-aV)-^ = 


Examples. 

(I.) Represent in the form of a surd, whose index is 
(2.) Represent 2 — a/ 3 in the form of a quadratic surd. 
(3.) Transform 6 a/11 into the form of a quadratic surd. 
(4.) Transform a^a — h into the form of a quadratic surd. 

(5.) Represent as a surd the mixed quantity (a?+y) 

(6.) Represent as a surd the mixed quantity (a: +4) 


(1.) or 
(2.) a/^4a/3. 
(3.) ^/E96. 


Answebs. 

(4.) Va^—a^b or [ce'—a^b)^. 

(5.) or 

(6.) Vx+i or (ir+4)^- 


103. To find multipliers which will render binomial surds rational. 

The product of two irrational quantities is, in many instances, a rational 
quantity, and therefore an irrational quantity may frequently be found, which, 
employed as a factor to multiply some other given irrational quantity, will 
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produce a rational result; and Mnce the product of the sum and diflference of 
two quantities is equal to the difference of their squares, we have, evidently, 
/v/oX-v^a = a; = a —6 

Vxx Va?® = a?; (® + V 2 f) (« — Vy) = a?®— y 

V^X (Vaf — i/) iVx 4* 2 f) = a? 

Hence it is obvious that, in these and similar equations, if one of the factors 
be given, the other factor or multiplier is readily known, and the proposed 
irrational quantity is thus rendered rational. In the same manner, since 
{x‘±y) (ar2HPar^-f/)=a?3+^ 

V)=a?±y. 

and the expression jI/x4 \/y may therefore be rationalized by multiplying it 
by and Va^^ + multiplied by Va?+ will 

produce a rational result. 

Again, by division, 

^ • • • • 

x—y 



x^y 

— a!^y-\-Qf^y^-.^af^y^+ .... +y"— 
x-\-y / 

Put a?"=a; thena?=\/«» &c. 

then^=-y^»; y^ =1/^^; &c.; 

hence, by substitution in the three preceding equations, we have 

v;^^=^=V5^*+Va‘^*+V^^*+V^^“+ • • • (I) 

— vO 


\/a"— • • • — \/h^^ 


( 2 ) 


==7a'‘-'~7a‘^2i+;/^u_3^s-.;y . . . + . (3) 

Now the dividend being the product of the divisor and quotient, it is ob- 


vious that a binomial surd of the form X/a — \/h will be rendered rational by 
multiplying it by n terms of the second side of equation (1), and a binomial 
surd of the form will be rationalized by employing /t terms of the 

second side of equation (2) or (3), according as n is even or odd, the product 
in the former case being and in the latter a—h or a-\-h. 

Note , — When n is an even number employ equation (2), and when it is an 
odd number use equation (3), in order to rationalize Va+ 


Examples. 

(1.) Find a multiplier to rationalize V7» 

Employing equation (1), we have g=ll, 6=7, and w=3; hence required 
multiplier = l/U?i+ Vl2 1 + ^77+ 1/49. 

For \/m +^77 +V49 
yn -V 7 
VTasT + 

— V847— ^539— 

11 * - * — 7 =4, a rational product. 
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(2.) Rationalize the binomial surd 

Here we have a=5, b=4, n=3. an odd number; hence by equation (8) 
we have multiplier required = for by multiplication 

( -J/5+ V^) (VS— VS+ Vi6)=5+4=9= a rational number. ^ 


(3.) What multiplier will render the denominator of the fraction 


I 


a rational quantity. 

(4.) Change ^^;^ — ^ fraction that shall have a rational denominator 

(5.1 Change -aT"- — ;; ^ — into a fraction that shall have a rational 

denominator. 

(6.) Cbange ^^~t5 — ..r into a fraction that shall have a rational de- 
nominator. 


Answers. 

(3.) ^/7*+.i/7^+4/^s+ 
(4_)5(va6+>±^ 




( 6 .) 


G-f v^a^' — x'x 


104. To extract the square root of a binomial surd. 

Before commencing the investigation of the formula for the extraction 
o^the square root of a binomial surd, it will be necessary to premise two or 
three lemmas. 

Lemma 1 . The square root of a quantity cannot be partly rational and 
partly irrational. 

For if v^a=5+ VCf then by squaring we have 
a=5*-|-cH~25>v/c: therefore 

that is, an irrational equal to a rational quantity, which is absurd. 

Lemma 2. If a;f^^b'=.x^^y be an equation consisting of rational and 
irrational quantities, then and /fb=^^/y. 

For if a be not equal to x, let a — x^d, then we have 

/fy"^ ^b—a — x\ but a — x'=-d\ therefore 
+ which is impossible, 

a=a?, and V^5= ^y. 

Lemma 3. If ^h=^x-\-y\ then ^a — ^'h^x—y\ where x and y are 
supposed to be one or both irrational quantities. 

For since a-f and since a?^ and are both rationalf 

2a y must be irrational, otherwise A/^=a?*+y®+2a7y — a, a rational quantity 
which is impossible by Lemma 1; hence by Lemma 2, we have 

a=a;2q.^8. ^h=2xy 
•. a — 

and //a — ^'b^^x—^y. 
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Let it now be required to extract the square root of a-f- 

Assume = then //a— a ? — y 

a-|- 

a — = 0 !®+^® — ^Ixy 

By addition 2a =2 or a = ar 

Again, //a+yS X ya — or y«® — ^ = a?®— 

Hence = a 

a?* — = ya^ — ^ =f, suppose. 

Therefore, by addition and subtraction we have 

9 o,~\~e j ^ o ___ a — c 

and w® = 

2 ^ 2 

* /a-\-c , /a — c 

an^ = y_ 

Hence vS+Ti = y^ + y^ 

^a—Vb =y^|^ ~'\/°~^ 

where c= y<2* — b; and therefore a ® — b must be a perfect square; and this is 
the test by which w e discover the possibility of the operation proposed 


Examples. 

(1.) What is the square root of 11 + y72, or 1 1 + 6 v^2 ? 

Here a= 11; 6=72; c = y^i^=yi2l— 72 = 7 

A vn+6V'2 = y^ + y^ = 3+ V2. 

(2.) What is the square root of 23 — 8 \/7 ? 

Here a = 23: 6 = 8®X7 = 448; 0 = ^/ 0 ^= v'529— 448 = 9 

A = y£±£ - y^= 4-V7. 

(3.) What is the square root of 14Hh6y5?. Ans. 3+ \/5, 

(4.) What is the square root of 18+ 2y77 ? Ans. y7 + yil 

(3.) What is the square root of 94+42y3 ? Ans. 7+3y3. 

(6.) What is y^/? +2m®— -2yn equal to? Ans. A/np-\-m^—m, 

(7.) Simplify the expression y 16+30 y — l+yi6 — 30y — 1. Ans. 10. 

(8.) What is y28+Toy3 equal to? Ans. 5+y3. 

(9.) y6c+26y6c^3+y6c-26y67=^=+26. 

(10.) ya6+4c® — t/®+2y4a6c ® — a h <I®= ^/a b + y4c^— a?®. 

(11.) What is the square root of — 2y — 1 ? Ans. 1 — y— I. 

(12.) What is the square root of3— '4^/— 1? Ans. 2— y— 1. 

( i3.) What is the square root of ^^ - +^'^ ? 

4 V 3 

Aas. (l + V'ai.fi+Vii) 
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binomial theorem. 

105. It is manifest, from what has been said'above, that algebraic polynoi^als 
may be raised to any power merely by applying the rules of multiplication. We 
can however in all cases obtain the desired result without having recourse to tliis 
operation, which would frequently prove exceedingly tedious. When a binomial 
quantity of the form x + a is raised to any power, the successive terms are found 
in all cases to bear a certain relation to each other. This law, when expressed 
generally in algebraic language, constitutes what is called the “Binomial 
Theorem.’* It was discovered by Sir Isaac Newton, who seems to have arrived 
at the general principle by examining the results of actual multiplication in a 
variety of particular cases, a method which we shall here pursue^ and give a 
rigorous demonstration of the proposition in a subsequent article of this 
treatise. 

Let us form the successive powers of x-f- a by actual multiplication. 

a: + a 
X + a 

+ xa+a^ 

2d power 

X a 

X ^ -f- 2 a + 

+ a -f-2xa^ 

3x0^ 4" ^ ^ power. 

ar -f- 

-f- x^ a 3 x^a^ -j- 3xa^ ^ a* 

x^-j-4fx^a-f~6x^a^-i-ixa^-j^a* 4th power. 

X + a 

+ xa* 

-f- x‘^ a-f- 4fX^ -j- 6x^ -j- 4>xa* -j-a^ 

a; 6 -J- 5a;^ fl+lOx® + lUa;^a^+5x‘a* + a^ -^th power. 

a;® 4- 5^*a-f-l0a:^ + lOa® xa^ 

-J- gi^ 5 10 10 x^ 5 X -j- 

Ox^a-^ 20 x^ a* -j[" b X 6th power. 

X +a 

xT+bx^a+\5x^ a^+20x*a^ + I5x^a* + bx^a^ -f- 

^ bx^ -\-2^x^ a* ^bxa^ a'^ 

a;’4-7a;®fl+21 X® a‘^+35 x^ a®4-35x®fl* 4"^1 x^a^ -j-? xa® -J-a^ 7th power. 

4 

In order that these results may be more clearly exhibited to the eye, we snail 
arrange them in a table. 
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TABLK OP THIS POWERS OF X CU 


(* + «) 

X + a 

(x+oj* 

x^+ 2xa + x^ 


+ 3xa* 

(x+a)* 

X* -j- 4) x^ a Gx^a^-j-. + 

(x-j-a) » 

a;* -f- 5 fl -f- 10 a;® fl® -f-lOa;* + 5xa*-j-a^ 

(x+«)» 

a;® + 6a;®a+15a;^a® + 20a;®a®+15x® 6a;a*+fl* 

(i+a) ’ 

x’ + 7 x« o +21 X >o* + 35 s’o»+ 35 x’a*+2lx^a>+7xa*’+a’ 

(a?+<2) ® 

x^+8x^ a 4- 26x ®a®+56a:®a® +70a; * a * + 56ar ® a * ■4-2Sx ^ a ® +8a;a ^ ® 


In the above table, the quantities in the left hand column are called the 
pressions for a binomial raised to the first, second, third, &c. power ; the corre- 
sponding quantities in the right hand column are called the expansions, or, de^ 
velopements of the others. 

106. The de velopements of the successive powers of a; — a are precisely the 
same ’with those of x + a, with this difference, tliat the signs of the terms are 
alternately -f” and — ; thus, 

(x — a) 5 = — 5x^ a ^ \0 x^ — 10a;2fl^ + 5a;a^ — 

and so for all the others. 

107. On considering the above table we shall perceive, that 

I. In each case the first terra of the expansion is the first term of the binomial 
raised to the given power, and the last term of the expansion is the second term 
of the binomial raised to the given power. Thus, in the expansion of (a: -f- a) 
the first term is ar ^ and the last term is a and so for all the rest 

II. The quantity a does not enter into the first term of the expansion, but ap - 

pears in the second term with the exponent unity. The powers of x decrease 
by unity, and the powers of a increase by unity in each successive term. Thus, 
in the expansion of (a; -|- a) ® we have, x^,x^ a,x* a^, a^, a \ x a \ a\ 

III. The coefficient of the first term is unity, and the coefficient of the second 
term is in every case the exponent of the power to "v^hich the binomial is to be 
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raised. Thus the coefficient of the second term of (x -f- «) * is 2, of (x -f- a) ^ k 
6, of (a; a) ^ is 7. 

IV. If the coefficient in any term be multiplied by the index of x in that term 
and divided by the number of terms up to the given place, the resulting quotient 
will be the coefficient of the succeeding term. Thus in the expansion of (x +^) * 
the coefficient of the second term is 4; this multiplied by 3, the index of x in that 
term, gives 12, >\hich when divided by 2 the number of terms up to the given 
place gives 6, the coefficient of the third term. Again, 6 the coefficient of the 
third terfn multiplied by 2, the exponent of x in that term, gives 12, which, when 
divided by 3, the number of terms up to the given plac^, gives 4, the coefficient 
of the 4th term. So also 36, the coefficient of the 6th term in the expansion of 
(x-j- a) when multiplied by 3, the index of x in that term, gives 106, which, 
when divided by 5' the number of terms up to the given place, gives 21, the co- 
efficient of the succeeding term. 

By attending to the above observations, we can always raise a binomial of the 
form (x 4“ to any required power, without the process of actual multiplica- 
tion^ 


Example I. 

Raise ar a to the power of 9. 

The first term is 

— second 

— thkd * 

— fourth 

_ fifth 

sixth 

— seventh 

— eighth 

— ninth 


— tenth 

Hence, 

a)^ = x^ + 9x^a + 36x^a‘ + 84>x^a^ +126 x^a* + 126a?*<i»+ 
36a;2a^ + 9a;a®-l- 


.. 



9 X ® a 

9X8 


2 

x^a^ = SOx^fl* 

30 X 7 


3 

x'^a® = Blx®a8 

84 X 0 


4 

X ® a * z= 1*26 jc ® a * 

• 126 X 5 


6 

X* = J26x^ a* 

126 X 4 


•* 6 

x®a® =84x®a* 

84 X 3 


7 

x^ =:36x*a^ 

36 X 2 


•• 8 

x^ a® == 9 X 

9X1 

9 

x®a® x®a®. 


Example II. 

In like manner, 

(x — a)*** = x'® — 10a:®a-f.45a;®a® — 120 x^ + 210 x^a* 
^252 a* + ^1^ — 120 a?* a* + 45 x® a® — 10 x « * + « 
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I06. The labour of determining the coefficients mav be much abridged by at 
tending to the following additional considerations * 

V. The number of terms in the expanded binomial is always greater by unity 

than the index of the binomial. Thus the number of terms in (x a) ^ is 
4 -J? 1, or 5, in .(ir + o)'® is 10 1, or 11. 

VI. Hence, when the exponent is an even number, the number of terms iti 
the expansion will be odd, and it will be observed, on examining the examples 
already given, that after we pass the middle term the coefficaents are repeated in 
a reverse order ; thus, 

The coefficients of (x -f- a) * are 1, 4, 6, 4, 1. 

— 1, 6, 15, 20, 15. 6, 1. 

(x-f a) 8 — 1, 8, 28, 56, 70, 56, 28, 8’, 1. 

VII. When the exponent is an odd number, the number of terms in the ex- 
pansion will be even, and there will be two middle terms, or two contiguous 
terms, each of which is equally distant from the corresponding extremities of ilie 
series ; in this case the coefficient of the two middle terms is the same, and then 
the coefficients of the preceding terms are reproduced in a reverse order ; thus, 

The coefficients of (a: + a)^ are 1,3,3, I. 

(z -f a)» — 1. 5, 10, 10, 5, 1 • 

(x + ay - 1,7,21,.^, 32,21,7, 1. 

(x + ay — . 1, 9, 36, 84, 126, \26, 84, 36, 9, 1. 

109. If the terms of the given binomial be affected with coefficients or ex- 
ponents, they must be raised to the required powers, ac(jording to the principles 
already established for the involution of monomials ; thus : 

Example III. 

Raise (2x^ + 5a^) to the power of 4w 


The Hrst term will be (2x^y — J6a:'* 

— second 4(2a:3)3x(5a2) = 4X8X5ar»a* 

_ third X = 6 X 4 X 25*«a*. 

— fourth 4X2X125**a*- 

— fifth, i (2a:»)»X (5a*)* = 625a« 

4 • 


/. (2a?®+5a2)4 — 160x®a2+ 600x®a^ -f- 1000a:^a«+ 625a* 

Example IV. 

In like manner, 

{«» +3aby = (a® )'’ + 9(«® f X (3a5)+36(a8 )’ X {Sahy + 84 (a^ )« X (3a5) * 
+ 1 26(a’*)^ X (3a*/ + 126(a*/ X ('Sabf +84(ay X(3a*}® 
+36 (a^f X (3a5y + 9a» X + (3aby 
= a^+ 27a^^b+324aPb^ + 2268 a^^b'^ + 10206a*®** + 30618a^^*» - 
+ 61236 a*®*8 + 78732 a‘8*7 + 59049 a** *» + 19683 a»*» 

no. We shall now proceed to exhibit Ibe binomial theorem in a general form 
bet it be required to raise any binomial (.r + a) to the power repres ented by 
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the general algebraic symbol n. Then by the preceding principles we shal? 

have^ 


The first term 

— second — 

— third — 
fourth — 

^ fifth — 

&C. 

last — 


l.sJ 

»(n— 1)(» — 2) ._ 3„3 

1 * 
n(n—l)(n-2)(n — 3) „_« * 

1 . 2 . 3. 4 

&C, 


The whole number of terms will be w-f- 1, and the coefficients be repeated 
in a reverse order after the or ( ~ + 1)“* term, according as n is odd or 

even ; moreover, the terms will all have the sign the quantity to be ex- 

panded be of the form of and they will have the sign -j- and — alternately, 
if tl»e quantity be of the form x — a. Hence generally, 


(x+a)* 


(x-<ty 


X” +*nx"-'a+ x"-2a2+ 

i • a 

+ 

+ 

1 • A 


n(n— lX»-2) _3 3 . 

1.2.3 T • • 

+ <*■ 


In this last case, if « be an even number, the last term, being one of the odd 
terms, will have the sign ; and if n be an odd number, the hist term, being 
one of the even terms, will have the sign — , 

Both forms may be included in one, by employing the double sign ; thus, 

(«+a)" = x" i -f- -j- &C. 

1 • 2 ““ 1 • ^ • 3 


Example V. 

To exemplify the application of the theorem in this form, let it be required 
to raise x+a to the power of 5, 


Here wo have n = 5, n — 1=4, 
Hence, 





”Inrz!) 

1.2 

Ii(«— 1)(«— 2) 

1 . 2 . 3 

— 0 (” — ^) (” — 

1 . 2 . 3 . 4 

« (» ^ ) (” (” ■^) (” 

1 . 2 . 3 . 4 . 5 


n — 2 = 3, &C. 

w 


X^ 

5x*a 

5,4 




2 
4.3 


2.3 
1.3. 2 


o® 


1 . 2 . 3 . 4 


xa^ 


= x^ 

= 5x*a 

= 10a;® a* 
= lOac^o® 
= dxa"^ 


5.4. 3. 2.1 
1.2.3. 4.5 


= af a* 


rs af* + 5a;* a + 10x®a* + 10a;® a® + 5xa* + a* 
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Kxufople VL 

Raise 5 c® — 2 y 2 to tHe power of 4. 

Heuie, 

- ^ becomes (5c®)* =r 625 c® 

a = 2j/z I '• 4(5c®y X (Syz) = 1000 c«y 2 

B = 4 ) _ (5c»)» X (.21/zf = eOOcV®*'' 


n(n— 1X^ 2) 

1.2.3 — 

»(n-l)(n-2X«-3) . 

1.2. "3. 4 ^ — 


X(3yz)>= 160c''y»i» 
fg;5(5c®;x(2yz)*= 16y*2* 


... ^ (5 c® — 2 yz)* = 625 c® — lOOOc® y« + 600 c* y* — 160 c^ y«z® + 16 y* 


111. We have sometimes occasion to employ a particular term in the expansion 
of a binomial, while the remainder of the series does not enter into our calcula- 
tions. Our labour will, in a case like this, be much abridged, if we can 
at once determine the term sought, without reference either to those which pre- 
cede, or to those which follow it. This object will be attained, by finding what is 
called the general term of the series. 

If we examine the general forndtula, we shall soon perceive that a certain 
relation subsists between the coefficients and exponents of each term in the 
expandtnl binomial, and the place of the term in the series ; thus, 


The first term is ar“ which may be put under the form 
... second ... a*“* 


... thM ... 

... fourth ... 


w(n — 34 . 2 ) n-^1 8-1 

1 . (3-1) ^ ^ « 

n(n--l)(yi— 44-2) n- 44 . 1 4 _i 

1 . 2. (4-1) ^ ^ ® 


... 

. . . sixtA 


n (n-l)(M~e)(n-.a) n-4 1 

'1 . 2 . 3 . 4 " 

n (n—1 ) Cn~2) (n— 3)Cn— 4 
1 . '2 7"3 4 . 5 “ 


n(n- l ) (n-2)(»-3) 2) «+i_b , 
1 . 2.3 . 4 . (6-1) ^ 


Observing the connection between the numerical quantities, it is manifest^ 
that if we designate the place of any term by the general symbol y, 
the term is, 

n(n—lXn—Z)(n—3) („—p+2) , 

1.2. 3. 4 (p-1) 

This is called the general term, because by giving to p the values 1, 2, 3* 4^ 

we can obtain in succession the different terms of the series fox 

(x+af . 

Example VII. 

Required the 7*** term of tlie expansion of (^r-f-a)*** • 

Hto * = 12) n~p + 2 = 7, » — f>4-l * « 

p s= 7 5 1 = 6 . 
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Substituting these values in the general expression, we find that the term 
sought is, 

12. 11. 10.9. 8.7 - . . 

r : r T3T 475.6 " 924S^«». 


Example VIIL 

Required the 5*^ term of (2 — 4 y . 

Here w = 9, p = 5^ a:=:2c*, fl!=:4A* 

n — p -f- 2 = 6, n — p +1 = 5, p — 1=4 

the 5^’' term is ? (gc* y x (4/^5 ^ x 3£ X 256 


Since the sec.oiid term of the proposed binomial has the sign — , all the even 
terms of the expansion will have the sign — , and all the odd terms the sign + ; 
therefore the 5'*' term is, 

+ 1032192 


Ejcample IX. 

Required the middle term of the expansion of {x — 

Since the exponent is 18, the whole number of terms will be 19, and hence 
the middle term will be the ; and since it is an even term, it will have the 
sign ; hence it will be. 


18.17.16.15.14.13.12.11.10 
1 . 2 . 3 . 4 . 5 . 6 . 7\ 8 . 9 


or — 48620 ar® a® 


112. By employing the Binomial Tlieorein, we can raise any polynomial to any 
power, without the process of actual multiplication. 

For example, let it be required to raise x+a+6 to the power of 5. 

Put 

a+6 = y 

Then, 

(x+a-f-J)‘= (a:+y)‘, 

= -f- \x'y + 6a;® y® + ary® + y* , putting for y its value, 

= + 4ar*'(a j-d) + 6ar® (a^6y + 4a:(a+5)® + (a+5)* 

Expanding (a+5)® , (a+5)® , (a-j-b)* , by the Binomial Theorem, and per^ 
forming the multiplications indicated, we shall arrive at the expansion of 
(a;+fl+5)* . 

It is manifest, that we may apply a similar process to any polynomial. 

1 13. In the observations made upon the expansion of (x+a) ", we have supposed 
It to be a positive integer. The binomial theorem, however, is applicablo, 
whatever may be the nature of the quantity n, whether it be positive or nega- 
tive, integral or fractional. • When n is a positive integer, the series consists of 
n + 1 terms *, in every other case the series never terminates, and the develope- 
raent of (a; + «) " constitutes what is called an infinite series. 

Before proceeding to consider this .extension of the theorem, we may remark 
that in all our reasonings with regard to a quantity, such as (x + a) ■ we may 


• No algebraist has succeeded in proving* this in a manner altogether satisfactory. The least ex* 
ceptionable of the demonstrations which have been proposed, will be given in a subsequent chapter 
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cor fine our attention to the more simple form (1 + a) " to which the former 
siay always be reduced. For, 

•(x + a)=*(l+“) 

I +— a; “ ( 1 + tt) " if we put ~ 

— j. 5 1 . „ a* ■ »Hn— 1)(n — 2) 

— X i‘T"*a;+ 1. 2 a;» T J . 2 . 3 a:» + 

»(« — l)(n — 2)(n — 3)_a< ) 

1 . 2 : 3. 4 5 


Suppose « = — where r and s are any whole numbers whatever, 

— r 

Then (x -f- «) ■ becomes (a: + «)•, and substituting j for n in the series. 


(s -f- a) • ~ X « y 1 -f- 


r /, a\JL 

•'V’+ *)* 


Or reduced, 


:x«(l + -^+ 1^2 i . "^2. 3 it* 

,:-C- , 

+ i.a.s.t — :—?•• + '“■-I 


/-I I !1 £ I , r(r — y) (r — 2$) « > 


r (^r — 8) {r — z s) (r - 
1 . 2.3 . 4 . 




114. The bfhomial theorem, under this form, is extensively employed in 
analysis for developing algebraic expressions in series. 


Example I. 

Expand v/a? + « in a series. 

Vx-J- a = (x + 

= Herer=l, i = 2. 


-a ^1+2 * + — 172 ? + 172:3 *» 


1( 

--1) 

(4— 2'\ 

(4- 

-3^ 


i2 J 

V 2 ) 

\2 

/ 
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= .£ j_ 2 2 . fl j. 2^— « ^ 2 «• 

( ■*'2 ■ jr ■+■ 1.2 ‘ 3 ^ 1.2,3. • 

113.5 ) 

gX— gX — gX 2. a* ^ > 

+ : — 1 .2.3.4 ' x> + S 

_ Jt 1 a I 1.3 efi 1.3.5 

~® i "^2 ‘ ar 1.2.4 ■ a;* ■'■ 1.2.3.8‘ X* 1.2.3.4.16 

^ + \ 

which may he put under the form 

— i5l4— L*? 1 4. 1 > 3> 5 

— « ^ ii- 2 2.4 ' ^ 2.4.6 ' 2. 4. 6. 8 ’ 3^ 

, 1. 3.5.7 ^ I 

^ 2. 4.6.8. 10 • re* 5 

where the law of the series is evident. 

Example IL 

Expand — ^2 ^ jn a series 

v/anZo*!* = (a® — ^ 

=:g( 1 — e*)^ Here rssl^ — =s — e* 

X 

^l--.e»+ — ^ - g — j7g-3 ^ 

i(i-0(i-^)(i-3) , [ 

1 . 2 . 3 . 4 *‘®- ) 

i , 1 \ 1 . 1.3, 1.3.6. „ ) 

Example III. 

Expand ,===:^ in a series. 

/ 5 * + c* 

= m( 6 *+c 0 “^ 
x/S^C' ^ ^ 

= »i5“'(l+^,)“^. Heror=— l,s= 2, ^ =p 
- ? 5 , ' _L (~2'~0 c* 

2 'S^* 1.2 

+ rrm ’ 
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-i 


I . 2 . 3 . 4 


xCja) &C 

r I 3 13.4 

= 1 . -TX-F c». -iX-gX— I 

1.2 ■*■ 1.2.3 

c» , 2 ^ 2 2 X 2 c>» , . f 

' T» + 1. 2. 3.4 P + ) 

_ “ ^1 ± c* . 1.3.5 , 1. 3.5.7 

— — Q'A2'a.4'*'« e.4..fi’A«^2.4.6.8 


2 

f 18 

• jT — ^‘=- 


2 . 4 . 0.8 

I 

J 


Expand 




v/6^ 


Example IV. 
in a series. 


= — C«€*) * 

IL— ^ C*C*\ — in , a® 

- •* • Here,r = _l,4 = 2,-=_-p. 


~ 2 2 ~ 


1.2 
^-2) 


-4-(- T-1) ( 


1 . . 3 


•(sv) 


V 


~2^ 2 '^^2 ic^ e^\* ? 

+ — rv YrsTi 1. j 8- j 

1 c^(?* 1.3 c* e* 1,3.5 c®e® 


w r 1 

= TV+^ 

. 1 . 3 . 5 . 7 c ® <; » 


6 ••* +2.4' i ‘ +9 


2.4.6 6 « 


P + 9 


2. 4 . 0 . 8 ' 6“ 


Example V. 


+ &a .. 


~ m a senes. 


Expand ■ , 

v/('«‘’+ »*) 

= ^f+gHm^+n>r^ 


- ™-* 
= m 


(p+9)('+'.) *• He«. r = -3.*si 


!!• 
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3^ . 3 

VI ^ c 4 ‘ w * 1 • S * v/T^ / 

, — 7 ^ — *x 
+ 1.2.3 * \jn»’ ) 

_ (P'^J 5) 3 "* + ”'“ 3.7.11 

^ i~' m» 1 . 2. ■**«» “ 1. 2. 3. 4» 


“ 3. 7 . 11 . 15 

“■^ 1.2. 3.4.4‘m« 


— &C.. 


ITFJP = (■^+*r’=f4'-¥+^'-*^‘+>“-! 


Ex. 9. 


O + ^H 


~ * 5 + 5.10 





lu 

X* 



d^otc. { 

i. 11 . 1C. a:* 


>. 10.15.20' 


2018 

X »» 

4782969 ’ a 


1 1 5. The binomial theorem is also employed to determine approximate values 
of the roots of numbers. 

In the formula, 

] 

Let us put « =r the expression becomes (x -j- a) r ^ 

we have 

1/1 \ l/I \ /l \ 


1.2.3 


^ + 
• X* ^ 


) 


_ r,^,, ‘ “ I r— 1 a» 1 r— 1 2r— 1 a> , . 

= V'*0+7-7-7-— --37 


1 r — 1 2r — I a* 


If we wished to form a new term, it would manifestly be obtained by mullL 
plying the fourth by changing the sign, and so on for 

tlie rest, the terms after the first being alternately positive and negative. 
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I as 

This being premised, let it be required to extract the cube root of 31. The 
greatest cube c>ontained in 31 is 27 ; in the above formula let us make r zr 3, 
X zz 27, a = 4, and we shall then have 

VST =:.\/€r+i 

= ''^A'+hy 

^,,,14 1 1 16 ,1 1 5 64 

= ^ + '3 -S?-! • 3*- 7"29+ T* 3 • 9 • 

_ „ , 1 16 ■ ^20 

27 2187 “1“ 531441 


320 3 i 

The succeeding term will be found by multiplying — - by — 


’ 531441 

or ^ and then changing the sign, which will give us — 4 ‘~ 5 ‘ j ^ 7 -^ \ ’ 

In like manner, wc shall find the next term by multiplving- . — 

’ ^ I J h .13040721 

112640 


a 

X 


by 


4 r ■ 


1 


it will therefore be 


2560 

43046 <21 


11 4 

X X ^7 — 


27 


17433922005 


and 


or X 
so on f(tr any number of terms. 

Let us however confine our attention to the first five terms of the series, and 
reduce them to decimals, we shall have, for the sum of the additive terms, 


{ 


3 = 3.00000 

i = 0.14815 


320 

531444 


= 0.00060 




8.14875 


And for the sum of the subtractive terms, 

16 
2187 
2560 


= — 0.00731 
z= — 0.00006 


IJeiice, 


43046721 

=z 3.141.38 


} 


== __ 0.00737 


a result which we shall prtweed to show is within 0.00001 of the truth, 

116. Wlien the expression for a number is expanded in a series of terms, the 
numerical value of which go on decreasingcontinually, we easily perceive that the 
greater the number of terms which we take, the more nearly shall we approach 
to the real value of the proposed expression. But if, in addition to this, we 
suppose that the terms of the series are alternately positive and negative, we 
can, upon stopping at any particular term, determine precisely the degree of 
approximation at which we have arrived. 

Let there be a series a— 5-|-c — composed of 

an indefinite number of terms, in which we suppose that the ejuantities a, A, c\ 
on diminishing in succession, and let us designate by N the numbeV repre- 
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Mated by this series, we shall prove that, the numericcU value of N lies hetwe^k 
any two consecutive sums of any mimber of the terms of the above series. 

For let us take any two consecutive sums, 

+ c — d + e— / and, « — 6 + c — rf + e — ./+ ry 

Upon considering the first of these, we perceive that the terms which follow . 

— f are, + (ff — /i) -}- (A — 1 ) ~j ; but since the series is a decreasing 

one, the positive differences y — h, h — /, &c. are all positive numbers, hence 
it follows, that, in order to obtain the complete value of N, we must add to the 
sum a — b -j- c — — f some positive number. Hence^ 

a^b + c^d + e-f^ N 

With regard to the second sum, the terms which follow + ^ — (h — A), 

^ — m)f ; but the partial differences, A — A, / — tw, &c. are positive, 

hence, — (h — h), — (I — m), are all negative, and therefore, in order 

to obtain the complete value of N, we must subtract some positive number fiom 
the sura a — b c — d+e — f 9' Hence, 

a — — d+c — f‘\'9 N 

and it has been shown that 

a — b + c — d-te—/ 

therefor© N lies between these two sums. 

From this it follows, that, since y is the numerical value of the difference of 
these two suras, 7/it: error committed when we assume a certain number of terms 
a — b c — d + e — f for the value of N, is numerically less than the term 
which immediately follows that at which we stopped. % 

In the preceding example, all the terms after the first being alternately posi- 
tive and negative, we may conclude that the numerical value of the first five 
terms '< 

4 16 320 2560 

27~2187 + 031441 “'43016721 


differs from the true value of ^31, by a quantity less than the value of the sixth 

112640 

term, which was found to be equal to ^743^22605 * fraction is by mere 

inspection less than therefore when we assume that ^31 = 3.14138, the 

Vesult is within 0.00001 of the truth. 

117. From what has been said above it will be seen, that, in order to obtain an 
Approximate value of the root of any number N by the metliod of series, W6 
may make use of the following 


RULE. . 

Resolve the yiven number N into two parts of the form -f- where p'' is the 

• - 1 . 
highest n** power contained in N, and in the developement q/* (a; + a) “ make 

f = p a q. The number of terms to be taken in the resulting series will 
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depend upon the degree of accuracy required, and can he determined hy the prin* 
otpte just explained. Convert all the terms of which account is taken into decU 
mals, and then effect the reduction between the additive and subtractive terms. 

This method cannot be employed with advantage except when •— is a small 

fraction ; for unless this be the case the terms of the series will not diminish 
with sufficient rapidity, and it will be necessary to take account of a great num* 
her of terms in order to arrive at a near approximation. 

It may happen that p^ is ^ q, we must then modify the above process, for then 

or is greater than unity, and therefore all the powers of ~ will in- 
crease in numerical value as the degree of the power increases. 

Suppose, for example, that the cube root of 56 is sought, 27 being the greatest 
cube contained in 56, we shall have 

a 29 

a? = 27, a = 29 and 

and the terms of the series will go on increasing instead of diminishing, (w’e do 
hot speak of the coefficients, which are fractions differing but little from unity), 

8 } 

But we may resolve 56 into 64 — 8, or, 4^ — 8; but or, ~ is a smaU frac- 
tion. On the other hand, if we substitute — a for a in the expression for 

L j a l «— 1 1 w— .1 2n^l a 

y/o? a X (I n * X n * 2« ' x'^ ' n * 2 n * 3 n 


If we put a: = 64, n =: 8, we shall obtain a series of terms which will 
decrease with great rapidity. 

Here all the terms, with the exception of the first, are negative, and we can- 
not apply to this series the criterion established in Art. ( 116.) for fixing the de- 
gree of approximation. But we shall approach very nearly to the required de- 
gree of approximation if we take into account such n number of terms that the 
first which we neglect shall be less, by one tenth, for example, than the decimal 
place to which we wish to limit the approximation. 

The student may take the following examples as exercises : 


Ex. 1. \/39 = 

2. y65 == 

3. v/ 260 = 

4. v/uTs = 


{/ 32 + 7 = 
V04 -f- I = 
\/25^4 = 
1/128— 20 =z 


2.0807 .... true to 0.0001. 

4.02073 . . . O.OOOOJ. 

4.01553 . . . 0.00001. 

1.95204 . . . 0.00001. 


RATIOS AND PROPORTION. 

118. Numbers may be compared in two ways. 

When it is required to determine by how much one nund>er is gi’eater or less 
than another, the answer to this question consists in stating the difference be» 
tween these two numbers. This difference is called the Arithmetical Hatio of the 
two numbers. Thus, the arithmetical ratio of 9 to 7 is 9 — 7 or 2, and if^, b 
designate two numbers, their arithmetical ratio is represented by a — & 
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Wlien it is required to determine liow many times one number contains, or, 
is contained in, another, the answer to .this question consists in stating* the 
tumt which arises from dividing* one of these numbers by the other. This quo- 
tient is called the G< omett ical liatio of the two numbers. Tlie term lialio^ when 
used without any qualification, is always understood to signify a geometric^ 
ratio, and we shall, at present, confine our attention to ratios of this descrip- 
tion. 

1 1 9. By the ratio of two numbers, then, we meaq the quotient which arises from 
dividing one of these numbers by the other. Thus the ratio of 12 to 4* is i*epre- 

12 5 I 

sented by or 3, the ratio of 5 to 2 is — or 2,5, the ratio of 1 to 3 is or 

.333 . . . We here perceive that the value of a ratio cannot always be expre‘^sed 
exactly, but that, by taking a sufficient number of terms of the decimal, we can 
approach as nearly as we please to the true value. It may happen that one or 
both terms of the ratio can only be expressed in decimal fractions winch «lo not 
terminate ; thus, in tlie ratio of I to 2, and in the ratio of 3 to v/7, the 
quantities y/ 2, \/3, v/7 can only be expressed in decimals which do not t(ir 
iiiinate, and therefore the values of the*above ratios cannot be exactly expressed, 
although we can approach to them as nearly as we please. 

120. If a, 5, designate two numbers, the ratio of a to 5 is the quotient arising from 

dividing n by 5, and will be represented by writing them a : 5, or, 


121. A ratio being thus expressed, the first term, or «, is called the antecedent 
of the ratio, the last term, or 5, is called the consequent of the ratio. 

122. It appears, therefore, that, in arithmetic and algebra, the theory of ratios 
becomes identified with the theory of fractions, and a ratio may be defined as a 
fraction whose numerator is the antecedent, and whose denominator is the con- 
sequent of the ratio, 

123. When the antecedent of a ratio is greater than the consequent, the ratio 
is called a ratio of greater inequality ; when the antecedent is less than the con- 
sequent it is called a ratio of less inequality ; and when the antecedent and 


consequent are equal it is called a ratio of equality. 


Thus, 


12 


is a ratio of 


greater inequality, is a ratio of less inequality, or 1 is a ratio of equali- 
ty. It is manifest that a ratio of equality may always be represented by 
unity. 

124. When the antecedents of two or more ratios are multiplied together to form 
a new antecedent, and their consequents multiplied together to form a iie.v 
consequent, the several ratios are said to be compounded^ and the resulting ratio 


is called the mm of the compounding ratios. Thus, the ratio is compounded 
with the ratio by multiplying the antecedents a, c, for a new antecedent. 


and the consequents 5, d, for a new consequent, and the resulting ratio ^ 

is called the sum of the ratios ^ and %, 

b d 

T 1.1 , . n P t 

Jn like manner, the ratios of are compounded by multiplying 

all the antecedents together for a new antecedent, and all the consequents for 
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■ new consequent, and the resulting ratio ^ - is called the sum of Uie 

n Q s w 

m p r t 

n- 7- 7- 7- 

T 2 d. When a ratio is compounded with itself the resulting ratio is called the 
duplicate ration or, double ratio of the primitive. Thus, if we compound theratio-^ 

with ^ , the resulting ratio ^ is called the duplicate ratio of 

Similarly, ^ g is called the triplicate ratio or triple ratio of 

Qf^ CL 

And generally, ^ is called the sum of the ratio added n times to- 
gether. 

a ^ 

According to the same principle, the ratio is called the subduplicate 

b^ 

ai J J 

ratio^ or, half ratio of -r - ; for the duplicate ratio of is -r X = r* 
^ ^ 


So also the ratio ^ is called the subtriplicate ratio, or, one third of the ra^ 


i i i i 

. ^ a ^ ^ a , a a a a 

tio, of For thg triple of is K X 

b^ b b^ b 


a" a 

And in general, is called one of the ratio for n times the ratio 
b^ 

1 1. JL 1 

-jis -jX -xX~-iX...tow terms ~ -j* 
bn jn 10 ^ n. 


Note. The ratio -7 is called the sesqiiiplicate ratio of for it is com. 

b^ 

flf ^ d 

pounded of the simple and subduplicate ratio; thus, — ^ X = ““j* 


1 26, If the ternis of a. ratio be both multiplied^ ot both divided, by the same 
quantity ^ the value of the ratio remains unchanged. 

The ratio of a to ^ is represented by the fraction and since the value of a 

fraction is not changed, if we multiply, or divide, both r.umeratoi and denomi 
nutor by the same quantity, the truth of tlie proposition is evident. Thus, 


a 

a rn a n _ , 

*T = — r = - 7 -. or, a: b = m a: mo z= 

o mo b ’ 


a 

n 


u* 



8 


ALGEBRA* 


127. Ratios are compared with each other hy reducing the fractions^ by which 
they are represented^ to a common denbminator, . 

If we wish to ascertain whether the ratio of 2 to 7 is greater or less than that 


2 3 

of 3 to 8, since these ratios are represented by the fractions — and -r-, whi^ 

7 o 


are equivalent to — and — ; and since the latter of these is greater than the 

former, it appears that the ratio of 2 to 7 is less than the ratio of 3 to 8. 

128. A ratio of greater inequality is diminished^ and a ratio of a less quality 
is increased^ by adding the same quantity to both terms^ 

Let represent any ratio^ and let x be added to each of its tei-ms. The twc 

ratios will then be 

a , a-j-x 
b X ' 


nhich, reduced to a common denominator, become 

a b -j- a Xf a b bx 
b(b+x) b(b + xy 

If a "7 6, ie, *^,8 ratio of greater inequality, then 

ab+ ax a b + bx 
V(b -{- x) b(b-j-x) 

and ^ is diminished by the addition of the same quantity to each of its 
terms. » 

Again if a ^ bj i. e, a ratio of less inequality, then 

a b -l~ ax ab-j-bx 

bif-j-x) b(b-j-xy 

and ^ increased by the addition of the same quantity to each of its 
terms. 

129. If there be any number of ratios in v)hich the consequent of the first ratio 
is the antecedent of the second^ and the consequent of the second the antecedent of 
the third, and so on, the sum of any number of said ratios is the ratio of the 
first antecedent to the last consequent. 


Let the proposed ratios be 

abed 

T’ T’ d”’ T* 

Then by (Art. 124.) their sum is 



Or, 


ah c d e • 
bede /- 


e 

T"" 



i. e. 


a 

7 


130. Proportion consists in the equality of ratios. 

Thus, if a, h, c, d be four quantities, sucli that a when divided by b gives the 
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same quotient as c when divided by d, then a, b, c, d, are said to be propor^ 

go 20 

tionals ; the numbers 20, 5, 36, 9 are proportionals, for = 4, and ^ 4. 

131. When four quantities are proportionals, it is usually enunciated by saying 
thtt the first is to the second as the third is to the fourth. Thus, if a, b, c, d 
are proportionals, we say that fl is to 5 as c is to d, and this is expressed by 
writing them 

a : b :: c : d 


Or as fractions. 


c 

b d 


The former notation is usually employed in geometry, the latter in analytical 
investigations. 

€t C 

182. The expression n:ft::c:dor-j-=:^is called a proportion, and a, b, c, d, 

are severally called the terms of the proportion. The first and* last are called 
the extreme terms^ the second and third the mean terms* The first term is 
called the first antecedent, the second term the first consequent, the third terra 
the second antecedent, and the fourth term the second consequent 

133. When the second and third terms of a proportion are identical, \he quan- 
tity which forms these terms is called a mean proportional to the other two ; thus, 
if we have three quantities a, b, c, such, that 

JL r ah 

a i b b \ c OT 

then b is said to b#a mean proportional to a and c, and c is called a third pro^ 
portional to a and b. 

If, in a series of proportional magnitudes, each consequent be identical with 
the next antecedent, these quantities are said to be in continued proportion \ thus^ 
if we have a series of quantities, a, b, c, d, e, f g, h, such that 

a i b :: b : c :: c : d :: die :: e g i: g : h 

Or, 

£ — 

b'^c'^d~“e^f'^g h 

Uien the quantities a, b, c, d, e, f g, h, are in continued proportion. 

The following are the most important propositions connected with the subject 
of proportion. 

L If four quantities be proportionals, the product of the extreme terms wiU be 
equal to the product of the mean terms. 

Let, 

aib lie id 

Or, 

® — c 

b - d 

Multiplyiiig these equals hy b d the expression becomes 


ad b c 
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II. Conrorwiy, /f (he pri^mct of any two quantities be equal to the product 
of cuiy other two, these four quantities will constitute a proportion^ the terms of 
one of the products being the means, and the terms of the other the extremes. 
Let, 

a d :=z b c ^ 


viding these equals hy b d the expression becomes 
a c c a 

T ~ W = T 

i. e. a: b :: c : d, or, c : d :: a : b 


In the first, a and d are the extremes, and b and c the means, in the second 
b and c are the extremes, and a and d the means. 

III. If three quardities be in continued proportion^ the product of the extreme 
terms is equal to he square of the mean. 

This follows immediately from the last proposition, for let a, b, c, be three 
quantities in oontlnueu proportion, then 


* T €L b 

a\h \ ib X c or, -r" = — 
b c 

.% c =: 5 X ^ by last prop. 

= b* 

IV. Conversely, If the product of any two quantities he equal to the square 
of a third, the last quantity will be a mean proportional to the other two. 

Thus, mean proportional to a and c, fdr since 

ac-b^ 

dividing these equals by J c 

a b , jL . j, 

-r = — or a : 0 : : o : c 
b c 

V. Quantities which have the same ratio to the same quantity are equal to 
me another, and those to which the same quantity has the same ratio are equal 
to one another. 

First, let a and b have the same ratio to the same quantity c, then a'=zh. 
Since, 

a i c XX h X c 

Or, 

a _ h 
c ^ c 


Multiply these equals by c a = & 

Again, let c have the same ratio to each of the quantities a and b, then a = 6. 
Since, 

c X a XX e X h 

€ 

~ b 


Or, 


c 

"a 
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Dividing these equals hy c 

1 I 

T = T 

m\ a ^ b 
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VI. Rrttws thru are the same to the same ratio are the same to one ancUher* 


Let, 

a : b :: X : y i 

And, 

f Then, a : b :: c 


c : d :: X : y) 

Sim«, 

fi X 

a: b :: X : y, or -j- = — 

^ b ff 

And, 

. C X 


c : d :: X : y, or = y 

We Lave, 

— *~r Alio also — ""r 
y b d 

a c - , 

•*. =- = -f or, a : b :t e : a 
b a 


VII. ij Jour quantities he proportionals^ they unit he proportionals also 
alteniando, that is^ the first will have the same ratio, to the third that the second 
has to the fourtK 

Let a i h ii c i then also, a : c b d 
a c 

Since divide each of these equals by c and multiply each by b. 

Then ~ ^ i. e. a : c :: h : d 

c d 


VI I L If four quantities he proportionals^ they will he proportionals also 
iiivertendo, that is^ the second will have to the first the same ratio that the 
fourth has to the third. 


Since 


a 

I 


Let a : h :: c : d, then also b i a :: d : a 

Q 

divide unity by each of these equals. We have 


Or, 


li) = (i) 

* — A • 

T c ^ 


IX. Iffimr quantities be proportirmals, they wiU be proportionals also com- 
ponendo, that is, the first together with the second, will have to the sectmd the 
same ratio that the third together with the fourth has to the fourth. 
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Let aibt: Old, then al^o, a -f- 6 : d :: e -f- d : d 

Since add 1 to each ot these equals, then 

a c 

r + i= 77 + 1 


t)r, 


ft -f- b c d 


i. e. « -f- ft 


m 

« ; : c -f- did 


X. If four quantities he proportionals^ they will he proportionals also divi- 
dendo, that is, the difference of the first and second will have to the second the. 
same ratio that the difference of the third and fourth has to the fourth. 


Let a i b ii c i d, then also, a — ft:ft::c — did 
a c 

Since subtract unity from each of these equals, then 


a 

ft 




Or, 


c — d 


Leua — ft:ft::c — did 


XL If four quantities he proportionals^ they will he proportionals also con- 
vertendo, that is, the first will have to the difference of the first and second the 
same ratio that the third has to the difference of the third and fourtfu 

Let a'l h ii c i d, then also, a i a — h ii c i c — d 

Since ^ then by prop. VII 1. ^ =r ^ and hence subtracting these 

equal quantities from unity, 



Or, 

a — ft c — d 

a c 

Or, 

a c , 

r =r s 1 . e. a i a — o i : c i c — a 

a — ft c — d 


XIL If four quantities he proportionals, the sum of the first and second 
will have to their difference the same ratio that the sum of the third and fmrth 
has to their difference. 


Let a i h ii c t d, then also, a -j- h i a — h is c -f- d 
Since y =r we have 

ByProp-IX. 
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By Prop. X. ^ 

'■ft d 


Dividing these equals by each other, 

o -f- c "j- d 

b _ d ^ 

a — 6 c — d 

Or, 

a + b c + d . 

r =r j 1. e. a + b : 

a — b c — d * 


-f- 5 r — b::c^d:c — d 


XI IF. If there he any number of quantities more than two, and as many others^ 
which, taken two and two in order, are proportionals, (ex aequali,) the first 
will have to the last of the first rank the same ratio that the first of the second 
rank has to the last. 


a, ^ c, d • . . . be any numbers of quantities 
f 9-1 h , ... as many others 


a : b : 
b : c : 
c : d : 


f • 9 } Then aSao, aid: e : k 


For since 

a e 

7 = 7 

A /- 

c 9 

— A 
d h 

Multiplying the first column together, and also the second, 

abc _ e fg 
bed fgh 
or, 

4- = 4- i. e. a : rf : : e : 4 


XIV. If there he any number of quantities more than two, and ns many others, 
which, taken two and two in a cross order, are propot tionals, (ex mquali per- 
turbata,) the first will have to the last of the first rank the same ratio that the 
first of the second rank has to the last 

Let 

a, b, c, d , . . . be any number of quantities, 
e, 4 . . . , as many others. 
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Let 

a 

b 

c 


6 :: ff : A'l 

c ii f X g > Then also, a i d ii e r h 
di: e :f) 


For since 


or 



c g 

c c 


d ^ f 

dhc _ gfe 

bed hg f 

a fc , 

=: ^ 1. e. fl : d ; A 


XV. If four quantities he proportionals^ any powers or roots of these quan- 
tities will also beyrqportionals. 

Let 


a : b ;i c i dt then also, a” : A” :: c” id" 


Since 


a c (a f 0 

-y = raising each of these equals tc the power of w, 


or. 


a " 



a" :: c" 


d* 


Where n may be either integral or fi-acticujiL 


XVI. If there be any number of proportional quantities, the first will have 
tn the second the same ratio that the sum of all the antecedents has to the sum oj 
ad the consequents. 

Let 

a, bf Cy dy Cy fy gy hy be any number of proportional quantities, such that 


Then, 

Since, 


a : b a c : a :: e i f iz g i k 


a:b :: a + c-j-e-j-g : b + d -j- f -j- h 



ah = b a 
ad '=z ho 
af=i be 
ah =r b g 


We hare^ 


a 

b 


9 

1 
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and *•. a (6 -f" ^ 4“ c 4“ ^ 

^ (J -{- c e g 

h i + c/ 4-/ 4- k 

a : b :i a + c+e+g : h+ d+f-^h 


XVIT. If three quantities he in continued proportion^ the first will have to the 
third the duplicate ratio of that which it has to the second. 


Since 


Let a : b :: b : c, then, « : c : : « * : 5 * 

:=z multiply each of these equals by then, 

a ^ a b ^ a a a , st* 

-j- X -j" = - X = — ue, a :c::a^:b^ 


XVTII. If four quantities be in continued proportion, the first will have tc 
the fourth the triplicate ratio of that which it has to ttie second. 

Let a, b, c, d, be four qucaiitities in continued proportion, so that. 


Since, 


a : b 


b ic\i tl*en jtiati, a ; <i : i li ^ ; o ’ 

ah c . 

T =2 — St -y, ^^e havc» 

h a ^ 



Multiplying these equals together. 

a* a 



ON EQUATIONS. 


PRELIMINARY REMARKS. 

t 

1S4. An equatwriy in the most general acceptation of the term, signifies two alge* 
braic expressions which are equal to each other, and are connected by the sign =. 

Thus, ax-^iby cx‘^ ^ dx -=.ey cx^ gx^ ky mx^ nx^ p X* 

+ <? + y* = 0 , are equations. 

The two quantities separated by the sign == are called the members of the 
equation, the quantity to the left of the sign =: is called the first membeVy the 
quantity to the right tlie second member. The quantities separated by the signs 
-j- and — are called the terms of the equation. 

135. Equations are usually composed of (certain quantities which are known and 
given, and others which are unknown. The known quantities are in general 
represented either by numbers, or by the first letters in the alphabet, tf, 5, c, &c. ; 
the unknown quantities by the last letters, s, y, 2 , &a 

136. Equations are of dififerent kinds. 

I '. An equation may be such, that one of the members is a repetition of the 
other, as, 2 x — 5 = 2 x — 5. 

2^ One member may be merely the result of certain operations indicated in 
the other member, as, Sx-}" lb = lOx — 5 — (5x — 21), ix’\^y){x — y) 

=:x‘‘—y\ —Ell' - + + 

.T. All the quantities in each member may be known and given, as, 
25 == 10 + 15, a-f- ^ = c — dy in which, if we substitute for a, 5, c, d, the 
known quantities which they represent, the equality subsisting between the two 
members will be self-evident 

In each of the above cases the equation is called an identical equation. 

4”. Finally, the equation may contain both known and unknown quantities, 
and be such, that the equality subsisting between the two members cannot be 
made manifest, until we substitute for the unknown quantity or quantities cer- 
tain other numbers, the value of which depends upon the known numbers which 
enter into the equation. The discovery of these unknown numbers constitutes 
what is called the solution of the equation. 

The word equaiiony when used without any qualification, is always understood 
to signify an equation of this last species; and these alone are the objects of 
our present investigations. 

X + 4 r= 7 is an equation properly so called, for it contains an unknown 
quantity x, combined with other quantities which are known and given, and the 
equality subsisting betw een the two members of the equation cannot be made 
manifest, until we find a value for x, such, that when added to 4, the result will 
be equal to 7. This condition will be satisfied, if we make x = 3, and this 
va'iie of X being determined, the equation is solved. 

'J’iie value of the unknown quantity thus discovered is called the root of the 
eqinition 
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137. Equations are divided into dt'grees according to the highest power of the 

jnkiiown quantity which they contain. Those which involve the dmple power 
only of the unknown quantity, are called simple equations ^ or equations of the 
fir id dejjrce ; those into which the square of the unknown quantity enters, are 
called quadratic equations, or, equations of the second degree ; so we have cubic 
equations^ or, equations of the third degree ; biquadratic equations^ or, equations 
of the fourth degree; equations of the fifths sixths degree. Thus, 

ax-f-bzz: cm ^-d is a simple equation. 

4 — 2x = 5 — a;* is a quadratic equation. 

p ■=! 2 q is a cubic equation. 

&c. = r, is an equation of the degree. 

138. Numerical equations are those which contain particular numbers only, in 

addition to the unknown quantity. Thus, isa nume- 

rical equ.ation. 

139. Literal equations are those in which the known quantities are represented 
by letters only, or by both letters and numbers. Thus, x»^-j~px* + qx = r, 
X* — '3px^-^-5qx^-^^‘rx = 5 are literal equations. 

140. Let us now pass on to consider the solution of equations, it being under- 
stood, that, to solve an equation^ is to find the value of the unknown quantity^ or 
to find a number which^ v)hen substituted for the unknown quantity in the equch 
tion^ renders the first member identical with the second. 

The difficulty of solving equations depends upon the degree of the equations, 
and the number of unknown quantities. We first consider the most simple 


ON THE SOLUTION OF SIMPLE EQUATIONS CONTAINING ONE UNKNOWN QUANTITY. 

141. The various operations which we perform upon equations, in order to 
arrive at the value of the unknown quantities, are founded upon the following 
principles : — 

If tit two equal quantities^ the same quantity be addedy the sums will be equal. 

If from two equal quantitieSy the same quantity be subtractedy the remainders 
will be equal. 

If two equal quantities he multiplied by the same quantity y the products will 
be equal. 

If two equal quantities be divided by the same quantity y the quotients will be 
equal. 

These principles, when applied to the two equal quantities which constitute the 
two members of every equation, will enable us to deduce from them new equa- 
tions, which are all satistied by the same value of the unknown quantity, ami 
which will lead us to discover the value of that unknown quantity. 

142. The unknown quantity may be combined with the known quantities in 
the given equation, by the operations of addition, subtraction, multiplication, 
and division. We shall consider these different cases in succession. 

I. Let it be required to solve the equation, 

x + az=ib 

If, from the two equal quantities x~\- a and by we subtract the same quantify 
tty the remainders will be equal, and we shall have, 
x-j- a — a = b — a 
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or. 


X = b — a, the valae of x required. 

So also, ill the equation, 

X + 6 =r 24 

* t\ 

Subtracting 6 from each of the equal quantities x 4* b &nd 24, the result is. 

X = 24 — 6 


= I8i the value of x required. 


1 1. Let the equation be, 

X — a -xz b 

If, to the two equal quantities x — a and 6, the same quantity a be added, the 
sums will be equal, then we have, 

X — a-J-a = b + a 
or, 

X = b-j- a the value of x required. 

So also in the equation, 

X — 6 =r 24 

* 

Adding 6 to each of these equal quantities, the result is, 

X — 24 4” d 

== 30, . the value of x required. 


It Ibllows from (I.) and (II.) that, 

We may transpose any term of an equation from one member to the other, by 
changing the sign of that term. 

We may chatuje the signs of every term in each member of the equation, with- 
out altering the value of the expression. This is, in fact, the same thing as 
transposing every term in each member of the equation. 

If the same quantity appear in each member of the equation affected with the 
same sign, it may be suppressed. 


III. Let the equation be, 

a X xz b 

Dividing each of these equals by a, the result is, 

X = the value of x required. 

So also in the equation, 

6x = 24 

Dividing each of these equals by 6, the result is, 

X == 4, the value of x required. 

From this it follows, that, 

When one member of an equation contains the unknown quantity alone^ 
affected with a coefficient, and the other member contains known quantities only, 
the value of the unknown quantity is found by dividing each membet of the equch 
Hon by the coefficient of the unknown quantity. 


IV. Let the equation be, 

X 

— ^ o 
a 

IVluitiplying each of these equals by a, the result is, 

X xz a b, the value of x required. 
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So also in the equation, 


1 = 24 


Multiplying each of these equals by 6, the result is, 

a; = 144 


From this it follows, that, 

When one member of the equation contains the unknoum quantity aione^ 
divided by a known quantity^ and the other member contains known quantities 
onlyy the value of the unknown quantity is found by multiplyiny each member of 
the equation by the quantity which is the divisor of the unknown quantity* 


V, Let the equation be, 

ax d X m 

b ^ e n 

III order to solve tliis equation, we must clear it of fractions ; to effect this, 
reduce the fractions to equivalent ones, having a common denominator (Art. 
52 ), the equation becomes, 

a en X b dn x be m 

ben ben ben 

Multiply these equal quantities by the same quantity ben^ or, which is evi- 
dently the same thing, suppress the denominator 6e« in each of the fractions, 
and multiply the integral term hy b en^ the result is, 

aenx — been = bdnx — bem, an equation clear of fractions. 


So also in the equation, 


£ 

3 4 


X 

+ r 


ileduciiig tlie fractions to a common denominator, 
40 a: 45 n ^ ^ 


Multiplying both members of the equation by 60, tlie result is, 

40 X — 45 zz 660 -j- 12 x, an equation clear of fractions. 


If the denominators have common factors, we can simplify the above opera- 
tion by reducing them to their least common denominator, which is done (see 
arithmetic) by finding the lejist common multiple of the denominators. Thus, 
in the equation, 

5 X 4_a; 7 13 a; ’ 

The least common multiple of the numbers 12, 3, 8, 6, is 24, which is there- 
fore the least common denominator of the above fractions, and the eq:iation 
will become, 

10 X 32 X 52 a? 

24 24 ^ 24 24 

Multiplying both members of the equation by 24, the result is, 

10 a? — 32 a; — 312 = 21 — 52 a?, an equation clear of fr*action& • 


Hence, it appears that, 
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In ordrr to cUjor txtt equation oj Jraetionst 'reduce the fi'(zctiott3 to a common 
denomtAetur, multiply each iniegral term hy this common denominator ^ and then 
jiuppress it 

143, From what has been said above, we deduce the following general 


RULE FOR THE SOLUTION OF A SIMPLE EQUATION CONTAINING ONE UNKNOWN 

QUANTITY, 

I®, Clear the equation ofJrcLctionSf and perform in both members aU the alge^ 
braic operations indicated. 

2°, Transpose all the terms containing the unknown quantity to one member 
of the equation^ and all the terms containing known quantities only to the other 
member qf^the equation^ and reduce each member to its most simple form. 

3^. We thus obtain an equation^ one member of which contains the unknown 
quantity alone, affected with a coefficient, and the other member contains known 
quantities only ; the value of the unknown quantity will be found by dividing the 
member composed qf the known qua^vtities by the coefficient of the unknown 
quantity. 

The terms containing the unknown quantity are usually collected in the ^rsl 
member of the equation. 


Given, 
Transposing, 
Reducing, 
Dividing by 23, 


Example 
19 a? +13 = 

19^+4;e = 

23x = 

X = 


39 — 

39 — 13 
46 
2 


Example 2. 

Given, ^ 4. lO — * 

6 4“^ 3 


Reducing to least common denominator 


9>x 

12 


3x . 
"" 12 


10 


4x 

12 


X 

J 


+ 11 


12 


+ n 


Multiplying both members by 12, 

2x — 3a: + 120 = 

Transposing, 2x — Sx — 4x+6x = 
Reducing, x =: 


4x — (ix + 132 
132 — 120 
12 


Given, 


3x+3 

4 


Example 3. 
+ 7 =: 


4x — 10 
10 


+ 10 


Reducing to least common denominator 20, 


Z5f+JS , , 8x — Z0 , 

20 ^ 20 ^ 


Multiplying both members by 20, 
23X+15 + 140 
Transposing, 25x — 8x 

Reducing, 17 x 

Dividing by l7t x 


8x— 20 + 200 
jgOO — 20^15— 140 


25 

25 

17 
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Example 4. 

Given, 2x^5 7x+ 10 _ 

• 4 3 

Reducing^ to common denominator, 

30a;— .75 140r+200 _ 

60 ' 60 




144a;—. 120 
60 


Multiplying both members 

by. eo, 



30x — 75 — 1 40x — 200 

= 

960 — 144jr+ 120 

Transposing, 30x — 140x -f- 144x 

= 

960 + 75 + 200+ 120 

Reducing, 

84i: 

=: 

1355 

Dividing by 34, 

X 


1355 

34' 


Example 1 


Given, 12 — 4ar 

2a; + 5 


3 1 7a; + 60 

10 

5 


U -f- ^ — uv 

Reducing to least common 

denominator, 



12— 4a: 
10 ' 

4a;+ 10 

10 

=r 

3 + 

Multiplying by 10, 




12 — 4.r- 

- l.r— 10 

— 

30 + 35ar+ 300 — 500 

Transposing, — 4.i' ~ 

- 4.f — 35a; 


30+ 300— 12+ 10 — 

Reducing, 

— 43a; 

== - 

- 171' 

Changing the signs of both members, 




43a: 

=5 

172 . 

Dividing by 43, 

X 

= 

4 


Example 6. 


Given, 

flo; + 5 

= 

CX+ d 

Transposing, 

ax — cx 

=: 

d^b 

Simplifying, 

(a — c)x 

= 

d^b 

Dividing by (<!—<?)» 

X 

zr 

d-^h 

a — c 


Example 7* 


Q\t, 

T 

. cx , 

+ j + ‘ 

z= 

+ ^ + m 


Reducing to a common denominator, 
adhx . hchx , 

Multiplying by 

ad/ix + dcAx + dde/i 

Transposing, 

adkx + dchx — 6dfAx — dd^x 
Simplifying, 

(ad/i -J- Ac/* — bdfh — hdg) x 


f+'^S+- 


bdfhx + hdgx + hdhm 
bdhm — ddeh 


hdhm — bdeh 
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_ . ^ bdhm — bdtih 

Dividing by coefficent of a:, * = aih + bch - bdjK 

bdh {m — e) 

adh -f- bch, — bdjh — hdg 


I '.xample 8. 


Given, ^ ^ 4. 3aJ 

a c 

Reducing to common denominator, 

— — I + Sab 

ac ac 

Multiplying by ac, 

cx — ac — adx + Za^bc 
Transposing and' simplifying, 

(c — aX) X 

Dividing by coefficient of a;, x 


0 


0 


o 


ac — 3a*^c 
ac ( 1 — 3a&) 
c — ad 


144. In addition to the principles detailed in (Art. 150.) we may subjoin the 
following : 

If two equal quantities, be raised to the same power ^ the results will be equaL 

If the same root of two equal quantities be extracted, the results will be equal. 

Hence, any equation may be cleared of a single radical quantity, by trans* 
posing all the other terms to the opposite side, and then raising each member to 
the power denoted by the index of the radical. If there be more than one 
radical, the operation must be repeated. 'Fhus* 


Example 9. 


Given, 

Squaring each member of the equation, 

3x+7 


Transposing, 3x 

Reducing and dividing by 3, x' 


}0 

100 

100 — 7 
31 


Given, 


Example 10. 


l/4fX + 2 = 

Squaring both sides of the equation, 

4x + 2 = 


Reducing, — 10t/4x 

Squaring both sides, 400x 

X 


y/^x + 5 

4x + 10v/4i + 25 

23 

529 

529 

400 


Example 1 1, 

v /r + 28 _ 

t/«r + 4 + 0 


Given, 
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Cleriring t«ie equation of fractions, 

X + 28^ + 6^x + 168 
Transposing^ and reducing, 16 

Dividing both members by 8, 2 

^uaring both members, 4 


^ + 38^;r + + 162 

syx 


^ Example 12. 

veil, 

== 

liaising both members to the power of m, 

a-^ X = 

Squaring both members, 

+ 2ax + aj* = 

Transposing and reducing, — ^ax =r 

Changing the signs, Sax = 

Dividing by 3^, a; = 


-f- Sax + 

Sax -f- 

X + 5^/a; -f- 6® 
6'— a' 

Sa 


Ex. 13. Given 4x + 36 = hx + 34 

Ans. X 2 

Ex. 14. Given 4x — 12 + 3a: + I = 2a: + 4 

Ans. a: = 3 


Ex. 15. Given 3a -j- x — Sb-j- 2 = 76 — a -f- c -j- 6 

Ans, X = 126 — 4fl -f- c -f- 4 


Ex. 16. Given 13i — =■ 

Ex. 17. Given 12^4-34 — 6- 
Ex. 18. Given -| + | = 

Ex. 19. Given 21 + ~~ ' * 

lo 

r, bx d 

Px. -20. Given — 

a c 


2 a’ — 8J 

Ans. a: := 9 


3 4 

Ans. x — 139J 


f + ’ 

Ans. a; = 12 

_ 5a: — 5 , 97 — 7x 

~ 8 2 
Ans, a: =: 9 

a ^ 

T d 

ad 

Ans. ® = ^- 


Ex. 21. Given 2 ' + 


Sx- 


■ 1 ^ Jo: - 


1- ““ 
A ns. X = 9 


Ilia:— 13 2* 

3 7 


11 
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R* aa Given 4a: + — —2±d[l_li±7? = 7a; 33 

^10 l(i ~ '® 10 ■ 

Ans. X =z l& 

Ex. 23. Givenf = «e_35a: 

Ans.a = /M^-f) 


Ex. 24. Given 


a + 3x 7a — 5x 


4a 




, o X , 5i; 

+^-4 = 


Alls, a; = 


.39aZ> __ 14rt2 
2}a6-^Dl/+ 12 


Ex. 25. Giveii„7— ^ 

25 " 


(3ft c+arf)a ; 5aA _ (.3Ac— nti)x 5a(2i— 

‘Ml>(a+6) ■ic—d~ ‘>l,tb{a—b) ~ a^—b* 

Ans. X = 

3 c — a 


Ex. 26. Given ^ 10 ar + 3 


7 


Ans. X = 


4£> 

10 


Ex:. 27. Given v^a: — * 32 .'ss 16 — 

Ans. jr :s: 61 


b X — 9 

lix. 28. Given .= 

x/ox + d 

Ex. 29. Given li\/ a x — b 


\/ 5 a; 3 

^ 2 

Ans. a; = 5 

= k \/c X dx — f 

5/^3 f h '^ 

Ans. a: = — j-s ? — ; — % 

a h — (c + d) k ^ 


Ex. 30. Givftti -^ - -zz \/ m 


v/a + a: — \/ a — x 


. 2 a\/m 

Ans. X = -- — ; 

1 + m 


Ex. 31. Given V + c = 


c 


Ans. X = ~3- y~ ~= r — 9 
a i/a * 4" c 


7 // - ■■ ■■ - 

Ex. 32. Given * — ‘ \/p* x* -i- g* + 


m p X * 


r/) ( nr^m 

2 m np r 


Hi 


U£^7 
■"* 8 
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ON THE SOLUTION OF SIMPLE EQUATIONS, CONTAINING TWO OR MORE UNKNOWN 


145. A single equation, containing two unknown quantities, admits of an infinite 
number of solutions; for if we assign any arbitrary value to one of the unknown 
quantities, the equation will determine the corresponding value of the other 
unknown quantity. Thus, in the equation ^ = x -f- 10, each value which we 
may assign to x will, when augmented by 10, furnish a corresponding value of 

An equation of this nature is called an indtUrminale equation, and since the 
value of y depends upon that of x, y is said to be a function of x. 

In general, every quantity, whose value depends upon one or more quantities, is 
said to he a function of these quantities. 

Thus, in the equation y •=: a x f - h, we say that y is a function of x, and 
that y is expressed in terms of x, and the known quantities a, h. 

If, however, we have two equations between two unknown quantities, and if 
these equations hold good together, then it will be seen that we can combine 
them in such a manner as to obtain determinate values for each of the un> 
known quantities. 

In general, in order that questions of this nature may admit of determinate 
solutions, we must have as many separate equations as there are unknown quarts 
tities; a groupe of equations of this nature is oJleA a system of simultaneous 
equations, 

146. In order to solve a system of two siiiiple equations containing two unknown 
quantities, we must endeavour to deduce from them a single equation, contain- 
ing only one unknown quantity; we must therefore make one of the unknown 
quantities disappear, or, as it is termed, we must eliminate it. The equation 
thus obtained, containing one unknown quantity only, will give the value of 
the unknown quantity which it involves, and substituting the value of this 
unknown quantity in either of the equations containing the two unknown 
quantities, we shall arrive at the value of the other unknown quantity. 

The process which most naturally suggests itself for the elimination of one of 
the unknown quantities, is to derive from one of the two equations an expres- 
sion for that unknown quantity in terms of the otlier unknown quantity, and 
then substitute this expression in the other equation. We shall see that the 
elimination may be effected by different methods, which are more or less simple 
according to the nature of the question proposed. 


Example 1. 

Let it be proposed to solve the system of equations, 

y — X = 6 (I) > 

y + a; =12 (2)5 

147. First Method. — From equation (1) we find the value oi y in terms of^, 
which gives ^ zz a; + 6; substitutii^ the expression x + 6 for y in equation 
(2) it becomes + 6 + a; =: 12, from which we find the determinate. value 
o; zz #; since we have already seen tliat y zz a? 6, we find also tlie deteruii« 
note value y zz 3 + 6 or 9. 
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Thus it appears, that althoug'h each of tlje above equations, considered sepa- 
rately, admits of an infinite number of solutions, yet the system of e^uotioni 
admit only one common solution^ a; = 3, ^ zr 9. 

148. Second Method. — Derive from each equation an expression for y ^ii 
terms of we shall then have 

y = ar + 6 
y = 12* — X 

These two values of y must be equal to one another, and, by comparing them, 
we shall obtain an equation involving only one unknown quantity, viz. 


Whence, 


a; + 6 = 12 — X 

X = 3 


Substituting the value of x in the expression y =r x -f- 6, we find y =r 9. 
The substitution of 3, the value of x, in the second expression, y n 12 — x, 
leads necessarily to the same value of y, for we derived the value of x from the 
equation x -J- 6 = 12 — x. 


149. Third Method. — Since the coefficients of y are equal in the two equa- 
tions, it is manifest that we may eliminate y by subtracting the two equatiom 
from each other, which gives 


Whence, 


(y + a) — (y — i) = 12 — 6 

X = 3 


Having thus obtained the value of x, we may deduce that of y by makings 
X = 3 in either of the proposed equations,* we can however determine the 
value of y directly, by observing, that, since the coefficients of x in the proposed 
equations are equal and have opposite signs, we may eliminate x by adding 
the two equations together, which give 


Whence 


(y a;) + (y + X) = 12 -f- G 
y = 9 


If we examine the three above methods, we shall perceive that they consist 
in expressing that the unknown quantities have the same values in both equations. 
These methods have derived their names from the processes employed to 
efifect the elimination of the unknown quantities. 


Ilie first is called the method of elimination by substitution. 

The second .. .. .. comparison. 

The third .. . .. oddition and subtraSon. 
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Example 2. 


Take the equations 

2 X + 3 ^ z= 13 
5 x + 4 ^ = 22 


]•, Eliminating by substitution. 
From equation (1) we find 


y = 


13 — 2 X 


( 0 ) 

(w) ! 


Substituting the value of y in terms of x in equation (2) it becomes 


5 X + 4 X ^ ^ = 2i'i 


an equation containing x alone, which, when solved, gives 

X = 2 

This value of x, substituted in either of the equations (1) or (2), gives 

y = 3 

2*. Eliminating by comparison. 

From equation (1) y =: 

From equation (2) y zz 
Equating these values of y, z= an equation containing x only 


22 — 5 X 


Whence, 


3 “ 4 

X = 2 


Substituting this value for x in either of the preceding expressions for y we find 

y = 3 


3". Eliminating by subtraction. 

In order to eliminate y, we perceive that if we could deduce from the priv- 
posed equations two other equations in x and y, in which the coefficients of. y 
should be equal, the elimination of y would be effected by subtracting one of 
these new equations from the other. 

It is easily seen that we shall obtain two equations of the form required, if we 
multiply all the terms of each equation by the coefficient of y in tlie other. 
Multiplying, therefore, all the terms of equation ( 1 ) by 4, and all the terras of* 
equation (2) by 3, they become 


8x+ \2y 
15x-|- ISJy 


52 
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Subtracting the former of these equations irom the latter, we find 


Whence, 


7 a; = 14 

.r = 2. 


In like manner, in order to eliminate x, multiply the first of the prop<®ed 
equations by 5, and the second by 2, they will then become 
J0a;+I5y = 65 

Wx+ Sy = 44. 

Subtracting the latter of these two equations from the former, 


Whence, 


7y = 21 
y = 3. 


In order to solve a system of three simple equations between three uriknoum quan- 
ttties, we must first eliminate one of the unknown quantities by one of the me- 
thods explained above ; this will lead to a system of two equations, containing 
only two unknown quantities ; the value of these two unknown quantities may be 
found by any of the methods described in the last article, and substituting the 
value of these two unknown quantities in any one of the original equations, we 
shall Jirrive at an equation which will determine the value of the third un 
known quantity. 


Example 3. 

Take the system of equations, 

3a; + 2y-|- =: 16 (1)^ 

2x+2y + 2z =r 18 (2)V 

2x+2y+ 2 = 14 (3)^ 

1°. Eliminating by substitution. 

From equation (1) we find 

z = 16 — 3x-^2y (4) 

Substituting this value of z in equation (2) and (3^, they become 
2x + 2y+2(l6^3x^2y) = 18.. .(5)) 

2x+2y+ (16— 3ar — 2y) = 14.. .(6) J 

these two last equations contain x and yonly, and if treated according to any of 
the above methods, will give us 

X = 2, y 

Substituting these values of x and y in any one of the equations (1), (2), (3), 
(4), ^ve find 

' z = 4. 


2 •. Eliminating by comparison. 

In order to eliminate z derive from each of the three proposed equations a 
Tolue of z in terms of x and y, we then have 

z rz 16 — 3x — 2y 
z = 9 — X — y 

z = 14 — 2 X — 2y; 

equating the first of these values of z with the second and with the third in auo> 
cession, we arrive at a system of two equations : 

l6-^3a;-2y = 9^ rr . 

le — 3a; — = 1+ — SJ x 

’ "'it- 
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jontaining x and y only ; these equations give 

X = y zz 3? 

tliese values of x and when substituted in any of the three expressions for 
givo 

X = 4 

3". Eliminatimj by svihtr action. 

In order to eliminate z between equations (1) and (Jif), 

3 -f- 2 y + z = lb 

= IH; 

we perceive that in order to reduce these equations to two others in .. 
the Goedicients of z shall be the same, it will be sufficient to divide tiie tuo uieo. 
bers of tlie second equation by (2), for we thus have 

y-\r z = 9. 

Subtracting this from the first equation, 

3 x -f- 2 -f- = 16, 

we find an equation between two unknown quantities, 

i^x+y = 7 U). 

In order to eliminate z between equations (I) and (3), 

3a;-|-2^“f~^ = 16 

2x-h2y + z = H. 

Subtract the latter from the former, which y ives 

X = 2 ; 

tile substitution of this value of x in equation (ec) gives 

y zz 3, 

and the substitution of these values of x and y in any of the proposed equations 
l»ives 

z zz 4. 

The particuhir form of tlie proposed equations enables us to simplify the above 
calculation, for if wesubti*act equation (3) from equatmiis ( 1) and (2) in succes- 
Si on, we have 

(3 X ii y -j- z) — (2 X -j- 2 y -j- z) zz Ui — 14, whence x’ = 2 
{iix-f- 2 y-f- 2z) — (2x^2y-j-z) zz 18 — 1+, ubence z zz 4; 
and substituting these values of x and z in any of the pioposed equations we 
find 

y = a 

In order to solve a system of four etyiations between four unknown quantities^ 
we reduce this Ciise to the last by eliminating one of the unknown quantities. 
We thus arrive at a system of three equations between three unknown quanti- 
ties, from which the value of these tliree unknown quantities may be found. 
Substituting tliese values in any one of the equations wliicli involve the ether 
unknown quantity, we deduce from it the value of that unknown quantitij^. 


Example 4. 


Take the system of equations, 


= 

14 

(1) 

x+ y-i-z^t zz 

4 

(sj) 

x-f-y — z + 2tzz 

11 

(3) 

X — y + z-f- 3tzz 

18 

( 4 > 
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The first equation gires 

t = 14 — X — y — 2 ( 5 ) 

Substituting this expression for t in the tliree other equations we fiij4 


xi-y + z = 9 

( 6 ) 

X +y 

(7) 

X-i-2y+z = 12 

(8). 

In order to solve these three equations between a;. 

y, z, we find from the fii-s* 

1 

1 

05 

II 

0 

00 . ■ ■ 

and substituting this value of z in the two other equations, they become 

x + lf =r 5 

....(i-O 

Jf - 3 

....(11) 

Whence x = 2 

....(12). 


Substituting the values of x and y in equation (8), we find 
z = 4 (13)- 

Substituting tiiese values of x, y, 2 , in any of the first five equations, we find 


/ = 5. 

We can arrive at the same result, more simply, by subtracting equation (1) 
from the three following in succession ; we shall thus find 

=: 14 — 4, 2z — — 11, 2y — 2f=14— 18; 
the first of the«o tliree new equations gives t 5; this value of f substituted 
in the two other equations gives 2 : = 4, y = 3, and substituting these values 
of y, Zj f, in any one of the original equations, we find x = 2. 

By folloYving a process of reasoning analogous to the above, we shall be able 
to resolve a system of any number of equations of the fint degiee, provided there 
be as many equations as unknown quantities. 

It frequently happens that each of the proposed equations do not involve all 
the unknown quantities. In this case, a little dexterity will enable us to effect 
the elimination very quickly. 



Example 5. 


Take the system of equations, 



2 X — 3y + 2 z 

— 13 

(1) 

4f f — 2 X 

- 3ft. 

(2) 

4y + 

— 14 

CO 

5y + 3 f 

— '32 

« 


Upon examining these equations, we perceive, that the elimination of z be- 
tween equations (1) and (3) will give an equation in x and y, and that the 
elimination of t between equations (2) and (4) will give a second equation in 
X and y. These two unknown quantities may thus be easily determined 

The elimination of z between ( 1 ) and (3) gives, 7 y 2 x =z i 

— — ^ and (4) gives, 20 y + 6x = 38 

Multiply the first of these equations by 3, and then add them, 

we have, 41 y r= 41 

Whence, y = 1 

Substituting the value of y in 7 y — 2 a; = I, we have, a; = 3 

Substitute this value of x in (^), we have, 4 ^ — 6 = 30 

Whence, * f = 9 

Finally, the substitution of Uie value of y in (3), gives , 5 



SIMPLE EQUATIONS 


211 


We have seen in the ^lethod of elimination b> subtraction, that, in order to 
render the coefficients of the unknown quantity the same in both equations, we 
must multiply each of the equations by the coefficient of the unknown quantity 
which it is required to eliminate, in the other. If the coefficients of tlie uu 
l^own quantity have a common factor, this operation may be simplified ; tims, 


Example 6^ 

Take the system of equations, 

\2x + 32y =: 340 (1) ) 

8 a; + 24 ^ = 254 ».(2) J 

In order to render the coefficients of y equal, observe, that 32 and 24 have a 
common factor B; it will suffice then to multiply equation (1) by 3, and equa- 
tion (2) by 4, they then become, 

36 a: + 96 =: 1020 

32x + 96y 1016 

Subtracdngr the latter from the former, 

4 X = 4 
X = I 

Again, in order to eliminate x, since 1 2 and 8 have a common factor 4, it 
will suffice to multiply equation (1) by 2, and equation (2) by 3; we dien 
have, 

24 X -j" 64>y == 680 

24 X 4- 72 y = 762 

Subtracting the former of these two equations from the latter, we have, 

8y rr 82 

y = lOi 

Ex. 7. Given, 5 x -J- 7 y == 43 (1) ) 

llx+9y = 69 (2)J 

Ans, X =: 3, y = 4 

Ex. 8. Given, 8x — 2ly = 33 (1) ? 

6x + 35y = 177 (2)5 

Ans, X = 12, y = 3 

Ex. 9. Given. + + * = S-'V + i ' 

f- ¥+" =l_2^ + 6 ,(2)5 

• Ans. X = 2, y = 7 


Ex. la Given.* _ ^ + 17 = 6 y + ... 

22 — 6y 5x — 7 x-f-l 8y-f-5 

5 II — 6 18*^’ 

Ans. X 8, y = 2 
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Ex, 1 1. Given, a x by = c, 
fx + gy = h. 

Ans. X 


(0 


! 


eg — b /i ah — cf 

« g — */’ ^ ” og — bf 


Ex. lii. Given, bex = c y — 2 b 

, a(c»_6») 2 6“ 

b*y H — 


b c 

Ans. X = ■ 


4- X.. 


y = 


a + 2d 


.(1) 

.( 2 ) 


I 


Ex. 13 Given, 5® — 6 g -p 4 2 =z 15.. 

7 X + 4 y — 3 2 = iO, 

2x + y + 6 2 z= 46 . 

Alls. x=z3^y:=: 4, 2=6 


15 

(I) 

lo: 

(2) 

46 

(3). 


J|_ 

X 

+ 7 = 

r (1) 

1 

X 

+ T = * 

(2) 

y 

+ 

il 

(3) 


^ * — a+b—c’^—a—b + c’^-b + c. 


Ex. 16. Given, ^ 


•( 1 ) 

•( 2 )}. 


3 

- + ^ + - - 76 

4^6 + 3 "" ”• 

|- + ^ + f = 79 (3) 

y + X + u = 248 (4)J 

Ans. X = I2f y = 30, 2 = 168, u = 50 


Ex. 16^ Given, 7 x — 

2 4 : + 3 M 

— 17 



— 

2*4 i 

- 11 


5y — 

3x — 2u 

— 8 

(3) ^ 

4y — 

3u + 2t 

— 9 

(4) 


3 z 4 - 8 M 

— 33 

(3)J 


Ans. X = 

2 , y = 4 , « = 3 , 

M '= 3, ^ ] 


ON THK SOLUTION OF PROBLEMS WHICH PRODUCE SIMPLE EQUATIONS, 

150. Every problem whioh can be solved by Algebra, includes in its enunciation 
a certain number of conditions, by which we are enabled to detect the relations 
which the unknown quantities bear to the known quantities upon which they 
depend. These relations can always be expressed by equations, in which the 
known and unknown qi^tiUes are combined with each other, in a mannei 
more or less oompUcate^ according to the degree of difficojty in the question 
proposed. 
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It Is impossh)fe to ^ive a general lule, which will enable us to translate 
every problem into algebraic language, this is a faculty which can be acquired 
by reflection and practice alone; we shall give a few examples, which will 
sei^o to initiate the student, and the rest must be left to his own in- 
ge . uity. 


Problem 1. 

To find two numbers,- such, that their sum shall be 40, and their difference 
16. 

Let X denote the least of the two numbers required. 

Then will a; + 16 = the greater, 

And a; + a; + 16 = 40 by the question, 

That is, = 40 — 16 = 24 
24 

Or X = -^ = i2 = less number, 

And a: -f- 16 = 12 -f- 16 = 28 =: greater number required. 


Problem 2. 

What number is that, whose } part exceeds its ^ part by 16 ? 

Let X = number required. 

Then will its ^ part be and its J part {x; 
And therefore ix — = 16 by the question, 

That is, X — fa; = 48, or 4a; — 3a; zr 192 ; 
Hence x = 192, the number required. 


Problem 3. 

Divide £1000 among a, b, and c, so that a shall have £72 more than b. and 
c £ 1 00 more than a. 

Let X = b’s share of the given sum, 

Then will a; + 72 = a’s share, 

And a; + 172= c’s share. 

And the sum of all their shares a; -f- a; + 72 -f- a; -f- 1 
Or 3a; + 244 = 1000 by the question, 

That is, 3 j; = 1000 — 244 z= 756, 

Or a; = ^ = £252 = b’s share ; 

Hence a; -j- 72 =; 252 -J- 72 == £324 = a’s share, 

•And x+ 172 =: 252+ 172 = £424 = c’s share; 
b’s share,' £252 

a’s share, 324 

c’s share, 424 


Sura of all, --^1000 the proof. 
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I^oblem 4, 

Out of a cask of wino, which had leaked away J, 21 gallons were drawn , 
and then, being gauged, appeared to be half full : how much did it hold 

Let it be supposed to have held x gallons, 

Then it would have leaked gallons, 

Conseq. there had been taken away 21 +^ 0 ? gallons. 

Put 21 -j-ix = by the question, 

Tliat is, 63 + a: = fa: 

Or 126 +2X — 3X 

Hence 3x — 2a; = 126 

Or a; = 126 = number of gallons required. 


Problem 5. 


A hare pursued by a greyhound is 60 of her own leaps in advance of the dog. 
She makes 9 leaps during the time that the greyhound makes only 6 ; but 3 
leaps of the greyhound are equivalent to 7 leaps of the hare. How many leaps 
must the greyhound make before he overtakes the hare ? 

It is manifest from the enunciation of the problem, that the space which must 
be traversed by the greyhound, is composed of the 60 leaps which the hare is 
in advance, together with the space whidi the bare passes over from the time 
that Uie greyhound starts in pursuit until he overtakes her. 

. Let X = the whole number of leaps made by the greyhound. Since the 
hare makes 9 leaps during the time that the greyhound makes 6, it foUowa 


• 9 3 

that the hare will make --or — leaps during the time that the greyhound 
makes 1, and she will consequently make leaps during the time that the 


greyhound makes x leaps. 

We might here suppose, that in order to obtain the equation required, it 

3a; 

would be sufficient to put x equal to 60-f- in doing this, however, we 

should commit a manifest mistake, for the leaps of the greyhound are greater 
than the leaps of the hare, and we should thus be equaling two heterogeneous 
numbers ; that is to say, numbers related to a different unit. In order to remove 
this difficulty, we must express the leaps of the hare in terms of the leaps of the 
greyhound, or the contrary. 

According to the conditions of the problem, 3 leaps of the greyhound are 


equal to 7 leaps of the hare ; hence, 1 leap of the greyhound is equal to ~ 

7ji 

leaps of the hare, and consequently x leaps of the greyhound are equal to — 

o 


leaps of the hare ; hence we have at length the equation, 


7x 

*3 

Clearing of fractions, Hx 

X 


60 + 


3a; 


360 + 9x 
72 
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Hence the greyhound will make 72 leaps before he reaches ttie Hare, and in 

o 

that time the hare will make 72 X or 108 leaps, 

A 

Problem 6. 

Find a number such, that when it is divided by 3 and by 4, and the quotients 
afterwards added, the sum is 63. 

Let X be tlie number, then, by the conditions of the problem, we have 


Clearing of fractions, 


— 4- £ = 63 

3 ^ 4 . 

7a: = 63 X 12 

X = 108 


If we wished to find a number such, that when divided by 5 and by 6, the 
sum of the quotients is 22, we must again transltite the problem into algebraic 
language, and then solve the equation , in thb casei we have 


Clearing of fractions, 


II 

+ 


l\x = 

22 X 30 

X zr 

60 


If, however, we desire to solve both these problems at once, and all others of 
the same class, which differ from the above in the numerical values only, we 

must 'substitute for these particular numbers, the symbols a, b, c, , which 

may represent any numbers whatever, and then solve the following question. 

Find a number such, that when it is divided by a and by 5, and the quotients 
afterwards added, the sum is p. We have 



(a -f- b)x zzz abp 
abp 

151. This expression is not, strictly speaking, the value of Uie unknown quantity 
in our problems, but it presents to our view the calculations which are requisite 
for the solution of them all. An expression of this nature is called a formula* 
This formula points out to us that the unknown quantity is obtained by multi-, 
plying together the three numbers involved in the question, and then dividing 
their product abp by divisors ; or we should rather 

say, that our formula is a concise method of enunciating the above rule. 
Algebra, then, may be considered as a language whose object is to express 
various processes of reasoning, a language which we must be able to \mte and 
to read. 

Such is the advantage of the above formula, that, by aid of it, the most igno- 
rant Arithmetician could solve either of the proposed problems as readily as the 
most expert algebraist The former, however, could only arrive at the* result by 
a blind reliance on his rule ; different kinds of problems, moreover, require 



algebra 

..f*. 

different fbrmulaj, and algebraist alone possesses the secret by wlitch they 
am he discovered. 


Prolleiii 7. 

A labourer engaged to serve 40 days, upon these conditions; that tor every 
day he worked, he was to receive 20d., but for every day lie was idle lit* 
was to forfeit 8d. Now at the end of the time, he was entitled to receixe 
^*1 11s. 8d, It is required to find how many days he worked, and how many 
he was idle ? 


Let X’ be the numbers of days he worked. 

Then will 40 — x be the n umber of days he was idle, 

Also a; X 20 := 20x* = the sum earned, 

And (40 — x) X 8 = 320 — 8a; = sum forfeited, 

Hence 20x — (320 — 8a;) = 380d. rz £l 1.1 s. 8d. by the question; 
That is, 20x* — 320 + 8a; = 380, 

Or 28a; = 380 + 320 zz 700, 

Hence x zz zr 25 =z numbers of days he worked, 

And 40 — X’ zz 40 — 25 zz 15 = number of days he wim idle. 


We may generalize the above problem in the following manner : 


Let n zz 
a zz 
b = 
c zz 
X zz 
Then n — x zz 
ax zz 
b(n — X) zz 


the whole number of days for which he, is hired, 

£he xvages for each day of work, 

the forfeit for each day of idleness, 

the sum xvhich he receives at tlie end of ;/ daysi, 

the number of days of work, 

the number of days of idleness, 

the sum due to him for the days of work, 

the sum he forfeits for the days of idleness. 


VV’e thus lii.d for the equation of the problem, 


ax — b{n — x) 
WlicMOvi ax — + bx 

(a 4" b)x 

X 


And n — x 


c 

c 


c -j- b/i 
c bu 
a-i-b 


the number of days of work. 


c-j-bn 

an bn — c — b n 
a 4“ 5 


a4-6 


the number of davs of idloneis. 


Problem 8. 

A can perform a piece of work in 6 days, B can perforin the same xvoric in 
b days : in what time will they linish it if both work together ? 


Let X zz the time required. 
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Since A can perform the whole work in 6 days, will denote the quantity he 

X 

can perform in 1 day, and therefore ~ the quantity he can perforin in x days ^ 

• X 

for tlie same reason, - will be the quantity whicli B can perform in x days 
and we shall thus liave 


Ux = 48 

X =z 3^ days. 

Let us geiieraliate the above problem. 

' A can perform a piece of work in a days, B in b days, Cine days, D in I 
days : in what time will they perform it if they all work together ? 


Let x = the time ; 

Then, since A can perform the whole work in a days, — will denote the 

a 

x 

quantity he <^n perform in 1 day, and consequently —will be the quantity he can 

X X X 

perform in x days; for the same reason, — , — ~ will be the quantities which 
B, C, D,- can perform re.spoctixely in x days; we thus ha\e 


X 

a 




X 


(whole work,) 

1 

abed 

abc + oBd -f- acd^- bed 


Problem 9. 


A courier, who tr, celled at the rate of 31| miles in 5 liours, was despatched 
from a cert.. in city; b hours alter his departure, another coui-ier was sent to 
o\ertake bin;. The icond courier travelled at the rate of 22 miles in 3 
hours. In >\hat lime did ho overtake the first, and at what distance from the 
place of departure ? 

Let X zr number of hours that the second courier travels. 

Then, since the first courier travels at ilio rate of 31^ miles in 5 hours, that is, 

^ mil's in 1 hour, lie will travel x miles in x hours, and since he stai-ted 8 
10 * 10 


hours before t. e sec ndcour . r, the whole distance travelled by him will bo 

Attain since the second courier travels at tlio rate of miles in 3 hours, 

45 4 > . . 

that is, ~ miles in 1 hour, he will hence travel ~ x luiJes in x hours. 

The couriers nre supposed to be together at the end of tlio time x, and thero* 
fore be distam e travelled by each must bo tlie same ; hence, 
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45 

6 ' 

z= 

(8 + -)r5 

450 X 

zz 

(8 + x) 378 

12 X 


3024 

X 

zz 

42 


Hence, the second courier will overtake the first in 42 hours, and the whole 

4'5 

distance travelled by each is -g- X 42 zr 315 miles 
To generalize the above, 

A B C 

I ' » 

Let a courier, who travels at the rate of m miles in t hours, be despab'hcd, 
from B in the direction 0; and n hours alter his departure, let a second cou> 
rier, who travels at the rate of m' miles in t' hours, be sent from A, which is 
distant d miles from B, in order to overtake the first In what time will he 
come up with him, and what will be the whole distance travelled by each ? 

Let X z= number of hours that the second courier travels. 

Then, since the first courier travels at the rate of m miles in t hours, that is, 

^ miles in 1 hour, he will travel ^ x miles in x hours, and since he started 

n hours before the second courier, the whole distance travelled by him will 

Again, since the second courier travels at the rate of m' miles in f hours, that 

is, ^ miles in 1 hour, he will travel y r miles in x hours ; but since he started 

from A, which is distant d miles from B, the whole distance travelled by the 
m! 

second courier, or y x will be greater than the whole distance travelled by 
the first courier, by this quantity d ; hence, 

(» + ^)7 

(w n -f- t d) f 
m' t — m 



The whole distance travelled by first courier 
The whole distance travelled by second courier 


m i{mn t d) tf 
% ( m ' t — mi! 

m! ( m n 1 d) tf 
t * Ht! t — mt! 


Problem 10. 

A father, w'ho has three children, bequeaths his property by will in the fol* 
lowing manner : To the eldest son he leaves a sum a, together with the part 
of what remains ; to the second he leaves a sum 2* a, together with the part 
of what remains after the portion of the elddst and 2 a have been subfracted ; 
to the third he leaves a sum 3 a, together with the n*^ part of what remains after 
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Ihe portions of the two other sons and 3 a have been subtracted. The property 
is found to be entirely disposed of by this arrangement. Required the amount 
of the property. 

^ Let X = the property of the father. 

If we can, by means of this quantity, find algebraic expressions for the por^ 
tions of the three sons, we must subtract their sums from the whole property x, 
and putting this remainder = 0 we shall determine the equation of the problem 
Let us endeavour to discover these three portions. 

Since x represents the whole property of the father, x — fl is the remainder 
after subtracting a } hence, 


Portion of eldest son, z= a -f- 


an + X — a 
n 


• 0 ) 


X — 2 a- 


a n -f- X — a 


Portion of second son, = 2 c -f“ 


n X — San — x + a 


= 2a-f 
— + nx — San — g-f- a 


( 2 ) 


Portion >f thii*d son, = 3fl + 
= 3 a + 


2 an^’j-nx — San — .r+a 

— — ————— •— ' V p - - 

n 


— 6 a n'^ — 2 nx + 4 an -j- x — a 


San^ +n^ X — 6 an* — 2 nx + 4 -an~l- x — a 

__ ^3^ 


According to the conditions of the problem, the property is entirely disposed 
of. Hence, when the sum of the three portions is subtiacted from a;, the differ- 
ence must be equal to zero ; this gives us the equation 

on-f-jr-fl Saw *4-ra— 3an--flt’+a San^-j-n^ x-- 6 an*— 2 nx-h 4 an+x—a 

x- — ^-8 TS =0; 

clearing the equation of fractions, and reducing, 

n^x-^ 6 an^^ 3 n^x + lOttn^ + Snx-— — x + o = 0 
•. ( 7 /*— 3 »''+ 3 /i — l)x = 6 an^ — ] 0 an*+ 5 an — a = 

6<7m* — 10o7i*-f-5o77 — a (67f” — — l)g 

^ ““ — 3w“4-37i-— i ““ (« — 1)* 

• * 

By reflecting upon the conditions of the problem, we may obtain an eqjiation^ 
much more simple than the preceding. It is stated that the portion of tlie third 
son is 3 a, together with the of what remains, and that the property is thus 
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entirely disposed of; in other words, ihe portion of the third son is 3 o, ah i the 
remainder just mentioned is nothing. 

We found the expression for that remainder to be 

« 8 x — 6 anj ~ 2 n x -j-- 4‘ a 7i + x — a 


Equating this quantity to zero, we have 

' X — — 2nx-t-4an-i-x — a 

0 

n* X — 6 a 71^ — 2 nX~f^4an-}-x — a = 0 
(m 8 — 2 ?/ + 1) a: = 6 (171- — 4; a n + a 

6a «® — 4a«-}-a 

® — ~n‘‘‘ — 2n+ 1 

(6 w 2 — 4 -j- 1) a 

This result is, moreover, more simple than the former. We can easily prove 
that the two expressions are numerically identical^ for applying to the two poly- 
nomials (6 « * — LO + d n — I) a, and (n^ — 3 ^ -f 3 « -f- 1 ), the procxjss 

for finding the greatest comnion measure, we shall find that tliese two expres- 
sions have a common factor n — 1 ; dividing, therefore, both terms of the first 
result by this common factor, we arrive at the second. 

The above problem will point out to the student the importance of examining 
with great attention the enunciation of any proposed question, in order to dis- 
cover those circumstances which may tend to facilitate the solution ; he will 
otherwise run the risk of arriving at results more complicated than the nature 
of the case demands. 

Tlie above problem admits of a solution less direct, but more simple and ele- 
gant than those given above. It is founded on the observation, that after having 
subtracted 3 a from the former portions, nothing ought to remain. 

Let us represent by ri , 7%, rs , the three remainders mentioned in the 
enunciation ; the algebraic expressions for the three portions must be, 





2 a + ^ 3 Q ^ 


1®. By the conditions of the problem we have rj = (>• 
Hence the third portion is 3 a. 


r^ 

2\ The remainder, after the second son luis received 2 a -j may be re- 

a 

. j . (n — 1) r 

presented by ra — or 

But this is the portion of the third son, hence we have 
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San 


fience, the portion of the second son is 2 a 4- — ^ 

‘ ti — 1 


or reducing, 


2an + a 
w — I • 


-f-n 


2a + 


3 a 

n^r 


3® . The remainder, after the eldest son has received a -J- may be repre 

^ r, Oi— I)n 

seiited by ri , — — , or ^ . 

’ n n 

But this remainder forms the portion of the two other sons, hence we hiave 


n 

n 


2 « w + a 
u — 1 




5 a — 2 a n 

ITIlTf- 


Hence, the portion of the eldest son is 
or reducing 


onn^ — 2 an 

“+Tr-'iF- 


a_ny^3«« — a 


-Ti'zz.a 4 “ 


5 a 2 a , 
(7/— 1)- 


Hence« the whole property is 

^ , 2an4-a , a 3 a n — a 

sa+ i.“+T 

reducing the whole to a common denominator, 

3 g ^ — 2 « ~f~ 1 ) ~f~ ” 4" — 1) "f “ ® ^ 4^ 3 « n — a 

n '^ — 7/ 4“ i»' 

performing the operations indicated, and reducing 

(G M ' — 4 « 4" i 

a — 2 m'+T”- 

the result obtained above. 

This solution *is more complete than the former, for we obtain at the sam 
time the property of the father and the expressions for the portions of his thr 
sons. 

We shall now solve one or two problems, in which it is either necessarj' or con 
venient to employ more than one unknown quantity. 

. Problem 1 1. 

Bequired two numbers, whose sum is 70 and whose differenc>e is iG. 

Let X and y be the two numbers ; then, by the conditions of the problem, 


x + y = 70 (1) 

x—tj = lo (Jj; 


whidi are the two equations required fur its soluliun. 
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Addiag the two equations, 
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2 ® = 86 
a; = 43 

Subtracting Uie second from the first, 

2y = 51? 
y = 27 

Hence 43 suid 27 are the two numbers. 

Problem 12. 

A person has two kinds of gold coin, 7 of the larger together >vith 12 of the 
smaller make 288 shillings; and i2 of the larger together with 7 of the smaller 
make 358 shillings. Required the value of each kind of coin. 

Let X be the value of the larger coin expressed in shillings, t/ that of the 
smaller. 

Then, by the conditions of the problem, 


7 X + \2 2/ = 288 (1) 

And, 

12 a; + 7 y = 358 (2) 

• 

Multiplying equation (1) by 7, and equation (2) by 12, and 

subtracting the former product from the latter, 95 xxz 2280 

X = 24 


Substituting this value of a; in equation (1), it becomes, ... 168 -f* 12 y = 288 

i/=z ii) 

The larger of the two coins is worth 24 shillings, the smaller 10 shillings. 


Problem 13. 

An individual possesses a capital of j 630,000, for which he receives interest 
at a certain rate ; he owes, however, j£20,000, for wliicli he pays interest at a 
certain rate. The interest he receives exceeds that which he pays by jESOO. 
Another individual possesses a capital of i>35,000, for which he receives interest 
at the second of the above rates ; he owes, however, £24,000, for which he pays 
interest at the first of the above rates. The interest which he receives exceeds 
that which he pays by £310. Required the two rates of interest ? 

Let X and y denote the two rates of interest for £100. 

In order to find the interest of £30,000 at the rate x, we have the proporti(.n, 

30,000 X 

100 : 30,000 : : X : ir 300 x 

In like manner to. find the interest of £20,000 at the rate of ^ • 

100 : 20,000 : : y : = 200y 

% 

But, by the enunciation of the problem, the difference of these two sunis is 
i.bOO, hence we shall have, for the first equation, 
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HOO a: — 200 y zz 800 ( 1 ) 

Translating, in like manner, the second condition of the problem into alge> 
braic language, we arrive at the second equation 

• -350 y — 240 X =1 310 (2) 

The two lueiiibers of the first equation are divisible by 1 00, and Uiose of the 
second by 10; they may therefore be replaced by the following 

3 a; — 2 y zz 8 (3) 

35y ~-24a: = 31 .* (4) 

In order to eliminate x, multiply equation (3) by 8, and then add equation 
(4), hence, 

19 y = 96 

y zz 5 

Substituting this value of y in equation (3), we have 

3 a- — 10 = 8 
•*. X =z 6 

Then the first rate of interest is 6 per cent, and the second 5 per cent 


Problem 14, * 


An artizan has three ingots composed of different metals melted together. 
A pound of the first contains 7 oz. ^of silver, 3 oz. of copper, and 6 oz. of tin. 
A pound of the second contains 1 2 oz. of silver, 3 oz. of copper, and 1 oz. of tin. 
A pound of the third contains 4 oz. of silver, 7 oz. of copper, and 5 oz. of tin. 
How much of each of these three ingots must he take in order to form a fourth, 
e;mh pound of which shall contain 8 oz. of silver, 3J oz. of copper, and 4i oz. 
of tin? 

Let X, y, and z be the number of ounces which he must take in each of the 
ingots respectively, in order to form a pound of the ingot required ? 

Since, in the first ingot, there are 7 oz. of silver in a pound of 16 oz. it fol- 

7 

lows, that in 1 oz. of the ingot there are jg oz. of silver, and consequently in x 


7 X 

oz. of the ingot there must be oz. of silver. In like manner, we shall find 

l2 T/ ^2 • 

that represent the number of ounces of silver taken in the third and 

fourth ingots in order to form the fourth ; but, by the conditions of the pro- 
blem, the fourth ingot is to contain 8 oz. of silver, we shall thus have 


And reasoning precisely 
in the same manner for 
the copper and tin, we 
find 


7 X 
16 

+ 

12.V , 
16 

4 z ___ 
16 

8 


3 X 

4 . 


7 z 

15 

• 

16 


16 ^ 

16 •“ 

4 


6 X 

+ 


5 z 

17 

« 

16 

i6 ^ 

16 ~ 

4 



wiiich are the tliree equations required for the solution of tlie problem. 


0 ) 

( 2 ) 

( 3 ) 



ALGEBBA. 


e£4 

Clearing them of fractions they becon^e 


7 a; + 12 y + 4 z =z 128 f 4 ; 

S X + 3 ij + 7 z = (SO (5) 

6 x+ y-f 5 z=: 68 ((S) ® 


In these threcfieqliations the coefficients of y are most siiupJe; it will, Llh‘re^ 
fore, be convenient to eli^iinate the unknown quantity hrst. 

Multiply equation (5) by 4, and subtract equation 

(4), from the product, we have 5 a: -}- 24 z = 112 (7) 

Multiply equation (6) by 3, and subtract equation (5) 

from the product^ we have 15 a, -f- 8 ^ = 144 (8' 

Multiply equation (8) by 3, and subtract equation (7) 

from the product, we have 40a;zz 320 

a: iz: 8 

Substitute this value of x in equation (8), it becomes 120 + 8 ^ =r J44 

^ =z 3 

Substitute theaff values of x and z in equation (6), it 

becomes 48 -f- y -j- 15 — 68 

y — 5 

Hence, in order to form a pound of the fourth ingot, we must take 8 ounces 
of the first, 5 ounces of the seooitd, and 3 ounces of the third. 


, ^ Problem* 15. 

There are three, workmen, A, B, C. A and B together can pertorm a cer- 
tain pie^ of labour in a days# A and C together in b dajs, and B and C toge- 
ther in c days. In what time Could each, singly, execute it, and in what time 
could theylinish it if all worked together? 

Let X :z:: time in which A alone eould complete it 
y =: time in which B alone-CQuld complete it. 
z == time in which C alone could "complete it. 

Since A and B together can execute the whole in a days, the quantity whidi 
they ^rform in one day is - , and since A alone could do the whole in x days, 
* 1 

the quantity he could perform iu one day is j ; for the same reason, the quan- 
tity which B could perform in one day is the sum of what they could do 

y 

§ingl> must be equal to the quantity they can do together, hence. 



In like manner we Iv ^ ^ 
shall have I I 
17 z 


1^ 

a 

c 


0 ) 

(«) 

(») 



SIMPLE KQUAtlONS. 
Subtract equation (3) firom (1) 

1 _ 1 - i _ J. 

X X a ^ 

Md equations (2) and (4) 

1 


£ ^ 

a: n 


I 

X ~ a • b “c 


X = 


2ah c 


In like manner. 


y = 


a c -f- 6 c — a i 
2 ah c 

a b ^ 5 c — a c 

^ 

a 6 -f- ac — be 


825 


•• (*) 


Let i be the time in which they could finish it if all worked together, tlien 
by Prob. 8. 



. ab + ac--bc>^__ 
^ VJ + aTTc / ■" 


t 3C 


2 a b c 




Prob, IGi, What two numbers are those whose difference is 7, and ^um 33 ^ 

Ans. 13 and 20 

• 

Prob. 17, To divide the number 75 into two such parts, that three' limes the 
greater may exceed 7 times the less by 15. Ana o4 and 21, 

Prob. 18. In a mixture of wine and cyder, ^ of the whole plus 25' gallons was 
wine, and J- part minus 5 gallons was cyder ; how many gallons were there of 
«ach ? ^ Ans. 85 of wine, and 35 of cyder. 

Prob. 19. A bill of 120/. was paid in guineas and. moidores, and the number 
of pieces of both sorts that were used was just 100 ; how many there of 
each ? Ans. 50 of each. 


. Prob. 20. Two travellers set out at the same time fi'om London and York, 
whose distance is 150 miles ; one of them goes 8 miles a day, and the other 7 ; 
in M'hat time will they meet? • Ans. In 10 days, 

Prob. 21. At a certain election 375 persons voted, and the candidate chosen 
had a majority of 91 ; how many voted for each ? 

Ans, 233 for one, and 142 for ihe other. 

Prob. 22. What number is that from which, if 5 be subtracted, j of the re 
mainder will be 40 ? Ans, 65. 
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Prob, 23, A post is ^ in the mud, } in the water, and 10 feet above the iva- 
ter ; what is its whole length ? Ans. 24 feet» 

Prob, 24, There is a fish whose tail weighs 9lb. his head weighs as much, as 
his tail and half his body, and his body weighs as much as his head and ^is 
tail ; what is the whole weight of the fish ? A ns. 721b, 

Prob. 25. After paying away i and | of my money, I had 66 .guineas left 
in my purse; what was in it at first? Ans. 1:^0 guineas. 

Prob. 26. A*s age is double of B’s, and B*s is ti*iple of C’s, and the sum of 
all their ages is 140; what is the age of each? 

Ars. A’s =z 84, B’s =r 42, and C’s =14. 

Prob. 27. Two persons, A and B, lay out equal sums of money in trade; A 
gains c£]26, .and B loses .£87, and A’s money is now double of B’s; what did 
each layout? Ans. i:800 

Prob. 28, A person bought a chaise, horse, and harness, for £60, the horse 
came to twice the price of the harness, and the chaise to twice the price of the 
horse and harness ; what did he give for each ? 

Alls. £13 6s. 8dL for the hoi’se, £6 1 3s. 4d. for the harness, and 
£40 for the chaise. 

Prob. 29. Two persons, A and B, have both the same income : A saves \ of 
his yearly, but B, by spending £50 per annum more than A, at the e..d of 4 
years finds himself £100 in debt; what is their income ? Ans. £ 125. 

Prob. 30^ A person has two horses, and a saddle worth £50 : now, if the 
saddle be put on the back of the first horse, it will make his value double that 
of the second ; but if it be put on the back of the second, it will make his value 
triple that of the first ; what is the value of each horse. 

Ans. One i30, and the other £40. 

Prob. 31. To divide the number 36 into three such parts, that J of the first, 
J of the second, and of the third, may be all equal to each other ? 

Ans. The parts are 8, 12, and 16. 

Prob. 32. A footman agreed to serve his master for £8 a year, and a livery ; 
but was turned away at the end of 7 months, and received only £2 13s. 4d. and 
his livery ; what was its value ? Ans. £4 16s. 

Prob. 33. A person was desirous of giving 3d, a-piece to some beggars, but 
found that he had not money enough in his pocket by 8d, ; he therefore gave 
them each 2d,, and had then 3d. remaining; required the number of beggars? 

Ans. 11. 

Prob. 34. A person in play lost J of his money, and then won 3s. ; after 
which, he lost J of what he then had, and then won 2s. ; lastly, he lost | of 
what he then had: and, this done, found he had but l^s. remaining; what had 
heatfiist? Ans. 20s. 
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Proli. 35* To divide the number 90 into 4* such parts, that if the first be :n. 
creased by 2, the second diminished by the third multiplied by 2, and the 
fourth divided by 2 ; the sum, difference, product, and <]uotient, shall be all 
egual to each other ? Ans. The parts are 18, 22, 10, and 40, respectively. 

• 

I^b. 36. The hour and minute hand of a clock are exactly together at 12 
o’clock ; when are they next together ? Ans. 1 hour 5 minutes. 

Prol). 37. There is an island 73 miles in circumference, and three footmen 
all start together to travel tlie same way about it : A goes 5 miles a day, B 8, 
and CIO; when will they all come together again ? Ans. 73 days. 

Prob. 38. How much foreign brandy at 8s. per gallon, and British spirits at 
3s. per gallon, must be mixed together, so that in selling the compound at 9s. 
per gallon, the distiller may clear 30 per cent. ? 

Ans. 51 gallons of brandy, and 44 of spirits. 

Prob. 30. A man and bis wife usually drank out a* cask of beer in 12 days; 
but when the man was from home, it lasted the woman 30 days; how many 
days would the man alone be in drinking it r' Ans. 20 days. 

Prob. 40. If A and B together can perform a piece of worlc in 8 dftys ; A 
and C together in 9 days; and B and C in 10 days: how many days will it 
ta!<e each person to perform the same work alone ? 

Aas. A 14 If days, B I7||, and C 23/^* 

Prob. 41. A book is printed in such a manner, that each page contains a 
cei l lin number of lines, and each line a certain number of letters. If each 
page were retjuired to contain 3 lines more, and each line 4 letters more, the 
number of letters in a page would be greater by 224 than before; but if each 
]>age were required to contain 2 lines less, and each line 3 letters less* the num- 
ber of letters in a page would be less by 145 than before. Required the num- 
ber of lines in each page, and the number of letters in each line ? 

Ans. 29 lines, 32 letters. 


Prob. 42. Five gamblers, A, B, C, D, E, throw dice, upon the condition that 
he who h..s the lowest throw shall give all the rest the sum they have already. 
Eacli gamester loses in turn, commencing with A, and at the end of the fifth 
game, all have the same sum, viz. How much had each at first? 

Ans. A £Sl, B ^41, G <121, D ^11, E £G. 


Prob. 43. To divide a number a into two parts, which shall have to each 
other the ratio of w to w. 

. m a n a 
Ans. — , — t , 

m -j- 71 tn -f- n 


Prob. 44. To divide a number a into three parts, which shall be to each 
other as imp. 

m a n a p u 


Ans. 


+ W 4“ p’ -i- n -j- P -j n -i- p 

i>2 
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Prob. 45. A banker has two kinds of chan^ ; there most be a pieces of the 
first to make a'crown, and b pieces of ^e second to make the same : now, a 
person wishes to have c pieces for a crown. How many pieces of each kind 
must the banker give him ? 

Ans. — ^ of the first kind, ^- 7 ^ — ~ of the seomul. 

0 — a , b — a 

Prob. 46. A sportsman promises to pay a friend a shillings for each shot he 
misses, upon condition that he is to receive b shillings for each shot he hits. 
After n shots, it may happen that the two friends are quits, or that the first owes 
the second c shillings, or the contrary. Required a formula which shall com- 
prehend all the three cases, and which shall give x the number of shots missed. 

5 » + c 
Ans. X z= — v' V • 

In the first case, c:=z in the second case we must take the positive sign, in 
Uie third case the negative sign. 

Prob. 47 If one of two numbers be multiplied by m, and the other by w, the 

sum of file products is p ; but if the first be multiplied by m\ and the second 

by n', the sum of the products is p\ Required the two numbers. 

»' n — M mff — m* p 

Ans. — 7 -> — • 

mrv — m n mvl — m n 

Prob. 48. An ingot of metal which weighs n pounds, loses p pounds when 
vraighed in water. This ingot is itself composed of two other metals, which 
we may call M and M' ; no>v, n pounds of M loses q pounds when weighed in 
water, and n pounds of M' loses r pbunds when weighed in tfater. How much 
of each metal does the original ingot contain ? 

Ans. ” pounda of M, ” pounds of M', 


REMARKS UPON EQUATIONS OF THE FIRST DEGREE. 

152. Algebraic formulas can offer no distinct ideas to the mind, unless they re- 
present a succession of numerical operations which can be adually performed. 
Thus, the quantity b — a, when considered by itself alone,* can only signify an 
absurdity when a-^b. It will be proper for us, therefore, to review the pre- 
ceding calculations, since they sometimes present this difficulty. 

Every equation of the first degree may be reduced to one which has all its 
signs positive, such as, 

flo: 4-5 = cx + d. (I)* 


Subtracting cx + b from each member, we then have, 


Whence, 


ax — cx = d — b 


X 


a — c 


( 2 ) 


» W<> mn alwiiyH chnni^i* the negative terms of ao eqaation into others wUch are positive, since wo 
CM& always s4<l any quantity tu both members. 
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This being premised, three different cases present themselves, 

1°. and, 

2®. One of those conditions only may hold good. 

• 3®. d, nnd, c^a, 

In'tho first case, the value of x in equation (2), resolves the problem without 
giving rise to any embarrassment; in the second and third cases, it does not at 
first appear what signification we ought to attach to the value of x, and it is tliis 
that we propose to examine. 

In the se<x>nd case, one of the subtractions, d — 5, a — c, is impossible: 
for example, d and a it is manifest that the propused equation (1) 

is absurd, since the two terms a x and b of the first member are respectively 
greater than the two terms c x and d of the second. Hence, when we encounter 
a difficulty of this nature, we may be assured that the proposed problem is ab- 
surd, since the equaiioii is merely a faithful expression of its conditions in al- 
gebraic language. 

In tlie third case, we suppose b"^ d, and c-p^ a\ here both subtractions aJt 
impossible : but let us observe, that in order to solve equation (1), we subtracted 
from each lueiuber the quantity cx b, an operation manifestly impossible, 
since each member ^cx -j- b, THls calculation being erroneous, let us sub- 
tract ax + d from each member, we then have, 

b — d ==r cx — ax 

Whence, 



This value of x, when compared with equation (2), differs from it in this 
only, that the signs of both terms of the fraction have been changed, and the 
solution is no longer obscure. We perceive, that when we meet with this third 
case, it pomis out to us, that instead of transposing all the terms involving the 
unknown quantity, to the first member of the equation, we ought to place them 
in the second ; and that it is unnecessary, in order to coiTect this eiTor, to re- 
commence the calculation, — it is sufficient to change the signs of both numera- 
tor and denominator. 

One of the principal advantages which algebra holds out, is to Enable us to 
obtain formulae which shall include every Variety of the same problem, what;* 
ever the numbers may be which it involves. We shall here attain this object 
by establishing a convention, to perform upon Mated negative quantities the 
same operations as if they were accompanied by other magnitudes. For exam- 
l>le, if we had an expression, ?» + d — 5, and b~p d, "we might express it, 
m — (b — d); if m does not exist, by our conpention, we still write, d — b 
= — (6 — d), when b'pd, 

b — d 

The value of r, in the second case, becomes a; = — and we conclude, 

from what has been said above, that every negative solution denotes an absurdity, 
in the condition of the question proposed* 

In order to divide the polynomial — a* -f- 6® -f- &c. by — -f- 

we divide the first term — — a*, and we know (Art 18.) that tlie q:,afient 
has the sign -f*. We may say the same of the isolated negative quantities. 
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fl*, — a^; so that, in the thii-d case, the value of x will be of the forir 

g) * reduces itself to ♦ the true result in equation (3.; 

This convention, which cannot occasion any inconvenience, enables us to 
include all the cases in the single formula ('4). But, we must remember, Qiat 


tlie isolated negative quantities — «, 


— &c. derive their origin from 


a 


convention, that they are symboh, which have no existence in themselves, ami 
that we treat them as real quantities only because we are thus enabled to 
accomplish an important object, without the fear of any embarrassment in con- 
sequence. In fact, one of two things must happen, either the result will have 
the sign — , from which we conclude that the problem proposed is absurd, the 
sign — being a symbol which marks the absurdity ; or the result will have the 
sign -f- , and we have proved that this is what it ought to be, although arising 
from the division of two negative quantities.* 

When the equation is absurd, we may nevertheless make use of the negative 
solution obtained in the second case; for if we substitute — x for -j-x, the 
proposed equation becomes 


— nx + 6 =: — rx d 

Whence x =: 


a value e*|iial to that in (2), but positive. If, then, we modify the question, in 
such a manner as to agree with this new equation, this second problem, which 
will bear a marked resemblance to the drst, will no longer be absurd, and, with 
the exception of the sign, will have the same solution. 

Let us take, for example, the following problem. 


* The folloviring' remarks upon the same subject are from ** The Principles of Aualytleal Calculation,'’ 
by the late Professor Woodhouse.: 

** Since, independently of arbitrary appointment, the symbols of real quantities alone, can be made 
the object of demonstration, if any rule is laid down for the multiplication of — o by -f- A; or of x— y 
hy ^ £ (where such rule must be subsequent to certain conventions : the object to be obtained 

by extending a rule, or, what is the same thing, by making it in part arbitrary, is cominodiousnets of 
cnleulation. 

** When i a and — b are separately proposed, no reasoning can establish any thing concerning the 
fi'gns of their prodilct, but since it has appeared that (x — y) Xa n xa — y o. Where x > y, and that 
(/*— f#;)x6=2f»i — where r > w, suppose x — y is e — w and a =6, then by the rule for trans. 
I»«eitfl»ii, these equbtions may appear under the form y— -x = w — e and — a = — 6, and if y — x 
t>e multiplied by^-a, and te— v by *- b, making the product of like signs + and Ute product of unlike 
ifigns— , the result is --ya-pxo = — wi q-oi, or xa— yo = ri — wd, which is known to be a 
true equation. 

** Hence It appears, that the rule for the multiplication of signs may be made general, pince it can be 
proved true in all cases where actual multiplication is to be performed, and since, employed in mere 
al^^’braic calculation it cannot leadi luto error, because the result must always be considered with re- 
ference to the premises j thus, if <i X o» and — « X — o be expressed by a •, tiie square root of a * or 
that quantity which algebraically multipUed into> itself produces a *, must be put either -|- a or — a, 
6r abridgedly expressed, 

** If the rule be not made general, then 4nring the process of calculation, were it necessary t(» muU 
tipiy such a quantity as x->-y by a — 6, or o, nothing could be affirmed concerning such multi plica- 
tloii» until it had been ascertained whether a was greater than d, and x greater than y : what tedious 
impediments would thus be made to clog calculation it is easy to conceive j as this rule for the muttl- 
plication of signs embarrasses beginners^ and has been frequently made the subject of discussion. 1 
hnvd dwelt rather long upon It* deniroas to distinguish in the rule, what may be suid to be proved 
firom evident pvinciplea and etrict reiMonipgt from what is arbitrary or results from convention, ' and 
to show ^ desirable an the gronnds of comintHiiousneBs to make such a rule general, and why 
on the sedre of accUraiiy and precision It might safely be made general.'* 
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A father aged 42 yeara, has a son aged 18 : in how many years will the age 
of the son be one fourth of that of the father f 

Let X ■=. the number of years required ; 

• Then ~ 12 -f- a; 

4 

' a; = — 8 


Thus the problem is absurd. But if we substitute — a: for -}* equation 

becomes 


42 — X 


4 


= 12— .a; 


and the conditions corresponding to this equation change the problem to the 
following : 

A father aged 42 years, has a son aged 12 : how many years have elapsed 
dace the age of the son was one fourth of that of the father? 

Here x = 2 

What number is that, the sum of the third and fifth parts of which, diminished 
by 7, is equal to the original number? Here, 



Whence x = — 15 

The problem is absurd ; but substituting — x for -|- x, (or rather -f-7 for — 7,) 
we perceive that 15 is the number, the third and fifth parts of which, when 
added to 7, give the original number 15. 

153. With regard to the interpretation of negative results, in the solution 
of problems, we may establish the following general principle : 

When we find a negative value for the unknown quantity in problems of ihe 
fi} St degree^ it points out an absurdity in the conditions of the problem proposed ; 
provided ihe equation be a faithful representation of the problem^ and of the true 
meaning of all the conditions. 

The value so obtained^ neglecting its sign^ may be considered as the answer to 
a problem which differs from the one proposed in this only^ that ceitain 
quantities which were additive in the first, have become subtractive in the second, 
and reciprocally, 

1 54. The equation (8) presents still two varieties. If a = c, we have 



in this case the original equation becomes 

ax + b = ax 


whence b zz d\ if, therefoi'e, b be not equal to d, the problem is absurd, and 
c^iiinot be modified as above. 

The expression or in general — , when m may be any quantity, regre- 

o o 

m • 

tents a number infinitely great. For, if we take a iiaction — , the smaller w© 

11 # • 

in 

make n, 'the greater will the number represented by — become; Uius for 
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results are 2, 100, 1000 dmee ao great asm, ThR 

2 100 1000 

limit is infinity^ which corresponds to n = 0 : we perceive then, that a problem 
is absurd when the solution is a number v^/inittly great ; this is represented by 
the symbol 

a; zz CD ♦ 

155. If, however, a = c, and b z=z d, we have 

0 

® 0 

in this case the original equation becomes 

ax + b = ax+ b 

here the two members of the equation are equal, whatever may be the value of 
X, which is altogether arbitrary. We perceive then, that a problem is indeter^ 
minatCy and is susceptible of an infinite number of solutions^ when the value of the 

unknoxon quantity appears under the farm 

It is, however, highly important to observe, that the expression does not 

always indicate that the problem is indeterminate, but merely the existence of 
a factor common to both terms of the fraction, which factor becomes 0 under a 
particular hypotliesis. 

Suppose, for example, that the solution of a problem is exhibited under the 
0^ — 5* 

form X = - 2 — - ga • 

If, in this formula, we make a zr 5, Uien, x = 

But we must remark, that — 6* may be put under the form (a — 
(a* + fl 5 -f“ 5 2), and that a * — 5 ■ is equivalent to (a — b) (a -j- b ) ; hence, 
the above value of x will be, 

(q — 5) (g * + ab + b*) 

^ (a — b)(a + b) 

Kow, if before making the hypothesis a^b, we suppress the comiuon f.ic 
lor a — 5, the value of x becomes, 

. _ a^ + ab + b^ 

* TT+l 

an ex|>ression which, under the hypothesis that a = is reduced to 

So* So 

* “ 2a “ 2 

Take, as a second example, the expression, 

_ a* — 5* (a + b)(a-^b) 

® - (o — - («_i)(a_i) 

making as: the value of x becomes x zz in consequence of the exist* 


• it mutt, honrerer, be remarked, that there are qneationB of tuch a nature, that infinitjf may be coii. 
tldered as the true answer of the problem. We shall find examples of this la Tfigoninnitty, aud ta 
amiytisal (isomtry. 
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ence of the common factor a — bat if, in the first instance, we suppress the 
common factor a — 5, the value of x becomes, 



an expression which, under the hypothesis that a = is reduced to 



From this it appears, that the symbol — in algebra sometimes indicates the 

existence of a factor common to the two terms of the fraction which is reduced 
to that form. Hence, before we can pronounce with certainty upon the true 
value of such a fraction, we must ascertain whether its ternis iiivoUc a common 
factor. If none such be found to exist, then we conclude that the equation in 
question is really indeterminate. If a common factor be found to exist, we 
must suppress it, and then make anew the particular hypothesis. This will 
now give us the true value of the fraction, which may present itself under one 

of the three forms 

x> u il 

In the first case, the equation is determinate ; in the second, it is impossible 
in finite numbers ; in the third, it is indeterminate, 

156. We shall conclude this discussion with the following problem, which will 
serve as an illustration of the various singularities which may present tiiem- 
beiges in the solution of a simple equation. 


Problem. 

Two couriers set off at the same lime from 
two points, A and B, in the same straight q A B C 

line, and travel in the same direction A C. 

Tile courier who sets out from A travels m miles an hour, the courier who 
sets out from B travels n miles an hour ; the distance from A to B is a miles. 
At w’hat distance from the points A and B will the couriers be together? 

Let C be the point where they are together, and let x and y denote the dis* 
taiices AC and BC, expressed in miles. 

We have manifestly for the first equation 

X ' * y a (l) 

Since m and n denote the number of miles travelled by each^in an hour, that 
is the respective velocities of the two couriers, it follows tliat the time required 

X y 

to traverse the two spaces x and y, must be designated ^ ? these two 
periods, moreover, are equal, hence we have for our second equation 

. ^ ( 8 ) 

^ m n 

The values of x and y, derived frjui eon dlotis and (2), are 
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1" . So long as we suppose 7W7n, or m-^n positive, the problem will btt 
solved without embarrassment For in that case, we suppose the courier who 
starts from A to travel faster than the courier who starts from B, he must 
therefore overtake him eventually, and a point C can always be found where 
they will be together. 

2®. Let us now suppose m or ?« — n negative, the values of x and y are 
both negative, and we have 


am ^ an 

® n — m ^ n — ni 

the solution, therefore, in this case, points out that some absurdity must exist in 
die conditions of the problem. In fact, if we suppose m we suppose that 
the courier who sets out from A travels slower than the courier who sets out 
from B ; hence the distance between them augments every instant, and it is 
impossible that the couriers can ever be together, if they travel in the direction 
A C. Let us now substitute — a; for -j- ar, and — y for -f- y^ in equations ( 1) 
and (2); when mOdilied in this manner they become 

y — * 

X 
m 

equations which, when resolved, give 

a m 

h — m ’ 

in which the value of iC and y are positive. 

These values of x and y give the solution, not of the proposed problem, which 
is absurd under the supposition that ni ^ w, but of the following : 

Two couriers set out at the same time from the points A and B, and travel m 
the direction B C', &c. (the rest as before ;) the values of x and y mark the 
distances AC', BC', of the points C', where the couriers are together, from the 
points of departure A and B. 

3 Let us next suppose m n\ the values of X and y in this c;ase become 


orn art 



tliid is to say, x and^ each represent infinity. In fart, if we suppose m =± n 
we suppose the i^urier who sets out from A to travel exactly at the same rate 
as the courier who sets out from B; consequently, the original distance a 
by which they are separated will always remain the same, and if the couriers 
travel for ever they can never be together. • Here aHo the conditions of the 
problem are absurd^ although the result is not susceptible of the same modititvu 
tion as in the la4- case. 
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4 I;et us suppose m = n, and also a :=zQ\ the values of x and y in this 
case become 


0 0 



that is to say, the probk'm is wdetei'minate^ and admits of an infinite num- 
ber of solutions. In fact, if we suppose a == 0, wo suppose that tlie couriers 
start from the same point, and if we at the same time suppose m = or that 
they travel equally fast, it is manifest that they must always he together^ and con- 
sequently every point in the line AC satisfies the conditions of the problem. 

5 \ Finally, if ue suppose « 0, and rn not = n, the values of x and y in 

this case become 

a: =: 0 y = 0 

. Ill fact, if we suppose the couriers to set out from the same [mint, and to tra- 
\el with different velocilios, it is manifest that the point of departure is the only 
point in which they can be togetbef. 


ON QUADRATIC EQUATIONS 

1,57. Quadratic equations^ or equations of the second degree, are diviibul into 
two chtsses. 

* 

1. Equations which involve the square only of the unknown quantity. These 
arc termed pure (/uadraiics. Of this description are the equations, 

ax-^-b-, 3.r*+ 12= 150 — ^ + 3 « ^ ^ + 2 x* + 

th(‘y are sometimes called quadratic equations of two terms, because, by transpo- 
sition and reduction, they can til ways be exhibited under the general form 

a — h. 


Thus, the lliird of the equations given above 

i-4.3x^---^2x»+ -- 

when (deared of fractions becomes 

— 10 + 72 0. 2 == 7 + 48 a;* 

transposing and reducing, 

32 a; 2 = 276 

which is of the form 

a;2 = 


II. Equations which Involve both the square and the simple power of* the un- 
hnown quantity. Tiieso are termed adfected, or complete quadratic ^ ; of this 
‘loscription are the equations. 
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«** + d*=c; X* — 101=7; 



2 « ,.273 

T-* +Tr 


they are sometimes called quadratic equafions of three terms, because, by trans. 
position and reduction, they can always be exhibited under the general form^ 

a + b X —c. 

Thus, the third of the equations given above, 


5 x^ 

a 4 


8 — 


if 

3 




273 

12» 


when cleared of fractions becomes 

10 X* — 6x4-9 z= 96 — 8x — 12 « * + 27^ 
or, transposing and reducing, 

22 X * + 2 X = 360, 

which is of the ibriii 

a x* + b X =: c. 


SOLUTION OF PURE QUADRATICS CONTAINING ONE UNKNOWN QUANTITY. 


158. The solution of the equation 

flx* .rs b 

presents no diihcuUy. Dividing each member by a, it Decomes 


whence 


a 



If — be a particular number, either integi'al or fractional, we can extract its 
square root, either exactly, or approximately, by the rules of arithmetic^ If 
~ be an algebraic expression, we must apply to it the rules established for the 

extraction of the square root of algebraic quantities. 

It is to be remarked, that sinc.e the square both of -j- m, and — m, is -f- wi®; 

so, in like manner, both (4* '» « Hence the 

above equation is susceptible of two solutions, or has two roots, that is, there are 
two quantities which, when substituted for x in the original equation, will render 
the two members identical ; these are, 

*='+v/‘s* 

for, substitute each of these values in the original equation a x * ^ 
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It befiomM, o X J~,i) = *. or. a X i. «. 6 =. 

and, a X ( — ) = i, or, o X = i, ». «. 6 = 


E\atnple 1. 

Find the valuers of x which satisfy the equation 


4x’ 2-~7 = 3x2+9 


Transposing and reducing, x * ir: 16 

X = + v/16 

~ t ^ 


hence the two values of x are + 4, and — 4, and either of these, if substituted 
for X in the original equation, will render the two members identical. 


Example 2. 


•l' 

3 


— 3 


+ 


5x2 

12 


7 ^ . 2<id 

21 ~® + iV* 


Clearing of fractions, 8x * — 72+ lOx* = 
Transposing and reducing, 42 x® == 

X* =r 

X = 

and the two values of x are + 3, and, — 


7 —24x2+299 
378 

42 

9 

±3 

3. 


Example 3. 


3 a* = 6 



- ±v^l£^ 
3 


Since 15 is not a perfect square we can only approximate to the two values 
of x> 


Example 4. 
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C-learing of fractiops, x = wiv/r^+x-^- 

,‘.(m + \)x =± my/r^+x* 
Sfjuariiig, (?« * -J- 2 wj + i ) :r ® zr {r^ -\r x'^) 
i9.w+ l)ar2. == 


~\/ 4 m -f- 1 


Example 5. 


m-j- X + \/2 vtx + 
m + x m X 


Render the denominator rational by multiplying both terms of the tia<;Hon 
by the numerator, the equation then becomes, 

( w -f- -r "}•- y/ ~ ?// x-j- X") ^ „ 


Extracting tlie root, 

fn X -j- \/ ''^ X -j- X i m 

Transposing, \/^4 m x -j- x^ ~ i m y/w — ( -h •' ) 

Squaring, 2nix-j~x* = -f-x) (m’-{-^x)^ 

Transposing and reducing, 

+ 2 ?« y/” 0^^ + ^) = 

m ( 1 + m) 

■■• *+* “ ±?^^. 

7W(1 4-.w) 

* “ ±w» 


Ex. 6. ll(a:^ — 4) = ^(a;* + 2) 


Ans. X = ^ 3, 


p._ 7 ^+'7 X — 7 ^ 

a** + 7a; a:* — 73 


Alls, a; = + 9. 


Ex. a m +v/m^ — ^ £ 


Ex. 9. — ^ + 

v/ m* — a:® + \/»* + 


Ant -t—-}- ^ Zmn — 


Anfc t = + — 

/ 8(p=* + ; 


, p + a; + x/p — x /£ _ 

V^*, y/ q 

» Aim. * ss "f” 2\/ pq — y ’ 


Ex. 10 
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1^9. In the same manner we may solve all equations whatsoever, of any dej^nree, 
which involve only one power of the unknown quantity, that is, all equationj 
which are included under the general form, 


^ ax'" =: b 

For, dividing each member of the equation by a, it becomes, 



Extracting the root on both sides. 



If n be an*even number, then the radical must be aifeclinl with the double 
sign +, for in that case, both (-f- equally 

produce • 


Example 1 1. 

5 « ® — 57 — 2 a; + 135 
3a;« = 192 
a;«=:64 

X =z\/^~='yv^ = v = ±2 

Here 2 and — 2 are two of the roots of the above equation. 


* Example 12. 

y'-Eij 1 v/i» + ^ 

p ' X q 

(P + X) \/p + X = 

Or. 

(p + x)’‘= . t 

Squaring, 

(p +x)a = 


p + t=zx 



Extracting the cube root. 
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Example 13L 

P ^ » 

- ■ X ^ =r — • 

Alls. X = 

s' 

1 60. We have seen, that an equation of the form ax^ = has two roots, 
or that there are two quantities which, when substituted for x in the orijivinal 
equation, will render the two members identical. In like manner, we shaD 
find that every equation which involves x in the third power, has three roots ; 

^an equation which cont?iins hixs four roots ; and it is a general proposi- 
tion in the theory of equations, that an equation has as many roots as it has 
dimensions, . 

161. The above method of solving the equation ax^ zr h, will give us only 
one of the n roots of the equation if n be an odd number, and two roots if n. De 
an even number. Such a solution must, therefore, be considered imperfect* 
and we must have recourse to different processes to obtain the remaining roots* 
This, however, is a subject which we cannot here discuss. 


SOLUTION OF COMPLETE QUADRATICS, CONTAINING .ONE UNKNOWN QUANTITY 

1 62. In order to solve the general equation, 

ax' + = c 


let us begin by dividing both members by a, the coefficient of * 3 ; the equation 
tiien becomes. 


a- + ^ X = 

• n n 


or. 


+ p X =r q 

putting, for the sake of simpliidty, 

^ h _ 1 

^ a a 


This being premisedf^ we can by any transformation render the first mem 
her of the above equation x* px the perfect square of a binomial, a simple 
extraction of the square root will reduce the equation in question to a simple 
equation. 

But we have already seen, that the square of a binomial a? -f- or 
a' * + 2 a a; + a *, is composed of the square of the first term, plus twice 
the product of the first term by the second, plus the square of the second 
term. 

Hence, considering -j- p x ds the two first terms of the square of a bino- 
mial, and consequently px aa tiie product of the first lerm of the binomial 
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by tha second, it is evident that the second term of this binomial must be 
I , for 2 X -I- X aJ = JO a;. 

order, therefore, that the above expression may be transformed to a per- 
fect square, we must add to it the square of this second term •—, that is, the 
square of half the coefficient of the simple power of x\ \i thus becomes 

** + ?>'+ Y . 

P P * 

wilich is the square of -g-. But since we have added ^ to the left hand 

member of the equation, in order that the equality between the two menil)ers 
may not be destroyed, we must add the same quantity to* the right hand mem- 
ber also, the equation thiis transformed will be 

« * p* 

* “f" P "f" q," ~ 7 


Or, 

(•+«)■ = T + ? 

Extracting the root, 

® + 2"= ± f \ ^ 

Transposing, 

X — — f- + Y + y 

v// 3 * + 

_ 2 

If the original equation had been 

— p X r: q 

being transformed, it would have become 

a: * — 

. p* r* j 

P ® + Y ~ 4 + ^ 

Or, ( 

+ 

II 

1 

And 

_ pjt '^p’‘+ V 


2 


We affix the double sign , because the square both 4“ 

4" + also of — ©very quadr..|ic 

e^iuation, must, therefore, have two roots. 

«L 

From what has just been said, we deduce the following general 
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BULB FOR THE SOLUTION OF A COMPLETE QUADRAl'lC EQUA riON. ^ 

1. Transpose all the known quantities, when necessary, to one side of the equa^ 
tion, arrange all the terms involving the unknown quantity on the other side, and 
reduce the equation to the form a h x c. 

2. Divide each side of the equation by the coefficient of x\ 

3. Add to each side of the equation the square of half the coefficient of the 
simple power of x. 

That member of the equation which involves the unknown quantity will thus 
be rendered a perfect square, and extracting* the root on boUi sides, the equa^ 
tion will be reduced to one of the first degree, which may be solved in the 
usual manner. 


Example 1. 

12 a: — 210 = 205 — 3 a* + 5 

Transposing and reducing, 3 a:* 12 a? = 420 

Dividing by the coefficient ofx\ a: * -j- 4 a* == 140 

Completing the square by adding to each side the square of half the coefficient 
of the second terra, 


a;* 

Or, 

Extracting the root. 


+ 4a; + 4= 140+4 

(x + 2)* = 144 
a; + 2 = + y/ 144 


= + 12 
a; = — 2 + 12 

Hence, 

^ Ca? = — 2 + 12 = 10 

ia:5= — 2 — 12 = — 14 


Either of these two numbers, when substituted for x in the original equation, 
will render the two members identicaL 


Transposing and reducing, 
Dividing by 2, 

Completing the square, X * 


Example 2. 

2 a;* + 34 = 20 a; + 2 

2 X* — 20 a; = ^ — 32 
z* — 10 a; = — It) 

10 a; 25 = 25 — 16 
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Or, 

Extratting the root. 
Hence, 


* = 8±3 

X = £ -f> 3 s 8 
X = 3 — 3 = 8 


Dividing by 3, 

Completing the aquara^ 

Or, 


Hei«e, 


Example 3. 


3 * * — 2 * =65 



~ T * + ^t) - 


+ 



(* 



1% 

9 


.% * 






; 4- u 


5 



4 


3 


. Example 4. 

+ X 2 sz 0 
Transposing, x* + ® ~ ^ 

The coeffibient of x in this case is 1, •% in order to complete the square, we 
must add to each side ( *, or 


x« + X + I =- 2 + -J- 



/. j* zr 1, and x zz — 2 
Q 2 
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Tfansposing-, — 

Changing the sign on 
both sides, 

Dividing by 3, 

Completing tlie square, a * 
Or 


Henoe, 


Example 5. 

-f. 6 jr = 30 

^2 _ 2a* = — 10 
— 2.x + 1 = 1 — 10 

(x-l)V=«9 

^ — 1 = i ^ ^ 

( X = 1 -f- y/ 9 

cx = 1 — y — 9 


In the above example, the values of x contain imaginary quantities, and the 
roots of tlie equation are therefore said to be impossible. 



Example 0L 


. 1 
2^^ 4> 


= 8 — -g X 


*» + 


873 

12 


ClearSng of fractions, 

iOi^ — 6x4- 9 = 96 — 8»— 12*» + 873 
Transposiiijg' and reducing, 

22 X * + 2 X = 360 


Dividing both members by 22, 


x’ -f- 



3b0 


Adding ( ’ to both memben, 



Extracting the voqt. 
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Hence, 


l::: 


i 4.??-4 

22 T ^ 

-i — . ^ — 


Example 7. 


= c X — b X* 


Transposing, 


(a-}-ft)a;* — car=:- 


Dividing by a + ft, 

_ c ac 

* ~ a + b'^— {a + by 

Completing the square, 

. c c* ac 

* — a + 6* + 4 (a +6)* “ (a + g)* +“ T77+S)* 

Or, 

I_ c >._c» + 4 a c 

t (a + b) r — 4 (tt +Jp 


acting the root, 


The two values of x here are. 


, v/r^’+TTcTS 
'± i. a + h 

c+\/c» + 4 «c 
"2 (a -f- ft) 


c + v/^* + 4ac c — v/c’'-f-4«c 

*— 2 (a + 6' '^{a-i-b) 


Example 8. 


a^ + b^^2bx+x^ 

Transposing, 

(»® — — 2bn^x = — w*(a® + ft^®) 

Dividing by the coefficient of a;* , 

^ 2ft«» , fl"+ft* 

5 — n* • ' , — r 

Completing the square, 

fl* — ‘ tw* / Vn* — . W? ' »2* n»* 
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p(»- + <')-•■ ■‘•5 


Extrjulitig the root, 


X — ^ 3 — j ^ \/ (a* + ^‘ ) — 71'^^ * 

7 r — nr n — m '■ * ^ 

* = J!m^ ' f *«± v/ <«•(«’+*“)— «'«" I 


The two values of x are 


a; — ^ \bn + \/»** (a" + 6’') — 71 '^ ^ | 

X = \lin — v/w'* t«‘ + 6^ )— •*a- } 


. Ex, 9. (if = 27 


Aim. X = 3, x = —''. 


Ex. 10, »*— 7a,-f-3J = 0 


Aim. X =: UJI, u — 


Ex. IL 022® — 15i? = 63&* 


Aim. X = 23 ^ f z= IHf 


Ex. 12. 8®= — 7 X + 34 = 0 


Aim *-I±iLEM ,_ 7 -^v/T 039 

AIM. 4-^ 16 » ®- l 6 


Ex. 13, 34-2 + x = 7 


Aus. X =r 


— l — \/»5 

, X_ g 


rr 4 a)“ 

Ex. 14. ~ — 4 — a,*+2a;-— = 45 — 3x^+4^: 

3 5 

Ans. X = 7* 12 -r — — 5. 73 


Ex. 15. = 9 

a*’ -rr- 1 9 2 J’ 


Aiis,a?— ~ , X = 4 


Ex. 16. ^ !!, = 0 

4 4-^1 4 + 2 


Ans. = 4, ar =: — 4j 


7 9 1 3a*^x 6fl'+a5 — 25* 5*df 

hv. 17. + L_ 
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EXi 18 . iwjf* — ^mx^n = 


- mn 

X 


V w* + \/^ 


v/^ 




E:^ 19. 4ja*a**-f- 4a*c*a: -f- ^ahd^x — + hd^)* = 0 

A — _2£!+-M!L ~ ac^ + bd* 

ns. 2a-^3d^c* ^ 2a — Sd^c 

OA * • /bx/a-f-b , (]‘^2b^)cd i/c\ . c<i , — r-^: — 


Ans X = j, _ 

cJ(l4-2i2) ’ 5a 


163. The above rule uill enable us to solve, not only quadratic equations, but 
all equations which can be red need to the form 

X'" -j- px^ = q ; 

rtiat is, all equations which contain only two poAvers of the unknown quantity, 
and in which one of these powers is double of the other. 

For, if in the above equation we assume y = a;”, then =z a;*", and it 
becomes 

y°- + py = q\ 

Solving this acA‘,orcling to the rule, 

y = -r .. ' !: y p!..±il 

2 

Putting for y its value, 

it” = 

Extracting the nth root on both sides, 

a: = y — 


Example 1. 

_ 25^-2 = — 144 

Assume =r the above becomes 

— 2by = — 144 

Whence y = 16, ^ = 9 

But since x^ :=. y .*. 

iT = +v/l6, x = +/9 

Tims the four values of r are -J- 4, — 4, +3, — ?3. 

Example 2. 

, — 1%^ = 8 
Assume m y^ y- — ly =r 8 

Whence ^ ^ 

And since 3^ y a; = i 

Whence the four roots of the equation arc 4; v^8» iv^ — ^ which 

!mpo«sible roots. 
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Example 3. 

Let x® — 2a;3 =. -^8 

Assume a:® r: y, the above becomes 

— % z= 48 

Whence y or* — 6 

But since x® ^ x =: ^y 

Hence two of the roots of the above equation are — \/^» 

remaining four roots cannot be determined by this prof;ess. 


Exunqde 4. 

Let %x. — lyjx = 99 

Or, 2x—7x^ =: 99 

This equation manifestly belongs to this class, for the ex]>onent of x in the 
first term is 1, and in thesecimu term half as great, or ^ ; 

In tills case assume y/x = ^ the equation becomes, 



iy" — ly 

= 99 

Whence 

y == % 

11 

But since 

v'^ = y 

ixl' 

^ 4 


It 


To account for the two values of x in this equation, it must be observed tliat 
one belongs to +y/^, the other to — y/x. 

This will appear clearly in the following example* 


^ Example 5. 

' ax = + */ cx 

Solving this equation in the same munnei as the preceding, we shall find 

2ab + c + \/ iabc -f- c ® 2ab -j- c — x/ ^ abc -j- c * 

“ ■ 2d ‘ ’ ® 2a * 

if we substitute these two values of x in the original equation, ue shall find that, 
the first only will veri^ it ; .the second belongs to the equation 

ax = b — \/ cx 

these two equations, multiplied togetlier, produce the complete quadratic 
eciuation 

fl-x® — (2ab + c) X + b ^ = 0 
whose roots are the two values of x giveu above. 

164. Many other equations of degrees higher than the second may be solved 
by completing the square; although, it must be remarked, we can seldom obtain 
all the roots in this manner. The transformations to which we subject equa- 
tions of this nature, order that the rule may become applicable, depend uuon 



QUADRATIC EQUATIONS. 

wiou« algebraic artifices, for which no general rule can be given. The 
following examples will serve to give the student some idea of the courae he 
mu^t pursue • a little practice will soon render him dextrous in the employment 
of such devices. 

# Example 6. 

Let \/x+ 12 -f- 12 = 6 

Assume, x 12 = i/; the equation then becomes, 

= 6 

which evidently belongs to ttie same class as the previous examples; <K>mplet- 
ing the square, we shall have, 

y ^ = 2, or, — 3 

Raising both sides of the equation to the power of 4, 

y = 16, or 81 

X, or y — 12 = 4, or €9. 


Example 7. 

Let 2a;2 + v/2jf*+i ^ 

Add .1 to each member of the equation, it becmcefli, 

2x^ + 1 + 

Assume 2 a: • + 1 = 2/» then, 

y + y* — 

Completing the square, and solving, we find, 

y or, v/ 2 JT ^ + I = 3, and, — 4 
2r* + 1 = 9, and, 16 
15 

or * = 4, and, 

Hence, , = + 2, - 2, +y^. _y^ 

It may be remarked, that it is in general unnecessary to substitute y, ^vhich 
has been done in the above examples for the sake of perspicuity alone 


Example 8. 

Let, (j? + -| ) + jr = 42 — ® 

Transposing, (x+iy+C^r+f) = 42 

Considering j -j- as one quantity, and completing tue square. 




1 ^ 

4 
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^ + 7 3 i « 

z= 6, .and. — 7 

Hence, vre have the two equations, 

j?* — 6jr = — 8 

+ = —8 

Solving the first in the usuxd manner, we find, 

= 4, and, 2 

and by tlie second, we have, 

* 7-^ . and- 2 

which are the four roots of the proposed equation. If we had reduced this 
equation, by perfonning the operations indicated, instead of employing the above 
artifice, it would have become, 

+ — 26 4r2-f.8x + 64 = 0 

a complete equation of the fourth degree. 


Ex. 9. ;r * + 4 j 2 = : 2 


Alls, X ^ ± ^2 


Ex. 10 — 8;p« — 513 = 0 

Ans, .Tt 3 

Ex. 11. 4:^--(25c + 4c*)J:* + ^*C» =.: 0 

Ans. X j:\/^ 5c + ±2ay'5c-f«* 


Ex. 12. x^ + x^=:7be 


Alls. X ^ 243, and, x = V ( — 28) * 


Ex. 13. a x^ b X — c=:0 

Ans. a,' = 

' 2/7 ' 


Ex. 14. X* — ;c + 5 = 

5 + i/ l.i^9 


3a:+ 33 


Ans. x= — , and, x = 3, and, — - 

. 4? 2 


Ex. 15. ?.+-v^ 5L:^- ... i 

X — /x^- a * ® 


Anv * = j (± /_7 _ 3) 
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ON THE SOLUTION OF QUADRATIC EQUATIONS CONTAINING TWO UNKNOWN 
QUANTITIES. 

^ 6|. An equation containing two unknown quantities, is said to be of the second 
degree when it inrolves terms in which tJie sum of the exponents of the unknmon 
quantities is equal to 2, but never exceeds 2. Thus, 

3x^ — + — xy — 5y-|-6 = 0, 7xy — 4a;-f-y = 0 

are equations of the second degree. 

It follows from this, that every equation of the second degi^ee containing two 
unknown quantities, is of the form, 

+ + c.E*+dy + ex+/= 0 

where a, b, c, represent known quantities, eitlier numerical or alge- 

braical. 

Let it bo required to determine the values of x and y, which satisfy the 
equations. 

ay^+bxij + cx» +dy +ex +/ = 0 (1) ) 

a' b' X y -j- d x^ 1 / d X -\-f ’ =z. 0 (2) 5 

Arranging these two equations according to the powers of they become, 

+ (hx + d)y + (cx-+ ex +f) = 0 > 

o'y* d')y + {c'x^+dx+f') = 0 ) 

Put bx -\~d=zh ; c x-\-f 
dxi al'=zh'; 


a y-\-k:=0 (3) 

(4). 


Multiply (3) and (4) by a' and a respectively, and also by h! and k ; then 

aa'y^-^a'hy-\-a’h—{) . . . (, 5 ) ak'y^-\-hk’y-\-kh!=^{) . . . ( 7 ) 

aa'y‘^-{-ah'y-\-ak'={) . . . ( 0 ) a!hy^-\-Nhy-\-kk’^0 . . . ( 8 ). 

Suhtractiug (6) from (5), and also (7) from (8), we have 
(a Vi — ah!)y-\-a'k — ak'—O ... (9) 

\a'k—ak')y^h'k—hh!=0 . . . (10). 

Multiplying (9) by hit — hk\ and (10) by a!k--ak\ we have 

.... (II) 

{ali--^akfy^{a'h--ak!){Nh^hh!):==iQ .... (J 2) 

... {^a'h^aN){Ji'k—hk!)={a!k^ak!f .... (13). 

Substituting the values of A, k, k\ in equation (13), w e have 

I {a>b—aV)x + a'rf— ad' j . | {Vc—hc>)x^ + (6'tf— Ac'- • :'d + cd')x2 + dc')tc + d'f—df'^ 

= |(a'c--tic'/»'2-t.(a'c — ««')x+a'^— ^ < 

Hence, by multiplying and expanding, the linal equation in x is of the fourth 
degree ; but the general form includes a Variety of equations, according to 
^ho values of the coefficients a, b, c, &c. ; and when d, e, f d\ c',/', are each 
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=0, the solution may be obtained by quadratics, the resulting equation in x 
being 

((a^ — a5')ar-f arf'} • {(5'c — bd)x — {dd — ccf)} =(a'c — flc')V. 

Heno|| in general, the solution of two equations of the second degree^con^ 
taining two unknown quantities^ depends upon the solution of an equation of the 
fourth degree containing one unknown quantity » 

Although the principle already established will not enable us to solve equa- 
tions of this description generally^ yet there are many particular cases in which 
tliey may be reduced either to pure or adfected quadi*atics, and the roots de- 
termined in the ordinary manner. 


Example 1. 


Required the values of x and y, which satisfy the equations, 



5® + y 

= P 

■(1)1 


C xy 

= 

•( 2 jS 

Squaring (1), a?* -{- 2 a:y + y® 

= 

.(3) 

Multiply (2) by 4, 

4a;y 

= 4<q^ 

.(4) 

Subtract (4) from (3), r ® — 

- 2xy + y‘^ 

= y * — 4 


or, 

(x^y)^ 

= 417* 


Extract the root. 

y 

= — 4^* 

.(«) 

But by (1), 

•* + y 

= P 


Add(l'to (5), 

2x 

= pi: — 4^* 


Subtract (5) from (1), 

2ij 

~ p "V \/ — 4^* 


Hence, the coiresponding values of z and y 

will be, 


3. _ P + \/p'‘—*3l 


— y — /p “ — + 9 * 


2 


2 



*■ and, 


► 

_ P — /P* — 4?* 




y _ i-J 


2 J 



Example 2 




Ja; +y 

— a 

■on 


\x^+y' 

2 — 

.(2)i 

Square (1) a:* + 2*y + y* 

zz «* 


But by (2) 

+ y® 

zz 5* 


Subtracting, 

2xy 

- 

.(3) 

Subtract (3) from (2) 

- 2 xy + y « 

= 25* — a* 


or, 

(*— y)* 

r= 25* — «* 


Extracting the root 

ar — y 

= +v/2i‘— a* 


But by (1) 

a + y 

ZZ a 



•. adding and subtractius:, 2x = « + a* 


2y = 0 + '«r. 


Hence the corresponding values of X and will be 
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Example 3. 

(x + y = (1) J 

lx‘+y^ = «» (2)J 


Cubefl) x^’^^-3x' 

•y + 3*y*+ 

=: 

But by (2) X ^ 


= n ® 

Subtraction, 3 x 

*y+ 

= 

Or, 

3xy (x + t/) 

=: r/^ 8 — 71 8 

Substitute for (x + y) its 
value derived from (1) 

3 xy , m 

=2 


m ® — w® 


^ y 

3 7» 


.% ^xy 

_ 4(m® — n 


3 7» 


Squaring (1), 

But by rs) 

x^+ ^xy + y^ 


m * 

4(m^—n’) 

3 m 

Subtractings 

a;*— . 2 J’yf* y* 

= 

4 (r>i® — n® ) 

a — 

o m 


Or, (x — y)‘ 


4 ft ® 771 ® 

3 m 


A *— y 

= 

~ om 

But by (1) 

* + y 

= 

771 



= 

1 y4 71 ® 77* * 

m X V — q 

O 7?i 


2 y 

= 

_ T* /4 7i* — m® 


Hence two corresponding values of x and t/ are 
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Or, + y®) = ^ 


f J 

2 x^ a 


r; a* — b 


But by (1), 
And by (3), 

Adding, 


I I J f , . I 
a: + ^ 2/ 4* y == " 


JJ. J - 


« * — b 

2 ci 

a — h 


Adding, x' y*+y = a+-^o- 

O., ^ 

••• + 

Again, from ( 1 ) + a;'* = a 

And from (3) 3 ^ 


Subtracting, y^ 4* — ® — ^ ^^ 2 




But by (4) 

• adding and subtracting, 


+ y^ 


3 b^a* 

2a 

4 . /lEE^ 

XV 2a ' 


- ± 7 ^^ 

/Sa*—b, /3 b — 

~ iv 2 a - v' 2 a 
8 

_ 4 . /3 « * — ^ /3 ^ — a 

~ —V 2a +v 2a 


Hence the corresponding values of x and y are 

^ ^iv/3a‘^ — 644 / 3 ^ — jj. ~ ^ltlv/3fl ^ — b — 

t v/bli J C v/S^ 3 

and, 

y =r — \/3b—aQ i ^ 3a^ — b + y/ 3/>-~fl 

C y/ 8 a 3 ^ \/Wa 3 


The foDowing require the completion of the square : 


Example 6 . 

rx^ y + x^ + y^ = 
lx^y+ x^-^y’^ = 


Add ( 1 ) and (2), 
Subtract (2} from (l^, 


2 a** 4 2 .T 
2 y* + 2y 


a 4 A., 

a — A. 
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Equations (3) and (4 j are common adfected quadratics ; solving these in the 
usual manner we find 

^ ^ + x/T+'Fa+T i 

2 

y = — 1 ±\/l + 2 a — 2 b 
2 



Example 6. 

Ca; + y = 6 

Ix'+y* = 272 

Raise ( I ) to the power of 4. 

But from (2), X* + .V ^ 

Subtracting, 4~a: + 

Or, 2xy (,2x^ +fixy + 2-y^) 

But by (1), 2xy{2x^‘j~4xy-j-2y^) 

Subtracting (3) from (4), 2x^ y^ 

Transposing and dividing by (2), x^y^ — T2xy 
(completing the square, a? ’ y * — 72 ^ y+ 1 296 




1296 
272 
"1024 
1024 . 
144 xy . 


■C3) 

•(+) 


144a:y — 1024 
— 512 
1296—512 


Or, 

(xy — 

.36)* 

— 

784 


xy- 

-36 

= 

+ v/^ 



xy 

=: 

36 + 28 





64, and, 8 

First, let us suppose x y = 

r 8. 




Ky (1), 

+ 2a:y + y* 


= 

36 

And, 

4xy 


ZT 

32 

nbtracting, • 

— 2xy -f-y * 


=Z 

4 


X — y 


zz 

+ “^ 

Bat, 



zz 

6 

. . adding and subtracting, 





X = 

4) i.r 

> and < 

zr 2 

1 



Secondly, let us take the other value of a; y, or 64. 

Hy(lJ), a‘ + 2.r.y + y‘ 

4 X y 

Subtra(;ting, x^ — 2 x* y + y ^ 


But, 

adding and subtracting, 


a: — y 
x + y 


r 36 
r 256 
=—220 

= + v/II^ 
= 6 


a; = Q + V 
2 

-y 
2 




— 220 '^ = 6 — 2^0 '^ 
> and, ^ .> 

— 22oC y = G + \/— 

2 J 


y 



m algebua. 

' ll«ii06 in the above equations, two of the roots of x niid y are possible, and 
two impossible. 


Ex. 7. 2 a; 3 y = 118 .. 

52l:2_7ya =z 4333.. 


.( 1)7 « 

•(2)5 


X .r=: 35 ^ 

J 


Ex. 8. 8a:+23y = 2a;® + 2y®, 

34y+ 6 a:*— 5y»= 13 ary 4-24 

— 1 

* = 37 = 'IS 


(2)5_ 

— ISl) 56 + v/ni4-i 

= 37 ® = 56 ( 

~ = 34_ ^ — 9-f-3v/iTT4l 

133 ) y = -—2^ ) 


Ex. 9. (x — y)(a:* — y*) = 

(x + y)(^‘ + y’‘) = b.. 


Ans. X — 


— — a + y/g _ — a + ^/a 


2 i/2 5 — a 


2\/2l) — a 


Ex. 10. XI/ z 


F^. = ^ <*>■ 

^ I ^ 

a b c {'I b b c — a c) 

Ana, X — , (o54”«^ — 5 c) (5 c 4- a c — a b) 

/ 2 a b c {b c a e — a b) 

y Tt. \/(a5 + «c — 5c)(a54-5c — a c) 

/ 2 ah c {a b a c — he) 

( a 5 4- 5 c — a c) (5 c 4 - fl c — a b) 


PROBLEMS -WHICH PRODUCE QUADRATIC EQUATIONS* 

Problem 1. 

166. To find a number such, that twice its square, augmented by three times 
the number, is equal to 65. 

Let X be the number required, we have for the equation of the problem 


2ar* 4- 3x 


Solving the equation, 


— — ~4- /-^j- L 4- 12 
■“ ^ “V 2 16 4 . ~ 4 


2 ^ 16 

— 

‘2 


The first of these two values satisfres the Oiiiditions of tlie problem, as stated in 
the enunciation ; for, in fact. 
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2(5)2+3x5 = 2X25 + IB 

=z 65 

In Older to interpret the meaning of the second value, let us observe, that if 
we substitute — -x for + a: in the equation 2a;^+ 3x z= 65, the coefficient of 3^ 
alo#e will change its sign, for (— x)® = (+ a;) * z= . Hence the value of 
X will no longer be 


but will become 


. = -1+ 52 

4,-4 
■ 3 4 - 23 
^ 4 4 

X zz — ; X == — 5 


where the values of x differ from those already found in sign alone. 

13 

- Hence we may amclude, that the negative solution considered without 

reference to its sign, is the solution of the following problem : 


To find a number such, that twice its square, diminished by three times the 
number, is equal to 65. 

Ill fact we have, 

/13x2 ^ 13 169 39 




3X| = 


2 

= 65 


Problem SL 

. A tailor bought a certain number of yai’ds oi (doth for 12 pounds. If be had 
paid the same sum for 3 yards less of the same cloth, then the clothe would have 
cost 4 shillings a yard more. Required the number of yards purchased. 

Let X be the number of yards purchased, 

240 

Then — is the price of one yard, expressed in shillings; 

X 

If he had paid the same sum for 3 yards less, in that case the pi*i(» of each 

240 

would be represented by 

But by the conditions of tlie problem, this last pi*ic,e is greater than the 
former by 4 shillings; hence the equation of the problem will be, 


When<;e ‘ 


. 3a; = 180 


® = |±/|+180 =1±- 


.% X =r 15; X = - 12 

1 im value ot x =: 1 5 sjitishes the conditions of tlie problem, fur 
240 _ _ 


20 
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the pvice of eadi yard in the first case being 16 shillings, and in the latter case 
20, which exceeds the former by 4 shillings. 

With regard to the second solution, we can form a now enunciation to which 
it will correspond. Resuming the original equation, and changing x into x 
it becomes ^ 


Or, 


240 

— X — 3 



240 _ 240 

X -j- 3 ”” X 


an equation which .may be considered as the algebraic representation of the 
following problem ; 


A tailor bought a certain number of yards of cloth, for 12 pounds. If he bad 
paid the same sum for 3 yards more, then the cloth would have cost 4 shillings 
a yard less. Required the number of yards purchased. 

The above equation when reduced becomes 

x^+3x = 180 

instead of — 3a; = 180, as in the former case ; solving the above, we find 
a; = 12; a; z= — 1-5. 

The two precoding problems illustrate the principle explained with regard to 
problems of the first degree. 


Problem 3, 

A merchant purchased two bills ; one for £8776, payable in 9 months, tha 
other for £7488, payable in 8 months. For the first he paid £1200 more than 
for the second. Required the rate of interest allowed. 

Let X represent the interest of £ 100 for 1 month, 

Then, 12a;, 9a;, 8a;, severally represent the interest of £100, for \ year, 9 
months, 8 months, 

And* 100+ 9x, 100 + 8a;, represent what a capital of £100 will become 
at the end of 9 and of 8 months, respectively. 

Hence, in order to determine the actual value of the two bills, we have the 
following proportioni : 


100 + 9a; ; 100 
100 + Sx : 100 


8776 ; 
7488 : 


8776 X 100 
100 + 9x 
7488 X 100 
100 + &x 


the fourth terms of the above proportions express the sum paid by the merchanl 
for each of the bills. 

Hence by the conditions of the problem, 


877600 748800 _ 

100 + 9a? 100 + 8a: ““ 


Or, dividing each member by 400, 
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219* 1872 _ , . ‘ 

100 + 9® 100 + 8* *” * 

Clearing of lra<;tioiis and reducing, 

♦ 216®» + 4396® = 2300 

liCIltH) 

X - ^ + Ai^OO ..yglOSxa 

216 —V 216 ^ V 216 ' 

_ — 2]98± /5306404 
216 

. ,a _ — 2198 + \/330t;464 

18 

_;::-2198 ± 2303.5 

“ 18 

12a; = 5. 86 ; and, 18a; = —250. 08 


The positive solution, 12a; =: 5.86 , represents the required rate oi 

interest per cent per annum. 

W’^itii regard to the neg^ative solution, it can only be considered as cx)nnected 
**ith tlie other by the same equation of the second degree. If we resume the 
origii al equation, and substitute — x for -f- a;, we shall find great difficulty in 
recoil* 'iling this new equation with au enunciation analogous to that of tlie 
tiroposed problem. 


Problem 4, 

A m n purchased a horse, which he afterwards sold, to Hisadvantaire, for 24 
|H>ands. His loss per cent, by this bargain, upon the original price of the 
oorse, is expressed by the number of pounds whicli he paid for the horse. 
Icequii d the original price. 

Let X be the number of pounds which he paid for the horse 
Then, x — 24 will represent his loss; 

But, by the conditions of the problem, his loss per cent, is represented by the 
number of uniti in x; 

His loss per cent, on one pound is 

his loss per cent on x pounds must be , or x times as great 

This gives us the equatioi 


100 

' X = 60±\/100 = 50±10 

Hence, a; = 60; a; = 40 

! oth these solutions equally fulbl the conditions of the problem. 

Let us suppose, in the first place, that he paid 60 pounds for the horse ; since 
1 e sold it for 24; his loss was 36. On the other hand, by the enunciation, his* 

loss was 60 pel cent, on the original price ; i. e, of 60, or — ■ ,£= 3€ • 

bus GO satisfies the conditions. 

Ji2 
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in the* second place, let us suppose that he paid 40 pounds ; his loss in tliis 
was 16. On the other hand, his -loss ought to be 40 per cent, on tlie 

40 40 y 40 

original price; i,e^ — - of 40, or — = 16; thus 40 also satisfies the 

conditions. 0 


General Discussion of the Equation of the Second Degrcp, 

167. In the problems of the second degree which we have hitlierto solved, the 
given quantities have been expressed by particular numbers. But, in order 
that we may be enabled to resolve general problems, and to interpret the 
various results at which we may iu-rive, from assigning particular values to the 
given quantities, we must resume the equation of the second degree under its 
most general form, and examine the circumstances which arise Irom making 
every possible hypothesis, with regard to the coefficients. Such is the object of 
the discussion of the equation of the second degree. 

168. Before commencing this discussion, we shall notice another method of 
solving the equation of the second degree, which leads to important conse- 
quences. 

We have seen that every equation of the second degree may be reduced to 
the form 

X* + px q = 0 (1) 

where p and q are given quantities, numerical or algebraicid, integral or frao 
tional, positive or negative. 

pi 

This being premised, transposing q and adding to each member, in order 
to render the first member a perfect square, the equation becomes 






P * 

Whatever may be the value of j — Q* 've can always represent its square 
root by m, gnd the equation then becomes, 


(■+!)■ 

('+ 1 )*-”’ = " 


The first member of this equation, being the difference of two squares, umy 
be put under the form, 

(*+§ + »*) (* + f- — »<») 


which gives ( 


tx .i- ^ tlm m 
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an equation in which the first member is the product of two factors^ and the 
second member is 0. We may render this product = 0, and consequently satisfy 
equation (2), in two different ways. 


— 2 +”* 


Eitnei. by pi.ttiiig ^ ~h ~ whence, x = 

Or, by putting ^ + »» = whence, a; =r — ~ — m 

-f +/V- 


That is, substituting for m its value, 




It is, moreover, manifest that we cannot render the first member of equatioii 
(2) eqiml to 0, unless by putting for a: some quantity which shall render one of 
the two factors which compose the expression equal to 0. 

Hence, since equation (2) is a consequence of equation (1), and reciprocally, 
it follows, t!iat, 

Etiery eqn ttion of ihc second degree admits of two vnlws of tlie unknown 
quantity^ and not more than two. 

These values pc^ssess some remarkable properties. 

I. ^^ince the equation, 

+ px+ q = 0 

may, by a series of translbrmations, be reduced to the form, 

{* + -^ + w) (* + ^ — «') = 0 


being equal to 



q, it follows, tliat, 


IVie first jnemher, x*+px + q» f>f every equation of the second degree^ 
tvhose second member is 0, is composed of the product of two binomial factors 
of the first degree in x, having xfor a common term, and for their second terms 
the two values q/‘x with their signs changed. 

This property has caused the name of roots of the equation to be given to 
the two values of the unknown quantity, for if we know the values of the un« 
known quantity we can determine the equation. Thus, 

Take the equation a;* + 3a; — 28 = o, which, when solved, gives, 
a; = 4 ; a; = — 7 

the fii-st member of the above equation results from the product (x — 4) (a; + 7); 
in fact. 

(a;— .4) (a:+ 7) = ar* — 4a; + 7a; — 28 
z= a;*+3a; — 28 


II. If we represent the two roots of the equation by » and /3, by the precetf* 
ing property, we have, 


Now, 


X^ + pX+q — (X 



u 



m 
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- JL ./»*_ 

— — Y““V 4 ' 


Adding, »4./S = ^ -= — 1 » 

8 8 

Multiplying, */S = ^ — (| ?) = +? 

Hence, it appears that, 

The algebraic mm af the two roots is equal to tl^ coefficient oj the second 
term of the equation with its sign changed, 

2°. The product of the two roots is equal to the last term of the equation. 


DISCUSSION. 

169. Let us resume Uie general equation, 

px ^ q — 0 

which, when solved, gives, 

® 

Lot US make different hypotheses, successively, with tegard to the coefHcients. 

fp s 

L Let q be positive, and , and let p be positive. 

The equation in this cose, the coefficients being written widi their pr<i]>er 
f ignsg wiU be of the form, 

X* p X q =: 0 

whidi, when solved, gives, 

. = 

q being less than —i ^ — q is a positive quantity, and the root — q 

can always be extracted, either exactly or approximately, and must be some 
quantity less than ; hence, in this case, the two values of x will both be 
negative, 

IL Let q be positive, and and let p be negative. 

Here the equation will be, 

— p X -{• q =: 0 

Whenco, x = 

reasoning as above, it is manifest, that in this case the two values ofx will boih 
be positive, 

p * 

III. IV. Let q be positive, land and let p be either positive or negar 
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Here the equation will be, 

x^+px + q = 


* = T|±/V-. 


^i^enoe, 

P ^ 

q bein^ greater than the quantity under the radical will be negative, and 

consequently, in each of the above cases (i, e, both when jo is positive and when 
p is negative,) the two values of x will be imaginary. 

In fact, if we examine the general equation, we shall find that the conditions 
are absurd, for transposing and completing the square, we have, 

**+p*+^* = 


but since ^ q is, by hypothesis, a negative quantity, we may represent it 

by — »i, where m is some positive quantity, 

(x ± + m = 0 

that is, the sum of two quantities, each of which is essentially positive, is equal to 
0, a manifest absurdity. Solving the equation, 

® = 4- ^ ± V — TO 

and the symbol \/ — m, which denotes absurdity, serves to distinguish this case. 
Hence, when the roots are imaginary ^ the problem to which the e(juation corre* 
sponds is absurd. 

We still say, however, that the equation has two roots, for subjecting these 
values of ar to the same calculations as if they were real, that is, substituting 
Uiem for x in the proposed equations, we shall find that they render the two 
members identicaL 


p * 

V. VL VIL VII 1 . Let q be negative, and either -7^ or ^ p either posi- 
tive or negative, 

Here the equation will be, 

x*±px — q = 0 

Whence, x = 

Since ^ 5 is always a positive quantity, the root + V always 

be extracted, either exactly or approximately, and must be some quantity 
greater than ^ ; consequently* in each of the four above cases (*. e. whether q 

be greater or less than and whether p be positive or negative), one value 
vfx will be positive, and the other negative, 

IX. Let q be positive, .ind — p positive, 
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ili'suiuinist the ^luniion, 

+ p 5 = 0 ^ 

Wheiioe, * = — ^ ± _ y 

O 

The radical ^ ^ vanishes upon the supposition that 5 = ~ and the 
two values of x are reduced to ^ ; in this case, we say that Me rooi^ 

Ss 

are equal, 

V * 

li* we talie the original equation, and substitute ^ for 5, it becomes, 

*‘ + p^+^’ = 0 
or, 



In this case, the first member of the equation is the product of two equal fao- 
ors, and we therefore conclude that the two roots are equal, for each of the 
Motors when equated to 0, will give the same value of x, 

X. Upon the same hypothesis, if p be ne^tlyey the two roots will be equal 

and each zr 4- -5* • 

* 2 


X L Let 5 = 0, and let p be positive. 

Here the two values of x, in the solution of the general equation, will be re- 
duced to 

* = — f- + |- = 0, and, a:=_|_|-=_p 
In this case, the general equation is of the form, 


X* ^ p X zz 0 
or, 

X {x + p) zz 0 

an equation which can be verified, either by putting a; = 0, or, a: -f* p = 


XI 1. Upon the same hypothesis, if p be negative, the two roots of the equa- 
tion will be a? = 0, x =z ~h p. 


XIIL Let 5 be negative, and let p zz 0, 

The general equation will become, 

a? * — q zz 0 

whence a; = + y/q 

that is, in this case the two values of x will be e^ual, and have opposite signs. *> 

IV 

Xiy* Let q be positive, and p = 0. 

This case is the same as the last, with this difference, that the two values of 
X will bo imaginary ; for we shall have 

x*+ 5 = 0 
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The two last caws belong to Uie class of equations which we have treated 
iujder the title of Pure Quad atics, 

XV. Let 9 = 0 , and p =z 0 , 

TUb equation irill then be reduced to 

=z 0 

and the two valuer of x will then be each = 0. 


femay exhibit the results at which we have arrived in the followinfr tablp : 

The general form of the equations, the coefficients being considered indepen- 
dently of tlieir signs, is 

X * + px + ^ = 0 


L 11 . Let 9 be positive and ^ 

f 1. p positive, X = — ^ ifc ^ values negative. 

tlL p negative, x = -f- -- ^ 9, both values positive. 


III. IV. Let 9 be positive and v* 

( III. p positive, X z= — ^ i — 9^1 

(iv. p negative, x = + t ±,y ^ — 9,) 

»* 

V. VI. Let 9 be negative and 


both values imaginary 


1 


V. p positive, X— — -f- ± + q, 

VI. p negative, x = + ^ i\/ f' + 


Vll, VIIL Let 9 be positive and'T'-^ 


^VIL p positive, X = — -f ±v/^ + 

I. VIII. p negative, * = — f ± v/xT' 


one value positive, 
and one negfitive. 


lx, X. Let 9 = 


^IX. p positive, x = — -g- 
I^X. p negative, x = + ^ 


the two values equt^ 
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XL XIl. Let ^ 

r XL p positive, c = — ^ i one value = — p, the other sr 0» 

^XIL p negative, a? = + ^ i ^ , one value = +p^ the othe^= Ol 


XIIL Lei q be negative, 

{ XIIL p = 0, a; = + , the two values equal with opposite signs* 

XIV. Let g be positive, 

{ XIV. p = 0, a: =r + v/— ^ , both values imaginary; 

XV. Let q = 0, 

{ XV. p = 0, # = 0 , both values equal to 0. 

XVL One case, attended with remarkable circumstances, still remains to be 
examined* Let us take the equation, 

ax* ^ bx — d = 0 

Whence, — d + \/d* 4- 4ac 

Let us suppose that, in accordance with a particular hypothesis made on the 
given quantities in the equation, we have o = 0 ; the expression for x then 
becomes 



the second of the above values is under the form of infinity, and may be con- 
sidered as an answer, if the problem proposed be such as to admit of infinite 
solutions. 

We must endeavour to interpret the meaning of the first, 

In the first place, if we return to the equation ax* -^bx — c = 0, we per- 
ceive that the hypothesis a = 0 reduces it to 5a; + c, whence we derive 

a; = , a finite and determinate expression, which must be considered as 

representing the true value of in the case before us. 

That no doubt may remain on this subject, let us assume the equation 

ax* +' 5a; — c = 0 

and put a; = ^ , the expression will then become . 


Whence, 



cy* — hy^a = 0 


Let a = 0, this last equation vfili become 
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ry® — by =3 0 


from which we have the two values y r= 0, y =r eubatitutiQg these valnes 
in afr= , we deduce 

y 


!•. X 


1 . 
0 ’ 


2 *. X 


£ 

b 


If, in addition to the hypothesis a = 0, we hfive also A = 0, the value 

c . c . 

a? = becomes — , or infinite. 


In fact, the equation cy* — by — a = 0, under this double hypothesis, is 
reduced to cy® = 0, an equation in which the values of y are equal, and each 
0. Hence the two corresponding values of x will both be infinite. 

If we suppose a = 0, 6=0, c = 0, the proposed equation wiU become 
altogether indeterminate. 

170. Let us now proceed to illustiate the principles established in this general 
di scus si on, by applying them to different problems. 


Problem 5. 

To find in a line A B which joins two lights of different intensities, a point 
which is illuminated equally by each. 


P. A "Fi B P» 


(It is a principle in Optics that the intensities of the same light at different 
distances are inversely as the squares of the distances.) 

Let a be the distance A B between the two lights, 

... b be the intensity of the light A at the distance of one foot from A, 

... c be the intensity of the light B at the distance of one foot from B, 

.. Pi.be the point required, 

... APi == a:, B Pj = ff — X. 


By the optical principle above enunciated, since the intensity of A at the di»« 
tance of 1 foot is 6, its intensity at the distance of 2, 3, 4, feet, must ba 

hence the intensity of A at the distance of x feet must bo 
Fn the same manner, the intensity of B at the distance a — x must be 
; but according to the conditions of the question, these two intensities 
are equal, hence we have for the equation of the problem, 


b c 

X* {a — xfi 

Solving this equation, and reducing the result to its most simple fonill^ 

a v/6 

X = 

y/^±.yc 

^e shall now proceed to discuss these two values : 
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(i\/b 

\/h +\/c 

af := 

\/ ^ — v/ ^ 


) K. V’* — tf<“ 


L Let h ^ c. 

The first value of ac, “ positive, and less than a, for 

is a proper fraction ; hence, this value gives for the point equally illuminated, 
a point Pi , situated between the points A and B, We perceive, moreover, 
tliat the point Pi is nearer to B than to A ; for, since 5 c, we h:n e, 

■^h Jf -y' y/c, or, 2 y/b y/b+ y/c, and ^ g, 

and consequently, 2 . This is manifestly the result at which 

we*ought to arrive, for we here suppose the intensity of A to be greater than 
that of B. 

a */ c , >1 

The corresponding value of a — a:, — ^ ^ is positive, and less than 

The second value of x, is positive, and greater tlian a, for 

1 , and 


y/b •P' y/b—y/C, 


• • TFITTZ- •• y/b-y/C '' “• 

cond value gives a point P2, situated in the production of A B, and to the riglit 
of the two lights. In fact, we suppose that tJie two lights give forth rays in fill 
directions, there may therefore he a point in the production of A B equally 
illuminated by each, but this point must be situated in the production of A B 
to the right, in order that it may be nearer to the less powerful of the two 
lights. 

It is easy to perceive why the two values thus obtained are connected by the 
same equation. If, instead of assuming A Pi for the unknown quantity x, we 

, h c 

take A P-^, then B Pj = a: — «, thus we have tlie equation — 2 = — ^2 ; but 

since (x — a)^ is identical with (a — x) *, the new equation is the same as that 
already established, and which consequently ought to give A P2 as well as A P^. 

a Jc 

The second value of a — x, ^ n<Jgative, as it ought to be, because 

a\ but changing the signs of the equation a — a; =r — ® 

x^a :=z value of a: — a represents the absolute length 

of B P*. 


II. Let h . 


a y/b 

/b + x 

+ \/b, \/b + ^2 y/b. 


The first value iii x, is positive, and less than for y/b +'y/c 

\/b : I 


,\/b+ /c ^ 2* 


a y /b 

/i +‘J 75 
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The corresponding value of is positive, and greater 

than • 

a 

Hence, the point Pj is situated belween the points A and B, «and is nearer 
to A than to B. Tliis is manifestly the true result, for the present hypothesis 
supposes that tlie intensity of B is greater than tlie intensity of A, 


The second value of x. 


«y/f> 


■ a /b 


is essentially nejjative. In 


v/ 0 — y/ ^ \/ c — y/ h 

order to interpret the signification of this result, let iis resume the original 

equation and substitute — x for -f- x, it thus becomes ^ But 

• (a-f-x)* 

since (a — x) expresses in the first insLance the distance of B from thb point 
required, ought still to express this same distance, and therefore the point 

required must be situated to the left of A, in P3, for example. In fact, since 
the intensity of tfie light B, is, under the present hypothesis, greater than 
the intensity of A, the point required must be nearer to A than to B. 


The corresponding value of a — x. 


— q y/c 


q\/c 


is positive. 


and the reason of this is, that, x being negative, a * — x expresses, in reality, an 
arithmetical sum. 


IIL Lei h "=: c, 

1 he first two values of X and of a — x are reduced to which gives the 

bisection of A B for the point equally illuminated by each light, a result uhicli 
is manifestly true, upon the supposition that the intensity of the two lights is the 

s.'ime. 

1'fie other two values are reduced to that is, they become infinite, that 

is to say, the second point equally illuminated is situated at a distance from the 
points A and B greater than any which can be assigned. This result perfectly 
corresponds with the present hypothesis; for if we suppose the difference b — c, 
without vanishing altogether, to be exceedingly small, the second point equally 
illuminated, exists, but at a great distance from the tvro lights ; this is indicated 

by the expression , the denominator of which is exceedingly small 

in comparison with the numerator if we suppose b very nearly equal to c. In 
the extreme case, when 3 = c, or yb — the point required no longer exists, 
or is situated at an infinite distance. 


IV. Let bxzc, and a == 0. 

The fii-st system of values of x and a — x in this case become 0, and the second 
system This last result is here the symbol of indeterminatiou *, for if wu 

recur to the equation of the problem 

b € 
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(b — c)x^ — 2a bx = — rt*/' 
it becomes under the present hypothesis 

0 . ic* — 0.x =: 0 

an equation whi^ can be satisfied by the substitution of any number whatever 
for X. In fact, since the two lights are supposed to be equal in intensity and 
to be placed at the same point, they must illuminate ever^ point in the line A B 
equally. 

The solution 0, given by the first system, is one of those solutions, infinite tn 
minbeTf of which we have just spoken. 

V. Let a z= 0, & not being = c. 

Each of the two systems in this case is reduced to 0, which proves, that in this 
case, tkere is only one point equally illuminated, viz. the point in which the two 
lights are placed. 

The above discussion affords an example of the precision with which algebra 
answers to all the circumstances induded in the enunciation of a problem. 

W e shall coudude this subject by solving one or two problems which require 
the introduction of more than one unknown quantity. 


Problem $ 

To find two numbers such that when multiplied by the numbers a and b re- 
spectively, the sum of the products may be equal to 2 s, and the product of the 
two numbers equal to p* 


be 


Lei X ano y oe tine two numoers sougnt, the equations of the problem will 


ax^\-by =1 2 s, 

= P 

From (1) 

3 s — ax 

y = —j— 

Substituting this value in (2) and reducing, we have 
ax^ — 2sa?4-hp = 0 

Whence, 


8 . I 


~ v/«‘— 


And, 


y = -J- + a jp* 


..,( 1 ) 

...( 2 ; 


The problem is, we perceive, susceptible of two direct solutions, for s is 
festly y/s^-^a bpi but in order that these solutions may be real we mu*# 
have s * or = a bp. 

Let a =3 ^ 1 ] in this case the values of x and y are "reduced to 

x = $ ±\/»^-rp , y =.- Jiq: 
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Here we pensive, that the two values of y are equal to those of x taken in 
an inv erse or der; that is to say, if s + represent the value of a;, then 

S — ^ — p will represent the corresponding value of y, and reciprocally. 

explain this circumstance by observing, that in this particular case the 

equations of the problenf'ai’e reduced to x ■i-y = 2s,xy=p and the ques- 
tion then becomes, Required two numbers whose sum is 2 s, and whose product 
is /?, or, ill other words, 7o divide a number 2 s into two parts^ such that their 
product may be equal to p. 


Problem 7, 

To find four numbers in proportion, the sum of the extremes being 2 s, the 
sum of the means 2 and the sum of the squares of the four terms 4 c*. 

Let a, X y, 2 , represent the four terms of the proportion ; by the conditions 

of the question, and tlie fundamental property of proportions, we shall have as 
llie equations of the problem 

a z -zz 2 s (1) 

x + y == 2 8' : ^2) 

xy = az A (3) 

a^ + x^ + y^ + z^ = 4c* (4) 

Squaring (1) and (2) and adding the results, 


Butby(4),a»+ **+!/* + * 

^-^•2a2-i-2xj 

— 

'4 c* 

Subtracting, 

2 a z + 2 a* y 

=: 

4U*+s'*~-c*) 

by (3), 

4: az 

=? 

— c*) = 4xy.(5) 

Squaring (1), 

fl* + 2az-f'Z* 

=: 

4 X * 

But by (5) 

4cz 


4(.*.fx'2~c*) 

Subtracting, 

a* — 2oz-f-z* 

= 

4(c*->.s^*T^ 

Extracting the root, 

a — z 

= 

±2v/c*--s'* 

But by (1) 

« z 

=: 

2x 

adding and subtracting, 

. a 

z 



± v/ 

s 4> \/ c* — sf^ 

Precisely in the same manner we shall find x 

y 



y± \/c'^—s* 
s’ — s* 


The four numbers will therefore be 


a == « + — s'* , X = s' + v/c* — s* 

z = s — \/c* — s'* , y = sf — \/c'^ — s* 

These four numbers constitute a proportion, for we have 

Fkt*. 8. Whdt two numbers are those, whose sum is 20, and their product 3f) ? 

Ana, 2 and 18. 

Prob. 9. To divide the number 60 into two such parts, that their product may 
be to the sum of *heir squares, in the ratio of £ to 5. Ans. 20 and 40. 
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Profa^ 10. The difference of two namhers is 3, and the difference oi tlieir cubes 
Is 117 ; what are those numbers ? Ans. 2 and 5. ' 

Prob. 1 1. A company ai a tavern had £8 15s, to pay for their reckor^ig ; 
but, before the bill was settled, two of them left the room, and then those who 
remained had 10s. a>piece more to pay than before : now many were there in 
company? Ans.. 

Prob. 12. A grazier bought as many sheep as cost him £60, and, after re- 
serving 15 out of the number, he sold the remainder for £54, and gained 2.y. 
a head by them ; how many sheep did he buy ? Ans. 75. 

Prob. 13* There are two numbers, whose difference is 15, and half their pro- 
duct is e^ual to the cube of the lesser number ; what are those numbers ? 

Ans. 3 and 18. 

Prob. 14. A person bought cloth for £33 15s. which he sold again at £2. 8^. 
per piece, and gained by the bargain as much as one piece cost him ; required 
the number of pieces ? Ans. I5> 

Prob. 15. Wliat number is that, which, when divided by the product of its 
two digits, the quotient is 3 ; and if 18 be added to it, the digits will be in- 
verted? Ans. 24. 

Prob. 16. What Uwo numbers are those, whose sum multiplied by tlie greatei 
is equal to 77 ; and whose difference multiplied by the lesser is equal to 12 ? 

Ans. 4 and 7. 

Prob. 17, To find a number such, that if you subtract it from 10, and multi- 
ply the remainder by the number itself, the product shall be 21. Ans. 7 or 3. 

Prob. 18. To divide 100 into two such parts, that the sum of their square roots . 
may be 14. Ans. 64 and 3 

I^ob. IP. It is required to divide the number 24 into two such parts, that their 
product may be equal to 35 times tiieir difference. Ans. 10 and 14. 

Piob. 20. The sum of two numbers is 8, and tlie sum of their cubes is 152 ; 
what are the numbers ? Ans. 3 and 5. 

4' 

Prob. 21. The sum of two nuiubei's is 7, and the sum of their 4th powera is 
64 1 ; what are the numbeiTS ? ^ Ans. 2 and 5. 

Prob. 22. The sum of two numbers is 6,^ and the sum (jf their 5th powers 
if 1056 ; what are tlie numbers ? Ans. 2 and 4, 

Prob. 23. Two partners, a and u, gained £140 by trade ; a's money was 
3 months in trade, and his gain was £60 less than liis stock ; and b's money 
wtiich was £50 more than a\ was in trade 5 mouths; wliat was a's stock ? 

Ans. £10(1 

Prok tk To find two iium1>ors such that the difference of tlieir squares may 
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V)c equal to a given number, and when the two numbers are multiplied by 
the numbers a and b respectively, the difference of the products may be equal 
10 a given numoer, ^ 


Prob. 25. To divide two numbers, a and 5, each into two parts, such that 
the product of one part of a by one part of 5 may be equal to a given num- 
ber, p, and the product of the remaining parts of a and b equal to another 
given number, p\ 

An. a = { ab—{pl~p ) } g— 4aftp 

‘2b 

j_ 0’b-^{ljf—p)'^V [ab—{p'—p)Y—iahp 
‘2b ^ 

j p)± V { ab—{j/—p)Y~i(ibp 

I 2a 

+ "*+(p'— P)+ v' { ab—{p'—p) j ^—Aabp 
2a ■ 

Prop. 26. To find a number such that its square may be to the product of 
the difiercnces of that number, and two other given numbers, a and 5, in the 
given ratio, p ; q. 

Ans. d: \/(«“-5)y-f-4a5/?r/ 

^{p—9) 

Prob. 27. A wine merchant sold 7 dozen of sherry and and 12 dozen of 
claret for 50/.; he sold 3 dozen more of sherry for 10/. than he sold of claret 
for 6/. Required the price of each, 

^ Ans. Claret, 3/.; and sherry, 2/. per dozen. 

Prob. 28. There is a number consisting of two digits, which, w'hen divided 
by the sura of its digits, gives a quotient greater by 2 than the first digit; but 
if the digits be inverted, and the resulting number be divided by a number 
greater by unity than the sum of the digits, the quotient shall be greater by 
2 than the former quotient. What is the number ? 

Ans. 24. 

^ Prob. 29. A regiment of foot receives orders to send 216 men on garrisoix 
duty, each company sending the same number of men; but before the detach- 
ment marched, three of the companies were sent on another service, and it 
was then found that each company that remained would have to send 12 men 
additional, in order to make up the complement, 21 6. How many companies 
were in the regiment, and what number of men did each of the remaining 
companies send on garrison duty ? 

Ans. There were 9 companies; and each of the remaining 6 sent 36 meik 

a 
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ON THE NATURE OF EQUATIONS. 

171. The valuable improvements recently made in the process for the 
determination of the roots of equations of all degrees, render it indispensably 
necessary to present to the notice of the student a concise view of the pr^ent 
state of this interesting department of analytical investigation. The researches 
of Messrs. Atkinson and Horner on the method of continuous apj>roximation 
to the roots of equations, and the beautiful theorem of M. Sturm for the com- 
plete separation of the real and imaginary roots, have given a fresh impulse 
to this branch of scientific research, and entirely changed the state of the 
subject of numerical equations. Indeed, the elegant process of Sturm for 
discovering the number of real roots, and their initial figures in any numerical 
equation, combined with the admirable method of continuous approximation 
as improved by Horner, fully complete the theory and numerical solution of 
equations of all degrees. ^ 

We do not intend to enter at great length into the theory of equations; 
but it is hoped that the portion of it which we have introduced into the pre- 
sent treatise will be discussed in a simple and perspicuous manner, and be 
found amply sufficient for most practical purposes. 

Definitions. 

1. An equation is an algebraical expression of equality between two 
quantities. 

2. A root of an equation is that number, or quantity, which, when substi- 
tuted for the unknown quantity in the equation, verifies that equation. 

3. K function of a quantity is any expression involving that quantity; thus, 

a ar-hrf, _ ^ are all functions of x\ and also 

cx~\-d ^ * 

xJ^x^^a^-\-b~\-% are all functions of x and y. 

These functions are usually written/(A*), and f{x, y). 

Proposition I, 

Any function of x, of the form 

x^-\-p a:-^ -f q + 

when divided by x — a, will leave a remainder^ which is the same function 
of 2 L that the given polynomial is ofx* 

Let f{x)=zx^^p x^-'^-^-q ; and, dividing/(a:) by a:— «, let 

Q denote the quotient thus obtained, and R the remainder which does not 
involve x; hence, by the nature of division, we have 
/(^) = Q (ar— a) -f R. 

Now this equation must be true for every value of x; hence, if w o 
have /(a) = 0 -f R; 

for R is altogether independent of x, and therefore the remainder R is the 
same function of a that the proposed polynomial is of ar. « 

Examples. 

(1.) What is the remainder of 6ar+7 divided by ar—2, without actually 
performing the operation ? 

(2.) What is the remainder of a:®-— 19, divided by jr-t-S ? 

(3.) What is the remainder of x*+6x^-\-7x^+5x-^4t, divided by a*— 5? 

(4.) What is the remainder of x^-^q 3?4-r, divided by x-^a ? 



NATURE OF EQUATIONS. 


*75 


Answers. 

(1.) R=:2«— 6x2+7=— 1. (3.) 1571. 

(2.) R=( — 3)® — 6( — 3)®+8(— 3) — 19= — 124. (4.) ci®+jpa*+ya+r. 

• 

Proposition II. 

If dk is the root of the equation^ 

a:"+Aiar"-'*+Aivar“-*+ A„_sar®+ A„^,a:+ A,=0 

the first member of the equation is divisible by ar-— a. 

Instead of deducings the remainder as in the last proposition, we shaiJ ac- 
tually perform the division, either by the usual way* or the preferable method 
of synthetic division, as it keeps the work within the breadth of the page. 

JBy Synthetic Division, 

1 I 1 + Ai+Aii + A„_2 +Ao_i +Ab 

+ a| +a +aR,+ ...... +tiRn-2+«Rn-i 

7 + + Rn-a+Ro-i +RI^ 

Hence the quotient is 

a:*‘-‘ + Ria:“-’+RiiX"-*+ .... R„_2a?+R„_i; 
where Ri =A, +a R„_ 2 = A„_ 2 +aR„_, 

Rji ^^Aji +fltR| Rq— A„_ i +nR„_2 

Riii“ Ani+flRu, dlfc. R„ =A„+nRn_i; 

and by successive substitutions we have the final remainder 

R..= A„+aR„_, 

= Aa+a{AB_i+aR„_a} 

= A„+a A„_i+a^{A„_a+aR,^.} 

= A„+a A„^i+a* A„_3+a®{A^^+aR.^} 

= A„+a A„_i+a* A„_2+ .... a""“Au+a"~^A,+a” 

Now this remainder is the same function of a that the first member of the 
proposed equation is of x; and, therefore, since a is a root of the equation, 
the remainder vanishes, and the polynomial, or first member of the equation, 
is divisible by x — a. 

Conversely, if the first member of an equation, f (x)=0, be divisible by 
X — a, then a is a root of the equation. 

For, by the foregoing demonstration, the final remainder is f{a)\ but since 
f{x), or the first member of the equation, is divisible by x — a, the remainder 
must vanish; hence y*(a)=0, and therefore, a being substituted for x in the 
equation /(a?)=0, verifies the equation, and consequently a is a root of the 
equation. 

Proposition III. 

Every equation containing hut one unknown quantity has as many roots 
as there are units in the highest power of the unknown quantity, 

Let/*(ar)=0 be an equation of the »th degree; then if a^ be a root of this 
equation, we have, by last proposition, 

(t— a.)/ (x)=/(x)=0, 

where y;(ar) represents the quotient arising from the division of f[x) by 
sr^aj. Now if is also a root of the equation /(jr)=0; it is obvioua^that 

§2 
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fi (a;) must be divisible by x — Oa, for jr — is not divisible by x — a,; hence, if 
fi (x) represent the quotient of^ (x) divided by x — a,, we have 

i3i—ay){x—a^)faix)=:f{x)=0. 

In like manner, if a^y a^y as, ..... are roots of the equation, the poly- 
nomial /(j?) is divisible by x — a^yX — a^y .... x — a„, and the equation will, 
therefore, assume the form 

{x — a,) {x — fla) {x — flg) {x — a„)=0; 

and, consequently, there are as many roots as factors, that is, as units in the 
highest power of Xy the unknown quantity; for the last equation will be veri- 
fied by any one of the n conditions, 

x=ayy x=a2y x^a^y x^a^y .... jr=:a„: 

and since the equation contains n factors, there are n roots. 

Cor. When one root of an equation is knowm, the depressed equation con- 
taining the remaining roots is readily found by synthetic division; and if two 
or more roots are known, the equation containing the remaining roots is found 
by two or more corresponding divisions. 

Examples, 

(1.) One root of the equation x^ — ‘25a:®+60ar — 36=0 is 3; find the equation 
containing tne remaining roots. 

1 4-0 —25 +60—36(3 
3+9 —-48 + 36 

1+3—16 +12. 

Hence a*3+3;i2_i 6^4.12=0 

is the equation containing the remaining roots. 

(2.) Two roots of the equation x* — 12ar^+48a:2 — C8:c+15=0, are 3 and 5; 
find the quadratic containing the remaining roots. 

1—12 +48—68+15(3 
3 —.27+63— 15 

1— 9 +21— 5(5 
5 —20 

1 — 4 +1 
.’. — 4:r+l=0 

is the equation containing the two remaining roots. 

(3.) One root of the cubic equation x^ — 6x^+1 la: — 6=0 is 1 ; find the quad- 
ratic containing the other roots. Ans. x^ — 5^+6= 0. 

(4.) Two roots of the biquadratic equation ix* — 14^:^ — 5a:^+3I;r+6=0 are 
2 and 3; find the reduced equation. Ans. 4a:® +6^ — 1=0. 

(5.) One root of the cubic equation ;r®+3a:® — 16a:+12=0 is 1; find the re- 
maining roots. Ans. 2 and — 6. 

(6.) Two roots of the biquadratic equation x^ — 6a:®+24a: — 16=0, are 2 and 
—2; find the other two roots. Ans, 3^V5. 

Proposition IV. 

To form the equation whose roots are Oi, Cg, a^y a^\ a„. 

The polynomial, y (a:), which constitutes the first member of the equation 
required, being equal to the continued product of x — tti, x — a^y x — a^y . . . 
jr— a, by the last proposition, we have 
(X — Cj) (x — flj) (X— OfJ 


(a?— «.)=0; 
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r? 


w=2 a:*— 

X +0x02 

—a* 


n— 3 — Oi 

x^+axa2 


+ 0x0^ 

— 

+ 020^ 

1 

II 

t a^+OxOi 

0.2 

.+ 0x03 

— fla 

+ 0203 

— 04 



+ 020^ 1 


+ 030^ 


*~0 


ar-f aiaja 3 a 4 = 0 , and so on. 

— fl2<l3<!l4 j 


By continuing the multiplication to the last, the equation will be found 
whose roots are those proposed; and from what has been done we learn that 


(1) The coefficient of the second term in the resulting polynomial will be 
the sum of ail the roots with their signs changed. 

(2) The coefficient of the third term will be the sum of the products of 
every two roots with their signs changed. 

(3) The coefficient of the fourth term will be the sum of the products of 
every three roots with their signs changed. 

(4) The coefficient of the fifth term will be the sum of the products of 
every four roots with their signs changed, and so on; the last or absolute term 
being the product of all the roots with their signs changed. 


Cor. 1. If the coefficient of the second term in any equation be 0, that is, if 
the second term be absent, the sum of the positive roots is equal to the sum 
of the negative roots. 

Cor. 2. If the signs of the terms of the equation be all positive, the roots 
will be all negative, and if the signs be alternately positive and negative, the 
roots will be all positive. 

Cor, 3. Every root of an equation is a divisor of the last or absolute term. 

Cor. 4. No equation, whose coefficients are all integers, and that of the 
highest power of the unknown quantity unity, can have a fractional root. 
This w ill be obvious by transposing the absolute term in any equation, and 
substituting for the unknown quantity a fraction in its lowest terms, which will 
givo a fraction, in its lowest terms equal to an integer, showing that such equa- 
tion cannot have a fractional root. 

Cor. 5. In any equation whose roots are all real, and the last, or absolute 
term very small w hen compared with the coefficients of the other terms, then 
w ill the roots of such an equation be also very small. 


Examples. 

(1.) Form the equation whose roots are 2, 3, 5, and —6. 

Here we have simply to perform the multiplication indicated in the' 
equation, 


(ar-.2)(ai-3)(ar^5)(ar+fi)==0; 
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aad th'ift » best done by detached coefBcients In the following manner:— 

1- 2 
— 3-r6 

1—5+ 6 (-5 
—5+25— 30 

1 — 10+81^ 80 (6 

6—60+186—180 

1— 4—29+156—180. 

X* — 4ar® — 29a:®+156ar — 180=0 is the equation sought. 

(2.) Form the equation whose roots are 1, 2, and —3. 

(3.) Form the equation whose roots are 8, —4, 2+-\/3, and 2—^/3. 

(4.) Form the equation whose roots are 3+ V5» 3—^/5, and —6. 

(5.) Form the equation whose roots are 1, —2, 3, —4, 5, and —6. 

(6.) Form the equation whose roots are 2+^—1, 2— V'“l> and —3. 

(7r) Form the equation whoso roots are 2, 4, + and + 

Answebs. 

(2.) 7a:+6=0. 

(3.) a?^—3a?3—l5a:2+49ar— 125=0. 

(4.) ar*-32a:+24=0. 

(5.) ««+3a?5—4U‘^—87x3+400«*+444x— 720=0. 

(6.) a?s— 7x+15=0. 

(7.) 8x^-54x3+101x2~54x+8=0. 

Proposition V, 

If the signs of the alternate terms in an equation be changed^ the signs of 
all the roots will be changed. 

Let x"+ AiX'’“‘ + AnX"“®+ Ap„,a'+A„=0 (1) 

be an equation; then changing the signs of the alternate terms, we have 

X"— AiX"~‘+ A„x"~*— +A„_,x+A„=0 (2). 

or— x"+ AiX“”*— AiiX"-*+ +A„_iX+A„=0 (3), 

But equations (2) and (3) are identical, for the sum of the positive terms in each 
is equal to the sum of the negative terms, and therefore they are identical. Now 
if a be a root of eq (1), and if a and — a be substituted for x in equation (1) 
and (2) respectively, the results will be the very same; and sined the former is 
verified by such substitution, a being a. root, the latter is also verified, and 
therefore — a is a root of the identical equations (2) and (3), 

Cor. If the signs of all the terms are changed the signs of the roots re- 
main unchanged. 

Examples. 

(1.) The roots of the equation a:’— 6a:®+llj;— 6=0 are 1,2,8. What are 
the roots of the equation x3+6a?*+llx+6=0? Ans, —1, —2, —3. 

(2.) The roots of the equation 6ff2+24x— 16=0 are 2, —2, 

Express the equation whose roots are 2, —2,— 3+^/5, and —3 — -v/5. 

Ans. x<—6x*— 24a:— 16=0 
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Surds and impossible roots enter equations by pairs* 

Let a:"+ Aia?"”’-!- Ana:""‘'*-|- . . . • A„_ia?-|-A„=0, be an equation, having a 
roit of the form a-^b ^/ — 1; then will a — b /^/ — 1 be also a root of the equa* 
ticn. For, let a-\^b^/^l be substituted for x in the equation, and we have 
(a-b6\/ — 1)"-!- Ai(a+^'v/ — • • • . A„_i(a+6/v/ — l)-fAB=0, 
Now, by expanding the several terms of this equation, we shall have a series 
of monomials, all of which will be real, except the odd powers of 6//^, 
which will be imaginary. Let P represent the real, and the imagi- 

nary terms of the expanded equation; then 

P+QV — 1=0, 

an equation which can exist only when P=0, and Q=0. 

Again, let a — — 1 be substituted for a: in the proposed equation; then the 
only difference in the expanded result will be in the signs of the odd powers 
of ^/v/ — li and the collected monomials, by the previous notation, will assume 
the form P — Qv' — 1; but we have seen that P=0, and Q=0; 

F-QV~^=0, 

and hence a — b^/ — 1 also verifies the equation, and is therefore a root. 

In a similar manner, it is proved that if be one root of an equation, 

a--^/b will also be a root of that equation. 

Cor. 1, An equation which has impossible roots is divisible by 
{x — (a-i-6/v/— 1)} {a:— (a — 6 V — 1)} or and therefore 

every equation may be resolved into rational, simple, or quadratic factors. 

Cor. 2. All the roots of an equation of an even degree may be impossible, 
but if they are not all impossible, the equation must have at least two real 
roots. 

Cor, 3, The product of every pair of impossible roots being of the form 
d^-^b\ is positive; and, therefore, the absolute term of an equation whose 
roots are all impossible must be positive. 

Cor. 4. Every equation of an odd degree has at least one real root, and 
that root must, necessarily, have a contrary sign to that of the last terra. 

Cor. 5. Every equation of an even degree, whose last terra is negative, has 
at least two real roots; the one positive, and the other negative. 

Proposition VI I, 

An equation cannot have a greater number of positive roots than there are 
variations of signs in the successive terms from -f- to — , or from — to 
nor can it have a greater number of negative roots than there are permanent 
cies, or successive repetition of the same sign in the successive terms* 

Let an equation have the following signs in the successive terms, viz.:= 

H ( + — > or d 1 1 — h+- 

Now, if we introduce another positive root, we must multiply the equation by 
X — a, and the signs in the partial and final products will be 

+ - + + + +- + + -+ + + 

- + - + + + + - + + +- + ' 




-H-±±+ — + ±±; 
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where the ambiguous sign + indicates that the sign tx^y be + or — accord- 
ing to the relative magnitudes oftlte quantities with contrary signs in he par- 
tial products, and where it will be observed the permanencies in the proposed 
equation are changed into signs of ambiguity; hence the permanencies, take the 
ambiguous sign as you will, are not increased in the final product of thefin* 
troduction of the positive root -f* a; but the number of signs is increased by 
one, and therefore the number of variations must be increased by one. Hence 
it is obvious that the introduction of every positive root also introduces one 
additional variation of sign; and therefore the whole number of positive roots 
cannot exceed the number of variations of signs in the successive terms of the 
proposed equation. 

Again, by changing the signs of the alternate terms, the roots will be 
changed from positive to negative, and vice versa (see Prop. V). Hence the 
permanencies in the proposed equation will be replaced by variations in the 
changed equation, and the variations in the former by permanencies in the 
latter; and since the changed equation cannot have a greater number of posi- 
tive roots than there are variations of signs, the proposed equation cannot 
nave a greater number of negative roots than there are permanencies of signs. 

Examples. 

(1.) The equation a7®-|-3^®—41ar^— 87a;® -|-400a:*^-|-444:r-— 720=0, has six real 
roots. How many are positive ? 

(2.) The equation a:'*— 3a;®— 15a?®+49ar— 12=0, has four real roots. How 
. many of these are negative ? 


TRANSFORMATION OF EQUATIONS. 

^PnOPOSlTION 1. 

To transform an equation into another whose roots shall be the roots of 
the proposed equation increased or diminished by any given quantity. 

Let fla?"-l-Aiar"~‘-f-Ana;"“®-}- A„_ia?-f-A„=0, be an equation, and 

let it be required to transform it into an equation whose roots shall be the roots 
of tliis equation diminished by r. 

This transformation might be effected by substituting y+r for x in the pro- 
posed equation, and the resulting equation in y would be that required; but 
this operation is generally very tedious, and we must therefore have recourse 
to some more simple mode of forming the transformed equation. If we write 
y-\-r for x in the proposed equation, it will obviously be an equation of the 
very same dimensions, and its form will evidently be 

B„_,^4-Bn=0 (!)• 

But ^=a:— r, and therefore (1) becomes 

(a?— r)*-‘+ r)-fB„=0 (2); 

which, when developed, must bo identical with the proposed equation; for, 
since was substituted for x in the proposed, and then jr— r for in (2), 
the transformed equation, we must necessarily have reverted to the original 
equation; hence wo have 
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•r)+B„=aa:“+A,a:"~‘ar+ . . A„_iap+A.. 
Now if we divide the first member by or— r, the remainder will evidently be 
and the quotient 

a(ar— Bi(ar— r)“-®4. ..... r)+B.._i,; 

ailt since the second member is identical with the first, the very same quo- 
tient and remainder would arise by dividing this second member also by x— r; 
hence it appears that if the first member of the original equation be divided 
by X — r, the remainder will be the last or absolute term of the sought trans- 
formed equation. 

Again, if we divide the quotient thus obtained, viz.* 

B,(x— .... r)-f B„_, 

by or— r, the remainder will obviously be Ba_i, the coefficient of the term last 
but one in the transformed equation; and thus by successive divisions oF the 
])<>lyuoinial in the first member of the proposed equation by x — r, we shall 
obtain the whole of the coefficients of the required equation. 


Rule, 

Let the polynomial in the first member of the proposed equation be a func- 
tion of X, and r the quantity by which the roots of the equation are to be dir 
luinished or increased; then divide the proposed polynomial by x — or x-f-r, 
according as the roots of the proposed are to be diminished or increased, and 
the quotient thus obtained by the same divisor, giving a second quotient, 
which divide by the same divisor, and so on till the division terminates; then 
will the coefficients of the transformed equation, beginning with the highest 
power of the unknown quantity, be the coefficient of the highest power of the 
unknown in the proposed equation, and the several remainders arising from 
the successive divisions taken in a reverse order, the first remainder being the 
last or absolute term in the required transformed equation. 

Note, When there is an absent term in the equation, its place must be 
fupplied with a cipher. 


Exami’leb. 

(1.) Transform the equation 5x'* — 12x‘'^-f-3x*'+-4x — 5=0 into another 
roots 3hall be less than those of the proposed equation by 2, 

4r — 2)5x* — 12x®-f-0^+4x — 5(5x*^ — 2x^—x-{~2 
5 x^ — lOx^ 


-~ 2 x 3 -f- 3 x 2 
— 2 x 3 + 4 x 2 


—x«+ 4 x 
— x*+ 2 x 

A 

2 jr — 4 


— L First remauider 



m 
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«+2(52:*+ar+lZf 


ac®— a? 
Qa^iex 

I5x+ 2 
15af— 30 


32. Second remainder. 

flf-2)5a^+8^+ 15(5a?+ 18 

5a^—l0x V 

18X+15 a?— 2)5ii?+18(5 

18a?— 36 5a?— 10 


51. Third remainder. 28. Fourth remainder. 

Therefore the transformed equation is 

5/4.28/+51/+82y — 1 =0. 

This laborious operation can be avoided by Horner*s Synthetic Method oi 
division; and its great superiority over the usual method will be at once ap- 
parent by comparing the subsequent elegant process with the work above. 
Taking the same example, and writing the modified or changed term of the 
divisor a?— 2 on the right hand instead of the left, the whole of the work will 
be thus arranged; — 


1-12 

+8 

+4 

—5(2 

10 

—4 

—2 

4 

—2 

—1 

2 

—1 Biv ' 

10 

16 

80 


8 

15 

32 

.•. B ,„=32 

10 

36 



18 

51 


B „=51 

10 





28 Bi =:28 

5^^-f-28^®-f-51^*4-32y — 1=0 is the required equation, as before. 

(2.) Transform the equation 5^-f-28y^+51y®+32y — 1=0 into another hav- 
ing its roots greater by 2 than those of the proposed equation. 

5 + 28+ 51 + 82 — 1(— 2 

_10 —.36 —30 —4 

18 15 2 —5 

—10 —16 2 


8—1 4 
—10 4 

— 2 3 

—10 


—12 

5a?^— 12ar''+3a?®+4a?— 5=0 is the sought equation; which, from the trans- 
formations we have made, must be the original equation in Example 1. 
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(3.) Find the equadon whose roots are less by 1-7 than those of the equation 

«»_at*+ae— 4=0. 

1 —2 +8 — 4(1 

- i. ni _i 

— 1 2 ^ 

0 “ 

1 

"T 

Now we know the equation whose roots are less by 1 than those of the 
given equation: it is a^4-aj^+2a? — 2=0; and by a similar process for *7, remem- 
bering the localities of the decimals, we have the required equation; thus; — 

1 -f 1 4.2 —2 (-7 

•7 1*19 2*233 

1*7 3*19 ^ 

7 1*68 

2*4 4*87 

7 


31 

•••y®*f3*l^®+4*87y-|" *233=0 is the required equation. 

This latter operation can be continued from the former, without arranging 
the coefficients anew in a horizontal line, recourse being had to this second 
operation merely to show the several steps in the transformation, and to point 
out the equations at each step of the successive diminutions of the roots. 
Combining these two operations, then, we have the subsequent arrangement. 

or 


— 2 

+ 3 

— 4(1*7 

1 —2 

+ 3 — 

4 (1*7 

1 

— 1 

2 

1*7 

— *51 

4*233 

— 1 

2 

— 2 

— *3 

2*49 

•233 

1 

0 

2*233 

1*7 

2*38 


0 

T 

*233 

1*4 

4*87 


1 

1*19 


1*7 



1*7 

3*19 


3*1 



7 

J*()8 






2-4 4*87 

3*1 

We have then the same resulting equation as before, and in the latter of 
these we have used 1*7 at once. It is always better, how’cver, to reduce 
continuously as in the former, to avoid mistakes incident to the multiplier 1*7. 

(4.) Find the equation whose roots shall be less by 1 than those of the 
equation 

(5.) Find the equation whose roots shall be less by 3 than the roots of the 
equation 

8a;3_l,5a!*-h49ar— 12=0, 

and transform the resulting equation into anotner whose roots shall be greater 
by 4. 
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(6.) Give the equation whose roots shall be less by 10 than the roots ol 
the equation • ^ 

12340=0. 

(7.) Give the equation whose roots shall be less by 2 than those of the 
equation 

a:® +2ar^— 6a?®— > lOiT— 8=0. 

(8.) Give the equation whose roots shall each be less by ^ than the roots of 
the equation 

2a?^— 6a73+4a?®— 2x+l=0 . 

Answers. 


(4.) y-f3^®— 4y-|-l=0 whence a?=y-f 1 

(5.) y+V-f 12/— 14v=0 a?=^+ 8 

and a?= 2 r— I 

(6.) /+ 42/+ 668/ “h 4664^=0 a?=^+lO 

(7.) /+10/+42/+86/+70y— 4=0 a?=^+ 2 

(8.) 2j^'— ay— 2/— ^^+ 1=0 !c=y+ ^ 


Proposition II. 

To transform an equation into another whose second term shall be removed. 
Let the proposed equation be 

a?"+ Aia?""’ + Ana?"''^+ ..... A„_ia?+A„=0; 
and by Prop. IV. w:o know that the sum of the roots of this equation is — Aj; 
therefore the sum of all the roots must be increased by A„ in order that the 
transformed equation may want its second term; but there are n roots, and 

hence each root must be increased by and then the changed equation will 

have its second term absent. If the sign of the second term of the proposed 
equation be negative, then the sum of all the roots is + A,; and in this case 

we must evidently diminish each root by and the changed equation will 

then have its second term entirely removed. Hence this 

llule. Find the quotient of the coefficient of the second term of fne equation 
divided by the highest power of the unknown quantity, and decrease or ih- 
crease the roots of the equation by this quotient, according as the sign of the 
second term is negative or positive. 

Examples. 

(1.) Transform the equation — 6a?®+8a? — ^2=0 into another whose second 
term shall be absent. 

Here Ai = — 6, and n=3; we must diminish each root by ^ or 2. 

1 +8 — 2(2 
* 2 — 8 0 
3IT ”o ^ 

2 —4 

2 

0 

/ — 4^/— 2=0 is the changed equation. 

And since the roots arc diminished we must have the relation a?=^+2* 
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, ( 2 ,) Transform the equation — IBar* — 64 ?+ 1 5=0 into another whose second 
term shall be removed* 

(3.) Transform the equation a;® +15a;‘+12a?^ — 20a?® -f- 14a? — 25=0 into another 
wnose second term shall be absent. 

(t.) Chang© the equation into another deficient of the second 

term. 

(5.) Change the equation a?^4-aa?®'b5a?-f c=0into another wanting the se- 
cond term. 


Answers. 

(2.) y— 96/— 518^— 777=0. (4.) +b=0. 

(3.) /— 7e/+412/— 757^/+401=0. (5.) ^ 

Proposition III. 

To transform an equation into another whose roots shall be the reciprocals 
of the roots of the proposed equation. 

Let n!a?”-f Aia?"~^ + A„a?""‘*4* A„_ia:+ A„=0 be the proposed equa- 

tion, and put v=?.; then a?=i, and by writing • for a? in the proposed equa- 

^ ^ y y 

tion, multiplying by y”, and reversing the order of the terms, we have the 
equation 

. . . Au^-f A,^+a=0, 

W'hose roots are the reciprocals of the roots of the proposed equation. 

(’or. 1. Hence an equation may be transformed into another whose roots 
shall be greater or less than the reciprocals of the roots of the proposed equa- 
tion, simply by reversing the order of the coefficients, and then proceeding as 
in Proposition L, p. 280. 

Cor. 2. If the coefficients of the proposed equation be the same, whether 
taken in reverse or direct order, then it is evident that the transformed equa- 
tion will be the same as the original one; and, therefore, the roots of such 
equations must be of the form 

r„ 1; Ta, i; ra, i ; r4, 1 ; &c. 
r^ r^ ra 

Cor. 3. If the coefficients of an equation of an odd degree be the same whe- 
ther taken in direct or inverse order, but have contrary signs; then also the 
roots of the transformed equation will be the same as the roots of the proposed 
equation; for changing the signs of all the terms, the original and transformed 
equations will be identical, and the roots remain unchanged when the signs oi 
all the terms are changed. And this will likewise be the case in an equation 
of an even degree, provided only the middle term be absent, in order that the 
transformed equation with all its signs changed may be identical with the 
original equation. 

Equations whose coefficients are the same when taken cither in direct or 
reverse order, are therefore called recurring equations^ or, from the form of 
the roots, reciprocal equations. 

Cor. 4. If the sign of the last term of a recurring equation of an odd degree 
be one of the roots of such equation will be — 1, and if the sign of pe 
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list term be one root will be + L For the proposed equation, and the 
reciprocal have one root, the same in each, and I is the only quantity whose 
reciprocal is the same quant . hence, since each of the other roots has the 
same sign as its reciprocal, the product of each root and its reciprocal must 
be positive; and therefore the last term of the equation, being the prodd&t of 
all the roots with their signs changed, must have a contrary sign to that of 
the root unity. 

Hence a recurring equation of an odd degree may always be depressed to 
an equation of the next lower degree, by dividing it by a?+l, or x — 1, accord- 
ing as the sign of the last term is -|- or — 

Cor. 5. A recurring equation of an even degree may always be depressed 
to another of half the dimensions. For let the equation be 

+ Ana^+A,x+l—0; 

dividing by x", and placing the first and last, the second and last but one, &c., 
in juxtaposition, we have 

*" + p + A, + ® ) + A„=0. 

Assume ^=j7-|-l=a?+ar“\ then we have 


1 



=y 

{< 


i 

■=/_2 

• 

{< 



=y’-8y 

i 1' 



=y"-4(/— 2)-6 

&c. 

&c. See, 

&C. : 

=y_4^2-)-2; 


and the resulting equation is therefore of the form 

B„_,y-hB =0; 

and the original equation is reduced to an equation of half the dimensions. 


Examples. 


(1.) Transform the equation — 7a?+7=0 into another whose roots shall 
be less than the reciprocals of those of the given equation by unity. 

7 —7 -fO +1(1 

7 0 0 

~ ~0 “ 

7 7 

7 T 
7 

14 


7x®+14x2-{-7x+l=0 is the equation sought, where 2 :+l=;l, or x=:— L. 

X r+ 1 


(2.) Find the roots of the recurring equation 

«5..-6ar*+54f*+5a«— CflP+l=0. 
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By Cor. 4, this equation has one root — 1, and the depressed equation is 
a^-7x®+12a»— 7*+l=0. 

Divide by »“, and arrange the terms as in Cor. Sj then 
*’+i-7(»f7)+12=0. 

Put a?4— L=2: then — 2; hence, by substitution, 

X x ^ 

;e2_2-.7^+12=0; 
or, 2~— 7ir+10=0; 
and, resolving the quadratic, we get 




_ 7±3 

~2 

= 5 or XT = 2. 

Hence and ar4"~=2, and the resolution of these two quadratics 

X X 

gives 

x=^(5+\/21) and ar=+l or +1, 
and the five roots are ^ 

5-~a/ 21 (5— A/2iy5+v^2r 25—21 


where 


2 * 5 +>/ 21 ““ 2 ( 5 +./^) 5+Vii 


which is the 


reciprocal of the root . 

2 

(3.) Give the equation whose roots are the reciprocals of the roots of the 
equation 

— 3a;® — 2a;^+8a;® - j- 1 2a;® 1 Ox — 8=0. 

(4.) Find the roots of the recurring equation 

3/+4y— 5=0. 

(5.) Find the roots of the recurring equation 

a;®-j'a7^-J-a;^-l-a?*-f-^+ 1 


Answers. 

(3.) 8a;® — 10a;® — 12ar'*— Sar'^-f 2a;®+3a; — 1=0. 

( 4 .) 1 , 

(5) -1.^5^, 4yr±rvl=S, _4/Ei^ ™i 
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Propositiov IV, 

To transform an equation into another whose roots shall he any proposed 
multiple or suhmultiple of the roots of the given equation. 

Let ar**+Aiar''~‘4' A„=0 be any equation; then put- 
ting we have a:= and by substituting this value of x in the given 

equation, and multiplying each term by m", we have 

.... ?w"~*A„_^-f-w"A„=0; 

an equation whose roots are m times those of the proposed equation. Hence 
we have simply to multiply the second term of the given equation by m, the 
third by m®, the fourth by and so on, and the transformation is effected. 

Cor. 1. If the coefficient of the first term be m; then, suppressing m in the 
first term, making no change in the second, multiplying the third 1)y m, the 
fourth by w®, and so on, the resulting equation will have its roots m times 
those of the given equation. 

Cor. 2. Hence, if an equation have fractional coefficients, it may be changed 
into another, having integer coefficients, by transforming the given equation 
into another whose roots shall be those of the proposed equation multiplied 
by the product of the denominators of the fractions. 

Cor. 3, If the coefficients of the second, third, fourth, &c. terms of an equa- 
tion be divisible by m, m®, and so on, respectively, then is a common 
measure of the roots of the equation. 

Examples. 

(1.) Transform the equation — 4a:®4*7ar— 3=0 into another whose roots 

shall be three times those of the proposed equation. 

(2.) Transform the equation — 3ar‘* — \2x^-\-5x — 1=0 into another whose 

roots shall be four times those of the given equation. 

(3.) Transform the equation — ~a;-f-2=0 into another whose roots 

shall be 12 times those of the given equation. 

Answers. 

(1.) 2a;«-— 12x2+630:— 81=0. 

(2.) 48x®+80x— 64=0. 

(3.) r^+4x®— 36x+3456=0. 

Proposition V. 

To transform an equation into another^ whose roots shall he the squares 
of the roots of the proposed equation. 

Let «"+ AiX"~* + A,ia?"~®+A +A„_ia?+A„ = 0 be any equation, 

then a?” — AiX'‘~’ + Anx"”® — +A„_iX+A„ = 0 is the equation 

whose roots are the roots of the former, with contrary signs (Prop. V. p. 278). 

Let «i, flsj, 03 * &c., be the roots of the former equations, and — aa,-“ai, 
^c., these of the latter; then we have 
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(.r"+ A„x“-^+ , . . .)+(A,»”-‘+A„,x— +. . .)=(«-a.) (*-a,) (x-a,). . . . 
(x"+AiiX"~*4* • • • •) — (A.|X"“'+ Anix"“®+. . .)=(x+a,) (x+a,) (x+a,;. . . . 

Hence, by multiplying these two equations, w^e have 
(x” + Ana:'’~* + » • 0^ — (Aia?”~' + • .)®=(a;^ — a,®) (a^— (jj-— a ,”) . . 
Or. ar2»-~(Ai2~2Au)a:""-"+(A„2---2A,A;„4-2Aiv):c'^"-^~- . &c.--=(a:2— «r) 
{sc^^a ^) .... by actually squaring and arranging according to the 
powers of x. Now', for a?® write y, and we have 
y"— (A.^*— 2A„)y"-'+(A„*— 2A,A,„+2A,v)j/“-’'— &o. ={y—a?) is/— a.?) 
{y—ai) ... 

.-.y"— (A,2— 2A„)y"~‘+(A„’'— 2A|A„,+2A,v)y"-“— = 0 is an eqiia- 

lion whose roots are the squares of the roots of the given equation. 

Exa.mpl£s. 

(1.) Transform the equation 8=0 into another, whose roots 

are the squares of those of the proposed equation. 

Here — 6ar= — 3a?® +8 by transposition, and by squaring we have 
ar® — 1 2a?^ 4* 36a;®= 9a:^ — 48a?® -f* 64 
a?®— 21a?^-f 84a?2— 64=0 

Or — 2l3/®4-842/ — 64=0 is the required equation. 

The roots of the given equation are — 1, —4, 2; and those of the trans- 
formed equation are 1, 4, 16. 

(2.) Transform the equation ar® — a?® — 7ar +15 =0. 

(3.) Transform the equation a?** — 6a:® + 5a?®+2a? — 10=0. 

(4.) Transform the equation a?^— 4a:® — 8a: +32 =0. 

(5.) Transform the equation x* — 3a:® — 15a:®+49a: — 12=0. 

Answers, 

(2.) y®—i5/+793^— 225=0. 

(3.) 26^+29/— 104^+100=0. 

^ (4.) y4_|6^8_64yq.l024=0. 

(5.) 39^®+495y®— 2041y+144=0. 


Proposition VI. 

IJ the real roots of an equation, taken in the order of their magnitudes, he 
a\, a^, a^, a^, a^, ........ 

where a is the greatest, 9^ the next, and so on; then if a series of numbers, 

by, bi, bi, b^,b^, ........ 

in which bj is greater than aj, b 2 a number between ai and a 2 , ba a number ' 
between aa and sl^, and so on, be substituted for x in the proposed equation, 
the results will be •alternately positive and negative. 

The polynomial in the first membejr of the proposed equation is the product 
of the sqnple factors, 

(a:— a,) (a:— Oa) (ar— Og) (x^a,) 

and quadratic factors, involving the imaginary roots; but the quadratic factors 
have always a positive value fbr every real value of x; therefore we may omit 

» 
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these positive factors; and substituting for * the proposed series of values, 

in in &c.> we have these results; 

( 6 , — a,) ( 6 | — a-i) ( 6 , — O 3 ) (6, — a ,) . . . . = +•+•+•+ = + 

(6,— a,) (is— a,) (is— <* 3 ) (is— a.) = -•+•+.+ = — 

(^>3— Oi) (is— fli) (is— as) (is—a^) = + « 

(is— o,) (is— Oj) (is— Us) (is— UsJ = = — 

* See. &c. &c. 

Cor. 1, If two numbers be successively substituted for x in any equation, 
and give results with different signs, then between these numbers there must 
be one, three. Jive, or some odd number of roots. 

Cor. 2. If the results of the substitution in Cor. I are affected with like 
signs, then between these numbers there must be two, four, or some even 
number of roots, or no root between these numbers. 

Cor. 8. If any quantity q, and every quantity greater than q, renders the 
result positive, then q is greater than the greatest root of the equation. 

Cor. 4. Hence, if the signs of the alternate terms be changed, and if p, and 
every quantity greater than p, renders the result positive, then — /? is less than 
the least root. 


Example. 

Find the initial figure in one of the roots of the equation 

Here one value of x does not differ greatly from unity, for the value of the 
given polynomial, when a— U is — 1, and when x= • 9, it is found thus • 
1-4^6 +8 (-9 

•9-2*79-7 911 

.Isq— 8*79V*089 V=+-089. 

Hence the former value being negative, and the latter positive, the initial 
figure of one root is *9. 


Proposition VII. 

Given an equation of the nth degree, to determine another of the (n— 
degree, such that the real roots of the former shall be limits to those of the 
latter. 

Let ax, a^, a^, a 4 , • . , . a. be the roots taken in order of the equation 
■a?“+Aiar^*+Au4r-~«+ .... A._iar+A„=0; 
then diminishing the roots of this equadon by r (Prop. I, p. 280), we have the 
following process, viz.: 


1+Ai+ 

Au+ . • ' 

. • • Ao_24' A„_i 

+ A. (p 

r 

rB, 

rB._, 

rB„_8 


B. 

Bu 



B. 

r 

rC, 

rC^ 

>’C_, 


"cT 

ciT 

cI7 
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Whence C„_i=A„_,-f rB„_8-|-7 C„„4 

= A„_i4- K^n-a-f” ^ B„_s)H-r(A„_a+rB„_3-f ^C„_3) 

An-aH-Sr® B„_3-j-7*®C„_3 

= A„_i+* 2 r A„„2+2r2(A„_3-fr + 

= A„_i+2r A„_a+3r2 A„^+37-3B„^+r3C„_, 


= A„_,+2rA„_a4"3r^A„_3+ (»— l)r‘‘“®A,+wr"-‘ 

Or, C„_,==»r"-*+(w~l)A,r“'®4-(«“-2)Aiir"-^+ . . .2A„_ar + A„_i . . (1) 
Again, the roots of the transformed equation will evidently be 
Oi— r, fla—r, £^ 3 — r, <14— ^ • • • • ^ 

and as we have found the coefficient, C„_i, of the last term but one, in the 
transformed equation, by one process, we shall now find the same coefficient, 
by another process (Prop. IV, p. 277;) hence we have 

C,_,= (r— a,) (r— fla) ^a) to (n—1) factors 

-f (V— £Z,) (r— «2) (r—a') do. 

+ (r— G.) (r— G3) (r— G4) do. 



4- {r—a2) (r— Ga) (r—a^) do. J 

Now, those two expressions wffiich we have obtained for C.,_i arc eqiial to 
one another, and therefore whatever changes arise by substitution in the one, 
the same changes'will be produced, by a like substitution, in the other; hence, 
substituting az, G3, &c., successively for r in the second member of equa- 
tion (2), we have these results: 


(Gi — G2) (Gi — G3) (Gj — G^) * . . 


... = + 

(g2— G,) (Gs— G3) (G2— G4) . . . 

. . . = -. + . + . . . . 


(G3— Gi) (G3— G2) (Gg—G^) , . . 

. . . = , . . 

... = 4 

&C. 

&c. 

&c. 


But when a series of quantities, are substituted for the 

unknown quantity in any equation, and give results which are alternately + 
and , then, by Prop. VI, these quantities taken in order, are situated in the 
successive intervals of the real roots of the proposed equation; hence, making 
C„__,=0, and changing r into x, we have from equation (1) 
war"~’+(w— I)Aiar"‘“*+(n— 2)Anar"'^-f"* . . . 2A„_2a7+ A„_i=0 ... (3) 
an equation whose roots are therefore limits to those of the original equation, 
a:"+ Aia:"~‘-f A„a:"“®4 .... A„_ja;4AB=0, 
and the manner of deriving it from the proposed equation is evident. 

Let G„ Ga* «3» «4» &c., be the roots of the proposed equation, and hy &c., 
those of the derived equation (3), ranged in the order of magnitude; then the 
roots of both the given and the derived equation will be represented in order 
of magnitude by the following arrangement, viz,: 

Gl, h\y Gj, bzf G3, ^3, G4, ^4, Gs, b^y &C, . . 

Cor. 1. If Gj=:g„ then r — Oi, will be found as a factor in each of the groups 
of factors in equation (2), w hich has been shown to be the limiting equation (3),, 
and therefore the limiting equation, and the original equation, will obviously 
have a common measure of the form :r— g,. 

t2 
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Cor. 2. If a 3 =a 2 =ai, then (r— ai), will occur as a common factor 

in each group of factors in (2); that is, the limiting equation (3) is divisible by 
(jp— ai)*; and therefore the proposed equation and the limiting equation have 
a common measure of the form {x — 

Cor. 8. If the proposed equation, have also « 3 =« 4 , then it will have ifcom- 
mon measure with the limiting equation of the form (ar—fli)*’ and 

so on. 

Scholium. When therefore we wish to ascertain whether a proposed 
equation has equal roots^ we must first find the limiting equation, and then 
find the greatest common measure of the polynomials in the first members of 
these two equations. If the greatest common measure be of the form 
(a:~-ai)P (a:— Oa)' 

then the proposed equation will have (p-l-l)roots=ai, (<7-j-l) roots=a 2 » (^+1) 
roots=« 3 , &c. The equation may then be depressed to -another of lower 
dimensions. 


Budan’s Criteeion 

For determining the number of imaginary roots in any equation, 

172. If the real positive roots of an equation, taken in the order of their 
magnitudes, be Oi, a%^ Og, . . . . where a^ is the smallest, and if we 
diminish the roots of the equation by a number h greater than aj, but less 
than a<i, then the roots will be ai— A, a^-^lh Og—A, . . . and the first 

of these will now be negative. But the number of positWe roots is exactly 
eqiml to the number of variations of sign in the terms of the equation, w hen 
the roots are all real; and as we have changed one positive root into a negative 
one, the transformed equation must have one variation less than the proposed 
equation. 

Again, by reducing all the roots by kj a number greater than a^j but less 
than fla, we shall have two negative roots, a, — ttg — A, in the transformed 
equation, and therefore we shall have two variations of sign less than in the 
proposed equation; for two positive roots have been reduced so as to become 
negative ones. Hence it is obvious, that if we reduce the roots by a number 
greater than a„, all the positive roots will become negative, and the transformed 
equation, having all its roots negative, will have the signs of all its terms 
positive (Prop. IV. p. 277), and all the variations have entirely disappeared. 

We see, then, that if the roots of an equation be reduced until the signs of 
all the terms of the transformed equation bo +, we have employed a greater 
number than the greatest positive root of that equation; and therefore its 
reciprocal must be less than the smallest real root of the reciprocal equation. 
Now, if we take the reciprocal equation, and reduce its roots by the reciprocal 
of the former number, we should have as many positive roots left in this trans- 
formed reciprocal equation as there were positive roots in the proposed equa- 
tion, unless the equation has imaginary roots; hence the number of variations 
lost in the former case should be exactly equal to the number left in the latter, 
when the roots are all real; and, consequently, if this condition be not ful- 
filled, the difference of these numbers indicates the number of imaginary 
root!. To explain this reasoning more clearly, we shall suppose that an 
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equation has three positive roots ; as, for instance, 1,2*5, and 8. Now, if the 
roots of the proposed equation be reduced by 4 , a number greater than 3 , the 
greatest positive root, the three positive roots in the original equation will 
evidently be changed into three negative ones in the transformed one, and 
he»ce thr,ee variations must be lost. Again; the equation whose roots are the 
reciprocals of the proposed equation, must have three positive roots, 1, -f., and 
and it is evident that if we reduce the roots of the reciprocal equation by 
the reciprocal of the former reducing number 4, we shall not change the 
character of the three ppsitive roots, because 4 is less than the least of them, 
and 1 — 4, 1 — -4, — 4, are all positive; hence the three variations introduced 
by the three positive roots must still be found in the transformed reciproc4l 
equation, and therefore three variations are left in the latter transformation, 

indicating no imaginary roots. The theorem may, therefore, be stated thus: 

If, in transforming an equation by any number r, there be n variations lost, 
and if in transforming the reciprocal equation by f (the reciprocal of ?*,) there 
be m variations left, then there will be at least n — m imaginary roots in the 
interval 0, r. 

For there are as many positive roots in the interval 0, r, of the direct equa- 
tion, as there are between f and ^ of the reciprocal equation; hence, if n, the 
number of variations lost in the transformation of the direct equation by r, be 
greater than m, the number of variations left in the transformation of the reci- 
procal equation by jr, there will he a contradiction with respect to the character 
of a number of the roots, equal to the difference n — m. Hence these root* 
are imaginary. 

Example. 

Find the number of imaginary roots of the equation 
a,. 4 = 0 . 



Direct, 



Mcciprocal. 

—1 

+2 +1 

~4(1 

—4 + 1 

+ 2 — 1 +1 (1 

1 

0 2 

3 

— 4 

_ 3 1 

0 

2 ~~i 


— 3 

1 _ 2 m 

1 

1 3 


— 4 

— 7—8 

1 

'"a 


— 7 

— 8 —JO 

1 

2 


^ 4 

— 11 

2 

1 

5 


--11 

— 4 

— 19 


Here two variations are lost in the transformation of the direct equation, 
and no variations are left in the transformation of the reciprocal equation; 
therefore, this equation has at least two imaginary roots; and it has only two, 
for the sign of the absolute term is negative, implying the existence of two 
real roots; the one positive, and the other negative. 

Degua’s Criterion. 

173 . In any equation, if we have a cipher-coefficient, or term wanting,' 
and if the cipher-coefficient be situated between two terms having the same 
aifirn, there will be two imaginary roots in that equation. 



ALGEBRA. 


m 

Let the order of the signs be 

-f -f — 0 — H ; 

and for 0 writing -f- or — we have either 

“f 1 1 , or-f -f 1 • 

In the former of these we find two permanencies and Jive variations, 0^id 
in the latter we have four permanencies and only three variations; hence, if 
the roots are all real, we must, in the former case, have Jive positive and ttvo 
negative roots, and in the latter, three positive mAfour negative roots (Prop. 
VIL p. 279); hence we have two roots, hoih positive and negative, same 
time, and therefore these two roots cannot be real roots. These two roots, 
W'hich iiwrolve the absurdity of being both positive and negative at the same 
time, must therefore be imaginary roots. 

In nearly the same manner it may be shown that 

(1.) If between terms having like signs, 2n or 27i— 1 cipher-coefficients 
intervene, there will be 2w imaginary roots indicated thereby. 

(2.) If between terms dijf event signs, 2w+ 1, or 2» cipher-coefficients 

intervene, there will be 2/i imaginary roots indicated thereby. 

Ex. The equation — ;r^-f"b:r*-|-24=0 has two imaginary roots; for the 
absent term is preceded and succeeded by terms having like signs, and the 
equation x^± \ having the coefficients 1+0+0 +1 has also two imaginary 
roots. 


Examples for Practice. 

(1.) How many imaginary roots are in the equation 

1=0 ? 

(2.) Has the equation — 2ic^+6a?+l0=0 any imaginary roots? 

174. The most satisfactory and unfailing criterion for the determination 
of the number of imaginary roots in any equation is furnished by the admirable 
theorem of Sturm; which gives the precise number of real roots, and conse- 
quently the exact number of imaginary ones; since both the real and imaginary 
roots are together equal to the number denoted by the degree of tlie [)ro})osed 
equation. 


Proposition VIII. 

Tojind the number of real and imaginary roots in any proposed equation. 
The acknowledged difficulty which has hitherto been experienced in the 
important problem of the separation of the real and imaginary roots of any 
proposed equation, is now completely removed by the recent valuable re- 
searches of the celebrated M. Sturm; and we shall now explain the theorem 
by which this desirable object has been so fully accomplished. 


Theorem of Sturm. 

Let X Aa:"+ Bar'*— ^ -f Car"— ®+. . . . ,+Ha?-f K=0 be any equation w hich 
has no equal roots, and let 

Xi=wAa?"~*+(n — l)Bj;"“®+(n— 2)Ca:"“’+ . . . , +H 
be the derived function, arising by multiplying each term of the equation 



THEOREM OP STURM. 


2^ 

X=0, by its exponent, and then diminishing the exponent by unity. Divide 
X by X| until the remainder be of a lower de- 
gree than the divisor, and call the remainder 
— Xjj, or changing the signs of“all the terms in 
th^ remainder, we shall have = modified 
remainder. Proceed in the same manner with 
the functions Xj and Xg, and call the modified 
remainder X3, and so on, as in the marginal 
scheme, until the division terminates by leav- 
ing a final remainder independent of x; and let 
this remainder, having its sign changed, be 
called Xm+i. Then we have the series of 
functions. 

X, X,. X„ X3. X, 

which are of continually decreasing dimensions in x, and Xm+i is altogether 
uulepcndent of 

Now^ ifp and g be any two numbers of which p is less than g, and if these 
numbers be substituted for x in the above series of functions, w'e shall have 
two series of signs, the one resulting from the substitution of p for x, giving h 
variations of sign, and the other from the substitution of g for x, giving k va- 
riations of sign; then the exact number of real roots of the proposed equation 
between the limits p and q w ill be = A — k. 

In order to simplify the demonstration of this beautiful theorem, we shall 
premise one or two Lemmas. 

Lemma 1 . Two consecutive functions cannot both vanish for the same 
value of X, 

From the process above described for the determination of the successive 
functions, we have obviously these equations: — 


X =X. Qi-X, (1) 

X, =X, Q.--X3 (2) 

X, =X3Q3-X, (3) 


X_,=:X„.Q...-~X„,+, (rn). 


iNow', suppose X.2=0, and X8=0; then by eq. (3) wo have Xi=0; hence, 
since X3=(), and Xi=0; then by eq. (4) we have X5=0; and proceeding in 
this manner we shall find that Xm+i=0; but as the equation X=0 is sup- 
posed not to have equal roots, the polynomials X and X, have no common 
measure (Prop. VII), and therefore there must be a final remainder, Xm+Ji 
totally indej)cndent of x^ and must therefore remain unchanged for every 
value of X, 

Lemma 2. ]f one of the derived fiinctions vanish for any partietdar 
value of Xf the two adjacent functions have contrary signs for the same value 
of X, 

For by eq. (3) w'e have 

X,=X3Q3~-X,; 

and if X3=0; then X2=— X4,and therefore it is obvious thatXa and X4 mu*t 
have contrary signs. • • 


X.)X (Q. 

X,Q. 

X ~X,Q>-X2 

X2)X, (Q 2 

X2Q2 


X3)X2 (Qa 

X3Q3 

X2-X3Q3=-X, 
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Demonbtratioi^ of the Theorem. 

Let p be nearer to — oo than any of the real roots of the equationf 
X=0, Xi=:0, Xa=0. X3=0, .... X™=0; 
and conceive p to increase continuously until it becomes 0, and then to g6 on 
increasing until it becomes equal to which we may suppose to be nearer + oo 
than any of the real roots of the preceding equations. Now, while p is less 
than any of the roots of these equations, no change of signs will occur by the 
suDStitution of p for a?, in any of these functions (Prop. VI. Cor. 4;) but when- 
ever p in its continuous progress towards q, arrives at a root of any of the 
derived equations, that function becomes zero, and neither the preceding nor 
succeeding function can vanish for the same value of a: (Lemma 1), and these 
two adjiicent functions have contrary signs (Lemma 2); hence the entire num- 
ber of variations of sign is not affected by the vanishing of any of the derived 
functions. While, therefore* p advances in the scale of numbers by minute 
additions, it will pass successively over the roots of the proposed equation, as 
well as over those of the derived equations; and in passing from a number very 
little smaller to a number very little greater than a root of the equation X=0, 
the sign of X will be changed from -f to — or from — to (Prop. VI. 
Cor. 1); and the difference of these numbers may be made so small, that no 
change of signs can take place in the derived functions; hence the loss of a 
variation of sign arises from the change of sign of the function X. Again* 
when p becomes nearly equal to another root of X=0, the order of the signs 
of the derived functions may be changed, but the number of variations is not 
at all affected (Lemma 2); and, therefore, while p varies from a number very 
little smaller to a number very little greater than this root of X=:0, there w ill 
be a loss of one variation of sign, arising from the change of the sign of X; 
and so on for the other roots of X=0. Whenever, then, the value of/? passes 
over a root of the equation X=0, there is a loss of one variation of sign; and 
since a variation cannot be lost among the signs of the derived functions, nor 
can one be ever introduced, it is obvious that we are furnished with a simple 
and beautiful criterion for ascertaining the number of real roots betw een any 
two specified numbers,/? and y. To illustrate this more fully, we shall sup- 
pose that the substitution of/? and q for x in the series of functions, gives the 
two series of signs, viz.; — 

X X. X, X3 X. X X, X, X3 



Now there are two variations of sign in the former row of signs, and no 
Yariation in the latter; hence one variation is lost in the signs of the derived 
functions, and the sign of X remains unchanged; but a variation cannot be 
lost in the signs of the derived functions, on the supposition that one root lies 
between p and q\ besides, the sign of X is unchanged; hence there must be a 
number, m, between p and q, which, substituted for x in the series of func- 
tions, gives the sign of X negative, and hence there must be one root between 
p and m, and another root between m and q. The loss of two variations of 
sign must, therefore, indicate the existence of two real roots between p and q; 
nnd, in like manner, the loss of three variations of sign indicates the existence 
of three roots in the interval, and so on. Hence, if the substitution of p for 
X gives h variations, and q for x gives k variations; then number ot 

real roots between p and q. 
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Since all the real roots are comprehended between the extreme values 
OD and 4- ® we may readily ascertain the number of real roots by substi- 
tilting — • 00 and + oo for a; in the leading terms of the several functions, be- 
cause the first term of each function must, for a?=4- be numerically greater 
tha^iall the other terms in the function together; and hence the sign of the 
leading term will determine the sign of the whole function. Let h be the 
number of variations of sign arising from the substitution of — oo for x in the 
functions, and I the number for -f- oo; then A— the number of real roots 
in the equation, and n— (A — A)= the number of imaginary roots. To deler- 
mine^he initial figures of the roots, we may substitute the successive numbers 
of the series 

0 . - 1 , - 2 , -* 3 . ^4 

till we have as many variations as — op produced; and if we substitute the 
numbers of the series 

0, 1, 2, 3, 4, 

till we have as many variations as -f- oo produced, then the numi)ers which 
first produce the known number of variations, will be the limits of the roots 
of the equations, and the situation of the roots will be indicated by the signs 
arising from the substitution of the intermediate numbers, 

175. When the equation has equal roots, one of the divisors will divide 
the preceding without a remainder, and the process will thus terminate with- 
out a remainder, independent of ar. In this case, the last divisor is a common 
measure of X and Xj; and it has been shown (Prop. VI, Cor. 3, p. 292), that 
if (:c.— fli) {x^a^ be the greatest common measure of X and X„ then X is 
divisible by {x,—a^)\x — ao)^, and the depressed equation furnishes the distinct 
and separate roots of the equation; for Sturm’s theorem takes no notice of the 
repetition of a root. The several functions may be divided by the greatest 
CMjminon measure so found, and the depressed functions employed for the 
determination of the distinct roots; but it is obvious that the original functions 
will furnish the separate roots just as well as the depressed ones, for the 
former differ only from the latter in being multiplied by a common factor; and 
whether the sign of this factor be -h or — , the number of variations of sign 
must obviously remain unchanged, since multiplying or dividing by a positive 
quantity does not affect the signs of the functions; and if the factor or divisor 
be negative, all the signs of the functions will be changed, and the number 
of variations of sign will remain precisely as before. 

We shall now apply the theorem to a few' examples. 

Examples. 

(I.) Find the number and situation of the roots of the equation 

4 - 8 = 0 * 

* The process applied to the general cubic equation jr3+aa:^+6x+c=0, gives the following func- 
tions, viz. : 

With the second term. Without the second ierm^ or os=0. 

X «.r^ + 6T+c. .... 1 X s= 3^-vbX'\‘C 

Xi s= 3.r‘'* + 2(7jr ’+6 Xi = 

X 2 = 9c. ... I X 2 = —Ux—^c 

X 3 =— 4o3c4-«2A2— ISflAc— 463— 27ca J X 3 = — 46^— 27o2 ^ 

These functions in (I) and (2) will frequently be found hseful in the application of Sturrn’.s 
theorem lo equations of the thud degree, since the derived functions in any particular cxainj'le may 
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Here we have X = a®— 4a?*— 64r-f 8 

Xi???^8a?^— 8x —6; 

then, multiplying the polynomial X by 8, in order to avoid fractiotiif 
3a^_8a?— 6) 83r3-12x*-18a:+24 (a:— 1 

* 8a?® — 8a*— 6a 

» 

— 4a‘^ — 12a-j-24, multiply by 4; 
or, — 3a* — 9a-f 18 

— 8a^-(- 8a4- 6 

— 17a-fJ2 Xn=17a— 13 

3^)3— 8a— 6 

17 


I7a— 12) 51a*— I36a— 102 (3a 
51a*— 36a 


—100a— 102 

It is now unnecessary to continue the division further, since it is very 
obvious that the sign of the remainder, which is independent of a, is — ; and, 
therefore, the series of functions are 

X = a®— 4a*— 6a -f 8 
Xi = Sa*— 8a —6 
Xu=17a— 12 

Xiii=-h 

Put + ooand — oo for a in the leading terms of these functions, and the 
signs of the results are 

For a = -1“ OD, + 4“ + 4* variation /i=0 

j: — — QD, — -j- — -f three variations Ai=3 

h — ^=3 — 0=3, the number of real roots in the proposed cubic equation. 

Next, to find the situation of the roots we must employ narrower limits 
than -}“ 00 and — oo. Commencing at zero, let us extend the limits both ways, 
and since the proposed equation has only one permanence of sign, one of the 
roots is negative, and the remaining roots are positive. 


Var, Var. 


For a:=0 signs + 

— 

— 

+ 

2 

For j?= 0 signs 4“ — 

+ ! 

1 2 

a?=l . 

. . . — 

— 

+ 

+ 

1 

x=-l ...4- + 

- 4- 

1 2 

;r=2 . 

. . . — 


4- 

+ 

1 

;r=— 2 ... — 4- 

- + 

|3 

a?=3 . 

. . . — 

— 

4- 

4- 

! 1 




a?=4 . 

. . . — 

+ 

+ 

+ 

1 




ar=5 . 

. . . — 

+ 

4- 

+ 

1 




x=6 . 

... + 


+ 

+ 

0 





be found by substitution only. In order that all the roots of the equation may be 

real, the first terms ?f the functions must be positive ; hence— 26;r and — -463— 27c2 must be positive; 
and as —27c* is always negative, b must be negative, in order that —4ft'' and —2ft may be positive; 

therefore, when all the roots are real, 46* must be greater than 27c*, ^ greater than ^ 

When, therefore, 6 Is negative and ^ 7 roots are real, a criterion which has .imm 

Jong known, and os simple as can be given. 
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We perceive, then, by the columns of variations, that the roots are between 
0 and 1, 5 and 0, — 1 and — 2; hence the initial figures of the roots are — 1, 
0, and 5; and in order to narrow still further the limits of the root between 
0 and 1, we shall resume the substitutions for a? in the series of functions as 
bef(#e. But as the substitution of 1 for a;, in the function X, gives a value 
nearly zero, we shall commence with 1, and descend in the scale of tenths, 
until we arrive at the first decimal figure of the root. 

Lot a?= 1 signs — — + H“ one variation 
a?= • *9 . , . . — +4- two variations; 

hence the initial figures are — 1, *9, and 5. 

(2.) Find the number and situation of the real roots of the equation 
;c4_|_^3_^2_2a? + 4=0. 

Here the several functions are 

X = ^ — 2a? +4 

X,= 4a?3-f-3ar2— ‘2ar— 2 

Xj= — 6 

X3= — a? +1 
X,= -f- 

Let X =-{' CD signs of leading terms + + H h two variations 

^ = — oc -j + two variations; 

and all the roots of the equation are imaginary. 

(i3.) Required the number and situation of the real roots of the equation 
2ir^— lla:H8a’~16=0. 

The first three functions are 

X= lla:2+8ir-16 
Xi= — I la? -h4 
X3=lla?2— 12a? -1-32; 

and the roots of the quadratic 1 la:'-^ — 12ar-|-32=0 are imaginary ; for 11 X 32 X 4 
is greater than 12*^; hence Xa must preserve the same sign for every value 
of X, and the subsequent functions cannot change the number of variations, 
for a variation is only lost by the change of the sign of X. Hence, 

For X = CD signs d — f- 4" wo variation 

a: = — oc» . . . -j h tw'o variations; 

and the proposed equation has two real roots, the one positive, and the other 
negative, since the last term is negative. (Prop. VI, Cor. 5, p. 279.) 


When X = 

0 signs 

-4 4 

X = 

0 signs — 

-f 4 

X = 

1 

-•-4 

a? = 

— 1 — 

4- 4 

X = 

2 

-44 

X = 

— 2 — 

- 4 

X = 

3 

4 4 4 

X = 

-3 .... 4 

f 


Hence the initial figures of the real roots are 2 and — 2. 

When two roots are nearly equal to each other, 

(4.) Find the roots of the equation 

• a? 8 -|-ll^^— 10 . 2 a:-hl 81 = 0 . 

The functions are 

X = a?3H-lla:2_202a?4-181 
Xi = 8a?3-l-22.r -~102 
Xa = 122a?— 393 
X 3 = 4-; 

and the signs of the leading terms are all -b; hence the suostitution ofJ^» 
and 4 00 must give three real roots. 
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To discover the situation of the roots, we make the substitution! 

ar r= 0 which gives H 1- two variations 

1 -+ H- 

X = — ”f" 

X = 3 H h two variations 

X = 4 + + variation; 

hence the two positive roots are between 8 and 4, and we must therefore 
transform the several functions into others, in which x shall be diminished by 8. 
ThiPis effected by Prop. 1, p. 280; and we get 
Y= 

Y,= 8j^-h40y-9 
Ya=122y— 27 

¥ 3 = + 

Make the following substitutions in these functions, viz. : 

^ = 0 signs H + two variations 

^ = -1 . . . -I h 

y = ‘2 . . . + — — + two variations 

^ = *8 . . . -f 4 - + + no variation; 

hence the two positive roots are between 3*2 and 8*3, and we must again 
transform the last functions into others, in which y shall be diminished by *2, 
Etfecting this transformation, we have 

Z == +20*6z®— -eSz-f- 008 

Z,= 8-?2 4-41*24: —*88 

Zo=1224r— 2*6 

Z3= 4’» 

Let z = 0 then signs are 4 + two variations 


r = *01 4" 4“ two variations 

z = •0*2 — — — 4- one variation 

ir = *03 4* + + + no variation; 


hence we have 3*21 and 3*22 for the positive roots, and the sum of the roots 
is — 11; therefore — 11 — 3*21 — 3*22= — 17*4 is the negative root. 

When the equation has equal roots, 

(5.) Find the number and situation of the real roots of the equation 
a;® — 7a?'*4-13a^4“i»?^ — 16a? 4-4=0. 

By the usual process we find 

X= — 7a:^4-13^+ — \^x+4 

X,= 5x*—28x^4-S9x‘-i-2x ^16 

X,= nx^^48x^ + 51x-l-2 

X 3 = 3aP — 8a? 4*4 

X.i= a? —2 

X,= 0. 

Hence a? — 2 is a common measure of X and Xi; and if 

a? = — OD the signs are 1 1 four variations 


a? = — 2 1 1 four variations 

a?=— 1 OH 1 

X =: 0 ....... 4 hH three variations 

a?= 1 h4 two variations 

«?= 2 00000 

«= 8 1-4"4' one variation 

lr=: 4. 4"4' + *f4-no variation. 
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Therefore we infer that there are four distinct and separate roots; one is 1, 

for X vanishes for this value of another between 0 and 1; a third is 2, and 
a fourth is between 8 and 4. The common ineasure x — 2 indicates that the 
polynomial X is divisible by («— 5^)*; and hence there are two roots equal to 
2 (P^op. YU, Cor. 1.) 

Horner’s Method of resolving Numerical Equations of all Orders. 

176. The method of approximating to the roots of numerical equations of all 
orders, discovered by W. G. Horner, Esq., of Bath, is a process of ve/^ re- 
markable simplicity and elegance, consisting simply in a succession of trans- 
formations of one equation to another, each transformed equation as it arises 
having its roots less or greater than those of the preceding by the correspond- 
ing figure in the root of the proposed equation. We have shown how to 
discover the initial figures of the roots, by the theorem of Sturm; and by 
making the penultimate coefficient in each transformation available as a trial 
divisor of the abs(dute term, we are enabled to discover the succeeding figure 
of the root; and thus proceeding from one transformation to another, we are 
enabled to evolve, one by one, the figures of the root of the given equation, 
and push it to any degree of accuracy required. 

General Rules. 

1. Find the number and situation of the roots by Sturm's or Sudan's the- 
orem, and let the root required to be found be positive. 

2. Transform the equation into another, whose roots shall be less than 
those of the proposed equation, by the initial figure of the root. 

3. Divide the absolute term of the transformed equation by the trial 
divisor, or penultimate coefficient, and the next figure of the root will be 
obtained, by which diminish the root of the transformed equation as before, 
and proceed in this manner till the root be found to the required accuracy. 

Note 1. When a negative root is to be found, change the signs of the 
alternate terms of the equation, and proceed as for a positive root. 

Note 2. When three or four decimal places in the root are obtained, the 
operation may be contracted, and much labour saved, as will be seen in the 
following examples: 

Examples. 

(1.) Find all the roots of the cubic equation 

7a?-|-7=0. 

By Sturm’s theorem, the several functions are (Note, p. 297.} 

X = 

X, =30:2-7 
X2=:2o7 —3 

X3= + 

Hence, for a? =-f oo the signs are -f + + + no variation 

a; = — 00 — “ + — + three variations; 

therefore the equatiePn has three real roots, one negative, and two positive. 

To determine the initial figures of these roots, we have 


for a: = 0 signs -| h 

for a: = 0 signs d 1- 

ar = 1 . 

.. + — + 

ar = — 1 . 

. . -f -f 

x = 2 . 

.. + + + + 

ar == — 2 . 

. . -h 4- — + 



ar = — 8 . 

• • “T 4 b 



i = — 4 . 

. . ^ — 4- 


hence there are two roots between 1 and 2, and one betw cen — 3 and —4. 
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But in order to ascertain the iirst figures in the decimal parts of the two 
roots situated between 1 and 2, we shall transform the preceding functions 
into others, in which the val^e ef t is diminished by unity. Thus for the 
function X, we have this operadonj* 

14-0 —7 -f7 (1 
1 I 

”1 ”1 
1 2 

I 

And transforming the others in the same way, we obtain the functions 
Y=y‘-f-8i^*— 4^+1; Yi=3^^-h6^^~4; ¥,=2^—1; ¥3=+. 

Let y=*l then the signs are H h two variations 

i/=*2 H f- do. 

|/=*8 d h do. 

y=*4 h one variation 

y=*5 h + 

y~Q i — I — h do, 

^=•7 4 — I — 1 — h 1^0 variation. 

Therefore the initial figures of the three roots are 1*3, 1*6, and — 3. 

1 +0 — 7 + 7 (1-366895867 

1 1 — 6 


’ 1 

— 6 

* 1... 

1 

2 

— 903 

2 

— *4 . . 

*97... 

1 

99 

—86625 

*33 

— 301 

*10375... 

' 8 

J 08 

—9048984 

36 

—*1 9 3 

*1326016 

3 

1975 

—1184430 

*395 

— 17325 

141586 

5 

2000 

—132923 

400 

—*15325 . . 

8663 

5 

24336 

—7382 

*40 56 

— 1508164 

” i28r 

6 

24372 

-4181 

4062 

— *1 48379,2 

100 

6 

3 2514 

—89 


— 148053|8 

~Tr 


82514 

—10 


— 147 72i8 

1 


— 147692 
816 
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We have thus found one root a?=: 1*856895867 , and the coeffi- 

cients of the successive transformed equations are indicated by the asterisks 
in each column. 


1 -fO 

— 7 

+ 7 (1-692021471 

• 1 

1 

— 6 

1 

— 6 

1 ... 

1 

2 

— 1104 

• 2 

. — 4 . . 

— 104... 

1 

• 2 16 

100809 


— 184 

—3191 ... 

6 

252 

3156888 

42 

68 . . 

—34112 

6 

440 1 

31774 

489 

1 1201 

—2338 

9 

4482 

1589 

”49 8 

15688 . . 

—749 

9 

10144 

635 

50 72 

1578444 

—114 

2 

10148 

111 

50 74 

15885912 

3 

2 

1 1 


|50j76 

1!518|8171 


Another root is 

1-692021471 

• 

For the negative root, change the signs of the second and fourth terms, 

1 — 0 

— 7 

— 7 (3 0489173396 

8 

9 

-t- 6 


2 

— 1 

3 

1 8 

814464 

6 

20. . . . 

— 185536... 

3 

3616 

166382592. 

904 

203616 

— 19153408 

4 

3632 

18791228 

90 8 

207248. . 

—362180 

4 

73024 

208875 

9123 

20797824 

—158305 

8 

73088 

146212 

91 36 

208709112 

—7093 

8 

823|0 

6266 

|.. 191144 

20879142 

—827 


8230 

626 


2088737 

—201 


9 

188 


2088746 

— 13 


9 

12 


2l0i6|8t7|5 

1 
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Hence the three roots of the proposed cubic equation are 

ar= 1*356895867 ........ 

a?= 1*692021471 . ; 

3*048917839 

Note , — Since each successive figure in the decimal part of the root extends 
the right hand column three places of decimals, the middle column two places, 
and the left hand column one, therefore, in the contractions we must cut ofi 
two figures from the left hand column, one from the middle column, •and none 
from the right hand column; and thus w'e cutoff in ‘effect three decimal places 
from each column. 

(2.) Find the roots of the equation 1 la?®— 102^:-h 181=0. 

We have already found the roots to be nearly 3*21, 8*22, and — 17. (See 
Example 4, page 300.) 


1 + 11 

— 102 

+ 181 (3-21312775 

3 


42 

— 183 

.14 

— 

60 

1... 

8 


5 1 

— 992 ' 

17 

— 

9 . . 

8... 

3 


404 

— 6739 

202 

— 

496 

1^... 

2 


408 

. — 1217403 

2 04 

— 

88.. 

43597 

2 


. 2061 

— 34183 

2 06 1 

— 

6739 

9414 

1 


2062 

— 6787 

2062 

— 

467 7 .. 

2627 

1 


61899 

- 2372 

2 06 33 

— 

405801 

255 

3 


6 1908 

— 237 

206 36 

8 

•— 

843893 

2064 

18 

— 16 

1-2106130 


841829 

2064 

2 

■ 

— 

83976 

41 



— 

8393 5 

4 1 



— 

SI3|6I9 


1 similar manner, the two remaining roots 

will be found to be 3*22952121 


fAd --17*44264896. 
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(8.) Given 3a?— 100=J0, to find the number akid situation of 

the real roots. 

By Sturm's method. 

Here we have X — 100 

X, = 4ar^-f 3a:® + 2a? -f- 8 
X2=— 5a:®~34a;+1603 
X 3 =— 1182a? -f 00 j9 
X,=- 

Let a? — 00 then signs are -| 1 three variations, 

a:— -foo, -f-J — one variation; 

hence tw'o roots are real, and two imaginary; and the real roots must have 
contrary signs, for the last* term of the equation is negative. To find the 
situation of the roots. 


in X X,X,X,,X, 


in X X.X,X,X, 

Lot X = 0 signs h + + — 

Also X = 

0 signs 

-+ + + — 

x=l. . , l- + -j 

X = 

— 1 . . . 

- 0 + + - 

;r = 2. . .- + + +- 

X = 

— 2, . . 

— + + - 

a? = 3. . .+ + + H 

X = 

— 3 . . . 

— + f 


• x=: 

— 4. . . 

+ - + + - 


In this example, the function Xj vanishes for a::::^— 1, and for the same 
value of X, the functions X and Xa have contrary sighs, agreeably to Lemma 
2, and writing -|- or — for 0 gives the same number of variations. The 
initial figures of the root *are, therefore, 2 and --8. 


The same otherwise, by Budan's method. 


It the roots of this equation be alLreal,tbe permanencies and variation indi- 
cate three negative roots and one positive root. 


(1.) To find the positive root. 

1 + 1 + 1+ 3-100(2 I 1 + 1+ 1+ 8-100(3 
3 + 7 + 17— 66 ( 4 + 184-42+ 26 

In the transformation by 2, one variation is left, and in transforming by 3, 
tiiere is no variation left; therefore, the positive root is between 2 and 3. 


(2.) For the negative roots. 

Direct Equation, j Reciprocal Equation, 


1 -. 14 - 1 _ 3-.100 (1 
0 + 1-2—102 
1+2+0 
2+4 
3 


—100- 3+ 1- 1+ 1(1 

—103—102—103—102 


signs all 


Here two variations are lost in the direct transformation, and no variations 
are left in the reciprocal transformation; therefore, the two roots in the inter- 
val 0 and — 1 are imaginary. 

1 — 14 - 1 — 8—100(3 I 1 — 1+1— 3—100(4 

2+7+18—46 I 3+13+49+96 

Hence the negative root is obviously situated between —3 and — 4. 
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To find the negative root, 

we h^ve the following operation:— 

1 -1 

+ 1 

— 3 

— 100(3-4335778088659» 

3 

6 

2i 

54 

2 

7 

“Ti” 

— 46.... 

3 

15 

66 

416896 

5 


84. . . 

— 43104.... 

3 

24 

20224 

384456501 

8 


104224 

— 46583499 

3 

4 56 

221 12 

390491222121 

114 

oO 66 

126336 . . . 

— 75343767879 

4 

4 72 

1816167 

65189289046 

118 

5528 

1281521 67 

— 10154478833 

— 4 

4 88 

1 827561 

9128951421 

122 

60 16* • 

129979728. .. 

— 1025527412 

4 

37 89 

184012707 

9129-28254 

1263 

60 53 89 

130163740707 

— 11*25991.08 

3 

37 98 

184127241 

104335040 

1 266 

"eoQi^^ 

1303478679418 

— 8264118 

3 

38 07 

30710 1415 

78-25130 

1 269 

6129 94 . . 

1303785780913 

— 438988 

3 

381 6 9 

307133215 

.391256 

12 7-23 

61 33 75 69 

1304092914-21 

— 47782 

3 

3817 8 

43003l| 

39126 

12 72ti 

6137 57 47 

130413591 713 

— 8606 

3 

38187 

4300311 

7825 

12 7-29 

61413934 

13041789210 

— 781 

3 

636 

43o|o 

652 

l-12|732 

61 42 0219 

130418322 

— 129 


63(6 

430 

117 


61426615 

1304187512 

— 12 


6s|6 

4k 

11 


|61l43|30 

13041880 

4 

1 


For the positive root we have a similar operation.— 

14-1 4- 1 4-3 — 100(2’80285121 81582; 

but this we shall leave for the student to perform, and the two roots will oe 
found to be 

a:=r 2*8028512181582 . . . 
a: = —3*4335778633659 . . . 

(4.) Find the roots of the equation x'’4“2a:‘*4-3j?^4“4a;*4-5a7 — 20=0. 

Here we have X = a:* 4- 4- 8a?® 4- 4a:* 4- 5a? — 20 
X,= 3a:^4-8a?®4-9a?*+8^4'5 
Xa= — 7a:®— 21a:*~.42a:4-255 
X3=-~13.r4-14 
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For ar = — 00 wo have signs — + + 4 . _ two variations; 
a’xc+Qo 4-^ one variation. 

Hence the ditFerence of variations of sign indicates the existence of one real 
and four imaginary roots, the real root being situated between 1 and 2, 


1 +2 

+ 8 

+ 4 

+ 5 

— 20(1*125790 

1 

3 

6 

JO 

15 

3 

6 

10 

15 

— ^ 5 

1 

4 

10 

20 

387171 

4 

10 

20 

35.. . . 

— 112829 

1 

5 

15 

3717 1 

87005 

5 

15 

35. .. 

3871 7 1 

— 25824 

1 

6 

2171 

394 14 

22285 

6 

21 

87171 

42658p 

— 3539 

1 

71 

2243 

8441 

3136 

71 

2171 

394 14 

43 5 0215 

— 403 

1 

72 

2316 

853 I 4 

408 

n 

2 243 

417p() 

44 3 516 


1 

73 

47 

21 I 5 


73 

2316 

4 2210 

445 711 


1 

74 

417 

2 115 


74 “ 

1 ■ • -21390 

42617 

44 7l8r 


1 


^7 

I 2 


|••75 


1-4131 

44i8 



hence the real root is nearly 1*125790; and by using another period of ciphers 
we should have the root correct to ten places of decimals, with very liiile 
aflditional labour. 

Additional Examples for Practice. 

(1.) Find all the roots of the equation — ^x — 1=0. 

(2.) Find all the roots of the equation — ^22.r — 24=0. 

(3.) Find the roots of the equation — ^500=0. 

(4.) Find the roots of the equation 100=0, 

(5.) Find the roots of the equation 2a:^-f'3a:® — 4ar — 10=0. 

(6.) Find the roots of the equation a:'* — 12a? — 3=0. 

(7.) Find the roots of the equation a?"*— 8ar*-f 14A’^-|-4a? — 8=0. 

(8.) Find the roots of the equation a?^ — a?^-}-2a?^-f a?— 4=0. 

(9.) Find the roots of the equation a?® — 10a?’’-f Gat-f 1=0. 

(10.) Find the roots of the equation a:®4“ 2^^“- -=0 
(II.) Find ail the roots of the equation 

x«H- 4jr®-~3a?^— 1 6a^ + 1 1 1 Sir— 9= 0. 

(12.) Given the equations 

4a?2— 5a-y-F6y®— 2ar--10j^-f 20=0 
3a’®—- 8j7y-f"4y® — 12a?-|-' 9^-— 15=0 
to find the values of x and y. 

u9 
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Answkrb. 


( 1 ) 


*= + 1-879385242 
*=—1-532088886 
*=— -347296355 


fx= +5-1622776601 
(2.)-^ x=— 1-1622776601 
*=-4 


(3.) *=7-61727975596 

(4.) *=4-2644299731 

(5.) *=1-6248190836 




f" *=+2-858083308163 
*=+ -606018306917 
I *=+ -443276939605 
*=—3-907878554685 




(7.) 


a?= +5*2360679775 
ir=+ *7639820225 
+2*7320508075 
*7320508075 


C 


( a:= + 1*146994592 
' {ar=— 1*090593586 

pa:=~3*0653157912983 
I *6915762804900 

(9.) ^ a:=-« *1756747992883 
I ar=+ *8795087084144 
U= +3*0530581626622 


(10.) ar= 1*059109003461 882 

— ar=— 3; jr=l 
3 x=l 
^=1 


(12.) The biquadratic equation 

480y— 125^+3923^*— 71 76^+25740=0, 
contains the four values ofy, and then * is found from the relation 

-33y+60) 




17^+42 


ON INEQUATIONS. 


177. In discussing algebraical problems, it is frequently necessary to 
introduce inequations^ that is, expressions connected by the sign 7 . Gene- 
rally speaking, the. principles already detailed for the transformation of equa- 
tions, are applicable to inequations also. There are, however, some important 
exceptions which it is necessary to notice, in order that the student may guard 
against falling into error in employing the sign of inequality. These excej)- 
tions will be readily understood by considering liie different transformations in 
succession.* 

I. If we add the same quantity to^ or subtract it from, the two members of 
any inequation, the resulting inequation will always hold good, in the same 
sense as the original inequation. That is, if 

ajb, then a+a' 7 5+a', and a — a' 7 b — «'* 


• Example in Inequationt.—The double of a number diminished by 6 is greater than 24 ; and 
triple the number diminished by 6 is less than double the number Increased by 10. Required a 
number which will fulfil the conditions. 

I.et m represent a number fulfilling the conditions of the question ; then, in the language of inequa- 
ttons, we have -6 7 24, and 3af— 6i^24f+10. From the former of these inequations we have 
IMJZO, or 4f7 15 ; and from the latter we get 10+6, or 16; therefore 16 and 16 are the 

limits, and any number between these limits will satisfy the conditions of the question. Thus, it' we 
taka the number 15*9 we have 16*9 x 2—6 7 24 by 1*8, whilst l(i*9 x 3—6 1 15*P ' 2+ 10 by 1. Othc** 
f^.amples may easily be formed 
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Thus, 

b 3, we have still, 8 ^ 3 + 5, and 8 — 5 3 — 5. 

bo also, 

— — 2, and we have still — 3 + 6^ — 2+6, and — 3 — — 2 — 6, 

riie truth of this proposition is evident from what has been said with reference 
to equations. 

i his principle enables us, as in equations, to transpose any term from one 
Mieiuber of an inequation to the other, by changing its sign. 

I'luis, from the inequation, 


We deduce 


On, 


a^+ b^-ZT' 3 — 2a^ 


If we mid together the corresponding members of two or more inequationa 
which hold good in the same sensCy the resulting inequation will always hold good 
in the same sense as the original individual inequations. 

That is, if 

ar^’by C'Z^dy e-p^f 

Then, 

a + e+e-76 + cf+/ 

HI. But if we subtract the corresponding members of two or more inequations 
which hold good in the same sensCy the resulting inequation will not always hold 
good in the same sense as the original inequations. 

Take the inequations 4^7, 2^3y we have still 4 — 2 7 — 3, or 2 ^4. 

But take 9 .=^1 10 and 6 .£^1 8, the result is 9 — 6 * 7 ^ (not 10 — 8, or 
3 -7" 2. 

We must therefore .avoid as much as possible making use of a transformation 
of tins nature, unless we can assure ourselves of tbe sense in which the resulting 
inequality will subsist. 

IV, If we multiply or divide the two members of an inequation by a positive 
quantity y the resulting inequation will hold good in the same sense as the original 
inequation. 

Thus, if a then ma^Lmh^ 

— a‘~P' —by then — 

This principle will enable us to clear an inequation 

Thus if we have 

^2 — ^2 _ c2 — d* 
ad 3 a' 

Multiplying both membei's by 6 tz d it becomes 

3 a ta^ — -7 S!<i(c*— dO* 



a b 

— "7^ — — 

n n 


of fractions. 


But, 
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V, If we multiply or divide the two mernhtrs of an inequation by a neyotive 
quantity^ the resulting inequation will hold in a sense opposite to that of tho 
original inequation^ 

Thus, if we take the inequation 8 ”7 7, multiplying both members by — 3, vve 
have the opposite inequation, — 24;^ — 21. 


Similarly, 8-7 7, but 2;^ or 



3* 


V I. IVe cannot, change the signs of both members of an inequation^ unless we 
reverse the sense of the inequation^ for this transformation is manifestly the same 
thing as multiplying both nuemhers by — 1. 

VIL If both members of an inequation be positive numbers, we can raise them 
to any power without altering the sense of the inequation. That is, if 

a-^b then a^-7^b\ 

Thus from 5 “^^3 we have (5)® 'T' (3) ^ or 25 ^ 9. 

So also from (« + 4) c, we have (a -j-by^-p^ c \ 

But, 

VIII, If both members of an inequation be not positive numbers, we cannot de^ 
ter mine, a priori, the sense in which the resulting inequation wilt hold goody unless 
the poiver to which they are raised he of an uneven deg tee. 

Thus, —2^3 gives (—2)^-^ (3)’^ or 4 ..<19 

But, — 3 5 gives (— 3) (— 5) « or 9 ^ 25 

Again, — 3 ■:7' — 5 gives ( — 3) ’7' ( — 5) ^ or — 27-7 — 126. 

In like manner, 

IX. H^e can extract any root of both members of an inequation without altering 
the sense of the imquation. That is, if 

a-prb y then, \/a-p^^yb. 

If the root be of an even degree both members of the inequation must neces- 
iariiy be positive, otherwise we should be obliged to introduce iuiaginary quan- 
tities, which can not be compared with each other. 
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ARITHMETICAL PROGRESSION. 

1 78. When a series of quantities continually increase or decrease by the addition 
or subtraction of the same quantity, the quantities are said to be in Arithmetical 
Progrcsswm 

Thus the numbers 1, 3, 5, 7, which diffbr from each other by the ad- 

dition of to each successive term, form what is called an increasing arithmetu 
cal progression^ and the numbers 100, 97, 94, 91, ----- which differ from each 
other by the subtraction of 3 from each successive term, form what is called a 

decreasing arithmetical progression, 

(ieiierally, if a be the first term of an arithmetical progression, and I the com- 
mon difference, the successive terms of Uie series w ill be 

Oy fl + 5, 2 rt jh 3 • • - - • 

ill which the positive or negative sign will be employed, aoooiding as the series 
is nn iiKTeasiiig or decreasing progression* 

Since ilie (^oefiicient of 3 in the second term is I, hi the third term 2, in llu‘ 
fourth term 3, iind so on, tlie '' term of the series w ill be of tJie form 

a + (n — 1) 3. 

In what follows we shall consider ihc progression as an increasing one, sinrr 
all the results ubicli we obtain can be immediately applied to a decreasing sm u 
by cJijinging the sign of 3. 

179. To find the sum of n terms of a series in arithmetical progression. 

Let a = first term, 

... I z= last term. 

... 3 = common difference. 

... n = number of terms. 

... S =: sum of the series. 

Then S = a + (^^ + 3) -f- (« + 2 3) -(- + 

Write the same series in a reverse order, and we have 

8= I -f 23)+ +a 

Adding, 2 8 = (^<+0 + (^ + 0 + 0 ”1 — f" (^ + 0 

= 7 i (a + /) sim3e the series consists of n terms. 
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Or, since 


Hence, if any three of the five quantities a, /, B, w, S, be given, the remaining 
Mvo may be found by eliminating between equations (1) and (^). 

It is manifest from the above process that 

The sum of any two terms which are equally distant from the extreme term* 
is equal to the sum of the extreme terms^ and if the number of terms in the series 
be uneven^ the middle term will be equal to one-half the sum of the extreme terms^ 
or of any two terms equally distant from the extreme teims. 


s = ^ 

/ = a + (n— 
g ^ 2 na-^ n{n — 1) B 


(i) 


.( 2 > 


' Example L 

Required Uie sum of 60 terms of an arithmetical series, whose first term Is i 
ana common difference 10. 


Here, a=5, S=10, w=60 

A 1)5=5+59x10=595 

. r_(5+395)x60 
2 

=600 x 80=18000= aum required. 


Example 2. 

A body descends in vacuo through a space of 16^^^ feet during the first second 
of its faU, but in each succeeding secohd 32^ feet more than in the one imme- 
diately preceding. If a body fall during the space of 20 seconds, how many feet 
will it fall in the last second, and how many in the whole time ? 


IT ‘ > 

Here, a = , B 



36 

12 

193 


n = 20 


386 


12 + X !;> 

= 627^ feet 

(193 + 7527) X 20 
2X 12 


77200 


* 15 " 

6433^ feet 


Example 3. 

To insert m arithmetical means between a and b. 

Here >Ve are required to form an arithmetical series of which the first and 
last twins, a and 3, are given, and the number of terms = m 2 ; in order then 
to determine the series we must find the common difference* 

Eliminating S by equations ( 1) and (2j, we have 
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2a + (n^l)i = 1+ a 
® “ «— I 


But here, / = 5, a ^ a, n = m + 2 
tlte r. qilired series will be 

•+(«+tS)+("+^V +(«+’-fef)+(“+'-=±JS=^) 


Or, 

«+ 

Or, 

“+ 


b-{^nia 

4- 

— 1)« 

»i5+o 

m-f - 1 

r 


+ m+L 


JL 

2b-j-(m — lyi 

{m — \)h-\~2n 

wi-f i 

"T 

w/-f-l * 

wi-f 1 


+ * 

mh'^a 

+ ,«1T 


+ ft 


E\. 4. Required tlie sum of the odd numbers 1, 3, 3, 7, 9, &c« continued to 
101 terms? Ans. 10^01, 

Ex. 5. How many strokes do the clocks of Venice, which on to 24 o’clock, 
strike in tlie compass of a day Ans. 300 

Ex. 6. 'fbe first term of a decreasing arithmetical series is 10, the coninion 
difference and the number of terms 21 ; required the sum of the series ? 

Ans. 140. 

Ex. 7. One hundred stones being placed on the ground, in a straight line, at 
the distance of 2 yards from each other; how far will a person travel, who shall 
bring them one by one to a basket, which is placed 2 yards from the first stone? 

Ans. 1 1 miles and 840 yards. 


GEOMETRICAL PROGRESSION. 

180. A series of quantities, in which each is derived from that which immedi- 
ately precedes it, by multiplk'ation by a constant quantity, is called a Gtomem 

tnv((l. Pro(jressi(m, 

Tims, tlie numbers 2, 4, 8, IG, 32, ... . in whicli each is derived from the 
pi e<;eding by multiplying it by 2, form what is called an increasing geometrical 
progression ; and the numbers 243, 81, 27, 9, 3, • . . in which each is deritej 

from the preceding by multiplying it hy the number -j, form what is rallied a 
dtureusing geornehical progression, ^ 

The common multiplier in a geometrical progression, is called the cqrnmon 

ratfo. 

Generally, if « be tlie first lerm, and g the CjCftmmon ratio, the successive tormi 
of the scries will be of the form, 

a, a a ^ \ a ~ ^ 

The exponent of { in the second term is 1, in the third term is 2,. hi the ' 
fowth term :i, and so on ; hen.-e, ilio « ‘ lerm of the series will be of the fom, 

"e 


n - b 
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181* To find the sum of ri terms of a sertea in Geometrical ProoressioT}* 

Let a rr first term 
•*• / last terra 
..* ^ = common ratio 
... « = number of terms 
... S = sum of the series 

Then, , 

S zz a 0 ^ ^ ^ ^ 

Multiply both sides of the equation by 

+ + 

Subtract the first from the second, 

8 — 1) == — a 

• Q — ly 

• • o — , •••••*•••• I I I 


Or, since, 


I = ag— ‘ 

s = 


If the series be a decreasing one, and consequently ^ fractional, it will be 
convenient to change the signs of botu numerator and denominator in the above 
expressions, which then become, 

s = 

1 — J 

fi _ 1—JJ 


Hence, it appears, that if any three of the five quantities, a, I, g, n, S, bo 
given, the remaining two may be found by eliminating between equations (1) 
and ("2). It must be remarked, however, that when it is required to find ^ firom 
a, 71 , S given, or from n, /, S given, we shall obtain ^ in an equation of the 
degree, which cannot be solved generally. 


Example 1. 

Required the sum of 10 terms of the series I, 2, 4, 8, 
Here, a zz J, g = 2, n = 10 
8 ^ «(;■-/) 

= I 

=: 1023 
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Example £ * 

Required the sum of 10 terms of the series 1, 'Jt • 

2 

Here, a = I, ^ w = 10 

• ... S = iliziil 

I — (I 

'-nr 


174075 

59049 


Example 3, 

To insert m geometric, means between a and h. 

Here vve are required to form a geometrir series, of which the first and l;!st 
tcrnjs, a and are given, and the number of terms = m ; in order, then, 
to determine tlie series, we must find the common latio. 

Eliminating S by equations (1) and (5^}, 


a (» 


a = f / — a 

n— I / ^ 

e = V a 


But here, 


I ■=: n — + 2 


. - m-j-l 


IJcnce, the series required will be, 

"+“ '"V? +•■•+“ '"VS+" "’VS+“ 




or, 

or, 

m 1 m — I 2 2 tn — 1 1 m 

4 " «"'+! 5 ’“+^ * 4 * 6 '“+^ 4 “ ^ 


1^2. 7*0 ^nc/ the st(m of an injiiiite series, dvcreasiiifj in geometrical progression. 

We have already found, that the sum of n terms of a tlocreasing g'eoinetric.'rf 
ries, is. 



which max be pul under the foriii. 
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S = 



n 


Since ^ is a fraction, is less than unity, and the greater the number n, the 
■mailer will be the quantity ^ " ; it’, therefore, we take a very great numfibr of 

terms of a decreasing series, the quantity and, consequently, the term 
will be very small in comparison with — ; and if we take n greater than any 

assignable number, or make ii = od, then q " will be smaller than any assign- 
able number, and therefore may be cionsidered = 0, and the second term in 
the above expression will .vanish. 

Hence, we may conclude, that the sum of an infinite series, decreasing in 
geometrical progression, is, 


S 


a 


1 — ^ 


Strictly speaking, ^ — is the limit to which the sum of any number of 

terms approaches, and the above expression 'will approach more or less nearly 
to perfect accuracy, according as the number of terms.be greater or smaller. 

Thus, let it be required to find the sum of the infinite series 


1 + 3 + 9 + j>7 + ^ 

Here, 0 = 1, ^ z= « =r. OC 



£ 

2 


The error w Inch we should commit in taking — for the sum of the first n 
terms of the above series, is determined by the quantity, 


Thus, if « = 5. then. I (1)' = ^, = 

3 / 1 \® 1 1 


Hence, if we take ^ as the sum of 5 terms of the above series, the amount 
would be too great by • 



PlKXiUESSIONS. 


317 


3 I 

If we take as the sum of 6 terms, the amount would be too gi^at by 

and so on. 


HARMONICAL PROGRESSION. 

188. A series of quantities are said to be in harmonical progression^ when, if 
any three consecutive terms be taken, the first is to the third as the difference of 
the first and second to the difference of the second and third. 

Thus, if a, c, d, • . . . be a series of quantities in harmonical progression, 
we shall have, 

a z c ii a — b zb — c; b z d zz b — c z c — d; &c. 

1 84. The reciprocals of a series of terms in harmonical progression are in arith- 
metical progression. 

Let a, 5, c, d, c, , . . . be a series in harmonical progression. 

Then, by definition, 

a : c zz a — b zb — c; b z d zz h^c z c — d; c:e::c — dz d — e; &c. 
ab — ac =z ac — 5c, be — hd =s bd — do, cd — ce = ce — od, &c. 

^ — ^£. ^ ^ _£i — 

abc abc abc abc bed^bed 5cd bcdH ede ede ede ede 

JL. I I ± } i. L L 1 L 1 

^ b bad c ' ' " c b ^ e d " d c 

from which it appears, that the quantities &o. are in 

arithmetical progression. 

To insert m harmonic means between a and b. 

Since the reciprocals of quantities in harmonical progression are in arithme- 
tical progression, let us insert m arithmetic means between ~ and -j • 

Generally in arithmetical progression, 

I = a + {» — 1) J 



In this case / == y, a=:-~,n = m + 2, and n — 1 = tn + L 


The arithmetic series will be 

JL a-j-mb 2a-{-(m — 1 )b , (m — 1)^+^ , ma-j-b Jl 

a • (w-J-l)a5 • 1 )a5 (m-j- l)ai b 
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the hariaonictol series wUl be 


, ym-f- 1 )ab (? ^+l)a^ . 

® ** iia+(w4 — lj/> * (W2 — "* ma-f^d 


ON PERMUTATIONS AND COMBINATIONS. 

185. The Permutations of any number of quantities signify tlie changee 
^vlnch these quantities may undergo with respect to their order. 

Thus, if we take the quantities a, 0, c ; then, a b a c b, b a b c 
c a b^ c b a, are the permutations of these three quantities taken all together ; 
a 5, a c, b aj bCf ca, c 5, are the permutations of these quantities taken two 
and two ; a, 5, c, are the permutation of these quantities taken singly, or one and 
one, &c. 

Tlie problem which we propose to resolve is, 

186. To Jind the number of the permutations of n quantities, taken p and p 
together. 

Let a, b, Cy d, A, be the n quantities. 

The number of the permutation of these n quantities taken singly, or one and 
one, is manifestly 7t, 

Tlse number of the permutations ot these n quantities, taken two and two 
together, will be n (n — 1). For since tliere are n quantities, 

a, 6, c, d, k 

If we. remove a there will remain (« — 1) quantities, 

b, C, k 

Writing a before each of these (» — 1) quantities, we shall have 
ab, ac, ad, ak 

That is, (n — 1) permutations of the n quantities taken two and two, in which 
a stands first Reasoning in tlie same manner for b, we shall have (» — 1) 
permutations of the n quantities taken two and two, in which b stands first, and 
to on for each of the n quantities in succession, hence the whole number of per- 
mutations will be 

n - 1) 

The number of the permutations of n quantities taken three and three toge- 
ther is » (» — 1) (« — 2). For since there are n quantities, if we remove a there 
will remain (« — 1) quantities; but, by the last case, writing (n — 1) for n, the 

number of the permutations of (« — 1) quantities taken two and two is (w I ) 

(n — 2); writing a before each of these (» — 1) (w — 2) permutations, we shall 
have (» — 1/ (» — 2) permutations of the n quantities taken three and tliree, 
in which a stands first. Reasoning in the same manner for b, we shall have 
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. 1 *. 1) (n — 2) permutations of the n quantities taken three aili three in 
which b stands hrst, and so on for each of the « quantities in succession, hence 
the whole number of permutations will be 

* n (n — 1) (» — 

In like manner we can prove that the number of permutations of n quantities 
taken four and four will be 

n (n — 1 ; (» — 2) (» — 3) 

Upon examining the above results, we readily perceive that a certain relation 
exists between the numerical part of the expressions, and the class of permuta- 
tions to which they correspond. 

Thus the number of permutations* of n quantities, taken two and two, is 
n {n — 1) which may be written under the form n {n — 2 -f- 1) 

Taken three and three, it is 

n{n — 1) (w — 2) which may be written under the form n(n — l)(n — 3-f- 1; 
Taken four and four, it is 

n {n — 1) (n — 2) (» — 3) which may be written under the form » (» — 1 ) 

(» — 2) (« — 4+ 1) 

Hence from analogy we may conclude, that the number of permutations of n 
1 1 lings, taken p and p together, will l>e 

n (n — 1) (» — 2) (fi — — ;? + 1) 

In order to deynonstrate this, we shall employ the same species of proof 
already exemplified in (Arts. 39 and 89), and show that, if the above law be 
assumed to hold good for any one class of permutations, it must necessarily hold 
good for the cLxss next superior. 

Let us suppose, then, that the expression for the number of the permutations 
of n quantities taken {p — 1) and {p — 1) together is 

11 {n — 1) (» — 2) {n — 3) {n — (p — 1) + l) (A) 

It is required to prove that the expression for the number of the permutations 
of n quantities, taken p and p together, will be 

n (n — 1) (n — 2) (w — 3) (« — p + 1) 

Remove a one of the n quantities a, b, c, d k, then by the expression 

(A), writing {n — 1) for n, the number of the permutations of the {n — 1) quan- 
tities b,c,d k, taken (p — 1) and (p — 1, will be 

f« — l)(n — a) (« — 3) {(» — D — (p — 1)+ 1) 

Or. • . 

(w — l)(w — 2) (w — 3) {n — p+1) 

Writing a before each of these (n — 1) (« — 2) (« — 3) (« — p 1) 

permutations, we shall have (« — 1) (« — 2) (« — 3) (n — p -f- 1) permu- 

tations of the n quantities, in which a staiids 6rst. * Keasoning in the same luanufr 
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f<'r b, we 1) (n_a)(n_3) (”—?.+ 1) permutaUoM 

of the n in which b stands first, and so on for each of the n quantities 

in succession, hence the whole number of permutations will be 

»(« — 1)(«— 8)(»-3) («_p+l) (1) 

Hence it appears, that, if the above law of formation hold good for any one 
class of permutations, it must hold good for the class next superior ; but it has 
been proved to hold good when p = 2, or for the permutations of n quantities 
taken two and two, hence it must hold good when p == 3, or for the perniiiiaw 
lion of n quantities taken three and three, /. it must hold good when p = 4, 
and so on. The law is, therefore, gener al. 


Example. 

Required the number of the perm*.Atations of the eight letters, a, c, e, 
p, A, taken 5 and 6 together. 

Here 

n=r8, p=:5, « — hence the above formula. 

n(n— 1)(« — 2) =:8X7X6X5X4» = 6720\ 

the number required. 

187. In formula (1) let p it will then be( ; mo 

n (»—.!) (n — 2) 2 . 1 

Or, 

1 . « . 3 1)« (2) 

ilVliicli expresses the luiniber of the permutations of n quantities taken all 
Kjgether,* 

Example. 

Required the number of the permutations of the eight letters, a, c, d, 

/, ?/, 

Here n = 8, hence the above formula (2) in this case becomes, 

1.2. 3 . 4 . 5 . 6 . 7 . 8 = 40320 
tlie number required. 

1 88. The number of the permutations of n quantities, supposing them all difi 
1 * 01 ' ent from each other, we have found to be 

^ 1.2. 3 («—!)» 


* Many writers on Algebra confine the term permutatiom to this class where the qaantiOee are 
ali and give the title of arrangementa, or variationa to the groupes of the n quantities 

when taken two and two, throo and t/aree, fimr and four, See. The introduction of these additional 
designations appears unnecessary, but in using the word ponnutuUona absolutely, we must always be 
understood to mean those represented by formula unless the contrary be specified. 
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Bttt if the same quantity be repeated a certain number of ^ it is ma- 

«afest that a certain number of the above permutations will beoqmeWentical. 

Thus, if one of the quantities be repeated u, times, the number of identical 

permutations will be represented by 1 .2.3 and hence, in order to 

obtain the number of permutations different from eac^ other, we iniist divide 
(2) b) 1.2. 3 etj and it will then become 

1.2. 3 {n — 1) « 

1.2. 3.. cc 

If one of the quantities be repeated et times, and another of the quantities be 

repeated /3 times, then we must divide by 1 . 2 ...» X 1 • ^ /3; 

and, in general^, if among the n quantities there be cc of one kind, /3 of another 
kind, y of another kind, and so on, the expression for the number of the per- 
mutations different from each other of these n quantities will be 

1 . 2 X 1 . *2 /3 X 1 . 2 y. &C. 

Example k 

Required the numbers of the permutations of the letters in the word alpebra. 

Hero « = 7> and the letter a is repeated twiee, hence formula (3) becomes 

j : 1 ss 2520 the number requiredL 

I e A 


Example 2. 

Required the number of the permutations of the letters in the word 
caifuematadaddara, ^ i 

Here « 18, a is repeated eight times, c twice, d thrice, r twice, hence the 

number sought will be 


1 . 2 . 3 . 4 . 5 . 6 . 7 . 8 . 9 . 10 . 11 . 12 . 13 . 14 . 15 . 143 . 17 . 18 
' “.'T. 3'. 4 .5. 6. 7. 8 X l.si'x 1.2.3 X 1.2 


= C6l6209tr/ 


Example 3. 

Required the number of the permutations of the product a * c ", wntteii 
at full length. 

Here u = .r + y + letter a is repeated x times, the letter 5, y times 

and the letter c, z times ; the expression sought will thei'efore be 

I . 2 , 3 . .(x* 4 “ 

TT2 . 3 X X 1 . 2*. 3 .y X 1 . 2 . 3 .x 

189. The Combimtiom of any number of quantities, signify the different collec- 
tions which may be formed of lliese quantities, without regard to the oi dttr in 
which they are arranged in each collection. 
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8 ^ 

Thus a, c, when t^dcen aU together ^ will form only one oom* 

bination, cftc ; bat will form six diflbrent permutations, <»6c, acb^ bac^ bca^ cab^ 
cba ; taken twc and iu o they will form the three combinations oc, be, and 
the six permutations ab. ba^ ac, ca,^ bt, cb. 

The problem which we propose to resolve is, c 

1 90. To fin% the 7iurnber of the combinations of ii quantities, taken p and p 
together. 

Let the number of combinations required be x * 

Suppose these x combinations to be formed and to be written one after the 
other, in a horizontal line ; write below the lirst of these all the perniutatiotis 

of the p letters which it contains, and since the number of these Is 1 .2.3 p 

{pzy suppose), we shall have a vertical column consisting of y terms; the 
second term of the horizontal line will, in like manner, give an()tlier vertical 
column consisting of y terms, being all the permutations of the p letters which 
it contains, one at least of which is different from those in the combinations 
already treated of. The third combination will, in like manner, give y terms 
differing from all the others. We shall thus form a table consisting of ^ 
columns, each of which contains y terms; and on the whole xy results, which 
are evidently all the permutations of the n letters, taken p and p together, xione 
being either omitted or repeated; we shall therefore have by formula (1), * 

xy = «(«—])(«— 2) 

. _ _ »(»— 1)(» — 2) 

• • g mmmt 

y 

n(« — l)(7i — 2 ) 

1 • 2 * ••••••«.• »• 

the expression required. 

Hence we perceive^ that the number of the combinations of n quantities, taken p 
and p together, is equal to the number of the permutations of n quantities, taken 
p and p together, divided by the number of the permutations of quantities taken 
all together, * 

There is a species of notation employed to denote permutations and com- 
binations, which is sometimes used with advantage from its conciseness. 

The number of the permutations of n quantities, taken p and p, 

are represented by {n V p) 

The number of the permutations of n quantities, taken all together, 

are represented by * (?i P w) 

The number of the combinations of n quantities, taken p and p, 

are represented by (w Cp) 

and so on. It is manifest that the above proposition may be expressed accord 
ing to tliis notation by 


.( »— 1 ) 
•(»— p+ 1 ) 

■-(p—Op 


•( 4 ) 





method of undetermined coefficients. 


% 

191. The method of undetermined coefficients is a method for the expan 
sion or deVelopiiient of algebraic functions into infinite series, afranged 
according to the ascending powers of one of the quantities considered as a 
variable. The principle- employed in this method may be stated in the 
Ibllowing 


Theorem. 

If the series A f Bj?+Car®d-Dic^+ &c., whether finite or infinite, be equal 
to the series A^-f* DV+ &c., whatever be the value of a?; then 

tlie coctticients of the like powers of x must be the same in each series; that 
K A=Ah C=Ch D=:Dh &c. 

For since 

A-f B^-f Ca?HDar'-h &c. =A^+BV+C*a?HDV4- &c. 
by transposition we have 

(A— A')-f(B— B')x-f(C— C>*4-(D— D»)ir34- .... =0. 

Now, if all or any of these coefficients were not =0, the equation would 
dalcrrnine values of A*, and could only be true for such particular 
Values, ^\hich is contrar}^ to the hypothesis. Hence we must have A — A'=0, 
B— B^=0, C — C^=0< &c., and therefore 

A=AS B=BS C=C*, &C. 


Examples. 


(l.l Expand the fraction } into an infinite scries. 


Assume 


1 


= A -f Bat d- CafH HafH 


1— 2ar-f-a?® 

ihen, multiplying by 1 — wC have 

l = A-f B^d- CA*d- Dar^d- Ea?^-f 
— 2 Aa?— 2 Ba:«— 2Ca;3— 2Da:^~ 


d- Aa?^d- *34?^ d- C4?'*d- . . . . 


hence, by the’prcceding theorem, we liate 

A=l 
B— 2A=0 
C--2B4 A=0 
D— 2Cd-B=0 
E— 2Dd-C=0 
&c. 


A= ... =1=1 
B=2A =2 
C=2B— A=3 
D=:2C-B=i4 
E:=2D— C=5 
&c. 


Thetefore a =ld-2a7d-3a^^d~4A^“F5a:^d"6J7^“l“ 

1 — 24? d- a?* 

This example has been chosen to illustrate the method of expansion by 
undetermined coefficients; but the development can be obtained by division 
in the usual way, or by synthetic division, with more facility than by the 
principle here employed. * 

x2 
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(2.) Extinct the square root of 1 

Assume ^/^+7=A 4-Ba?+Car*+I>jf»+ ...» and square Doth sidess 
l+ar=AHABaj+ AO*-h ADa:®+AE«f«-f . . . . 

+ABar+BV + BCa:8+BDar^+ 

+ACarHBCa3+C23r« + .... ^ 

-f ADjr^-fBDx^-f .... 

-h AEa7^-f- .... 


hence, equating the coefficients of the like powers of or, w e have 


A*.= 1 
2AB=1 

2AC+B* = 0 

2AD+2BC = 0 

2AE-i-2BD-fC3 = 0 



1 

J-= JL=z 1 

2A 1*2 2 

^ =- 

2A 2*4 8 

55= JL= JL 

A 2*8 16 

2BD+C2 _ _ M 1 + M 

2A 2 U6 64 3 


128* 


&c* 


&c. 


Therefore V14“^= + ^ . • • •) 


(3.) Decompose -3 — -- — 

^ ^ ^ a?*— 13X+40 


into two fractions having simple binomial de* 


nominators. 


By quadratics w’e find — 13ar+40=(ar — 5) {x — 8); hence we' may as- 

sume 

8x-^5 _ , B _ A(jr—8)+B(r.-5) _ (A+B)ar--8A-~5B 

— 13a: -f 40 x — 5 x — 8 (a:— 5)(ap — 8) x^ — 13a:-j-40 

3ar— 5=(A+B)x~(8A+5B); 
and by the principle of undetermined coefficients we have 
A-f-B = 3, and SA+^B = 5; 

whence A = — — and B = ~, and therefore we get 
3 3 

3a:— 5 _ 64 _ 84 __19 10 1 

a:2--13a:-H40 x— 8 x— 5 3 x— 8 3 x— 5 


Note, — The values of A and B might have been determined in the fol- 
lowing manner:-^ 

Since ^ _ A . B _ A(x-8)-f B(x-5) 

x®— 13x+40 X— 5~x— 8 x^— 13X+40 

3x— 5=^(x — 8)-^B(x— 5). 

Now this equation must subsist for every value of x; and, therefore, 

ifa=5, we have 15— 5=A(5— 8). A=Hzi^=— — • 

5 — 8 3 

if x=8, we have 24 — 5=:B(8 — 5). B=?tl!?= 1?, 

8—5 3 

This method may frequently be employed with advantage, and will be found 
useful in the integration of rational fractions, when we come to treat of the 
Integral Calculus. 



UNDETERMINED COEFFICIENTS. 


Examfles Foa Exeecibe. 

(1.) Expand into an infinite series. 

^ Ans. 1— 2^+2«*— 2a?»+2a?*--2ir»+ 

(2.) Expand a*— j;* in a series. 


Ana. JfL. 

2a 8a* 16a* 128a^ 


(3.) Find the development of 5.. 

Ans. I — — 2x*+x^+a^ — ar^-f 
(4.) Decompose the fraction 


Ans. 


2a? C(a?4‘2) * 3(a?-l) 


(5,) Expand the fraction in a series. 

1 — 3a? 


Ans. l+5ar+15**+45**+185ir*+ . 


(6.^ Resolve into partial fractions. 

(*+l)(*+2)(«+3) ‘ 


A„s._‘-..-^- + „-^ 


2(i:+l) X+-2 2(xH-3) 


(7.) Resolve - into partial fractions. 

I ' ’““Oa? 4a? 


A 1 6 , 2 , 16 

l-fa? 1— X l-l~2x ) — 2« 


(8.) Expand to four terms. 


(9.) Expand to four terms, 

a-f-ca? 




(10.) Resolve into partial fractions, 

ar—a? 


A 1 _i_ ® 2 

2(x-|-r) 2(x — 1) X* 


[11.) Resolve into partial fractions. 

^ ^ X*— 6«^+llx— 6 * 


Ans. JL -f. 2 ^ 3 

X — I X — 2 X — 3 


(12.) Expand 


^^+2aa?+a* 


to four terms. 


A , 2« , 3a* 4a® , 

Ans. ^ ~ • 


(ra3.) Resolve into partial fractions. 


4(x— 1) 4(«-fl) a^^TT)*' 



PILING OF BALLS AND SHELLS. 


(192.) Balls and shells are usually piled in three different forms, called trian- 
gular, square, or rectangular, according as the figure on which the pile rests 
is triangular, square, or rectangular. 

(1.) A triangular pile is formed by continued horizontal courses of balls 
or shells laid one above another, and these courses or rows are usually 
equilateral triangles whoso sides decrease by unity fropi the bottom to tho 
top row, which is composed simply of one shot; and hence the series of balls 
composing a triangular pile is 


1+3+6 fl04'15+ 


w(n+l) 
2 * 


where n denotes the number of courses in the pile. 

(2.) A square pile is formed by continued horizontal courses of shot laid 
one above another, and these courses are squares whose sides decrease by 
unity from the bottom to the top row, which is also composed simply of one 
shot; and hence the series of balls composing a square pile is 

1+4+9 + 16+25+ n\ 

w here n denotes the number of courses in the pile. 

(3.) The rectangular pile nfiay be conceived to be formed from a square pile, 
by laying successively on one face of the pyramid a series of triangular 
strata, each consisting of as many ba)ls as the face itself contains, and tho 
number of these added triangular strata is alw ays one less than the number of 
shot in the top row; therefore, if n denote the number of courses, and »i+l 
the number of shot in the top row, the series composing a rectangular pile is 

(w+l)+2(m+2)+3(7?i+3)+4(m+4)+ w(w+w) 

=m+2w+3w+4w+ 7im+lH2H3H4^+ 

=/w(l +2+3+4+ .... n)+ square pile 

square pile. 


(4.) The number of balls in a complete triangular or square pile must 
evidently depend on the number of courses or rows; and the number of balls 
in a complete rectangular pile depends on the nurnber of courses, and also on 
the number of shot in the top row, or the amount of shot in the latter pile 
depends on the length and breadth of the bottom row; for the number of 
courses is equal to the number of shot m the breadth of tho bottom row of 
the pile. Therefore, the number of shot in a triangular or square pile is a 
function- of n, and the number of shot in a rectangular pile is a function of 
n and 

(5.) If the general term of any series of numbers be of the wth degree, the 
sum of all the terms of such scries will be of the (m+l)th degree; because 
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the general term of* any progressively increasing series being a function of n 
of the mth degree, the sum of such series evidently cannot exceed n times the 
general term, that is, it cannot exceed n times a function of n of the mth 
degree, and therefore the function itself must of the (m-f l)th degree. 

• 

Examples. 


(1.) Sum l+^-f .... to n terms. 

Here n, the general term of the series, is of the first degree, and therefore 
the function expressing the sum of the series is of the second degree; and 
heiice we assume 


1 +2+3+4+ n?=Pn2+Qn+R. 

Now this equation must be true for every value of n; hence, whet. 
n=:l we have P+ Q+R=l =l .... (1) 

n=r2 4P+2Q + R=:l+2 =3 (2) 

w=:3 9P+3Q+R=1 +2+3=6 (3) 

Hence (*2) — (1) gives 3P+Q=2 
(3j~(‘2).... 5P+Q=3 

2P =1 P=i 

Also Q=2— 3P =2—4 Q=^ 

11=1— P— Q=l— i— i R=0 

hence 1 +2+3+4+ .... w=P?i2+Qn+R 


Formula for a triangular pile* 

(2.) Sum n terms of the series 1 4*3+6+10+ 15+ .... 

Assume 1+3+6+10+15+ . . . ”^”+l) =Pn»+Q>tHR«+S 

JL 

aiul since there are four coefHcients to be determined, we must have a corrcs* 


ponding number of independent equations; hence 


when w=l we have 

> P+ Q+ R+S= 1 

= 1 

(1) 

W"~2 ...... 

8P+ 4Q+2R+S — 1+3 

= 4 

(2) 

w— 3 

27P+ 9Q+3R+S= 1+3 + 6 

= 10 

(3) 

n=4 

64 P+16Q+4R + S = 1+3 + 6+10 

=20 

(4) 

Then (2)— (1) gives 

7P+ 3Q+R — 3 


(5) 

(3)-(2) 

19P+ 5Q+R = 6 

... 

(6) 

(4)-(3) 

37P+ 7Q+R —10 

. . . 

(7) 

(e)-(5) 

12P+ 2Q — 3 

... 

(8) 

(7)-(6) 

18P+ 2Q — 4 

. . . 

(9) 

(9)-(8) 

6P = 1 P=i 




2Q=3— 12P = 1 Q=i 




R=8— 7P— 3Q = i R=+ 

S=l-P-Q-R= 0 S=0 

Hence 1+3+6+10+15+ .. . + +1" 

2 b 2 o 

= " (K«+3n+2) 

_.”(”+•) («+ 2 ). 

“ 2 ■ S 
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Formula fir a square pile. 

(8.) Sum n terms of the series l-f-4+9+16-|-25+ .... 7<*. 
Assume 1 +4+^+1 0+25-|- . . . 
then, as before, P^- Q+ R+S=l = 1 

8p4- 4Q+2R+S=1+4 = 5 

27P+ 0Q+3R+S=l+4+9 =14 

64P+ 1 eQ+4 R+S= 1 +4+9+ 1 6=30 
and from these four equations we hnd, by continued subtraction, 

P=^ Q=-, R=- and S=0; therefore 
8 2 6 

+25+... »* +’+^«*+g« 

=”(»“+3«+l) 

_»(w+l) (2»+l ) 
■^""2 •'■“3 

Formula fir a rectangular pile, 

( 4 .) By Art. 192, we have the number of shot in a rectangular pile 
~^(??ili.wi-|-8quare pile 

^«('*+l)«,4.«(^^+l)(2n+l) 

*^2 ” 2 ’ 8 
n(w+l) 2n+l+8m 
- 2 • 8 • 


Otherwise thus: 


Let (m+l)+2(m+2)+3(m+3)+ w(w+w)=P?i®+Qn®+Rw+S. 

then P+ Q+ R+S=(m+1) = ni+ 1 

8P+ 4Q+2R+S=(m+l)+2(»i+2) = 3m+ 5 

27P+ 9Q+3R+S=(m+l)+2(m+2)+3(m+3) = 6»i+14 

64P+ 16Q+4R+S=(m+1 )+2(w+2)+3(m+3)+4(7W+4)= 1 Om+30 

and from these four equations we find, as before, 

P=l, Q::=l(?w+1), R=l(8m+1), and S=0; hence 
3 2 u 


(Bi+l)+2(r"+2)+3(j«+3)+...n(w+»)=|n*+ 


=? |2»*+3(w+ l)»+8»i + 1 1 

|2»(» + 1 ) + (» + 1 ) + 8m(« + 1 ) j 

n(n+l) 2n+l+3m 

~2~ • 3 


Hence we have the subsequent expressions for (S) the number of ball* 
or shells in these three piles, viz.: — 

triangular, (n+2) =|.?(^il!l(»+l+I) 

fqnare, S=?i2^(2«+1) =i.5i^Ll(»+l+») 

rectangular, (2«+ 1 +3iw)=*. ”^”^ |(»+»t)+(»i+l )+(»+»»)| 
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Now 


7i(w4*l) 

2 


is the number of balls in the triangular face of each pile, ana 


the other factor is the sum of the balls in one side of the base, and the two 
parallel rows at the top and opposite side of the basej hence vre have also tiiis 
gc^ral rule, which, as well as the formulae, should be committed to memory. 


Hule * — Add to the number of balls or shells in one side of the base, the 
numbers in its two parallels at bottom and top (whether row or ball), and the 
sum multiplied by one-third of the slant end or face gives the number of balls 
in the pile. 


Examples. 


(1.) How many balls are in a triangular pile of 15 courses? Ans. 680. 

(2.) A complete square pile has 14 courses: how many balls are in the 
pile, and how many remain after the removal of 5 courses ? 

Ans. 1015 and 960. 

(3.) In an incomplete rectangular pile, the length and breadth at bottom 
are respectively 46 and 20, and the length and breadth at top are 35 and 9: 
how many balls does it contain? Ans. 7190. 

(4.) The number of balls in an incomplete square pile is equal to 6 times the 
number removed, and the number of courses left is equal to the number of 
courses taken away: how' many balls were in the complete pile ? Ans. 385. 

(5.) Let h and k denote the length and breadth at top of a rectangular 
truncated pile, and n the number of balls in each of the slanting edges; then, 
if B be the number of balls in the truncated pile, prove that 

15z=^|2nH3«(A+A)+CA»— 3{/i+;i+n) + l 


Summation of Series, 

193. By a process similar to that wc have employed in finding the numbei 
of shot in a pile, we may find the general term, as well as the sum of various 
other series; but wo proceed to 


The Differential Method, 

Let a, 5, c, t/, e, . . . . be a series of terms, in which each term is less than 
the succeeding one; and, taking the successive differences, we have 

a b c d c, &c. 

(<fj) b—n c — b d — c e — d, &c. 

(da) c — 254-a dr—2c-\-b e — 2d-hc, &c. 

(ds) d—— 3C“l-35 — Q 6 — 3dd-3c — 5, &c. 

(di) 6 — 4d-|~6c-"- '1 5d~a» &c. 

Putting d„ da, da, d», for the first terms of the first, second, third, 

fourth, .... differences, w^e have 


b — a 

= rf, 

.% 5 = a + d, 

c — 25 “b a 

= d. 

c = a + 2d, + da 

d — 3c +35 — a 

= rfa 

d n + 3dj + 3da + da 

c— .4d+()C--45+a 

= d. 

e = n + 4d, + 6da + 4d3 + d4; • 

&c. 
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Hence the (?i-hl)th term of the proposed series is evidently 
and, therefore, the nth term is (by writing* 1 for n) 


To find (s) the sum of n terms of a series. 

Let a, ht c, rf, e, &c. 

and 0, a, a+6, a+6-Hc-frf, &c. 

be two series, of which the (n-}-l)th term of the latter is obviously the sum 
of n terms of the former; but the first terms of the first, second, third, fourth, 

differences in the latter, are 

a, b—a^du c— 26-|-a=c?2> — .fl, ^d^, &c,; 

hence the (n-f-l)th term of the latter series, or the sum of n terms of the 
fopner is, by eq. (1) above, 

Or + ” <”- l ; (” A -f A+ . . . 


Examples. 

(1.) To what is 1.2+2.3+34+4.5+ . . . n (n+1) equal? 

2, 6, 12, 20, 30, 

4 6 8 10 
2 2 2 
0 0 

Hence, «=2, «/i=4, and ^4=0; therefore 

=2?2+2n (n-~l)+-|.n(n-— 1) (w— 2) 

=:»n (n+l)(n+2). 

(2 ) Find the sum of n terms of the series 1, 2^ 3^ 4*\ 5^ &c. 

(.3.) Find the sum of n terms of the series 1, 4, 10, 20, 35, &c. 

( 4 .) To what is 1.2.3+2.3.4+3.4.5+ ?? (n+ 1 ) (7i+2) CQual ? 

(5 ) Sum n terms of the series 1, 3, 5, 7, 9, 1 1, &c. . . , 

( (i.) Find the sum of 15 terms of the series 1, 4, 8, 13, 19, &c. 

(7 ) Sum 8 terms of the scries 1, 2^*, 3**, 4^, 5'*, G**, &c. 


(»+l)^ 

4 

w(/i+l) (n+2) (w+3) 
1 . 2 . 3 • 4 


AnSWS KS, 


(5.) «= 


(6.) inf«H6n— 1) = 785 

/- X n® , «< n* n 


(4.) i«(«+l)(«+2)(«+3) (7.) + = 8772, 

5 2 3 30 



JSUMMATION OF SERIES, 

Summation of Infinit* Sf.eies. 


m 


The summation of series of this kind is the finding of a finite expression 
equal to the proposed series, and in many cases this finite expression is found 
by subtraction. 

Examples. 

(1.) Required the sum of the series^-f— -f-J— + ...» to infinity, 

1*2 2>3 3,4 

ad infinitum. 


LetS= -J -fl-hi + 1+1 + 1 + 

1 2 3 4 o 6 

s-i = 1 +1 + J +1+1+1+ 

2 3 4 o 0 7 


ditto. 


ditto. 


Hence, by subtracting the latter from the former, we have 

1 = - l--f — L-f-i— 

1.2 ^ 2.3 ^ 3.4 4.5 ^ 5.6 ^ 

( 2 .) Required the sum of the scrics--!^-h— Ar 4--r^4- to Um mis, 

1.3 2.4 3.5 

Let S 4" — ~ ; 

12^34 n 

1 . 

w+2’ 


... S— 1— 1 

+ • + • = 

1+1+1+i 

2 

7i4-1 w4-2 

3 4 5 (i 

by sub. 1 + ^ 

_ 1 _ 1 _ 

2 +1_+J 

n4-l n4’2 

lUt 2.4 3 

.-.-L+ll 

.+JL+J_+ 

* -IL 

1.3 ^ 2.4 

^ 3.5 ^ 4.6 

w(»-j-2) 2 6 


2 

'4.6 


n[/t f-2) 


=lh_.,i_ + l- ' i 

2( n+l 2 n-h2^ 


2//.-h2 4?i4-8 


When n is infinitely groat, then wc have 
1.3 ■ 2.4 ■ 3.0 ' 4.6 


I . 1 , I . I , .... 1 1 „ 3 

+ + — + • • • ad lid, =2 00 /“ 4 


(3.) Sum the series 4* ^ 


2.4 3.5 4.6 


(4.) Sum the scries — ?- — +— ! — -f- — ! — 4- 
^ ' 1.2.3.4 2.3.4.5 3.Lo.li 


ad infinitum. 




, ad iiifinitum. 


18 


5 0 7 

(5.) Sum the series 4" 4- 4- to n terms. 


1.2.3 2.3.4 3.4.6 
(6.) Sum the scries rt+2ar+3a/-®+4ar'’+ . 
(7.) Sum the series l+8*+.'>*®+7r’+5«'' . 


A S 2,1 

. to n terms. 

. S 1— r“ 717"' > 

, ad infinitum. 


A ns. 


Ij4-a7 
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Investigation o? the Binomial Theorem. 


194. Let it he required to expand (a 4*^)" in a senes, whether n he ituteg* 
ral or fractional i positive or negative. 


Since (0+^)" = | \ » whatever n may be, 

if (lH-^)" = l + Ay+B^2_^C^+Dy+ 

then (a-j-xf =a" 

=^(. + i5 + Bg+cg+ ) 

= a“ 4- Aa"-"'a? 4 4 4 


Case 1. Let n be integral and positive. 

Then (1 4,y)"=(l4^)-(14^)-(l+2^) n factors; and by 

effecting the multiplication of a few of these equal factors, M^e shall find 
that the first two terms of the series are 14^*y» and that the remaining terms 

are of the form B^®4C^^4Dy*4 • • • • where B, C, D are uudetor- 

mined coefficients, entirely independent of g; and therefore we have A=n. 


Case 2. Let n be integral and negative. 
Suppose n=: — m; then 




1 


(i+y)"' 

A= — m^n. 


’I4mj^4.&c. 


=1 — mg-jr, &c. 


Case 3. Let n be fractional and positive. 

Suppose n=^; then 

(14y)"=(14y)^=14Ay4B^*4C^®4 • • • 


... (14if)P=(14Aj/4B^*4C^4 

l4;?y4,&c.=={14(A4By4C2^"4 M’ 

= 14^(A4Bj^4C^"4 )g+, &C. 

= 14§'Ay45'B/4^/Ci5^^4 . • . 


Hence, equating the coefficients of like^ powers of g, we have 
y A = p or A==P=:n. 

Case 4. If n be fractional and negative. 


Let w= — £ ; then 
9 

(l4y)«=(14^)-^ = 


I 


L n — ^ — ~ ^ • 

(14i^)'i 14-3/4... 


Hence A= — therefore in all cases A=w; and, consequently, 


(a4*)"~^"4^^”~‘^*’4 Ba"— V 4 f- 
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Now in order to deternnme the values of the coefficients B, C, D, &c., 
YiQ have 

(a+*+ir)“={(a+a:)+«}“={a+Ca;+i)}“, 
and ^ we expand according to each of theae forms, the two expansions must 
be Identical; hence, by the first form we have 
(a+ar+i)"={(a+®)+ 2 }" 

= (o+*)“+n(a+ar)“— ';r+B(o+e)'^z®+C(a+«)“-^*®4‘ • • . • 

= «"+na"-‘.i+Ba“-^xHCa"-®jr*+Da"-^a^+ 

4“ w{a“— *■+-(" — 

4 “B{a"— ®+(n — 2 )a"— ®a?4- 

+ C{a““^+(n--3)a"-^A‘+ }z^ 

4- &c. 

=:a"4"»^*"~’!^+Ba"— 4"Oa”~®a:® 4'Ha"--^a:^4' • • • • 

4-«a“^^+w(n— l)a"— *arjP+Ba"— *a:*2^4* 

4 -Ba"— 4“B(» — 2)a”-^ar5'^4* 

+Ca^z^ + &c. 

Again; {a+x-\'zY^{a+{x+z)Y 

=a"4*wa"— ^{ar4"^^)-l“Ba‘*— ®(a?4-^)^+Ca“— ^(a:4--*^/+ • • • • 
=a“4-w«““‘ Bci“— *ar®4“ Ca“— ^a^4- . * . . 

4 .^ 11— 1 ;jr4.2Ba"-~®arz4'3Ca"-^ar‘^z4- . . . 

4" ^a^z^ 4 “ 8 Ca‘^a:^* 4 - . . . 

4 . Ca“— ^.3:^4“ 

and the coefficieiits of the same powers of x and z, in these two expansions, 
must be the same (Art, 191); hence we have 

2 B = »<(»— 1) A B = 

3 c = («- 2 )B c = = ” (»-n(”-2) 

' ^ 3 1- 2- 3 

4 D = (m-3 )C D = = «(»-l)(«-2) (»-3) 

' 4 1- 2- 3- 4 

Ac &c. Ac. 

Hence we have, generally, 

{a+xY=^a"+n a 4- ^ 

1 * 2 1* 2* 3 

, «(n-t) (n-2 ) («— ■?>+!) 

1-2-3 p ^ 

which is the Binomial Theorem, and where the last term represents the 
(/? 4“ 1 )th term of the expansion. 

Hence (a— a?)“ =a" — na^~'^x V 4- &c. 

1*2 1*2*3 

(a +*)-“=<r"+i»«n“-ri)»+5^^^ - ^ <r<'»+»)x*+ &c. 

i * i 6 1 * 2*0 

(g— f - mr<^+ 

1*2 1 * 2*0 ** 

and in all these formulae n may be either integral or fractional. 
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The Exponential Tueoeem. 


195, It u required to expand a* in a series ascending by the powers of X. 
Since a=l+o— 1; therefore a*s«tl+(a— 1)}S and by the lUnomial Th^brem 
we have 

+ C*>.. 


where B, C denote the coefficients of ar®, ; and if «e put 

A=(a-I)-i(a-l)»4-:S(a-l)’+i(«-ir+ 

Thena‘=14-Aa:+B®'-|-Ca~‘+D3:<+EiE‘+ 

For * write ar+A; then we have 

ax+i> = 1 + A (® + A) + B<r + A)2 + C (a? + A/ + 


-f Ax 



-f. Dx^ 

-f .. 

*4^ Ah 

+2 BarA + 3Ca®A 

-f 4Dx^h 



+ 

BA® + 3Ca:A® 





+ CA» 

-f 4Da:7i^ 

4- .. 




-f D;^^ 

+ .. 


But ax+h=atxa'>=(i4- Aa;+Bx*+Car’+ . . . .) (I + AA+BAHCA='+ ) 

:=1 + A.®+Ba^+C ar* + Da;^ + , . . . 

+ AA + A*arA + ABa^A + ACar^A + • • • • 

+ B A® + ABiA®+ B®x®A* + 

+ C A“ + A CaA» + 

+ DA^ + . . . . 


Now these two expansions must be identical; and we must, therefore, have 
the coefficients of like powers of a: and A equal; hence 


2B=A2 


II 


3C=AB 


C^A-B 

3 

» 

4D=AC 


D= AC 

_ A^ 


4 

2-3-4 

&C4 Ac. 


&c. 

&c. 

1 4- Az 4- 

AV 

4- ^ 


1-2 

^ 1-2-3 ^ 

1 -2-3-4 


which is the Exponential Theorem; where 

A = (a-l)-i(a-^l)® + i(«_l)3_^(«_l)4 + 
Let c be the value of a, which renders A=l, then 

, X* 


,* = 1 + ar + ^ + , 

^ 1-2 ^ flTl 




Now’, since this equation is true for every value of’:t, let x=l j tneu 

e 1 -j- 1 1 

^ 1-2 ^ 1-2*8 1-2-3-4 


— 1 + 1 + 1 (1) + i + -i (ra'a) + • • • • 

= 2-718281828459 



LOGARITHMS. 


106. Logarithm* arc artificial numbers, adapted to natural numbers, in order 
to facilitate numerical calculations; and we shall now proceed to explain the 
theory of these numbers, and illustrate the prnciples upon which their properties 
depend* 

DEFINITION. In €L system of logarithms, all numbers are considered as the 
power!, of some one number, arbitrarily assumed, which is called the base of the 
system, and the exponent of that power of the base which is equal to any given 
number is called the Logarithm of that numbt r. 

'1 hus, if a be the base of a system of logarithms, N any number, and x such that 

N = a* 

then X is called the logarithm of N in the system whose base is a. 

The base of the common system of logarithms, (called from their inventor 

Briggs’s LogariUuus'’), is the number ]0. Hence since 


(10)0 = 

] , 0 

is the logaiithm of 1 

(10)' = 

10 , I 

10 

(10)0 = 

100 , 2 

]00 

(10)0 = 

1000 , 3 

1000 

(10)0 = 

10000 , 4 

lOOOO 

&C. = 

&C, 

&C. 


in this system 


From this it appears, that in the common system the logarithms of every iium* 
her between 1 and 10 is some number between 0 and 1, t. e. is a fra<;tion. 'I'iie 
logarilhni of every number between 10 and 100 is some number between 1 i.nd 
2, i, e, is 1 plus a fraction. The logarithm of every number between 1 00 and 
1000 is some number between 2 lind 3, L e, is 2 plus a fraction, and so on. 

1 97. In the common tables the fractional part alone of the logarithm is regis* 
tered and from what has been said above, the rule usually given for finding the 
characteristic, or, index, i. c. the integral part of the logarithm uill be readily un- 
derstood, viz. The index of the logarithm of any number greater than unity is equal 
to one less than the number of integral figures in the given number. Thus, in 
searching for the logarithm of such a number as 2970, we find in the tables oppo- 
site to 2970 the number 4727564; but since 2970 is a number between lfX)0 
and 10000, its logarithm must be some number between 3 and 4, i, e, must be 3* 
plus a fraction ; the fractional part is the number 4727564, which we have found 
in the tables, affixing to this the index 3, and interposing a decimal point, w« 
have 3.4727564, tin* logarilli u of 2970. 



PILING OF BALLS AND SHELLS. 


(192.) Balls and shells are usually piled in three different forms, called trian- 
gular, square, or rectangular, according as the figure on which the pile rests 
is triangular, square, or rectangular. 

(1.) A triangular pile is formed by continued horizontal courses of balls 
or shells laid one above another, and these courses or rows are usually 
equilateral triangles whose sides decrease by unity from the bottom to the 
top row, which is conjposod simply of one shot; and hence the series of balls 
composing a triangular pile is 

1+3+6 f 10+ 15+ 

where n denotes the number of courses in the pile^ 

(2.) A square pile is formed by continued horizontal courses of shot laid 
one above another, and these conrsos are squares whose sides decrease by 
unity from the bottom to the top row, which is also composed simply of one 
shot; and hence the series of balls composing a square pile is 
1 "j" 4 “I" 9 4" 19 25 4“ » * • • 
where n denotes the number of courses in the pile. 

(3.) The rectangular pile nhay be conceived to be formed from a square pile, 
by laying successively on one face of the pyramid a series of triangular 
strata, each consisting of as many balls as the face itself contains, and the 
number of these added triangular strata is always one less than the number of 
shot ill the top row; therefore, if n denote the number of courses, and m4”l 
the number of shot in the top row, the series composing a rectangular pile is 
(m4'l)4-2(m4"2)4-8(nt4-3)4“4(w4"4)4r* • • . . n{m+n) 

=:m4-2w4‘3m4-4w4- • . • • n;?^4"l^+2^+3H4^+ . . . . 

=7w(l 4-24-34-44“ • • • • w)4' square pile 

=”(^*^-).m4- square pile. 

(4.) The number of balls in a complete triangular or square pile must 
evidently depend on the number of courses pr rows; and the number of balls 
ill a complete rectangular pile depends on the number of courses, and also on 
the number of shot in the top row, or the amount of shot in the latter pile 
depends on the length and breadth of the bottom row; for the number of 
courses is equal to the number of shot m the breadth of the bottom row’ of 
the pile. Therefore, the number of shot in a triangular or square pile is a 
function of n, and the number of shot in a rectangular pile is a function of 
n and mf 

(5.) If the general term of any series of numbers be of the mth degree, the 
sqm of all the terms of such series will be of the fw4-l)th degree; because 
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the general term of. any progressively increasing series being a function of n 
of the with degree* the sum of such series evidently cannot exceed n times the 
general term, that is, it cannot exceed n times a function of n of the iwth 
degree, and therefore the function itself must of the (m-f l)th degree. 

• 

Examples. 

(1.) Sum 1 -|-2H-8+4+6-|“ .... to » terms. 

Here n, the general term of the series, is of the first degree, and therefore 
the function expressing the sum of the series is of the second degree; and 
heiioe we assume 

1+2+34-4+ n:;=Pn2+Qw+R. 

Now this equation must be true for every value of n; hence, when 
n=l we have P+ Q + R=l =l .... (1) 

n=2 4P+2Q+R=l+2 =3 (2) 

w=3 9P+3Q+R=:1 +2+3=6 (3) 

Hence (2 ) — ( 1 ) gives 3P + Q=2 
(3)~(2) .... 5P+Q=3 

2P =1 . P=4 

A1soQ= 2--.3P =2—4 . Q=i 

R=l— P— Q=l— i . R=0 

hence 1+2+3+4+ .... w=P?t2-f Qw+R 


Formula for a triangular pile, 

(2.) Sum n terms of the series 1 4-3+6 + 1Q+ 15+ .... 

Assume 1+3+6+10+15+ • • • Pn’+Q»HR»+S 

and since there are four coefBcients to be determined, we must have a corrcs- 


jionding number of in 

dependent equations; hence 



when n=l we have P+ Q+ R+S = 1 

= 1 

(1) 

n=2 . . . . 

. . 8P+ 4Q+2R+S — 1+3 — - 4 

(2) 

w=3 . . . . 

..27P+ 9Q+3R + S= 1+3+0 =10 

(3) 

w=4 . . . . 

. . 64P + 16Q+4R+S = 1+3+6+10=20 

(4) 

Then (2)— (1) gives 

7P+ 3Q+R = 3 


(5) 

(3)-(2) .... 

. . 19P+ 5Q+R = 6 


(6) 

(4)-(3) .... 

. .37P+7Q+R =10 


(7) 

(f,)-(5) .... 

. . 12P+ 2Q =3 


(8) 

(7)-(6) .... 

. . 18P+ 2Q =4 


(9) 

{9)-(8) .... 

. . 6P =1 

P=i 



2Q=3— 12P = 1 

.-. Q=+ 



R=3_7P-3Q = + 

.-. R=i 



S=l-P-Q-R= 0 

s=o 


Hence 14-3+6+10+15+ ... 

=in3_|_ ^ 

6 2 3 




=r.?(nH3n+2) 

o 



»(w+l) {w+2) 
'"2 ‘ 3 ‘ 
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Formula for a square pile. 

^8.) Sum n terms of the series 1 -1-44*9+ .... «*. 

Assume 1+4+9+10+25+ . . . w®=P»®+Q»®+Rn+S; 
then, as before, P+ Q+ R+S=l = 1 

8P+ 4Q+2R+S=:1+4 = 5 

27P+ 9Q+3R+S= 1+4+9 =14 

64P+16Q+4R+S=l+4+9+l6=30 
and from these four equations vre find, by continued subtraction, 

Q=i, R=^ S=0; therefore 

+25+... n‘ =*«»+?«*+!, I 

=:”(»»+3«+l) 

__«(n+l) (2n+l) 

' 2 • 3 

Formula far a rectangular pile. 

(4.) By Art. 192, we have the number of sliot in a rectangular pile 
~^ili.3M+8quare pile 

(2n+l) 

^2 ~ 2 * 8 

7i(t7+l) 2n+l+3w 
-~2 3 

Otherwise thus:--^ 

Let (m+l)+2(m+2)+3(m+3)+ »(wi+w)=Pn®+Qn®+Rn+S. 

then P+ Q+ R+S=( 2 J 2 + 1 ) = ///+ 1 

8P+ 4Q+2R+S=(w+l)+2(m+2) = 3m+ 5 

27P+ 9Q+3R+S=(TO+l)-+2(m+2)+3(m+3) = 6m+14 

64 P+ 1 6Q+4R+S=(m+ 1 )+2(w+2)+8(w+3)+4(m+4)= 1 Ow-J-SO 
and from these four equations we find, as before, 

P=i, Q=l(?n+1), R=p(8m+1), and S=0; hence 
3 2 6 

(r« + l)+2(r>»+2)+3(wi+3)+...n(m+n)==: V+ 

=? |2n® + 8(m 4 1 )» 4 8»i+ 1 1 

=^|2n(n4l)4(n41)43m(n+l)| 

_n(n41) 2n41+3»i 
^ 2~ * 3 

Hence we have the subsequent expressions for (S) the number of balls 
or shells in these three piles, viz.; — 

triangukr, S=!!(!!±ll. (n+2) =*.<!^).(«+l+l) 

K,„are. S=’‘i!!^(2«+1) =‘.!?('il).(«+l+») 

rectangular, S=:?^ ?A l ) (2n+l +3»t)=^.!^^^lD |(n+»«)+(i«+l)+(«+»i)| 
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]^ow is the number of balls in the triangular face of each pile, ana 

2 

the other factor is the sum of the balls in one side of the base, and the two 
parallel rows at the top and opposite side of the base; hence vre have also tiiis 
gciisral rule, which, as well as the formulas, should be committed to memory. 

liule » — Add to the number of balls or shells in one side of the base, the 
numbers in its two parallels at bottom and top (whether row or ball), and the 
sum multiplied by one-third of the slant end or face gives the number of’ balls 
in the pile. 


Examples. 

(1.) How many balls are in a triangular pile of 15 courses? Ans. G60. 

(t2.) A complete square pile has 14 courses: how many balls arc in the 
pile, and how many remain after the removal of 5 courses ? 

Ans. 1015 and 900. 

(3.) In an incomplete rectangular pile, the length and breadth at bottom 
are respectively 46 and 20, and the length and breadth at top are 35 and 9: 
how many balls docs it contain? Ans. 7190. 

(4.) The number of balls in an incomplete square pile is equal to 6 times the 
number removed, and the number of courses left is equal to the number of 
courses taken away: how many balls were in the complete pile ? Ans. 385. 

(5.) Let h and k denote the length and breadth at top of a rectangular 
truncated pile, and n the number of balls in each of the slanting edges; then, 
if B be the number of balls in the truncated pile, prove that 

B=? I 2n®-l“3n(4-l-/i)-f GAA — 3(A-f + l 


Summation of Seeies. 

193. By a process similar to that we have employed in finding the numbet 
of shot in a pile, we may find the general term, as well as the sum of various 
other series; but we proceed to 

The Dxffeeential Method. 

Let a, 5, c, be a series of terms, in which each term is less than 

the succeeding one; and, taking the successive differences, we have 

a b c d c, &c. 

(<f,) h — XI c — h d — c e — &c, 

[d.,) c— 25+a (f— 2c-h6 c--2</+c. &c. 

(c/3) d'—^C’\~8h—^CL 6— 3 c 3?-|“3 c— 5, -Ac. 

(c/4) e— 4c/-}-6c — &c. 

Putting </„ c/a, c/a, c/4 for the first terms of the first, second, third, 

fourth, .... differences, we have 

b — a =: (f, 5 = ct c/i 

c — 2b-\-a = d-i .*. c == fl -j- 2c/, -f- c/3 

d — 3c+35 — a = c/3 c/= a Gc/, -f- 3c/, + d^ 

e — 4c/-f-6c — 45-|-a = c/, .% <? = «-+- *f ^d^ + c/,; • 

&c. &c. 
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H&nce the (n4-l)th icrni of th« proposed series is evidently* 
, , , n(n — 1) , , n(n — l)(n — fl) , , 

and, therefore, the wth term is (by writing n-^l for n) 


To find (s) the sum of n terms of a series. 

Let a, bf c, </, e, &o. 

and 0, fl, fl+6, a-h^-f c-fc?, &c. 

be two scries, of which the (n-f*i)th term of the latter is obviously the sum 
of n terms of the former; but the first terms of the first, second, third, fourth, 

differences in the latter, are 

a, h—a=d^y c— 2i^4“0=d'2» d—^^c+^b — -a, ^d^, &c,; 
hence the (n-f-l)th term of the latter series, or the sum of n terms of the 
former is, by eq. (1) above, 

^ 1 .2 1 . 2. 8 1 . 2 . 3 . 4 ^ 

rk. (n— I ) (n— 2)^ n (n— 1)(»— 2) (n— 3)^, ^ 

Or s_na+ — rf, +__-_rf,+ f . . . 


Examples. 

(1.) To what is 1.2+2.3+3.4+4.5+ . . . n {n+i) equal P 
2, 6, 12, 20, 30, 

4 6 8 10 

2 2 2 
0 0 

Hence, <7=2, </i=4, d^—% and c/ 3 = 0 ; therefore 

S=na+”(”-')rf.+ ”Jgzl).(”:zg)r4; 

2 2.3 

=27j-f2n 1)(»— .2) 

=i«(ra+l) (n-h2). 

(2 ) Find the sum of n terms of the series 1, 2\ S'\ 4^ 5^ &c. 

(3.) Find the sum of n terms of the scries 1, 4, 10, 20, 35, i^c. 

(4.) To what is 1. 2. 3 +2.3.4-}- 3.4.5 -f (w+ 1) (/i+2) canal f 

(5 ) Sum n terms of the series I, 3, 5, 7, 9, 11, &c. . . . 

(().) Find the sum of 15 terms of the series 1, 4, 8, 13, 19, &c. 

(7 ) Sum 8 terms of the series 1, 2'*, S'*, 4*, 5“*, &c. 

Answshs, 


78.5 

8772. 


(2.) "•(■'t')- (5.) „= ■ 

P) '■(» + IK«+|)(.+3) ( 0 .) ..,,.+6.-n = 

(4.) »i(»+l)(«+2)(»+3) (7.) i.+^+1-i = 

o Z o ou 
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Summation of Infinite Sfeieb. 

The summation of series of this kind is the finding of a finite expression 
equal to the proposed series, and in many cases this finite expression is found 
by subtraction. 

Examples. 

(1.) Required the sum of the series^ .... to infinity. 

I *2 !2 • 3 3.4 

Let S = + ad infinitum, 

1 2 3 4 d a 

••• = i +4 + ! +4-+4+T+ 

2 3 4 o 0 7 

Hcncc, by subtracting the latter from the former, we have 

1 = _L-|-JL-f-_L_+_L- + _i_+ ditto. 

J.2 ^ 2.3 3.4 4.5 3.6 

(2.) Required the sum of the series—! to n t(*niis. 

^ * 1.3 2.4 3.5 

Let S =: -L-|- 1. -j- — -|“ — “f* - J 

1 2 3 4 fi 

" l 

by sob. 1 + _r_ 

• ’ +-L+ 1-4. 1 + > =Ml4-i_/J_+J-M 

2 c n+l 2 n+2^ 

^ 4- !?_ 

2// +2 + 8 

When n is infinitely great, then wc Imvc 
1 _L I .1. ' I . 1 • r ^ 1 - 

~U 3T'^ 4:6'+ • • • =ri(,*+2“ » /“ J • 

(3.) Sum the series ^ - + -1- -1- 4- ad infinitum. 

1.3 2.4 3.5 4.0 

A„. L. 

4 

(4.) Sum the scries — ? — -}- — — -h — --- + ad infinitum. 

^ ' 1. 2.3.4 2 3.4.0 3.1.U.3 

An. 

13 

(5.) Sum the scries-^ -h ^ terms. 

1.2.3 2.3.4 3.4.0 

A ^ 2,1 

Ans. - -h 

2 w-fl /H-^ 

(6.) Sum the scries rt+2ar-f 3ar®+4a7''’+ .... to n terms. 

. \ 1 — r“ ?i ) 

(7.) Sum the series l h3*-|“oa:*+7c®-|“9a?^ .... ad infimtum. 

. l-]rar 

Ans. - 
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Investigation o? the Binomial Theorem. 

194. Let it he required to expand ^ seneSf whether n be i^teg* 

ral or fractional y positive or negative. 

Since [a+xf^ | \ * whatever n may be* 

if + 

then (a-\-xf =a" 

=ei"(l + A? + Bf;+C?!+ ) 

\ a / 

=a“+Aa"-“'a7+Ba‘‘-2a:HCa«~^ic3^ 

Case 1. Let n be integral and positive. 

Then (l+,v)”=(l+^^)-(l to n factors; and by 

effecting the multiplication of a few of these equal factors, w^e shall find 
that the first two terms of the series are 1 and that the remaining terms 
are of the form Bj/^-f-C^-f .... where B, C, D are undeter- 

mined coefficients, entirely independent of y\ and therefore we have A=w. 

Case 2. Let n be integral and negative. 

Suppose /i=— m; then 

(1 +j-)-=(i +j')-^(T^.=ri:s^='-^+- 

A= — m=n. 

Case 3. Let n be fractional and positive. 

Suppose n=?-; then 

(l+J^)"=(l+i^)^== 14 -Ay-f B/-f Cy»+ . , . 
(1+J^?=(l+Aj/+B/+Cy«+ ....)«» 

- l+Jpy+,&c.= {H-(A+B^+CyH ....M’ 

= l-f^(A+B^-f'C^^-l- )y+, &C, 

= l+^rAj^+^B/+5^C/+ . . . 

Hence, equating the coefficients of like^ powers of we have 
yA = p or A=:£=n, 


Case 4. If n be fractional and negative. 

Let n= —£ ; then 
9 

(1 +y)"=(i = -i-i= — = 

9 




Hence A= — therefore in all ruses A=n; and, consequently, 
(a+4r)"=a'*+na'‘— U-|- Ba"— V-f f , , .... 



V BINOMIAL THEOREM, m 


Now in or<ier to determine the values of the coefficients B, C, D, See,, 
we have 

and we expand according: to each of these forms, the two expansions must 
be identical; hence, by the first form w'e have 

+w{a*^*H-(w--l)a"~*a:-f Ba"--3ar*-f 

•fBjfl"— *+(w — 2)a"“~®a74- ..... •jz^ 

+ C{a“-3+(«— 3)a"~'A'+ y 

+ See, 

5=:a"+na"— Jar+Ba"— V -fCa“-^4:® 4-Da"— • • • • 

•^ m ^ z + n { n — l ) a '^ xz + Ba ^ x ^ z + 

4-Ba"— 4-B(n — 2)a"— ® j?V^4- 

4* Ca"~^a^ 4* &c* 


Again: (a4-a?4"^)"={a4-(af4-^)}" 

=a"4-«a’‘— ^(a?4’a^)4-Ba“— ®(j:4’^)®4“Ca“— ®(a;4-«/4“ • • • • 
=:a“-l-n«"^ ^4- Ba"— *ar®4" Ca“— ^ic®4“ * • * • 
af 4 ’ 2 Ba"— ®a:z 4 - 3 Ca"~^a?‘^j 4 “ • • • 

4 - Ba ^ z ^ + SCa ^ xz ^+ . . , 

4-Ca"— V4- 


and the coefficients ot the same powers of or and z, in these two expansions, 
must be the same (Art. 191); hence we have 


2 B = a(«— 1) .*. B = 


n (n— - 1 ) 

““FT" 


8 C 


(w— 2)B.-. C = 


(« — 2)B __ w(»— 1)(«— 2) 
3 l*“2-“8 


4 D = (’«— 31C * D = ~ i ) (^^—3) 

^ ^ ” 4 1* 2- 3* 4 


&c &c. 


Ac. 


Hence we have, generally, 

(a 4“X) “=«" 4“ w a"— 4" ---- ^~ a"— V 4 - ~q~ 4* 

1 * 2 1 * 2 * 3 

«(«— 1 )(«-2 ) (”— j>+l) 

^ 1-2-3 p 

which is the Binomial Theorem^ and where the last term represents the 
(/>4“l)th term of the expansion. 

Hence («-*)” =a"_««"-'*+”i^V-V-”i5=^g=i)a”-V+ &c. 

1*2 1*2 3 

(a 4-ar)~*=g^4-iifln”‘*“^W+ — &c. 
and in all these forraul® n may be either integral or fractional. 
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The Exponential Theorem. 


195. // is required to expand a* in a series ascending hy the powers of 
Since a=l-l-a— 1; therefore (a— 1)}*, and by the Binomial Th<fcrexa 

we have 

{l+(a-*l)}‘=l+*(a-l)+€i^(«-l)>+?M§=?^^ .... 

«:l + {(a-l)-i(a-l)*+i(a-l)»-i(a-l)*+ .... }r+B4e' 
where B, C, . . . * denote the coefficients of o^, ; and if we put 

A=(«-l)-i{a-l)2+i(a-l)3-hi{«~iy+ 

Then a*= 14 -Aar-f 

For X write 3?+^; then we have 

ax+h=:i 4- A(a?-f A) + B(x-f A)^-f + + . 


A® 


Ba^^ 4- Ca^ 

4- 

-f 

+ AA 

+2 BxA + SCi'A 

-j- 4Dar^A 

-f 


+ 

BA* + SCxhr 

+ 6Da.2A2 

+ 



+ Ch? 

-f 4D®A^ 

+ 




4. DA^ 



But ax+h=a*X€<^=(l + Aar-f-BarHCr^-f • • • •) (1 + AA+BAHC/rH . . . .) 
.= 1 + Aa? + B a:® + C , 

-f AA + h^xh 4- ABa:^A 4* ACr’A -h . . . . 

4- B A2 4- ABxA24- 4 . . . < 

•f C A» 4- A OxU^ 4 . . 

+ DA^ 4- . . . . 

Now these two expansions must be identical; and we must, therefore, have 
the coefficients of like powers of a? and A equal; hence 


2 B=A2 

II 


3C=AB 

C^A-B 

^ A^ 

3 

2-a 

4D=AC 

D= AC 

_ A^ 

4 

2*3-4 

&C4 &c. 

&c. 

&c. 

1 + A. + 

+ ^ 4 

i-2-3 ^ 

A'’a-^ 

l-2-8*4 


“I* 

O IZ'O'** 

which is the Exponentied Theorem; w here 

A = (a-.l)-^(a-l)*4i(«-l)^-i(rt~l)^4 

Let € be the value of a, which renders A=l, then 

(«- 1 ) — K‘-« )* + i (‘- 1 )“ - i(‘ - 1 / + . . . 

1 + * + 4. 


=1 


1‘2 ■ la-) l»,;f ) 

Now, since this equation is true for every value of x, let x=li men 

1.1 .1 


i = l + 1 + 


1-2 l-2‘3 


)-2‘3-4 


— 1 + 1 + 4 (1) + 4 (1.2) + -i (r2'3) + . . . . 


= 2-718281828459. 
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196. LoGARiTiiMii arc arlificvdl numbers, adapted to natural numberti, 5n order 
to facilitate niimerioal calculations; and we shall now proceed to explain the 
theory of these numbers, and illustrate the pruciples upon which their pfoj)crties 
(Jei)end- 

j>KFiMTio]V, In a system of logarithms^ all numbers are considered as the 
powtn of some one number^ arbitrarily assumed^ which is called the base of the 
system^ and the exponent of that power of the base which is equal to any given 
number w called the Logarithm of that numbtr. 

Thus, if a be the base of a system of logarithms, N any number, and x such that 

N = «« 

then X is called the logarithm of N in the system whose base is a. 

The base of the common system of logarithms, (called from their inventor 
“ liri^gs’s Logarithms”), is the number It). Hence since 

( 10) ® == 1 , 0 is the logaiithm of 1 in this system 

(10) > = 10 , I 10 — 

(10)^= 100 ,2 100 — 

(10)3 ^ iQ(X) , 6 1000 

(10)4 = lOOOO , 4 10000 

&C. = &C. &C, 

From this it appears, that in the common system the logarithms of every iiutn* 
her between 1 and 10 k some number between 0 and 1, i. e, is a fraction, 'i he 
logaritlim of every number between 10 and 100 is some number between I i.nd 
u e, is 1 plus a fraction. The logarithm of every number between 1 00 and 
lOOO is some number between 2 tind 3, u e, is 2 plus a fraction, and so on. 

1 97. In the common tables the fractional part alone of tlie logarithm is regis^ 
tered and from what has been said above, the rule usually given for hnding the 
characteristic^ or, index^ i* e, the integral part of the logarithm will be readily un* 
derstood, viz. The index of the logarithm of any number greater than unity is equal 
to one less than the number of integral figures in the given number. Thus, in 
searching for the logarithm of such a number as 2970, we find in the tables oppo- 
site to 2970 the number 4727564; but since 2970 is a number between 1000 
and lOOOO, its logarithm must be some number between 3 and 4, i, e, must be 3 * 
plus a fraction ; the fractional part is the number 4727564, which we hav^fouiid* 
in the tables, affixing to this the index 3, and interposing a decimal point, we 
have 3.4727564, the logantli m of 2970. 
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We must not, however, suppose that the number 3.4727564 is the exact log 
' arithm of 2970, or that 

2970 = 

accurately. The above is only an approximate value of the log.arilhm of <^970 
we can obtain the exact logarithm of very few numbers, but taking a sufficient 
number of decimals we can approach as nearly as we please to the true logaritluu, 
as will be seen when we come to treat of the construction of tables. 

198. It has been shown that in Briggs’ system the logarithm of 1 is 0, conse* 
quently, if we wish to extend the nppli<'>ation of logarithms to fractions, we must 
establish a convention by which the logarithms of numbers less than I may be re- 
presented by numbers less than zen-, i. e, by negative numbers. 

Extending^ therefore, the above principles to negative exponents, since 


1 

(10)-* = 

0.1, 

— 1 

is the logarithm of .1 in this system 


(10)-* = 

0.01, 

o 


100 



Tuoo 

(10)-* = 

0.001, 

-.3 

.001 

1 

- — nr 

(10)-* = 

0.0001, 

— 4 

A/ini 

10000 


&C. 

=: 

&C. 




It appears, then, from this convention^ that the logarithm of every number 
between I and .1, is some number between 0 and — 1 ; the logarithm of every 
number between .1 and .01, is some number between — 1 and — 2; the 
logarithm of every number between .01 and .001, is some number between 
— 2 and — 3 ; and so on. 

From this w'ill be understood the rule given in books of tables, for finding 
the characteristic or index of the logarithm of a decimal fraction, viz. The in^ 
dex of any decimal fraction is a negative number, equal to unity, added to the 
number of zeros immediately following the decimal point. Thus, in searching 
for a logarithm of the number such as .00462, w^e find in the tables opposite 
to 462 the number 6646420; but since .00462 is a number between .001 and 
•0001, its logarithm must be some number between — and — 4, i. e. must 
be — 3 plus a fraction, the fractional part is the number 6646420, which we 
have found in the tables, affixing to this the index — 3, and interposing a de- 
cimal point, we hayo — 3. 6646420, the logarithm of .0046'i. 


General Properties of Logarithms. 

199. Let N and W be any two numbers, x and xf their respective logarithms, 
a the base of the system. Then, by definition, 

N = a\ 

W = fl*'. 


L Multiply equations (1) and (2) together, 
NN' = 


*( 1 ) 
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,• t>y definition, as -f-x' is the loglu'ithin of N N^, tiiAt is to say, 

Ttie lugarithm of tlie product of two or more factors is equal to the sum ^ 
the logarithms of those factors, 

IL^ivide equation (1) by (2), 



JN 

by definition, x — a:' is the logai'ithiu of that is to say. 

The logarithm of a fraction^ or of the quotient of two numbers, is equal to the 
logarithm of the numerator minus the logarithm of the denominator, 

HI. Raise both members of equation (1) to the power o(n, 

N" =r 

by definition, nx is the logarithm of N ", that is to say, 

The logarithm of any power of a given number is equal to the logarith/ai of 
the number multiplied by the exponent of the power, 

IV. Extract the toot of both members of e<]tiation (1). 



X Jl 

by definition, — is the logaritlim of N ", that is to say. 

The logarithm of any root of a given number is equal to the logarithm of tha 
h umber divided by the index of the root. 

Combining the tuo last coses, we sh;dl find, 

m m K 

N “ ■ =: a 

whence, is the logarithm of N . 


It is of the higliest importance to the student to make himself familiar with 
the application of the above principles to algebraic calculations. The following 
examples will afford a useful exercise : 

Ex. 1. log. {a, b,c,d ) = log. a -J- log. b + log. c -f- log. d , , , , 


la h C\ 

Ex. 2. log. (■^) 

Ex. 3. log. (a*” 6" c** . . . . ) 

Ex. 4. log. (^-^) 

Ex. 5. log. (a^ — X 

Ex. 6. log. \/ a * — a; ^ 


log. a -f- log. b -f log. c — log. d — log. 0, 
m log. a -j- n log. ^ log. c , , , 

m log, o + » log. b — p log* c 

log.(a+a?)X(« — x) = log.Ca-f-i) + lug. [a — jc) 
log. (a+x) + ^ log.(tt— jt) 
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Ex. 7. log. ja • •) = log. 0 *+ j log a* = 3 log. «-f- ~ log.a = -j log.a 

Ex. 8. log. \/ (a * — *•) “ = ^ log. (a — x) + ” log- (« * +ox4-®* ) ^ 

= ,7 »)+log*(“+*+*)+log-(o+*— «) ^ 

where z* = aa 

Ex. 9. log. \/a ^ -f- = 3 {log. (fl-f-x+i) + log. (a-j-x — x) }, where z * 

= Sax 

Ex. 10. log. - ^ Jlog. (a-^) _ 3 log. (a+a:)| 

Let ua resume the equation, 

N = fl* 

1*. If «“7' 1, making x =z 0, we have N = 1 ; the hypothesis ar =: 1 gives 
K =: a. Ab x increases from 0 up to 1, and fi*om 1 up to infinity, N will in- 
crease from 1 up to o, and from a up to infinity ; so that x being supposed to 
pass through all intermediate values, according to the law of <»ntinuity, N in- 
creases also, but with much greater rapidity. If we attribute negative values 

to X, we have N = a or N = Here, as x increases, N diminislies, so 

that x being supposed to increase negatively, N will decrease from 1 towards 0, 
the hypothesis x == 00 gives N =: 0. 

If put a = where ^"7 1, and we shall then have N = 

of N = i *, according as we attribute positive or negative values to x. We 
here arrive at the same conclusion as in the former case, with this ditferem^, 
that when x is positive N 1, and when x is negative N 1. 

3®. If a = 1, then N = 1. whatever may be the value of x. 

From this it appears, that, 

I. In every system of logarithms^ the logarithm of\ is 0, and the logarithm of 
the base is 1. 

II* ihe base he 1, the logarithms of numbers * 7 ^ I are positive^ and the 
logarithms of numbers ^ I are negative. The cmtrary takes plaee if the base 

he 

III. The base being fixed, any number has only one real logarithm; hut the 
same number has manifestly a different logarithm for each value of the base, so 
that every number has an infinite number of real logarithms. Thus, since 
9 • =: 81, and 3* = 81, 2 and 4 are the logarithms of the same number 81, ac- 
cording as the base is 9 or 3. 

IV. NsgtUive numbers have no real logarithms, for attributing to x all values 
from CO up to ^ 00, we find that the corresponding values q/’N are positive 
numbers only, from Oup to ^ CO^ 
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1'he formation of a table of logarithms consists in iletorinining and register- 
in.* the values of x wliieh correspond to N = I, 2, 3, . ... in the equatioit, 

N = fl" 


200, If we suppose a*, making 


X = 0, 2 flc, 3 4 flf, 5 a, logarithms* 

^ = I, 7 / 1 , m *, m ^ m *, m \ fiumberg. 


the logarithms increase in arithmetiral progression, while the numbers increase 
in geometrical progression; 0 and* I being the first terms of the corresponding 
series, and the arbitrary numbers cc and m the common difference and the 
common ratio. 

We may, therefore, consider the systems of values of x and y, which satisfy 
tlie equation N == a * as ranged in these two progressions. 

201. In order to solve the equation 
c = 

where c and a. are given, and where x is unknown, we equate the logarithms of 
the two membei*s, which gives us 


Whence, 


log. c X log. a 

t ^ 

‘"if- « 


To determine the value of x in the equation 


Ao' + Ua'~*+ Ca*-'+ 

... = P 

+ 

..) = p 

Or, 


Qa* 

= p 

^ -- log. P — log. Q 



log. a 


If we have an equation a* z=: b, where z depends upon an unknown 
quantity x, and we have 

2 = Aa:" -j- -f- 

Since z = ^ some known number, the problem depends upon the 

solution of the equation of the degree. 

K = Ax’* + Bo;"-* + 


For example, let 


— 5x+4 _ 


Hence, 


(x*— 5x + 4) log. (^1) = log. ~ 


x*^bx+4 


4 


equation of the second degree, from wliicJi we 4iiid x = 2, x 3. 

Y2 
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To find the falue of x from the equation 
Takingr the logarithms of each member, 


(n ^ )Iog. i^ = ma; log. c + (x — p) log./ 

Or, 

(m log. c -f- log./) x* — (n log. b + p log./) x + a log. 6 = 0 
a quadratic equation, from which the value of x may be determined. 


In like manner, from the equation 


we find 




a; = log.Q— logy^ 
rn log. c — » log. b 

Equations of this nature are called Expomntial Equations. 

20^?. Let N and N + 1 he two consecutive numbers, the difference ol 
their logarithms, taken in any system, will be 

loj- (N + 1) — log. N = log = log. (1 + 


a quantity which approaches to the logarithm of 1, or aero, in proportion as 

i decreases, tliat is, as N increases. Hence it appears, that 

The difference of the logarithms of ttvo cor*secutivc numbers is less in propor- 
tion as the numbers themselves are greater, 

203. When we have calculated a table of logarithms for any base a, we cav 
easily change the system, and calculate another table for a new base b. 

Let c = d *, a; is the log. of c in the system whose base is h ; 

Taking the logs, in the known system, whose base is «, we have 

* = lirf = (A) hence 


The log, of c in the system whose base is b, is the quotient arising from di- 
viding the log, of by the log, of the new base b, both these last logs, being taken 
in the system whose base is a. 

In order to have x the log. of c in the new system, we must multiply 
c by factor is constant for all numbers, and is 


called the Modulus ; that is to say, if we divide the logs, of the same number c 
taken in tvVb systems, the quotient will be invariable for these systems, whatever 
may be the value of c, and will be the modulus, the constant multiplier whicib 
reduces the first system of logs, to the second. 

If we find it inconvenient to make use of a log. calculated to the base 10, we 
can in this manner, by aid of a set of tables calculated to the base 10, discover 
the kfarithid of the given number in any reouired system. 
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For example, let it be required, by aid of Brigg^i’ tables, U) find 
in a system whose base 


Let X be the log, sought, then by (A) 



l og, 2 — log, 3 
log. 5 — log. 7 


Taking these logs, in Briggs* system, and reducing, we find 

_ —0.17609125 
— 0. 14612804« 

2 

— 1.2050476 = log. j to bas» 


Oil 


Similarly, the log. of system whose base is is 

log. 2 — log. 3 

log. 3 — log. 2 

which is manifestly the true result; for in this case the general equation 

N = a * becomes ^ = ('—) = ( , and x is evidently = — . 

J \ ^ y ' si ' 


111 a system whose base is a, we have 
» = 

for, by tlie definition of a log. in the equation « = a* , a: is the log. 
Ill like manner, 

n* = =: 


Examples for Exercise. 

(1.) Given •2^*+2*=12 to find the value of a?. 

(2.)* Given ar-fy=«f and to find x and 

(3.) Given m^n'=^a, and hx^ky to find x and y. 

Answers. 

(1.) «=! -584962, or ar=log. ( — 4)-^lcg, 2 

(2.) n-hlog. r/i} and — Jog. n-8-iog. mj, 

(8.) a==log. «-H(log. m-i-log. n) andi/=jIog. a-4-(log. w-flog. i|^ 
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204. To find the logarithm of any given number* 

Let N be any given number whose logarithm is x, in a system whose base 
is a; then o 

a*==N and a**=N*; 

hence, by the exponential theorem, we have from the last equation 
1 + . . .=J+A.*+A.*^+ . . . . 

and equating the coefficients of we get Ajr= A,; hence 

(N-l)-l(N-l)HM N-l)^ - . . . . 

A - (a .... 

because A =(a — 1) — 4(« — l)*-fi(« — 1/— ... in the expansion of a”, 
and A,=fN-- 1)— ^(N — 1)®-1-4(N— 1)®— ... in the expansion of N*. 


20.5. To find the logarithm of a number in a converging series* 


We have soen that ifa*=N^ then 

(Ni_l)_.(N^~l)Hi(N*^l>W(N»~l)^-h . . . 

(« -l)-i(« -l?-4(« -1)’+ . . . 

Now the reciprocal of the denominator is the modulus of the system; and, 
representing the modulus by M, we have 

r=log. N'==M{(N'--l)~i(N'~l)*+4(N»--iy'~i(N*---l/+ . . . } 

Pul N^=l-}-n; then N*— /i, and we have 

log. (l-fn)=M(4-M — . . .) 

Similarly log. (I — »)=M(— »— — . . .) 

.*. log. (1+n) — log. (I— ?#)=:2M(n-|- . . .) 

I -V’ti 

or log. ^ — - =2M(/i4-iw'^+i^^+|w"-|- . . .) 


Put w = 


2P+1 


then 1 -f w = 


2P-h2 

2P+r 


1— w 


2P 

2P+1 


, and 


1 -f w 
l—w 


consequently 


P+1 

”P~. 


■■■ iwr- (P+i)— log- " '} 

Hence, if log. P be known, the log. of the next greater number can be 
found by this rapidly converging series. 


206. To find the Napierian logarithms of numbers* 

In the preceding series, which we have deduced for log. (P+1), we find a 
number M, called the modulus of the system; and we must assign some value 
to this number before we can compute the value of the series. Now, as the 
value of M is arbitrary, we may follow the steps oi the celebrated Lord 
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Napier» the inventor of loguriihms, and to M the simplest possible 

value. This value will therefore be unity; and we have 

‘’+'“{2Th + 5(5iW + W+i7+ ■ • ■) 

Expounding F successively by by 1, 2, 3, 4, &c., we find 

'■« ’= Kt+ iy+35r+ ?V + ■ ■ ■)= 

log. 3 = I,«.S + 2(i+^+j^+^ + . .)=l«8«]23 


log. 4 = -2 log. 2 =1-3862944 

log. 5 = log. 4 + 2^ 1+ J_ +_!-, +-1, + . . . )=l-6094379 

log. 6 = 1(^. -2 + log. 3 =1-7917595 

log. 7 = lo,. « + + )=|.»9101 

log. 8 = log. 2 -j- log 4, or 3 log. 2 =2*079441.5 

log. 9 = 2 log. 3 =2*1972246 

log. 10 = log. 2 -f log. 5 =2*3025851 


In this mahhcr the Napierian logarithms of all numbers may be com* 
puled. 


207. To find the common logarithms of numbers. 


Let a*=N and 5r=N; then we have 

X =log. N to the base a, or x=log. .N 
y =log. N to the base b, or ^=log. ,,N 
hence, log. »N=log. log. ,5 (Art. 199.) 

x^y log. Jb 

and by means of this equation W'e can pass from one system of logs, to another, 
by multiplying a*, the log. of any number in the system whose base is a, by the 
reciprocal of log. b in the same system; and thus we shall obtain the log. of 
the same number in the system whose base is 5. • 

Let the tw'o systems be the Napierian and the common, in which the base 
of the former is f=2*7 18281 828 . . . and the base of the latter is 5=10, 
the base of onr common system of arithmetic; then we have 5=10, ana 
fl=r«=:2*7 18*28 1828 . . . and consequently if N denote any number, we shall 
have 


log. ,oN= 


1 


log. ^ 10 


.log.^N; that is, 


com. log. N= !iaL|2llN =^?£;^=-4342944ox nap. log. N, 
nap. log. 10 2-3025851 " 
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iit(t the modulus of the common system is, therefore, 

w 

‘ M = ! =-43429448 2 M=-86858896 

2-3025851 

Hence, to construct a table of common logarithms, we have <r 

l<,.(P+0=l..s.P+«5es«|^+5j5^+jj5^,-,+ ] 


Expounding P successively by 1,2, 8, &c., we get 

log. 2 = •8685889f>(' J-+JL+_i_+ . . . 

® \ 3 3‘ 5-3‘ / 

■ ‘ = -86858896 X -6931 472 = -8010300 

log. 3 = log. 2+-80.838896( i+ _^+JL + -4771213 

log. 4 = 2 log. 2 = -C020600 

log. 5 = log. .'■/“^=log. 10 — log. 2=1 — log. 2 = -6989700 

log. 6 = log. 2+log. 3 = -7781513 


log. 7 = log. 6 + -8685889 o(.1+.^+ . .)= -8450980 


log. 8 = log. 2''=3 log. -2 = -9030900 

log. 9 = log. 3^=2 log. 3 = -9542426 

log. 10= =l-0000000 


Ac. 

206. Since log. | = 2M (n -f -f fn’ -f . . .) 


&c. 


let then 1 -|-n=P (1 — «) or 7i= ^ — ! 

1 — n P“f"l 

... H. p=« I ' .(^)-+ ... I 


and thus we have a series for computing the logs, of all numbers, without 
knowing the log. of the previous number. 


Examples in Logarithms. 


(1.) Given the log. of 2=0*301 ?300, to find the logs, of 25 and "0125. 
• Here 25; 


therefore log. 25=2 log. 10 — 2 log. 2=1*3979406 

4 2* 


Again *0125 : 


125 


10000 


2 

80 


1 

lo^ 


.*. log. •0123=log. 1— log. 10—3 log. 2=— 1— 3 log. 2=2*0969100 
(2.) Calculate the common logarithm of 17. Ans. 1*2304489. 

(3.) Given the logs, of 2 and 3 to find the logarithm of 22*5. 

Ans, l-f-2 log. 3 — 2 log. 2. 

(4.) Haying given the logs, of 3 and *21, to find the logarithm of 8334^. 

Ans. 6 f 2 log. 3 4-3 log. •2L 
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On Exponential Equations. 

2^1). An exponential equation is an equation in whicli the unknown ap- 
pears in the form of an exponent or index; thus, the following are exponential 
equations: 

X X 

a* = 5, a:* = = c, ar* = a, &c. 

When the equation is of the form a* = 5, or = c, the value of x is 
readily obtained by logarithms, as we have already seen in Art, 201. But if 
the equation be of the form ar*=: a, the value of x may be obtained by the 
rule oK double position^ as in the following example: 


Ex, Given x^ = 100, to find an approximate value of x. 

The value of x is evidently between 3 and 4, since 3® = 27 and 4^ = 256; 
hence, taking the logs, of both sides of the equation, we have 

X log. X = log. 100 = 2* 


First, let ar, = 3*5; then 
3*5 log. 8*5= 1*9042380 
true no. = 2*0000000 


Second, let ^ 2 = 3*6; then 
3*6 log. 3*6 = 2*0026890 
true no. = 2*0000000 


error = -—*0957620 


error = +*0026890 , 


Then, as the ditforence of the results is to the difference of the assumed 
numbers, so is the least error to a correction of the assumed number cor- 
responding to the least error; that is. 


•098451 : *1 : : *002689 : *00273; 


hence ar = 3*6 - '00'27S = 3*59727, nearly 

Again, by forming the value of x^ for x = 3*5972, we find the error to be 
— *0000841, and for a? = 3*5973, the error is +*0000149; 

hence, as *000099 1 *0001 : 1 *0000149 : *0000151; 
therefore x = 3*5973 — *0000151 = 3*5972849, the value nearly. 


Examples for Practice. 


( I .) Find X from the equation = 5. 
(2.) Solve the equation a;*= 123456789. 
(3.) Find x from the equation x'^ = 2000. 


Ans. 2*129372. 
Ans. 8*6400268. 
Ans. 4*82782^6, 


• In equations of this kind, the following method may be adopted:— Lei then s log. jr=log. a; 

put log. ir=y, and log. a^b\ then xtj-b, and log. 4r+log. y~log. 6; hence y+log. y^log, b. Nojg, 
y may be found by double position, as above, and then x becomes known. When a is less than 

unity, put and o=i-; then we have 6y=5« y log. 6~log. p, and if log. A=c, and log. 

y b 


then ajszz, and log. c+log. ,y=log. jg, or log. c+;K=log. x. Hence a may be found by Ihe^pre- 
ceding method, and then y and x become known, ' • 



INTEREST AND ANNUITIES. 


The solution of all questions connected with interest and annuities may be 
greatly facilitated by the employment of algebraical forniube. 

In treating of this subject we may employ the following notation ; 


Lei p pounds denote the principal. 


r 

t 

s 


interest of £l for one year, 
interest of p pounds for t years, 
amount of ;; pounds for t years at the rate of inte- 
rest denoted by r. 

the number of years that p is put out to interest 


SIMPLE INTEREST. 

Problem I. — To find the interest of a sum p for t j/ears at the rate r. 

Since the interest of one pound for one year is r, the interest of p pounds 
for one year must be p times as much, or /;r ; and for t years t times as much as 
for one year, consequently, 

^ = Ptr ( 1 ) 

Problem II — To find the amount of a sum p hid out for t years at simple 
interest at the rate r, 

The amount must evidently be equal to the principal together with the inte- 
test upon tliat principal fur tlie given time, 


Hence, 


« 


s =z P + ptr 

- pO+lr) ( 2 ) 


Example 1. 

Ketjuired tlie interest of X'tTX 15& for years at 14 per cent per annum. 
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It vull be found convenient to reduce broken sums of money and periods of 
lime to decimal of a pound and of a year, respectively. 

By the formula (U 'v© have 


III the example before us 

p = £873, 15v. = £873.75 

r = £.0475* 

^ = 2J years = 2.5 years. 


I = 873.75 X 2.5 X .0475 pounds. 
= £103.7578125 
= £103. 15s. l|d. 


'1 he amount of tlie above sum at the end of the given time will be 
s = p + p tr 

= £873. 15s. + £103. 15s. Hd 
= £977. 10«. I Id 


PRESENT VALUE AND DISCOUNT AT SIMPLE INTEREST, 

The present value of any i>urn s due t years hence is the principal which in 
the time i will amount to s. 

The discount upon any sum due t years hence is the difference between that 
sum and its present value* 

Pkoblem III. — To find the present vabte cf s pounds due t years hence^ simple 
intered being calculated at the rate r. 

By formula (2) wo hnd the amount of a sum j) at the end of t years to be 
s •=:. p ’j;- p t r 

Consequently p will represent the present value of tlie sum s due / )ears hence, 
and we shall have 

p = rp"/- 

for the expression required, 

Fboulkm IV. — find the discount on s pounds due t years hencCf at the rate 

r, simple interest. 


* ri» the Interest <»f LI for one year To find the vultu* of r when interest is ealeal.ited at the ruti* 
of L4f, or L4.75 per cent, per annum, we have the foiJowiii^ proporuuu. 


LlOO : LI ; : L4.75 ; r 
. ^ _ rl75 

100 

=: L0.04':5 


In like manner. 

When the rate of interest per cent, is L5 then r 



0.0475 

0.(H5 

0 

0 '>4 


Am 




ss i‘.jrr5 

fte. 
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Since the discount on s is the difference between s and its present va/tie, we 
shall have 

s 


d ^ 8 ^ 


I ^ tr 


s tr 
1 + Jr 


(4) 




Example. 

Required the discount on due 3 inontlis hence, interest beings calculated 

at the rate of 5 per cent, per annum. 

Here, 


s = 

£100 

= £100 

t = 

3 months 

= .25 years 

= £ .05 


Here the present value of p is 

P ~ T+Tr 
too 

“ r+ M X .05 

_ 100 
— 1.0125 


But, 


8 

P 

s — p or d 


98.76543 pounds 

jeioo 

4:98.76543 = j€98. 15s. 3^(1 

£ 1 , 48 . 84<4 


ANNUITIES AT SIMPLE INTEREST. 

Problem V. — To find the amount of an annuity a continued for t years, 
simple interest being aiiou ed at the rate v upon the successive payments. 

At the end of the 6rst year the annuity a will be due, at the end of the second 
year a second payment a will become duo, together with a r, the interest f.rr 
one year upon the 6rst payment, at the end of the third year a third payment a 
be<x)mes due, together with 2 a r, the interest for one year upon the two former 
payments, and so on, the sum of all these will be the amount required, 

Thus, 

At the end of the first year the sum due is a. 


,, 

.. secsond 

.. .. a -f- a r. 

.. 

.. third 

.. .. « -f- 2 a r. 

.. 

.. fiiuTth 

.. •• ■ a -f* 3 a r. 

&C. 

&C. 

&C. 

•• 

.. ^ 

.. •• a ^t . 


Htnce, adding these all together for the whole amount, 

$ zs ta + a r (I ^ 2 ^ 3 ^ ) 
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Or, takings the expression for the sum of the arithiueticai series, 1 4* ^ 4" 3 
..(^- 1 ) 

t — t a + r a . ^ (6) 

• 

Problem VI. — To find the present value of an annuity a payable for t yeara^ 
smple interest being allowed at the rate r. 

It is manifest tliat the present value of the annuity must be a sum such, that, 
If put out to interest for t years at the rate r, its amount at the end of that pe- 
fiod will be the same with the amount of the annuity. 

Hence, if we call this present value p^ we shall have by Probs. I and V. 


p +ptr 


••• P 


amount of annuity. 
t'a + r a . f /g 


D 


t a -i- r a . — j — 

I 4" 

ta 2 + (t — }>r 
* I + tr 


.( 6 )* 


COMPOUND INTEREST. 

Problem VII. — To find the amount of a sum p laid out for i year a, compound 
vuerest being allowed at the rate r. 

At the end of the first year the amount will be, by Problem II. 

p p r, or p (^l -j;- r) 

' ince compound interest is allowed, this sum f 1 4" ^‘) becomes the 
principal, and hence, at the end of the second year, the amount will be 
p (1 4 * Oj together with the interest on p (1 4" 0 year; that is, it 

will be 

;?(14*0 4- p (1 4- or;? (1 4- r)» 

11)6 sum p (1 4" rl* must now be considered as the principal, and hence the 
whole amount at the end of the third year will be 

ji, (1 r)* 4- p r (1 4- r)*, or;? (1 4- r)* 

« 

And, in like manner, at the end of the year we shall have 

^s = p (I + r)^ (7) 

Any three of the four quantities, /r, ;;, r, t, being given, the fourth may always 
be /bund from the above equation.^. 


Example 1. 

Find tlie amount of ^£15. 10s. for 9 years, compound interest oemg allowed^ 


* It i8 uimeceasary to givp any examples on this rule, as the purrh«»e of annuitles^t simple 
Interest can never be of practical utility. Thus, if we wished to a8certa>.. by this formula the pre- 
sent value of an annuity of Z.50, tu continue for 40 years, calculating interest at 6 per cent., w# 
should find it to be L1316 13». M, But the interest of ^T318 13^. W. at the same rate is upw.u Us of 
£65 per annum continued fur ever. 
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at the fate of per cent, per atinum. llie intere^it payable at the en«l oi 
each year. 

By equation (7). 

g = p (1 + O* 
log. s = log. p + t log. (1 + r) 

Hence, 

p = ^15. 10s. = ^15.5. 

I — =9 years. 


ii; £.035 

log. p = 1.1903317 

t log. (I + r) = 0.1344627 

. log. s = 1.3247944 = log. 21.12481 

. . « = £21.12481 

= £21. 2s. did. 


Example 2. 

Find the amount of £182, 12a. 6d. for 18 years, 6 months, and 10 days, at the 
rate ef 3^ per cent, per annum, compound interest; the interest being payable 
at the end of each year. 

In this case, it will be convenient, first, to find the amount at compound in- 
terest of the above sum for 18 years, and then calculate tlie inteiest on tne re- 
sult Ibr the remaining period. 


By formula (7), 

s 

log. s 

Here, 

p = £182, 12s. Od. 

log.;? 
t log. (1 4- r) 
log. s 


= pU+r)* 

= < i«*(i +0 

= jEl82.6a5 
= jE. 033 
= 18 years, 

= 2.2615602 
= 0.2689254 

= 2.5304856 =r log. 339.224. 


Again, to find the interest on this sum for the short penod, we have 
I = sf r 

log. t = log. s 4- log. t + log. r. 

Here, 

s = £339.224 

T — £ *039 

I' = 6 months, 10 days = .527402 years. 

.-. log. « = 2.5304856 
tog. r = 2.5440680 
log.t' = r.722U01 

log. st'r = .07066937 = log. 6.2617200 
.'.str =■ je6.26172 

The whole emoont reqiured wiH therefore be 

ss jesS9.224-l-je6.26172 

s 484.5. Or. H,ct 
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Example 3. 

Required the compound interetst upon i;+IO for 2j years, at per cent, per 
annum, the interest being* payable half yearly. 

In ftiis case, the time t. must be calculated in half years ; and «ince i»'e have 
Bupposed r to be the interest of £\ for one year, we must sultstitute which 
will b*e the interest of £ \ for half a year ; the formula (7) will thus become 


Here, 

P 

r 


- = .('+r 

log. t = ■ log. p + 2 / log. (l + 

£410 
£ .04.5 
3 half years 

.-. log. p = 2.6127839 
.5 log. 1.0225 = 0.0483165 

.-. log. « = a66n004 log. 458.2471 
* =: £458.2471. 


The inUrenl must be the dilTevonce between this amount and Uie original prin> 
cipid, 


- £4.58.247 — .£410 
=i £46 4». Hid. 


Example 4. 

J6400 was put out at cx)mpound interest, and at the end of 9 years amounted 
to £569 6s, Sd ; required the rate of interest per cenl^ 

Here a, p, t are given, and r is sought. 


E)rom formula 



s 

= 

p (1 r)* 

We have 





log. (1 + r) 

= 

T (%• » — logvP) 

Here, 




s 

= £569 6s. 8d 

= 

£569.33.33 

V 

= 

= 

£400 

t 

=r 

= 

9 years 


••• log. » 

iz: 

2.7.553666 


log. p 

= 

2.6020600 


•• log. s — log. p 


.1533066 




.1533066 


log. (1 + r) 

=s 

9 




.0170340 



= 

log. 1.04 


r 

= 

.04 zz 4 per cevi; 
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Example 5. 

In* what time will a sum of money double itself, allowing 4 per rent, rom- 
|»oimd interest ? ^ 

Here 8,p,r are given, and t is sought. 

From the formula (7) we have 

* = p(l + r)* 

But here, 

8 r=: 2p 

2p = P(1 + O' 

2 = (I + ry 

_ log. 2, 

‘ ~ log. (1 -Tr) 

_ .3010.W0 

~ .0170333 
n 17.673 years 
= 1 7 years, 8 months, 2 days. 


In like manner, if it be required to find in what time a sum will triple itself 
at the same rate, we have 

= %-3- 

log. 1.04 




.4771213 

.0170333 


=: 28.011 years. 

= 28 years, 0 months, 3 days. 


PRESENT VALUE AND DISCOUNT AT COMPOUND INTEREST, 

If WO call p the present value of a sum s due t years hence, and d its discount, 
reasoning precisely in the same manner as in tlie case of simple interest, we 
•hall find 

p (i + r)« 

= *0-(T+^) (■'-» 

ANNUITIES AT COMPOUND INTEREST. 

Problem VIII, To find the amount of an annuity a continued for t 
compound interest being allowed at the rate r. ^ 

At the end of the first year the annuity a will become due, at the end of the 
second year a second payment a will become due, together with the interest oi 
Ihe fii’st payment a for one year, that is, or ; the whole sum upon which interest 
must now be computed is thus 2 a + ^ t*. 

At the end of the third year a further payment n becomes due, together with 
the interest on 2 a ’■{- a ue, 2 a r -j- a r ; the whole sum upop which in- 
terest must now be computed is 3 a -f- 3 « r -f. « r *. Ihe result will appear 
evident when exhibited under the followhi^ form : 
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Wliole amount at the end of 1st year = a 

2nd ... =r a a ^ ar 

==« + «(* + >•) 

3d + a + «(1 + r) 4- ar+ ar(I r) 

# = a + o(l +r) + a(l +r)« 

^th ... = a4-fl4-a(l +0 (^ + 0* + a 

+ ar(l + r)+ar(l + r)» 
s. = fl + aX1 +r)4-a(l + r)»+c(I+r)» 
&c. ... &c. 

... = a + fl(l+r)+«(l+r)*+«(l+r)» 

+ + 


1 leiiue the whole amount is 

* = « [I + (• +»-) + (i +>•)* + 

(1 -pr)*— 1 

= a . ~ 

r 


+ (i +0'-'} 
(• 0 > 


Problem IX. To find the present value of an annuity a payable for t years^ 
compound interest being allowed at the rate r. 

It is manifest that the present vaiue of this annuity must be a sum such, that 
if put out to interest for t years at the rate r, its amount at the end of that period 
will be the same as the amount of the annuity. 

Hence, if we call this present value p, we shall have, by Probs. VII. and VIII. 

?(i + »-)‘ = 




amount of annuity 
(l + r)‘-l 


(l + r)»-t 

r(l+r)‘ 

a (-1 + ,-)«- 


(>+'•)• 


( 11 ) 


Example. 

What is the present value of an annuity of j£500, to last for 40 years, oom 
pound interest being allowed at the rate of 2^ per cent per annum* 

By formula (11), 

a (1 + r)* — 1 
^ - r • (l + r)‘ 

Here, 

= jCsoo 
= £.026 
s 40 yean, 

.v(l + r)‘ = 


o 

r 

t 


(1.Q26) 



m 
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Now, 


Also, 


/og; (1,025)" 


(1.025) « 


= 40 log. 1.025 
=: 40 X .0107230 
— .1289560 
= log. 2.685072 
= 2.685072 =i (1+0* 



— ^9^ 

.025 


= 20000 


= 20000 X 


1.685072 

2.685072 


z= 20000 X .62757... 
zz 12551.4 pounds. 


REVERSION OF ANNUITIES. 

Problem Xi To find tht present value (P) of an annuity a which is to com* 
mence after T years, and to continue for t years. 

The present value required is manifestly the present value of a for T + # 
years, minus the present value of a for T >ears« 


By Problem IX. the present valat of a fur T + r years =r 


« .(1 + ^)'^ + *— 1 
r ’ (l+r)T+t 


a for T 


. (I+r)T~^I 


P = {l + r)-T— (l + r)-<T + ')]. 


.( 12 ) 


PURCHASE OF ESTATES, 

Problem XI, To find the present value ^ of an estate or perpetuity ^ whose 
annual rental is a, compound interest being calculated at the rate r. 

The present value of an annuity a, to continue for t years, by Prob. IX. is 


p = 7 b-o + '•)"'} 


but if the annuity last fof" ever, os in the case of an estate, itien t =z (t, and 

1 2. 

QD 

Ji. 


’V + rp 


0 ; hence, in the present case, 
P 


..(IS) 


Example. 

What is the .4iiue of an estate, whose rental is jClOOO, afiowltig the pureliiuiir 
5 per cent, for his money ? 
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Here, 

a = f 1000 
r = £.03 


ui ^\j yjsaia pu£t;iicioo« 


reversion OE Eerpetitities. 

Problem XII. J'o find the present value of an estate or perpetuity ^ whose an^ 
nual rental is a pounds^ to a person to whom it will revert after T yeai 5 , con^ 
pound interest being allowed at the rate r. 

By Problem X., the present value of an annuity, to (;ommence after T years 
and to continue for t years, is 

= -|[(1 +r)-T-(I + ri-‘i-^0] 

In the present case, t = cc, and (1 r)“(T + 0 == 0 ; hence we shnll 

have 

a ' 

p = T 


EXAMPLES FOR PRACTICE 

1. Find the interest of £b55 for 2j years at 4J per cent, simple interest 

Alls. ^*65 iKv. I Jr/. 

2. In what time will the interest ot ,£1 amount to 15^., allowing 4^ per cent 

simple interest? Ans. 16 years, 8 months. 

3. Wliat is the amount of J6l20 lOs* for years, at 4J per cent simple in- 
terest? Ans. Jt’134 16^. 

4. ITie interest of £25 for 3J years, at simple interest, was found to be 

£3 18s. 9d , ; required the rate per cent per annum. Ans. 4J. 

5. Find the discount on £100 due at the end of 3 months, interest being r,al- 

culated at the rate of 5 per cent per annum. Ans. £1 4s. 

6. What is the present value of the compound interest of £100 to be received 

five years hence, at 5 per cent, per annum. Ans. £78 7s, O^d. 

7. What is the amount of £721, for 21 years, at 4 per cent per annum, com- , 

pound interest ? Ans. £ 1 642 1 9s. 

S The rate of interest being 5 per cent, in what number of years, at com- 
pound interest, will £l amount to £I00 ? Ans. 94 years, 14i.4 dayi. 

z 2 
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9. Find the present value of £430, due nine months hence, discount being 

allowed at 4J per cent per annum. Ans. £415 19s. 

10. Find the amount of £1000. for 1 year, at 5 per cent per annum, ^com- 
pound interest, the interest being payable daily. Ans. £1051. 5s* 9d nearly, 

1 1 . What sum ought to be given for the lease of an estate for 20 years, of 
the clear annual rental of £100. in order that the purchaser may make 8 per 
cent of his money ? 

12. Find the present value of £20, to be paid at the end of every five years, 

for ever, interest being calculated at 5 per cent Ans. £72 Is, 

13. Wliat is the present value of an annuity of £20, to continue for ever, and 
to commence after two years, interest being calculated at 5 per cent. ? 

Ans. £302 165. 2Jd 

14. The present value of a freehold estate of £100 per annum, subject to the 
payment of a certain sum (A) at the end of every two years, is £1000, allowing 
5 per cent compound interest Find the sum (A). Ans, A = £102 10#. 


15. What is the present value oi an annaicy of £79 4s, to commence 7 years 
hence and continue for ever, interest being calculated at the rate of 4^ per 
cent? Ana £1293 55, 
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DEFINITIONS. 

1. A POINT is that which has position, but no magnitude^ 
nor dimensions ; neither length, breadth, nor thickness. 

!2. A line is length without breadth or thickness. 

Z, A Surface or Superficies, is an extension or a figure of 
two dimensions, length and breadth ; but without thickness. 

4. A Body or Solid, is a figure of three dimensions, namely, 
length, breadth,, and depth, or thickness. 


rv 


5. Lines are either Bight, or Curved, or Mixed of these 
two. 

6. A Right Line, or Straierht Line. ]»es all in the same 
direction, between its extremities ; and is the shortest duh 
tan(*e between two points. 

When a Line is mentioned simply, it means a Right Line. 

7. A Curve continually changes its direction between iti 
extreme points. 



8. Lines are either Parallel, Oblique, Perpendicular, or 
Tangential. 


9. Parallel Lines are always at the same perpendicular dis- 
tance ; and they never meet, though ever so far produced. 



10. Oblique Lines change their distance, and would meet, 
if produced on the side of the least distance. 


1 1. One line is Perpendicular to another, when it inclines 
not more on the one side than the other, or when the angles 
on both sides of it are equaL 

12. A line or circle is Tangential, or is a Tangent to a 
circle, or other curve, when it touches it, without cutting, 
although botli are produced. 



13. An Angle is the inclination or opening of two lines^ 
having different directions, and meeting in a point 



14, Angles are Right or Oblique. Acute or Olrt'ise 
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15. A Right Angle is that which is made by one line per- 
pendicular to another. Or when the angles on each side are 
equal to one another, they are right angles. 

16. An Oblique Angle is tliat which is made by two 
oblique lines; and is either less or greater than a right angle. 

17. An Acute Angle is less than a right angle. 

18. An Obtuse Angle is greater tha|i a right angle. 


C 



19. Superficies are either Plane or CuJ*ved. 

i20. A Plane iSttpfeHlicies, or a Plane, is that >vith Wlirdh a right line ntay^ 
every way, coincide. Or, if the line touch the pkme ill two points, it will 
touch it in every point. But, if not, it is curved. 

^1. Plane Figures are bounded either by right lines or curves. 

22. Plane figures that are bounded by right lines have names according to 
the number of their sides, or of their angles ; for they have as many sides as 
angles; the least number being three. 

23. A figure of three sides and angles is called a Triangle. And it receives 
particular denominations from the relations of its sides and angles. 

24. An Equilateral Triangle is that whose three sides are 
all equal. 


25. An Isosceles Triangle is that wiach has two sides 
equal. 


26. A Scalene Triangle is that whose three sides are all 
unequal. 

27. A Right-angled Triangle is that which has one right 
angle. 

28. Other triangles are Oblique-angled, and are either ob- 
tuse or acute. 

29. An Obtuse-angled Triangle has one obtuse angle. 



30. An Acute-angled Triangle has all its three angles 
acute. 


.B. A figure of Four sides and angles is called a Quad- 
varg;le, or a Quaclrilateral. 

3 A Parallelograui is a quadrilateral which has both its 
pairs of opposite sides parallel. And it takes Uie following 
particular names, viz. Rectangle, Square, Rhombus, Rhom- 
boid. 


S3. A Rectangle is a parallelogram, having a right angle. 

34. A Square is an equilateral rectangle ; having its length 
and breudtli equal, or ail its sides equal, and all its angles 
equal. 
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.^5/ A Rhomboid is nn oblicjiie-aiigled parallelogram, 

30. A Rhombus Is an equilateral rhomboid ; having all its 
sides equal, but its angles oblique. 

37 . A Trapezium is a quadrUat^val whifih hw it? op- 
posite sides parallel. 



38. A Trajiezoid has only one pair of opposite sides 
paralleL 



39. A Diagonal is a line joining any two opposite angles 
of a quadril;iA»‘i aJ. 



^0. Plane Hgures that have more than four sides are, in general, called 
Polygons : and they receive other particular names, according to the number 
of their sides <»r angles. Thus, 

41. A F\»iitagon is a polygon of five sides; a Hexagon, of six sides; a 
Heptagon, seven; an Octagon, eight; a Nonagon, nine; a Decagon, ten ; an 
TIndecng(»n, eleven; and a Dodecagon, twelve sides. 

42. A Regular Polygon has all its sides and all its angles equal. — If they are 
not both equal, the polygon is Irregular, 

43. An Equilateral Triangle is also a Regular Figure of three sides, and the 
^'quare is one of four : the former being also called a Trigon, and the latter a 
Tetragon. 

44. Any figure is equilateral, when all its sides are equal: and it is equi- 
angular when all its angles are equaL Wlieu both these are equal, it is a 
regular figure, 

45. A Circle is a piano figiu:*e bounded by a curve line, 
called the Circumference, wliicli is everywhere equidistant 
from a certain point within, called its Centre. 

The circumference itself is often called a circle, and also 
the Periphery. 

46. The Radius of a circle is a line drawn from the 
centre to the circumference. 

47. The Diameter of a circle is a line drawn through 
the centre, and terminating at the circumference on both 
sides. 

4a An Arc of a circle is any part of the circumference. 


49. A Chord is a right line joining the extremities of 
an arc. 


50. A Segment is any part of a circle bounded by an 
m and its chord. 
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53. A Quadrant, or Quarter of a cirde, is a sector haTing f \ 

a quarter of the circumference for its arc, and its two radE ' y 

are perpendicular to each other. A quarter of the dream- 

feretiod is sometimes called a Quadrant. 

54. The Height or Altitude of a figure is a perpendicular 

let fall from an dngle, or its vertex, to the opposite side, X I \ 
called the base. 

55. In a right-angled triangle, the side opposite the right 
angle is called the Hypothenuse ; and the other two sides 
are called the Legs, and sometimes the Base and Perpen- 
dicular. 

l> E 

56. When an angle is denoted by three letters, of which \ ✓ 

one stands at the angular point, and the other two on the \ / 

two sides, that which stands at the angular point is read in b a C 
the middle. 

57. The circumference of every cirde is supposed to be divided into 360 
eq tal parts called degrees; and each degree into 60 Minutes, each Minute into 
60 Seconds, and so on. Hence a semicircle contains 180 degrees, and a quad- 
rant 90 degrees. 

58. Tile Measure of an angle is an arc of any circle con- 

tained between the two lines which form that angle, the [ nX j 

angular point being the centre ; and it is estimated by the \ J 

number of degrees contained in that arc. ' ' 

59. Lines, or chords, are said to be Equidistant from the 

cciiU*e of a circle, when perpendiculars drawn to tliem from i 

the centre are equal. V—LV 

1)0. Aiid the right line on which the Greater Perpendi- 
cular falls, is said to be farther from the centre. 

61. All Aiij^ie in a Segment is that which is contained ^ ^ 

by two lines, drawn from any point in the arc of the seg- ( \\ / 1 

ment, to the two extremities -of that ai’c, 

62. An Angle on a segment, or an arc, is that which is contained by two 
lines, drawn from any point in the opposite or supplementary part of the cir- 
cumference, to the extremities of the arc, and contiiinivig the arc between 
them. 


51. A Semicircle is half the cisde, or a segment cut off 
by a diameter. 

The half circumference is sometimes called the Semi- 
circle. 

52 , A Sector is any part of a circle whidb is bounded bj 
an aire, and two radii drawn to its extremities. 




63. An Angle at the circumference, is that whose aiigul ir 
point or summit is any where in the circumference And 
an angle at the centre, is that whose angular point is at trie 
centre. 




DEFINITIONS. ^ 

61?. A ri^ht-lined tigiwe is Inscribed in a cirde, or the 
circle Circubiscribes it, when all the angular points of the 
figure are in the circumference of the circle. 


65. A right-lined figure Circumscribes a circle, or the 
circle is Inscribed in it, Avhen all the sides of the figure 
touch the circumference of the circle. 


66. One rightrlined figure is inscribed in another, or the 
latter circumscribes the former, when all the angular points 
of the former are placed in the sides of ilie latter. 

67. A Secant is a line that cuts a circle, lying partly 
within, and partly without it. 

68. Two triangles, or other right-lined figures, are said to be mutually equU 
lateral, when all the sides of the one are equal to the corresponding sides of the 
other, each to each : and they are said to be mutually equiangular, when the 
angles of the one are respectively equal to those of the other. 

69. Identical figures, are such as are both mutually equilateral and equi- 
angular; or that have all the sides and all the angles of the one, respectively 
equal to all the sides and all the angled of the other, each to each ; so that if the 
one figure were applied to, or laid upon the other, all the sides of the one >Yould 
exactly fall upon and cover all the sides of the other; the two becoming as it 
were but one and the same figure. 

70. Similar figures, are those that have all the angles of the one equal to all 
tlie angles of the otlier, each to eadi, and the sides about the equal angles pro 
portional. 

71. The Perimeter of a figure, is the sum of all its sides taken together. 

72. A Proposition, is something which is either proposed to be done, or to 
be demonstrated, and is either a problem or a theorem. 

73. A Problem, is something proposed to be done. 

74. A 1 heoVem, is something proposed to be demonstrated. 

75. A Lemma, is something which is premised, or demonstrated, in order to 
render what follows more easy. 

76. A Corollary, is a consequent truth, gained imniediately from some pre- 
ceding truth, or demonstration. 

77. A Scholium, is a remark or observation made upon something going 
be foie U* 
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AXIOMS. 

1, Things which are equal to the same thing are equal to each other. 

2. When equals are addtul to equals, the wholes are equal. 

Si When equals are taken from equals, the remainders are equal, 

4. When equals are added to uncquals, tlie wholes are unequal. 

5. When equals are taken from unequals, the remainders are une^jual. 

6. Things which are double of the same thing, or equal things, are i;'d to 
each other. 

7. Things which are halves of the same thing, are equal. 

8. Iwery whole is equal to all its parts taken together. 

9. I hings whiidi coincide, or till the same space, are identical, or mutually 
equal in all their parts. 

10. All right angles are equal to on© another. 

1 1. Angles that have equal mejisures, or arcs, are eqmiL 


THKOREW I. 

If ttvo triangles have two sides and the included angle in the one^ equal to two 
sides and the included angle in the other, the triangles will be identical, or equal 
in all respects. 

In the two triangles ABC, DEF, if the side AC C t 

be equal to the side DF, and the side BC equal to 
the side EF, and the angle C equal to the angle F ; 
then will the two triangles be identiciil, or equal in all 
respects. A B D E 

For conceive the triangle ABC to b*e applied to, or 
placed on, the triangle DEF, in such a manner that the point C may coincide 
with the point F, and the side AC with the side DF, which is equal to it. 

Then, sine© the angle F is equal to the angle C (by byp.), tbe side BC will 
fall on the side EF. Also, because AC is equal to DF, and BC equal to EF 
(by hyp.), the point A will coincide with the point D, and the point B with the 
point E ; consequently the side AB will coincide with the side DE. Therefor© 
the two triangles are ideriti<;aJ, and have all their other corresponding parts 
equal (ax. 9), namely, the side AB equal to the side DE, the angle A to the 
angle D, and the angle B to the angle E, Q. E. D. 


JFhen two triangles have two angles and the included side in the one, equal to 
two angles and the included side in the other, the triangles are identical, or have 
their other sides and angles equal. 
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Let the two triangles ABC, DEE, have the angle 
A equal to the angle D, the angle B equal to the angle 
E, and the side AB equal to the side DE ; then these 
two^riangles will be identical. 

hor, conceive the triangle ABC to be placed on 
the triangle DEF, in such manner that the side AB 
may fall exactly on the equal side DE. Then, since the angle A is equal to 
the angle D (by hyp.), the side AC must fall on the side DF; and, in like 
manner, because the angle B is equal to the angle E, die side BC must fall on 
the side EF. Thus the three sides of the triangle ABC will be exaiitly placed 
on the three sides of the triangle DEF ; consequently the two triangles ai’e 
identical (ax. 9), having the other two sides AC, BC, equal to the ^wo DF, 
EF, and the remaining angle C equal to the remaining angle F. Q. E. D. 



THEOREM III. 

In an isosceki/i triangle^ the angles at the base are equal, 
ham two sides equal, their opposite angles will also be equal 

If the triangle ABC have the side AC equal to the side 
BG : then will the angle B be equal to the angle A. 

For, conceive the angle C to be bisected, or divided into 
two equal p<arts, by the line CD, making the angle A CD 
equal to the angle B(jD. 

Then, the two triangles ACD, BCD, have two sides and 
the (xmtaiiied angle of Uie one, equal to two sides and tlie 
contained angle of the other, viz. the side AC equal to BC, the angle ACD 
equal to BCD, and the side CD common ; therefore these two ti’iangles are 
identical, or equal in all respects (th. 1) ; and consequently the angle A equal 
to the angle B. Q. E. D. 

Carol 1. Hence the line which bisects the vertical angle of an isosceles 
triangle, bisects the base, and is also perpendicular to it. 

Carol 2. Hence too it appears, that every equilateral triangle, is also equi- 
angular, or has all its angles equal. 


Or, if a triangle 


(' 



THEOREM IV. 

]Vhen a tnangle has tivo of its angles equal, the sides opposite Co them are 
also equal 

If the triangle ABC, have the angle A equal to the 
angle B, it will idso have the side AC equal to tljo side 
BC. 

For, conceive the side AB to be bisected in the point 
D, making AD equal to UB ; and join DC, dividing the 
whole triangle into the two triangles ACD, BCD. Also 
conceive the triangle ACD to be turned over upon the 
triangle BCD, so that AD may fall on BD. (th. 3, Cor. 1) 

Then, because the line AD is equal to the line DB (by hyp.), tire point A 
coincides with the point B, and the point D with the point D. Also, bec>ause 
the angle A is equal to the angle B (by hyp,), the line AC will fall on the lino 
BC, and the extremity C of the side AC Avill coincide wilh tlm extremity C of 
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the side BC, because DC is common to both ; consequently the side AC li 
equal to BC. Q. E. D. 

CoroL Hence every equiangrular triangle is also equihiteraL 


THEOREM V. 

Whm two triangles have all the three sides in the one^ equal to all the three 
sides in the other, the triangles are identical, or have also their three angles equal, 
each to each* 

Let the hvo triangles ABC, ABD, have their 
three sides respectively equal, viz. the side AB 
equal to AB, AC to AD, and BC to BD; then 
shall the two triangles be identical, or have their 
angles equal, viz* those angles that are opposite to 
the equal sides ; namely, the angle BAG to the 
angle BAD, the angle ABC to the angle ABD, 
and the angle C to the angle D. 

For, conceive the two triangles to be joined 
together by their longest equal sides, and draw the 
line (>D. 

Then, in the triangle A CD, because the side AC is equal to AD (by hyp.), 
the angle ACD is equal to the angle ADC (th. 3), In like manner, in the 
triangle BCD, the angle BCD is equal to the angle BDC, because the side BC 
is equal to BD. Hence then, the angle ACD being equal to the angle ADC, 
and Uie angle BCD to the angle BDC, by equal additions the sum of the two 
angles, ACD, BCD, is equal to the sum of the two ADC, BDC, (ax. 2), that is^ 
the whole angle ACB equal to the whole angle ADB. 

Since, then, the two sides AC, CB, are equal to the two sides .^D, DB, each 
to each, (by hyp.), and their contained angles ACB, ADB, also equal, the two 
triangles ABC, ABD, are identical (th. 1), and have the other angles equal, 
viz, the angle BAG to the angle BAD, and the angle ABC to the angle ABD. 
y. E. D. 



THEOREM VI. 

When one line meets another, the angles which it makes on the same side of 
the other, are together equal to two right angles. 

Let the line AB meet the line CD: then will the two 
angles ABC, ABD, taken together, be equal to two right 
angles. 

For, first, when the two angles ABC, ABD, are equal 
to each other, they are both of them right angles ( def. 1 5). 

But when the angles are unequal, suppose BE drawn C 
perpendicular to CD. Then, since the two angles EBC, 

EBD, are right angles (def. 16), and the angle EBD is equal to the two angles 
EBA, ABD, together (ax. 8), the three angles, EBC, EBA, and ABD, are 
equal to two right angles. 

But the two angles EBC, EBA, are together equal to the angle ABC (ax. 8). 
Consequently, the two angles ABC, ABD, are also equal to two risrht angles. 

Q. E. D. 

CoroL 1. Hence also, conversely, if the two angles ABC, ABD, on bo^h 
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sides of tlie line AH, make up togethtf two right angles, then CB and HD form 
one continued right line CD. 

CoroL 2. Hence, all the angles which can be made, at any point B, by any 
number of lines, on the same side of thejright line CD, are, when taken all to- 
getl^r, equal to two right angles. 

Corol, 3. And, as all the angles that can be made on the other side of the 
line CD are also equal to two right angles ; therefore, all the angles that can be 
made quite round a point B, by any number of lines, are equal to four right 
angles. 

CoroU 4. Hence, also, the whole circumference of a circle, 
being the sum of the measures of all the angles that can be 
made about the centre F (def. 57), is the measure of four right 
angles. Consequently, a semicircle, or 180 degrees, is the 
measure of two right angles ; and a quadrant, or 90 degrees, 
the measure of one right angle. 



THEOREM VII, 

Whm two lines intersect each other ^ the opposite angles are equal. 

Let the two lines AB, CD, intei'sect in the point E; 
then will the angle AEC be equal to the angle BED> 
and the angle AED be equal to the angle CEB. 

For, since the line CE meets the line AB, the two 
angles AEC, BEC, taken together, are equal to two 
right angles (th. 6). 

In like manner, the line BE, meeting the line CD, 
makes the two angles BEC, BED, equal to two right 
angles. 

Therefore, the sum of the two angles AEG, BEC, is equal to the sum of the 
two BEC, BED (ax. 1). 

And if the angle BEC, which is common, be taken away from both these, 
the remaining angle AEC will be equal to the remaining angle BED (ax. 3). 

And in like manner it may be shown, that the angle AED is equal to the 
opposite angle BEC. 

THEOREM Vlll. 

When one side of a triangle is produced, the outward 
either of the two inward opposite angles. 

Let ABC be a triangle, having the side AB pro- 
duced to D ; then will the outward angle CBD be 
greater than either of the inward opposite angles A 
or C. 

For, conceive the side BC to be bisected in the 
point E, and draw the line AE, producing it till EF 
be equal to AE ; anTl join BF. 

Then, since the two triangles AEC, BEF, have the 
side AE = the side EF, and the side CE = the side BE (by suppos.), and thy 
included or opposite angles at E also equal (th. 7), therefore, those two tn-> 
angles are equal in all respects (th. 1), and have the angle C =: the correspond* 
ing angle EBF. But the angle CBJD is greater than the angle EBF; const^ 
quently, the said outward angle CBD is also greater than the angle G. 


angle is greater than 



A- 

D^ 
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In like manner, if CB be produced to G, and AB be bisected, it may bt 
shown that the outward angle ABG, or its equal CBD, is greater tlian the other 
angle A. 

IK 

I'HEOREAf IX. 

The greater aide^ of every triangle^ is qppositti to the greater angle ; and the 
greater angle opposite to the greater side. 

Let ABC be a triangle, having the side AB greater 
than the side AC; ihen will the angle ACB, opposite the 
greater side AB, be greater than the angle B, opposite the 
less side AC. 

For, on the greater side AB, take the part AD equal to 
the less side AC, and join CD. Then, since BCD i9 a 
triangle, the outward angle ADC is greater than tho inwgrd opposite angle B 
(th. 8). But the angle A CD is equal to the said outward angle ADC, because 
AD is equal to AC (th. 3). Consequently, the angle ACD also is greater than 
the angle B. And since the angle ACD is only a part of ACB, much more 
must the whole angle ACB be greater than the angle B. Q. E. D. 

Again, conversely, if the angle C be greater than the angle B, then will the 
side AB, opposite the former, be greater than the side AC, opposite the latter. 

For, if AB be not greater than AC, it must be either equal to it, or less than 
it But it cannot be equal, for then the angle C would be equal to the angle B 
(th. 3 ), which it is not, by the supposition* Neither can it be less, for then the 
angle C would be less than the angle B, by the former part of this *, wliicJi is 
tilso contrary to the supposition. The side AB, then, being neither equal to 
AC, nor less than it, must necessarily be greater. Q. E. D. 



THEOREM X. 

> The sum of any two sides of a triangle is greater than the third side. 

I^et ABC be a triangle ; tlien will the sum of any two 
of its sides be greater than tlie third side, as for in- V 

stance, AC + CB greater than AB. /'* 1 

For, produce AC till CD be equal to CB, or AD equal C^' 

to the siini of the two AC + CB ; and join BD : — Then^ 
because CD is equal to CB (by constr.), the angle D is 
equal to the angle CBD (th. 3). But the angle ABD A B 

is greater than the angle CBD, consequently, it must 

also be greater than the angle D, And, sinqe the greater side of any triangle 
is opposite to the greater angle (th. 9), the side AD (of the triangle ABD) is 
greater than the side AB. But AD i$ equal t9 AC and CD, or AC and CB, 
taken together (by constr.) ; Uierefbre, AC + CB is also greater than AB. 
Q. E. D. , • 

CoroL The shortest distance between two points, is a single right linn drawn 
gram Ike oim point to the other. 


THEOREM XI. 


The difference of any two sides of a triangle^ is less that., the 


third sidg. 



THEOREMS. 


;i67 


Let ABC be a triangle ; then will the difference of 
any two sides, as AB — AG, be less than the third side 
BC. 

For, produce the less side AC to D, t^ AD be equal 
to tlfe greater side AB, so that CD may be the differ- 
ence of the two sides AB — AC; and join BD. Then, 
because AD is equal to AB (by constr.), the opposite 
angles D and ABD are equal (th. 3). But the angle 
CBD is less than the angle ABD, and consequently also less than the equal angle 
D. And since the greater side of any triangle is opposite to the greater angle 
(th. 9), the side CD (of the triangle BCD) is less than the side BC. Q. E. D. 

Otherwise. Set off upon AB a distance AI equal to 
AC. Tlien (th. 20) AC -f- CB is greater than AB, that is, 
greater than A I -f- IB. From these, take away the equal 
parts, A(v, A I, respectively; and there remains CB greater 
than IB. Consequently, IB is less than CB. Q. R. D. 




THEOREM Xlt. 

When a line intersects two petrallel lines^ it nwhes the alternate angles equal it 
each other. 

Let the line EF cut the two parallel lines AB, CD; 
then will the angle AEF be equal to the alternate angle 
EFD. 

For if they are not equal, one of them must be greater 
than the other; let it be EFD for instance which is the 
greater, if possible ; and conceive the line FB to be 
drawn, cutting oft' the part or angle EFB equal to tlie 
angle AEF, and meeting the line AB in the point B. 

Then, since the outward angle AEF, of the triangle BEF, is greater than the 
inward opposite angle EFB (th, 8) ; and since these two angles also ai-e equal 
(by the constr.) it follows, that those angles are both equal and unequal at t’ e 
same time : which is impossible. Therefore the angle EFD is not une'pt. J lo 
the alternate angle AEF, that is, they are equal to each other. Q E. D. 

Carol. Right lines whicii are perpendicular to one, of two parallel lines, are 
also perpendicular to the other. 



THEOREM XIII. 

When a Une^ cutting two other linesy makes the alternate angles equdt to each 
other, those two lines are parallel. 

Let il>c EF, suiting two lines AB, CD, make 
the filterriate angles AEF, DFE, equal to eacli other; 
ihen will AB be parallel CD. 

For if they be not parallel, let sonke otlier line, as FD, 
be pardlel to AB. Then, because of these parallels, tlie 
angle AEF is equal to ftte akemate angle EFCi (th. 1^). 

But the angle AEF is eqwd to the angle EFD (by hyp.) 

Therefore the angle EFD is equal to the angle EF^ {aic. 1); that is, a part is 
equal to the whole, which is impossible. Therefore no line hut CD can be pa^ 
Kdkl to AB. Q. E D. 
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Corot Thote lines which are perpendicular to the same line^ are parallel to 
each other. 


THEOREM XIT. 

When a line cute two pai allel linee^ the outward angle is equal to the inward 
opposite one, on the same side ; and the two inward angles^ on the same side, are 
together equal to two right angles. 

Let the line £F cut the two paraUel lines AB, CD ; 
then will the outward angle EGB be equal to the in- 
ward opposite angle GHD, on the same side of the line 
EF ; and the two inward angles BGH, GHD, taken to- 
gether, will be equal to two right angles. 

For since the two lines AB, CD, are parallel, the 
angle AGH is equal to the alternate angle GHD, (th. 

12). But the angle AGH is equal to the opposite angle 
EGB (th. 7). Therefore the angle EGB is also equal 
to the angle GHD (ax. I ), Q. E. D. 

Again, because the two adjacent angles EGB, BGH, are together equal to 
two right angles (th. 6) ; of which the angle EGB has been shown to be equal 
to the angle GHD ; therefore the two angles BGH, GHD, token together, are 
also equal to two right angles. 

Corot 1. And, conversely, if one line meeting two other lines, make the angles 
on the same side of it equal, those two lines are parallels. 

Corot 2. If a line, cutting two other lines, make the sum of the two inward 
angles on the same side, less than two right angles, those two lines will not be 
parallel, but will meet each other when produced. 



THEOREM XV. 

Those Urns which are parallel to the same line, are parallel to each other* 

Let the lines AB, CD, be each of them parallel to the 
line EF ; then shall the lines AB, CD, he parallel to 
each other. 

For, let the line GI be perpendicular to EF. Then 
will this line be also perpendicular to both the lines AB, 

CD (coroL th. 12), and consequently the two lines AB, 

CD, are parallels (corol. th. 13). E. D 

THEOREM XVI. 

When one side of a triangle is produced, the outward angle is equal to both the 
inward opposite angles taken together* 

Let the side AB, of the triangle ABC, be produced 
to 1>; then will the outward angle CBD he equal to the 
sum of the two inward opposite angles A and G. 

For, conceive BE to be drawn parallel to the side AC 
of the triangle. Then BC, meeting the two parallels 
AC, BE, makes the alternate angles C and CBE equal 
(th. 12). And AD, cutting the same two parallels AC, 

BE, makes the inward and outward angle® on the same side, A and EBD, equal 
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ro each other (th. 14). Therefore, by equal additions, the sum of the two aiiales 
A and C, is equal to the sum of the two CBE and EBD, tliat is, to the whole 
ang^le CBD (by ax. 2). Q. E. D. 

THEOREM xvn. 

In any trianyle^ the sum of all the three angles is equal to two right angles. 

Let ABC he any plane triangle ; then the sum of the 
three angles A -f- B -f- C is equal to two right angles. C 

For, let the side AB be produced to D. Then the 
outward angle CBD is equal to the ‘sum of , the tw o in- 
ward opposite angles A -|- (^ (th. 1 6). To each of these 
equals add the inward angle.B, then will the gum of the A B i) 

three inward angles A -j- B + C be equal to the sum of 
the two adjac^ent angles ABC + CBD (ax. 2). But the sum of these two last 
adjacent angles is equal to two right angles (th. 6). Therefore also the sum of 
the three angles of the triangle A-p B-J- 0 is equal to tw o right angles (ax. 1). 
Q. E. D. 

CoroL*\, If two angles in one triangle, be equal to two angles in another tri- 
angle, the third angles will also be equal (ax. 3), and the two triangles equi- 
angular. 

Carol. 2. If one angle in one triangle, be equal to one angle in another, the 
sums of the remaining angles will also be equal (ax. 3). 

Corol. 3. If one angle of a triangle be right, the sum of the other two will also 
be equal to a right angle, and each of them singly will be a(‘uie, or less than a 
right angle. 

Corah 4. The two least angles of every triangle are acute, or each less than a 
right angle. 

THEOREM XVin. 

In any quadrangle^ the sum of all the four inwai d angles, is equal to four right 
ajtgles. 

Let ABCD be a quadrangle ; then the sum of the four 
inward angles, A-j-B-f-C-f-Dis equal to four right 
angles. 

Let tlie diagonal AC be drawn, dividing the quadrangle 
into two triangles, ABC, ADC. Then, because the sum of 
the three angles of each of these triangles is equal to two 
right angles (th. 17); it follows, that the sum of all the 
angles of both triangles, which make up the four angles 
of the quadrangle, must be equal to four right angles (ax. 2). Q. E. D. 

Corol. 1. Hence, if three of the angles be riohtones, the fourth will also be a 
right angle. 

Corol. 2. And if the sum of two of the four angles be equal to two right 
angles, the sum of the remaining two will also be equal to two right angles*' 

THEOREM XIX. 

In any figure vjhatever, the sum of all the inward angles, ianen together, is 
equal to twice as many right angles^ wanting four, as the Jigure has sides* 
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Let ABCDE be any figure ; then the sum of all its 
inward angles, A + B+ C -f- D + E, is equal to 
twice as many right angles, wanting four, as the figure 
has sides. 

For, from any point P, within it, draw lines, PA, PB, 

PC, &c. to all the angles, dividing the polygon into as 
many triangles as it has sides. Now the sum of the A B 

three angles of each of these triangles, is equal to two 

right angles (th. 17); therefore the sum of the angles of all the triangles is 
equal to twice as many right angles as the tigure iias sides. But the sum of ail 
the angles about the point P, which are so nlany of the angles of the triangles, 
but no part of the inward angles of the polygon, is equal to four right angles 
(enrol. 3, th. 6), and must be deducted out of the former sum. Hence it fol- 
lows, tliat the sura of all the inward angles of the polygon alone, A -j- B C 
-(- D -f. E, is equal to twice as many right angles as the figure has sides, want- 
ing the said four right angles. Q. E. D. 

THEOREM XX. 

W/k:n every side of any figure is produced out^ the sum of all the^outwai d 
angles thereby made, is e<{aal to four right angles^ 

Let A, B, C, &c. be the outward angles of any po- 
lygon, made by producing all the sides; then will the 
sum A -f* B + C + D -f- E, of all those outward 
angles, be equal to four right angles. 

For every one of these outward angles, together 
with its adjacent inward angle, make up two right 
angles, as A -)- o; equal to two right angles, being the 
tn o angles made by one line meeting another (th. <0. 

And there being as many outward, or inward angles, 
as the tigure has sides ; therefore the sum 6f all the 
inward and outward angles, is equal to twice as many right angles as the figure 
has sides ; therefore the sum of all the inward and outward angles, is equal to 
twice as many right angles as the figure has sides. But the sum of all the in- 
ward angles, w ith four right angles, is equal to twit^ as many right angles as the 
figure has sides (th. 19). Therefore the sum of all the inward and all the out- 
ward angles, is equal to the sum of all the inward angles and four right angles 
(hy ax, 1). From each of these take away all the inward angles, and there re- 
maiik all the outward angles equal to four right angles (by ax. 3). Q. £. D. 

THEOREM XXI. 

A perpendicular is the shortest line that can be drawn from a given point to an 
indefinite line. And, of any other lines dr atm from the same point, those that 
are nearest the perpendicular are less than those more remote. 

If AB, AC, AD, &c. be lines drawn from the given point 
A, to the indefinite line DE, of which AB is perpendicular ; 
then shall the perpendicular AB be less than AC, and AC 
less than AD, &c. 

For, the angle B being a right one, the angle C is acute, 

(by cor, 3, th. 17), and therefore less than the angle B, But 
the less angle of a triangle is subtended by the less side (th. 

9). Therefore the side AB is leas than the side AC. 
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Again, tlie angle ACB being acute, as before, the adjacent angle ACD will 
be obtuse (by th. 6); consequently the angle D is acute (enrol, 3, th. 17), and 
therefore is less than the angle C. And since the less side is opposite to the less 
niiflde, therefore the side AC is less than the side AD. Q. E. D. 

Carol, A perpendicular is the least distance of a given point from a line. 

THEOREM XXII. 

IVie opposite sides and angles of any parallelogram are equal to each otfter ; 
and the diagonal divides it into two equal triangles. 

Let ABCD be a parallelogram, of which the diagonal is 
BD; then will its opposite sides and angles be equal to 
each other, and the diagonal BD will divide it into two 
equal parts, or triangles. 

For, since the sides AB and DC are pariillel, as also the 
sidesAD and BC (defin. 32), and the line BD meets them ; 
therefore the alternate angles are equal (th. 12), namely, 
the angle ABD to the angle ('DB, and the angle ADB to the angle CBD. 
Hence the two triangles, having two angles in the one equal to two angles in 
the other, have also their third angles e.jual (cor. 1, th. 17), namely, the angle 
A equal to the angle C, which are two of the opposite angles of the parallelo- 
gram. 

Also, if to the equal angles ABD, CDB, be added the equal angles CBD, 
ADB, the wholes will be equal (ax. 2), nanie^, the whole angle ABC to the 
whole ADC, which are the other two opposite angles of the parallelogram. 
Q. E. D. 

Again, since the two triangles are mutually equiangular, and have a side in 
each equal, viz. the common side BD ; therefore the two triangles are identical 
(th. 2), or equal in all respects, namely, the side AB equal to the opposite side 
DC, and AD equal to the opposite side BC, and the whole triangle ABD equal 
to the whole triangle BCD. Q. E. D, 

Corol, 1. Hence, if one angle of a parallelogram be a right angle, all the other 
three will also be right angles, and the parallelogram a rectangle. 

Corol. 2. Hence also, the sum of any two adj.acent angles of a parallelogram 
is equal to two right angles. 



THEOREM XXIII. 

Every quadrilateral^ whose opposite sides are equal, is a parallelogram, or ha$ 
its opposite sides parallel. 

Let ABCD be a quadrangle, having the opposite sides 
equal, namely, the side AB equal to DC, and AD equal to 
BC ; then shall these equal sides be also parallel, and the 
tigure a parallelogram. 

For, let the diagonal BD be drawn. Then, the tri- 
angles, ABD, CBD, being mutually equilateral (by hyp.), 
they are also mutually equiangular (th. 5), or have their 
tiorresponding angles equal; consequently the opposite 
sides are parallel (th. 13) ; viz. the side AB parallel to DC, and AD paralkl to 
BC, and the figure is a parallelogram, Q, E. D. 

A A 2 
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TlH^ftEM XXIV. 

Those lines which Join the corresponding extremes of two equal and parallel 
lines, are themselves equal and paralleL ^ 

Let AB, DC, be two equal and parallel lines ; then will the lines AD, BC, 
which join their extremes, be also equal and parallel. [See the fijy. above.] 

For, draw the diagoiial BD, Then, because AB and DC are parallel (by 
hyp.), the angle ABl) is equal to the alternate angle BDC (th. 1*2). Hence then, 
the two triangles having two sides and the contained angles equal, vi/. the side 
AB equal to the side DC, and the side BD common, and the contained angle 
ABD equal to the contained angle BDC, they have the remaining sides and 
angles also respectively equal (th. 1) ; <tonsequently AD is equal to BC, and also 
parallel to it t th. 12). Q. E. D. 


THEOREM XXV. 

Parallelograms^ as also triangles, standing on the same base, and between the 
same parallels, are equal to each other. 

Let ABCD, ABEF, be two parallelograms, and ABC, 

ABF, two triangles, standing on the same base, AB, and 
between the same parallels AB, DE ; then will the paral- 
lelogram ABCD be equal to the parallelogram ABEF, and 
the triangle AB(J equal to the triangle ABF. 

For, since the line DE cuts the two parallels AF, BE, 
and the two AD, BC, it makes tlie angle E equal to the 
angle A FD, and the angle D equal to the angle BCE (th, 14^ ; the two triangles 
ADF, BCE, are therefore equiangular (cor. 1, th, 17); and having the two 
cori’es[M)nding sides AD, BC, equal (th. 22), being opposite sides of a parallelo- 
gram, these two triangles are identical, or equal in all respects (th. 2), If each 
of these equal triangles then be takeii from the whole space ABED, there will re- 
main the parallelogram ABEF in the one case, equal to the parallelogram ABCD 
in the other (by ax. 3). 

Also the triangles ABC, ABF, on the same base AB, and between the same 
parallels, are equal, being the halves of the said equal parallelograms (th. 22). 
Q. E. D. 

Cotol. 1. Parallelograms, or triangles, having the same base and altitude, are 
equal. For the altitude is the same as the perpendicular or distance between 
the two parallels, which is every where equal, by the definition of parallels^ 

Corol, 2. Parallelograms, or triangles, having equal bases and altitudes, are 
equal. For, if the one figure be applied with its base on the other, the bases 
will coincide or be the same, because they are equal ; and so the two figures, 
having the same base and altitude, are equal. 



THEOREM XXVI. 

a parallelogram and a triangle, stand on the same base, and between the 
eame parallels, the parallelogram will be double the triangle, or the triangle half 
the parallelogram. 
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Let ABCD be a parallelogram, and ABE a triangle, on 
the same base AB, and between the same parallels AB^ 
l)E; then will the parallelogram ABCC^^^^be double the 
triangle ABE, or tlie triangle halt* the parallelogram. 

•For, draw the diagonal AO of the parallelogram, divid- 
ing it into two equal parts (th. '22). Then because the 
triangles ABO, ABE, on the same base, and between the 
same parallels, are equal (th. 2.3); and because the one triangle ABC is half the 
parallelogram ABCD (tl». 22), the other equal triangle ABE is also equal to 
half the same parallelogi-am ABCD. Q. E. D. 

Coral. ] , A triangle is equal to half a paralle^>gram of the same base an<l 
altitude, because the altitude is the perpendicular distance between the paral- 
lels, which is everywhere equal, by the definition of parallels. 

Carol. 2. If the base of a parallelogram he halt that of a triangle, of the 
same altitude, or the base of the triangle be double that of the parallelogram 
the two figures will be equal to each oth. r. 



THKORKM XXVI r. 

Rectangles that are contained hy equal lincs^ are equal to each other^ 

Let BD, FH, be two rectangles, having the sides AB, 

BC, equal to the sides EF, FG, each to each; then will 
the rectangle BD be equal to the rect.aiigle FH. 

For, draw the two diagonals AC, E(t, dividing the 
two parallelograms each into two equal parts. Then 
the two triangles ABC, EFG, are equal to each other a B E E 
(th. 1), because they have the two sides AB, BC, and 

the contained angle B, equal to the two sides EF, FG, and the contained angle 
F (by hyp). But these equal triangles are the halves of the respective rect- 
angles. And because the halves, or the triangles, are equal, the wholes, or the 
rectangles DH, HF, are also equal (by ax. fi). K. D. 

Carol. The squares on equal lines are also equal ; for e\ery square is a sp^ 
cies of rectangle. 



THKOREM XXVI I r. 

The eornplements of the parallelograms.^ which are about the diagonal of an* 
j)arnllel()g?’am, are equal to each other. 

Let AC be a parallelogram, BD a diagonal, EIF par- 
allel to AB or DC, and GIH parallel to AD or BC, 
making A I, IC, complements to the parallelograms 
EG, HF, which are about the diagonal DB : then will 
the complement A I be equal to the complement IC. 

For, since the diagonal DB bisects the three parallel- 
ograms AC, EG, HF (th. 22); therefore, the whole tri- 
angle DAB being equal to the whole triangle DCB, and th© parts DEI, IHB 
respectively equal to the parts DGl, IFB, the remaining parts Al, IC, nmstalac 
be equal (by ax. 3). Q. E. D. 



niEOREN XXIX. 

A trapezoid^ or trapezium having two sides parallel, is eoual to half a pa/ra. 
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klogram^ whose base is the sum oj these two sides^ and its altitude the perpmdi* 
cular distance between them* 


Let ABCD be the trapezoid Jiaving its two sides AB, 
DC, parallel ; and in AB produced tak^ BE equal to 
DC, so that AE may be the siim of the two parallel 
sides; produce DC also, and let EF, GC, BH, be all 
three parallel to AD. Then is AF a parallelogram of 
the same altitude with the trapezoid ABCD, having its 


I) r H F 
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base AE equal to the sum of the parallel sides of the trapezoid ; and it is to be 


proved that the trapezoid ABCD is equal to halt' the parallelogram AF. 


Now, since triangles, or j^allelograms, of equal bases and altitude, are equal 
(corol. 2, th. 25), the parallelogram DG is equal to the parallelogram HE, and 


the triangle COB equal to the triangle CHB; consequently, tlie line BC bisects, 
or equally divides, the parallelogram AF, and ABCD is the half of iU Q.E.I). 


THEOREM XXX. 

The sum of all the rectangles contained under one whole linCy and the several 
parts of another linCy any way divided^ is equal to the rectangle contained under 
the two whole Htws, 

Let AD be the one line, and AB the other, divided 

into the parts AE, EF, FB; then will the rectangle p O H 

contained by AD and AB, be equal to the sum of the 

rectangles of AD and AE, and AD and EF, and AD 

and FB:. thus expressed, AD . AB = AD . AE p 

+ AD . EF + AD . FB. 

For, make the rectangle AC of the two whole lines AD, AB ; and draw EG, 
FH, perpendicular to AB, or parallel to AD, to which they are equal (th. 22), 
Then the whole rectangle AC is made up of all the other rectangles AG, EH, 
FC. But these rectangles are contained by AD and AE, EG and EF, FH 
and FB ; which are equal to the rectangles of AD and AE, AD and EF, AD 
and FB, because AD is equal to each of the two EG, FH, Therefore; the 

rectangle AD. AB is equal to the sum of all the other rectangles AD. AE, 

AD.EF, AD.FB. Q. E. D. 

Corol. If a right line be divided into any two parts, the square on the whole 
line, is equal to both the rectangles of the wi.ole line and each of the parts. 

THEOREM XXXI. 

The square of the sum of two linesy is greater than the sum of their squares, 
by twice the rectangle of the said lines. Or^ the square of a whole line is 
equal to the squares of its two parts, together with twice the rectangle of those 
parts. 

Let the line AB be the sum of any two hnes AC, ( B ; 

Vlien will the square of AB be e';ual to the squares of AC, 

CB, together witli twice the rectangle of AC . I B. Tli; t 
is, AB« = AC* + CB* + 2 aC.CB. 

For, let ABDE be the square on the sum or whole line 
AB, and ACFG the square on the part AC, Produce CF 
and GF to the other sides at H and I. 

From the lines CH, GI, which ai*e equal, being eadi equal to the sides of the 
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square AB or BD (th. 2*2), take the parts CF, OF, which are also equal, being 
the sides of the square AF, and there remains FH equal to FI, which are also 
equal to DH, DI, being the opposite sides of c the parallelogram. Hence, the 
figure HI is equilateral : and it has all its angles right ones (coroL 1. th. 22); 
ii^s therefore a square on the line FI, or the square of its equal CB. Also the 
figures EF, FB, are equal to two rectangles under AC and CB; because GF is 
equal to AC, and FH or FI equal to CB. But the whole square AD is made 
up of the four figures, viz. the two squares AF, FD, and the two equal rect- 
angles EF, FB. That is, the square of AB is equal to the squares of AC, CB, 
together with twice the rectangle of AC, CB. Q. E. D. 

CoroL Hence, if a line be divided into two equal parts ; the square of the 
whole line will be equal to four times the square of half the line. 


THEOREM XXXII. 

The square of the difference of two lines, is less than the sum of their squares 
by twice the rectangle of the said lines. 

Let AC, BC, be any two lines, and AB their differ- 
ence : then will the square of AB be less than the squares 
of AC, BC, by twice the rectangle of AC and BC. Or, 

AB* = AC* + BC* — 2AC.BC. 

For, let ABDE be the square on the difference AB, 
and AOFG the square on the line AC. Produce ED 
to H ; also produce DB and HC, and draw KI, making 
BI the square of the other line BC. 

Now, it is visible that the square AD is less than the 
two squares AF, BI, by the two rectangles EF, DI. But GF is equal to the 
one line AC, and GE or FH is equal to the other line BC; consequently, the 
rectangle EF, contained under EG and GF, is equal to the rectangle of AC 
and BC. 

Again, FH being eqmal to Cl or BC or DH, by adding the common 
part HC, the whole HI will be equal to the whole FC, or equal to AC; 
and consequently, the figure DI is equal to the rectangle contained by AC 
and BC. 

Hence, the two figures EF, DI, are two rectangles of the two lines AC, BC; 
and consequently the square of AB is less than the aquares of AC, BC, by twice 
the rectangle AC . BC. Q. E. D. 
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THEOREM XXXIII. 

The rectangle under the sum and difference of two lines^ U equal to the difi 
ference of the squares of those lines, * 


• Thi* Md the two preceding theorems, are evinced algebraically, by the three expretsiozui, 

+ ft)» =r -}- 2ai -f- 4- ** + 

(a — r: »• — 'iffh -f- A* rr -f” h* — 'iiifi 
ia h\ fn. zrz a* — 
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Lei AB, AC, be ^iiy two unequal lines ; then will the 
di^erence of the squares of AB, AC, be equal to a red- 
angle under their sum and ditlerence. That is, 

AB* — AC* = Ab + AC. AB -- ACT 

For, let ABDE be the square of AB, and A CFG the 
square of AC, Produce DB till BH be equal to AC; 
draw HI parallel to AB or ED, and produce FC both 
ways to I and K. 

Then the difterence of the two squares AD, AF, is 
evidently the two rectangles EF, KB. But the rect- 
angles EF, BI, are equal, being contained under equal lines ; for EK and BH 
are each equal to AC, and GE is equal to CB, being each equal to the differ- 
ence between AB and AC, or their equals AE and AG. Therefore, the two 
EF, KB, are equal to the two KB, BI, or to the whole KH ; and consequently 
KH is equal to the difference of the squares AD, AF. But KH is a rectangle 
contained by DH, or the sum of AB and AC, and by KD, or the difference of 
AB and AC. Therefore, the difference of the squares of AB, AC* is equal to 
the rectangle under their sum and difference. Q. E. D. 
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THEOREM XXXIV. 

In any right’<ingled triangle, the square of the kypothenuse is equal to the sum 
of the squares of the other two sides. 

Let ABC be a right-angled triangle, having the 
right angle C ; then will the square of die hypothe- 
euse AB, be equal to the sum of the squares of the 
«>ther two sides AC, CB. t)r AB* =r AC* -J- BC*. 

For, on AB describe the s<pjare AE, and on AC, 

CB, the squares AG, BH; then draw CK parallel 
to AD or BE ; and join Al, BF, CD, CE. 

. Now, because the line AC meets the two CG, 

CB, so as to majie two right angles, these two form 
one straight line GB (corol. 1, th. 6). And be- 
cause the angle FAC is equal to the angle DAB, 
being each a right angle, or the angle of a square ; 
to each of these equals add the common angle BAC, so will the whole angle or 
sum FAB, be equal to the whole angle or sum CAD. But the line FA is equal 
to the line AC, and the line AB to the line AD, being sides of the same square; 
so that the two sides FA, AB, and their included angle FAB, are equal to the 
tw'O sides CA, AD, and the contained angle CAD, each to ea(?h : tlierefore, the 
whole triangle AFB is equal to the whole triangle ACD (th. I). ' 

But tlie square AG is double the triaiigle AFB, on the same base FA, and 
between tlie same parallels FA, GB (th. 26); in like manner, the parallelogram 
AK is double the triangle ACD, on the same base AD, and between the same 
parallel AD, CK. And sijice the doubles of equal things are equal . (by ax. 6) ; 
therefore, the square AG is equal to the parallelogTam AK. 

In like manner, the other square BH is proved equal to the other parallelo- 
gram BK. Consequently, the two squares AG and BH together, are equal to 
the two parallelograms AK and BK together, or to the whole square AE. 
That is, the sum of the two squares on the two less sides, is equal to the squaw 
on the greatest side. Q. E. D 
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Carol. 1. Hence, the square of either of the two less sides, is equal to the 
difference of the squares of the hypothenuse and the other side (ax. 3); or, 
equal to the rectangle contained by the sum and difference of the said hypo- 
theiiuse and other side (th. 33). 

^oroK % Hence, also, if two right-angled triangles have two sides of the 
one equal to two corresponding sides of the other; their third sides will also be 
equal, and the triangles identical. 


THEOREM XXXV. 

In any trimyle^ the difference of the squares of the two sides^ is equal to the 
difference of the squares of the segments of the base, or of the two lines ^ or dis- 
tanccSf included between the extremes of the base and the perpendicular. 

Let ABC be any triangle, having CD per- 
pendicular to \B ; then will the difference of 
tlie squares of AC, BC, be equal to the differ- 
ence of the squares of AD, BD; that is, 

AC’* — BC** = AD* — BD*. 

For, since AC* is equal to AD* -f- CD* > , 

and BC« is eial to BD« + CD* I ’ 

Therefore the differenc^e between AC* and BC“, is equal to the difference 
b*"tween AD* -f- CD* and BD* -f- CD*, or equal to the difference between 
AD* and BD*, by taking away the common square CI)‘^. Q. E. D. 

Carol. The rectangle of the sum and difference of the two sides of any tri 
angle, is equal to the rectangle of the sum and difference of the distances be- 
tween the perpendicular and the two extremes of the base, or equal to the rect- 
angle of the base jind the difference or sum of the segments, according as the 
perpendicular falls within or without the triangle. 

That is, (AC + BC) . (AC BC) = (AD + BD) . (AD — BD) 

Or, ( A(; + BC) . (AC — BC) = AB (AD — BD) in the 2d tig. 

And, (AC + BC) . (AC — BC) =: AB . (AD -f- BD) in the 1st fig. 



THEOREM XXXVI. 

In any obtuse-angled triangle^ the square of the side subtending the obtuse 
angky is greater than the sum of the squares of the other two sides, by twice 
the rectangle of the base and the distance of the perpendicular from the obtuse 
angle. 

Ijet ABC be a triangle, obtuse angled at B, and CD perpendicular to AB ; 
then will the square of AC be greater than the squares of AB, BC, by twice tbe 
rectangle of AB, BD. That is, AC* = AB* -f BC* -f 2 AB . BD. See ilie 
1st fig. above. 

For, AD* =z AB* -f- BD* -f- 2 AB . BD (th. 31). 

And AD* + CD* = AB* + BD* + CD* -f- 2 AB . fiD (ax. 2.) 

But AD* 4- CD*=z AC*, and BD* + CD*= BC* (th. 34). 

Ti,«refo»e AC* = AB* + BC* + 2 AB . BD. Q. E. D 
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THEOREM XXXVIT. 

In any triangle^ the square of the side subtending an acute angle^ is hss than 
the squares of the base and the other side, by twice the rectangle of the base and 
the distance of the perpendicular from the acute angle* 

Let ABC be a triangle, having the angle A 
acute, and CD perpendicular to AB; then will 
the square of BC be less than the squares of AB, 

AC, by twice the rectangle of AB, AD. That is, 

BC* = AB* -f AC* — 2 AD . AB. 

For, BD* = AD* + AB* — 2 AD . AB (tk 32). 

And BD* + DC* = AD* + DC* + AB* — 2 AD . AB (ax. 2). 

Therefore BC* = AC* + AB* — 2 AD . AB (th. 34^). Q. E. D. 



THEOREM XXXVIII. 


In any triangle, the double of the sqtiare of a line drawn from the vertex to the 
middle of the base, together with double the square of the half base, is equal to the 
sum of the squares of the other two sides. 


Let ABC be a triangle, and CD the line drawn from ^ 

the vertex to the middle of the base AB, bisecting it 
into the two equal parts AD, DB; then will the sum / '\ 

of the squares of AC, CB, be equal to twice the sum / j \ 

of the squares of CD, AD ; or AC* + CB* = 2 CD * / / i \ 

+ 2AD*. A DEB 

For, AC* = CD* + AD* + 2 AD . DE (th. 36). 

And, BC* = CD* + BD* — 2 AD . DE (th. 37). 

Therefore, AC* + BC* = 2CD* + AD* + BD* 

= 2CD* + 2AD* (ax. 2). Q. E. D. 


THEOREM XXXIX. 

In an isosceles triangle, the square of a line drawn from the vertex to any point 
in the base, together with the rectangle of the segments of the base, is equal to the 
square of one of the equal sides of the triangle* 

Let ABC be the isosceles triangle, and CD a line 
drawn from the vertex to any point D in the base : then 
will the square of AC be equal to the square of CD, to- 
gether with the rectangle of AD and DB. That is, 

AC* = CD* + AD . DB. 

For AC* — CD* = AE* ~ DE* (th. 35). 

= AD . DB (th. 33). 

Therefore AC* = CD* + AD . DB (ax. 2). Q. E. D. 



THEOREM XL. 

In any parallelogram, the two diagonals bisect each other ; and the sum of 
their squares is equal to the sum of the squares of all the four sides of the paral» 
lelogram. 
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Let ABCD be a parallelogram, whose diagonals in- 
tersect each other in £ * then will AE be equal to EC, 
and BE to ED ; and the sum of the squares of AC, BD, 

u C 

will be equal to the sum of the squares of AB, BC, CD, 
That is, 


AE = EC, and BE = ED, 



and AC* + BD* = AB* + BC* + CD* + DA*, 


For, the triangles AEB, DEC, are equiangular, because they have tne oppo- 
site angles at E equal (th. 7), and the two lines AC, BD, meeting the parallels 
A B, DC, make the angle BAE equal to the angle DCE, and the angle ABE 
equal to the angle CDE, and the side AB equal to the side DC (th. 22 ) ; there- 
fore, tliese two triangles are identical, and have their corresponding sides equal 
(th. 2), viz. AE = EC, and BE =ED. 

Again, since AC is bisected in E, the sum of the squares AD* DC* z: 2AE* 
+ 2DE* (th. 

In like manner, AB* -f- BC* = 2AE* -f- 2BE* or 2DE* . 
herefore, AB* + BC* + CD* + DA* ■= 4AE* + 4DE* (ax. 2). 

B ut, because the square of a whole line is equal to 4 times the square of halt 
the line (cor. th. 31), that is, AC* = 4AE*, and BD*=: 4DE* : 

therefore, AB* -f BC* + CD* + DA* = AC* + BD* (ax. 1). Q. E. D. 

Cor. 1. If AD = DC, or the parallelogram be a rhombus; then AD* =: AE* 
+ ED*, CD*= DE*+ CE*, &c. 

Cor. 2. Hence, and by th. 34, the diagonals of a rhombus intersect at right 
angles. 


THEOREAI XLI. 

If a linef drawn through or from the centre of a circle^ bisect a chords it wiL 
be perpendicular to it ; or^ if it be perpendicular to the chords it will bisect both 
the chord and the arc of the chord. 

Let AB be any chord in a circle, and CD a line drawn 
from the centre G to the chord. Then, if the chord be 
bi ected in the point D, CD will be perpendicular to AB, 

Draw the two radii CA, CB. Tlien the two triangles 
ACD, BCD, having CA equal to CB (def. 44), and CD 
common, also AD equal to DB (by hyp.); they have all 
the three sides of the one, equal to all the three sides of 
the other, and so have their angles also equal (th, 5). Hence, then, the angic 
ADC being equal to the angle BDC, these angles are right angles, and the line 
CD is perpendicular to AB (def. 11), 

Again, if CD be perpendicular to AB, then will the chord AB be bisected at 
the point D, or have AD equal to DB ; and tl.e arc AEB bisected in the point 
E, or have AE equal EB. 

For, having drawn CA, CB, as before ; then, in the triangle ABC, because 
the side CA is equal to the side CB, their opposite angles A and B are al^o 
equal (th. 3). Hence, then, in the two triangles ACD, BCD, the angle A^ is 
equal to the angle B, and the angles at D are equal (def. 11); therefore, their 
third angles are also equal (corol. I, Ih. 17). And having the side Cl) com- 
mon, they have also the side eoual to the side DB (th, 2), 
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Also, since the angle ACE is equal to the angle BCE, the arc AE, which 
measures the former (def. 57), is equal to the arc BE, which lueasui’es the lat*' 
ter, since equal angles must have equal measures. 

CoroL Hence, a line bisecting any chord at right angles, passes through thi) 
centre of the cii’cle. ^ . 

niEOREM XLII. 

If more them two equal lines can be drawn pom any point within a circU w 
the circumference^ that point will be the cerdre^ 

Let ABC be a circle, and D a point within it : then, 
if any three lines, DA, DB, DC, drawn from the point 
D to the circumference, be equal to each other, the 
point D will be the centre. 

Draw the chords AB, BC, which let be bisected in the 
points E, F, and join DE, DF. 

Then, the two triangles DAE, DBE, have the side 
DA equal to the side Db by supposition, and the side 
AE equal to the side EB by hypothesis, also the side DE common : therefore, 
these two triangles are identical, and have the angles at E equal to each other 
(th. 5); consequently, DE is perpendicular to the middle of the chord AB (def. 

1 1 ), and therefore passes through the centre of the cinJe (corol. th. 4 1 ). 

In like manner, it may be shown that DF passes through the centre. Con- 
sequently, the point D is the centre of the circle, and the three equal lines DA, 
DB, DC, are radii. Q, E. D. 



THEOREM XLIII. . 

If two circles, placed one within another^ touch, the centres of the circles and 
the point of contact will be all in the same right line. 

Let the two circles ABC, ADE, touch one another 
internally in the point A; then will the point A and the 
centres of those circles be all in the same right line. 

Let F be the centre of the circle ABC, through 
which draw the diameter AFC. Then, if the centre 
of the otlier circle can be out of this line AC, let it be 
siq^posed in some other point as G; through which 
draw the line F(i, cutting the two circles in B and D. 

Now, in the triangle AF(t, the sum of the two sides FG, GA, is greater than 
the third side Ai ' (th. 10), or greater than its equal radius FB, From each ot 
these take away the c.ommon part FG, and the remainder GA will be greater 
than the remainder GB. 'But the point G being supposed the centre of the 
inner circle, its two radii, GA, GD, are equal to each other; consequently, GD 
will also be greater than GB. But ADE being the inner circle, (D) is neces- 
sarily less than GB, So that GD is both greater and less than GB; which is 
absurd. To get quit of this absurdity we must abandon the supposition that 
produced it, which was that G might be out of the line AP'C. Consequently, 
the ceptre G cannot be out of the line AFC; Q. E, D. 

TIlEOREiU XLIV, 

If two circles touch one another externally, the centres of the circles and 
point of contact will be all \n the same right line; 
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Let the two circles ABC, ADE, touch one another ex- 
ternally at the point A ; then will the point of contact A 
and tlie centres of the two circles be all in the same right 
lim*. 

j^t F be the centre of the circle ABC, through whi(;h 
draw the diameter AFC, and produce it to the other cir- 
cle at E. Ihen, if the centre of the other circle ADE <ian 
be out of the line h^E, let. it, if possible, be supposed in 
some other point as (»; cand draw the lines AG, FBDG, 
cutting the two cir«;les in B and D. 

Then, in the triangle AF(t, the sum of the two sides AF, AG, is greater than 
the third side FG (th. 10). But, F and G being the centres of the two circles, 
the two radii GA, GD, are equal, as are also the two radii AF, FB. Hence 
the sum of GA, AF, is equal to the suiri of GD, BF ; and, therefore, this latter 
sum also, GD, BF, is greater than GF, wliicjh is absurd. Consequently, tlie 
centre G cannot be out of the line EF. Q. E. D. 

THEOREM XLV. 

Any chords in a ciicle^ which are equally distant from the centre ^ are equal to 
each other ; or if they be equal to each other ^ they will be equally distant from 
the centre. 

Let AB, CD, be any two chords at equal distances 
from the centre G ; then will tliese two chords AB, 

C D, be equal to each other. 

Draw the two radii CiA, GC, and the two perpendi- 
culars GE, GF, which are the equal distances from the 
centre G. Then, the two right-angled triangles, GAE, 

GCF, having the side GA equal the side GC, and the 
side GE equal the side GF, and the angle at E equal to the angle at F, there- 
fore those two triangles are identical (cor. 2, th. 34), and have the line AK 
equal to the line CF. But AB is the double of AE, and CD is the double of 
CF (th. 41) ; therefore AB is equal to CD (by ax. G). Q. E. D. 

Again, if the chord AB be equal to the chord CD ; then will their distances 
from the centre, GE, GF, also be equal to each other. 

For, since AB is equal CD by supposition, the half AE is equal the half CF. 
Also, the radii GA, GC, being equal, as well as the right angles E and F, 
therefore the third sides are equal (cor. 2, th. 34), or the distance' GE eciiial the 
distance GF. Q. E. D. 




THEOREM XLVI. 

A line perpendicular to the extremity of a radius^ is a tangent to the circle. 

Let the line ADB be perpendicular to the radius CD of 
a circle ; then shall AB touch the circle in the point D 
only. 

From any other point E in the line AB draw CFE to 
the centre, cutting the circle in F. 

Then, because the angle I), of the triangle CDE, is a 
right angle, the angle at E is acute (cor. 3, th. 17), and 
consequently less than the angle D. But the greater side 
is always opposite to the greater angle (th. 9) ; therefore tlie side CE is greater ‘ 
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than the side CD, or grater than its equal OF. Hence Uie point B is witliout 
the circle ; and the same for every other point in the line AB. Consequently 
the whole line is without the circle, and meets it in the point D only. 

O 

THEOREM XLVII. 

When a line is a tangent to a circle, a radius draum to the point of contact 
is perpendicular to the tangent. 

Let the line AB touch the circumference of a circle at the point D ; then 
will the radius CD be perpendicular to the tangent AB. [See the last figure.] 

For, the line AB being wholly without the circumference except at the point 
D, every other line, as C£, drawn from the centre C to the line AB, must pass 
out of the circle to arrive at this line. The line CD is therefore the shortest 
that can be drawn from the point C to the line AB, and consequently (th. 21,) 
it is perpendicular to that line. 

CoroL Hence, conversely, a line drawn perpendicular to a tangent, at the 
point of contact, passes through the centre of the circle. 

THEOREM XLVIII. 

The smgle formed by a tangent afid chord is measured by half the arc of that 
chord. 

Let AB be a tangent to a circle, and CD a chord drawn from the point of 
contact C; then is the angle BCD meiisured by half the arc CDF, and the 
angle ACD measured by half the arc CGD. 

Draw the radius EC to the point of contact, and the radius £F perpendicular 
to the chord at H, 

Then the radius £F, being perpendicular to the chord 
CD, bisects the arc CFD (th. 41). Therefore CF is half 
the arc CFD. 

In the triangle CEH, the angle H being a right one, 
the sum of the two remaining angles E and C is equal to 
a right angle (cor. 3, th. 17), which is equal to the angle 
BCE, because the radius CE is perpendicular to the tan- 
gent, From each of these equals take away the common part or angle C, and 
there remains the angle E equal to the angle BCD. But the angle E is 
measured by the arc CF (def. 57), which is the half of CFD ; therefore the 
equal angle BCD must also have the same measure, namely, half the ai*c CF D 
of the chord CD. 

Again, the line GEF, being perpendicular to the chord CD, bisects the arc 
CGD (th. 41). Therefore CG is half the arc CGD. Now, since the line CE, 
meeting FG, makes the sum of the two angles at E equal to two right angles 
(th. 6\ and the line CD makes with AB the sum of the two angles at C equal 
to two right angles ; if from these two equal sums there be taken away the 
parts or angles CEH and BCH, which have been proved equal, there remains 
the angle CEG equal to the angle ACH. But the former of these, CEG, 
being an angle at the centre, is measured by the arc CG (def. 57) ; consequently 
the equal angle ACD must also have the same measure CG, which is half the 
arc CGD of the chord CD. Q. E, D. 

Corol 1. The sum of the two right angles is measured by half the circum- 
ference. For the two angles BCD, ACD, which make up two right angles, are 
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cneasured by the arcs CF, CG. which make up half the circumference, FO 
[)eing a diameter. * 

Cord. 8. Hence also one right angle must have for its measure a quarter of 
tlie circumferejice, or 90 degrees. 


THKOREM \1.1X. 

An angle at the circumference of a circle is measured bg halflhe arc that sub. 
finds iU . ^ 

Let B AC be an angle at the circunifei*ence; it has for its 
measure, half the are BC which subtends it 

For, suppose the tangent DE to pass through the point 
of contact A : then, the angle BAC being measured by 
half the arc ABC, and the angle DAB by half the arc AB 
(th. 48) ; it follows, by equal subtraction, that the differ- 
ence, or angle BAC, must be measured by half the arc BC, which it standi 
upon. Q. E. D. 



THEOREM u 

All angles in the same segment of a circle, or standing on the same arc, ora 
equal to each other. 

Let C and D be two angles in the same segment ACDB, 
or, which is the same thing, standing on the supple- 
mental arc AEB ; then will the angle C be equal to the 
angle D. 

For, each of these angles is measured by half the arc 
AEB ; and thus, having equal measures, they are equal to 
each other (ax. 11). 



THEOREM LI. 

An angle at the centre of a circle is double the angle at the circumferemeet 
when both stand on the same arc. 

Let C be an angle at the centre C, and D an angle at the 
circumference, both standing on the same arc or same 
chord AB ; then will the angle C be double of the angle 
D, or the angle D equal to half the angle C. 

For, the angle at the centre C is measured by the whole 
arc AEB (clef. 57), and the angle at the circumference D 
is measured by half the same arc AEB(th. 49) ; therefore the angle D is only 
half the angle C, or the angle C double the angle D. 



THEOREM LII. 


An angle in a sefnicircle, is a right angle., 
If ABC or ADC be a semicircle ; then any angle D m 
that semicircle, is a right angle. 

For, the angle D, at the circumference, is measured 
by half the arc ABC (th. 49), that is, by a quadrant of the 
circumference. But a qu£ulrant is the measure of a right 
angle (cor. 4, th. 6 ; or cor. 2, th. 48).. llierefore the 
angle 1) is a right angle. 
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THEOREM Lllf. 

The angle formed hy a tangent to a circle^ and a chord drawn from the poini 
of contact^ is equal to the angle in the alternate segment. 

If AB be a tangent, and AC a chord, and D any angle 
in the alternate segment ADC ; then will the angle D 
be equal to the angle BAC made by the tangent and 
chord of the arc AEC. ^ 

For, the angle D, at the circumference, is measured 
by half the arc AEC (th. 49) ; and the angle BAC, made 
by the tangent and chord, is also measured by the same 
half arc AEC (th. 48) ; therefore these two angles are equal (ax. 11). 



THEOREM LIV, 

The sum of any two opposite angles of a quadrangle inscribed in a circle^ is 
equal to two right angles. 

Let ABCD be any quadrilateral inscribed in a circle; 
then shall the sum of the two opposite angles A and C, or 
B and D, be equal to two right angles. 

For the angle A is measured by half the arc DCB, which 
it stands upon, and the angle C by half the arc DAB (th. '3 

49); therefore the sum of the two angles^ A and C is ^ ^ ^ 

measured by half the sum of these two arcs, that is, by half 
the circumference. But half the circumference is the measure of two right 
angles (cor, 4, th. 6 ) ; therefore the sum of the two opposite angles A and C is 
equal to two right angles. In like manner it is shown, that the sum of the 
Other two opposite angles, D and B, is equal to two riglit angles, Q. Ji D. 


THEOREM LV. 


If any side of a quadrangle^ inscribed in a circle^he produced out ^ the outward 
angle will be equal to the inward opposite angle. 

If the side AB, of the quadrilateral ABCD, inscribed 
in a circle, be produced to E; the outward angle DAE 
will be equal to the inward opposite angle C. 

For, the sum of the two adjacent angles DAE and 
DAB is equal to two right angles (th, 6); and the sum 
of the two opposite angles C and DAB is also equal to 
two right angles (th. 54) ; therefore the former sum, of the two angles DAE and 
DAB, is equal to the latter sum, of the two C and DAB (ax. 1 ). hVom each of 
these equals taking away the common angle DAB, there remains the angle 
DAE equal the angle C. Q. E. D. 



THEOREM LVI. 


Any two parallel chords intercept equal arcs. 
Let the two chords AB, CD, be parallel : then will the 
arcs AC, BD, be equal ; or AC = BD. 

Draw the line BC. Then, because the lines AB, CD, 
are parallel, the alternate angles B and C are equal (th, 

12). But the angle at the circumference B, is measured 
by half the arc AC (th. 49) ; and the other equal angle 
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at the circumference C is measured by half the arc BD : therefore the halves of 
the arcs AC, BD, and consequently the arcs themselves, are also equaL Q. £. D. 

^ THEOREM LVII. 

When a tangent and chord are parallel to ec^ch other ^ they intercept etyml arcs. 

Let the tangent ABC be parallel to the chord DF ; then 
are the arcs BD, BF, equal ; that is, BD = BF. 

Draw the chord BD. Then, because the lines AB, DF, 
are parallel, the alternate angles D and B are equal (th. 

12). But the angle B, formed by a tangent and chord, is 
niensurad by half the arc BD (th. 48) ; and the other angle 
at the circumference D is measured by half the arc BF (th. 49) ; therefore tl 
arc^i BD. BF, are equal. Q. E, D. 



THEOREM LVIII. 

The angle formed within a drck^ by the intersection of two chords^ is measured 
by half the sum of the two intercepted arcs. 

Let the two chords AB, Ct), intersect at the point E : 
then the angle AEC, or DEB, is measured by half the 
sum of the two arcs AC, DB. 

Draw the chord AF fparallel to CD. Tlien, because 
the lines AF, CD, are parallel, and AB cuts them, the 
angles on the same side A and DEB are equal (th. 14). 

But the angle at the circumference A is measured by half 
the arc BF, or of the sum of FD and DB (th. 49) ; therefore, the angle E is 
also measured by half the sum of FD and DB, 

Again, because the chords AF, CD, are parallel, the arcs AC, FD, are equal 
(th. 6H) ; therefore, the sum of the two arcs AC, DB, is equal to the sum of the 
two FD, DB ; and consequently the angle E, which is measured by half the 
latter sum, is also measured by half the former. Q. £, D. 



THEOREM LIX. 


The angle formed out of a circlet by two secants t is measured by half the dit~ 
f^rence of the intercepted arcs. 


Let the angle E be formed by two secants EAB and 
ECD ; this angle is measured by half the difference of 
the two arcs AC, DB, intercepted by the two secants. 

Draw the chord AF parallel to CD. Then, because 
the lines AF, CD, are parallel, and AB cuts them, the 
angles on the same side A and BED are equal (th. 14). 

But the angle A, at the circumference, is measured by 
half the arc BF (th. 49), or of the difference of DF and DB: therefore, the 
equal angle E is also measured by half the difference of DF, DB. 



Again, because the chords AF, CD are parallel, the arcs AC, FD, are equal 
(th, 66); therefore, the difference of the two arcs AC, DB, is equal to the dit- 
ference of the two DF, DB. Consequently, the angle E, which is measured by 
half the latter difference, is also measured by half tlfe former. Q. E, D. 
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THEOREM LX. 

The angle formed by two tangents, is measured by half the difference Q ike 
two intercepted arcs* 

Let EB, ED, be two tangents to a circle at the points 
A, C ; then the angle E is measured by half the differ- 
ence of the two arcs CFA^ CGA. 

Draw the chord AF parallel to ED. Then, because 
the lines AF, ED, are parallel, and EB meets them, the 
angles on the same side A and E are equal (th. H). 

But the angle A, formed by the chord AF and tangent 
AB, is measured by half the arc AF (th. 4B); therefore, the equal angle E 
is also measured by half the same arc AF, or half the difference of the arcs 
CFA and CF, or CGA bl.) 

Carol. In like manner it Is proved, that the i^gle 
E, formed by a tangent ECD, and a secant EAB, is 
measured by half the ditlerence of the two intercepted 
arcs CA and CFB. 

THEOREM LXI. 

When two lines, meeting a circle each in two points, cut one another, either 
within it or without it ; the rectangle of the parts of the one, is equal to the 
rectangle of the parts of the other ; the parts of ^ach being measured from the 
point of meeting to the two intersections with the circumference* 

Ijct the two lines AB, CD, meet each other in E; 
then the rectangle of AE, EB, will be equal to the rec- 
tangle of CE, ED. Or, AE . EB = CE . ED, 

For, through the point E draw the diameter FG ; also, 
from the centre H <^w the radius DH» and draw HI 
perpendicular to CD. 

Then, since DEH is a triangle, and the perp. HI 
bisects the diord CD (th. 41), the line C£ is equal to 
the difference of the segments D I, El, the sum of them 
being DEL Also, because H is the centre of the circk 
and^the radii DH, FH, GH, are all equal, the line EG 
is equal to the sum of the sides DH, HE; and EF is 
equal to their difference* 

But the rectangle of the sum and difference of the two sides of a triangle is 
equal to the rectangle of the sum and difference of the segments of the base 
(th. 35) ; therefore the rectangle of FE, EG, is equal to the rectangle of ( E, 
EO. In like manner it is proved, that the same rectangle of FE, EG, is equal 
to the rectangle of AE. EB. ^ Consequently, the rectangle of AE, EB, is also 
equal to the rectangle of CEL ED (ax 1). Q, f D. 
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Caroi ll When one of the lines in the second case, aa 
DE, by revolving about the point £, comes into the posi- 
tion of the tangent EG or ED, the two points C and D 
running into one ; then the rectangle of CE, ED, becomes 
the ^uare of CE, because CE and DE are then equal. 
Consequently, the rectangle of the parts of the secant, 
AE. EB, is equal to the square of the tangent, CE®. 



Corol, 2, Hence, both the tangents EC, EF, drawn from the same point E, 
are equal; since the square of each is equal to the same rectangle or quantity 


AE.EB. 


THEOREM LXXI. 

In equiangular triangles^ the rectangles of the corresponding or like sides, ta en 
alternatelg, are equal. 

Let ABC, DEF, be two equiangular triangles, hav- 
ing iVve angle A — tlie angle D, the angle B = the 
angle E, and the angle C == ihe angle F also the 
like sides AB, DE, and AC, DF, being those opposite 
the equal angles \ then will the rectangle of AB, DF, 
be equal to the rectangle of AC, DE. 

In BA, produced take AG equal to DF; and 
through the three points B, C, G, conceive a circle 
BCGH to be described, meeting CA produced at H, 
and join GH. 

Then the angle G is equal to the angle C on the same arc BH, and the angle 
H equal to the angle B on the same arc CG (th. 50) ; also the opposite angles 
at A are equal (th. 7) : therefore the triangle AGH is equiangular to the triangle 
ACB, and consequently to the triangle DFE also. Biit the two like sides A(t, 
DF, are also equal by supposition , consequently the two triangles AGH, DFE, 
are identical (th. 2), having the tw'O sides AG, AH, equal to the two DF, DE, 
each to each. 

But the rectangle GA . AB is equal to the rectangle HA . AC ^th. 61) : con- 
sequently the rectangle DF. AB is equal to the rectangle DE. AC. Q. E. D. 

THEOREM LXin. 

The rectangle of the two sides of ang tricaigle^ is equal to the rectangle of the 
perpendicular on the third side and the diameter of the drcumscrtbing circle. 

Let CD be the perpendicular, and CE the diameter of the 
circle about the triangle ABC; then the rectangle CA. CB 
is = the rectangle CD . CE. 

For, join BE : then in the two triangles ACD, ECB, the 
angles A and E are equal, standing on the same arc BC 
(th. 50) ; also the right angle D is equal to the angle B, 
which is also a right angle, being in a semicircle (th. 5^) ; 
therefore these two triangles have also their thir^ angles equal, and are equi- 
angular. Hence, AC, C^ and CD, CB, being like sides, subtending the equal 
angles, the rectangle AC . CB, of the first and la^t of them, is equal to the rect* 
»ngle CE. CD, of the other two (th, 62). 

n It 9 
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THEOREM LXIV. 

2'he square of a line bisecting any angle of a triangle^ together with the recU 
angle of the two segments of the opposite side^ is equal to the rectangle of two 
other sides including the bisected angle. 

Let CD bisect the angle C of the triangle ABC ; then the 
square CD * + the rectangle AD . DB is =z the rectangle 
AC.CB. 

F'or, let CD be produced to meet the circumscribing circle 
at E, and join API 

Then the two triangles ACE, BCD, are equiangular : for 
the angles at C are equal by supposition, and the angles B 
and E are equal, standing on the same arc AC (th. 50) ; consequently the third 
angles at A and D are equal (cor. 1, th. 17) : also AC, CD, and CE, CB, are 
like or corresponding sides, being opposite to equal angles: therefore the rect- 
angle AC . CB is = the rectangle CD . CE (th. 62). But the latter rectangle 
CD, CE is = CD*-f“ rectangle CD. DE (th. 30); therefore the former 
rectangle AC . GB is also = CD * + CD . DE, or equal to CD * -f- AD • DB. 
wine© Cl) . DE is = AD . DB (th. 61). Q. E. D. 

THEOREM LXV. 

The rectangle of the two diagonals of any quadrangle inscribed in a circle, i$ 
equal to the sum of the two rectangles of the opposite sides* 

Let ABCD be any quadrilateral inscribed in a circle, and 
AC, BD, its two diagonals ; then the rectangle AC , BD, is 

the rectangle AB • DC -f* th® rectangle AD . BC. 

For, let CP] be drawn, making the angle BCE equal to the 
angle DCA. 'Ihen tlie two triangles ACD, BCli, are equi- 
angular ; for the angles A and B are equal, standing on the 
same arc DC ; and the angles DCA, BCE, are equal by sup- 
position ; consequently the third angles ADC, BEC, are also equal : also AO, 
BC, and AD, BE, are like or corresponding sides, being opposite to the eqikal 
angles : therefore the rectangle AC . BE is = the rectangle AD . BC (th. 62). 

Again, the two triangles ABC, DEC, are equiangular : for the angles BAC, 
BDC, are equal, standing on the same arc BC ; and the angle DCE is equal to 
the angle BCA, by addling the common angle ACE to the two equal angles 
DCA, BCE ; therefore the third angles E and ABC are also equal : but AC, 
DC, and AB, DE, are the like sides : therefore the rectangle AC . DE is =z the 
rectangle AB . DC (th. 62). 

Hence, by equal additions, the sura of the rectangles AC . BE -j- AC . DE is 
= AD . BC -f- AB . DC. But the former sum of the rectangles AC . BE -J- AC 
DE is =: the rectangle AC . BD (th. 30) : therefore the same rectangle AC • 
BD is equal to the latter sum, the rect. AD • BC + the rect. AB . DC (ax. 1). 
Q. E. D. 

CoroL Hence, if ABD be an equilateral triangle, and C any point in the arc 
BCD of the circumscribing circle, we have AC = BC -(- DC. P'or AC • BD 
being = AD , BC + AB . DC ; dividing by BD = AB = AD, there results 
AC =r BC + DC. 
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OF RATIOS AND PROPORTIONS. 


DEFINITIONS. 


Def. 76. Ratio is the proportion or relation which one magnitude bears to 
another magnitude of the saine4tind, with respect to quantity. 

Note, The measure, or quantity, of a ratio, is conceived, by considering whai 
part or parts the leading quantity, called the Antecedent, is of the other, called 
the consequent ; or what part or parts the number expressing the quantity of the 
former, is of the number denoting in like manner the latter. So, the ratio of a 
quantity expressed by the number 2 to a like quantity expressed by the number 6, 
is denoted by 2 divided by 6, or | or J : the number 2 being 3 times contained 
in 6, or the third part of it. In like manner, the ratio of the quantity 3 to 6, is 
measured by J or J ; the ratio of 4 to 6 is ^ or f ; that of 6 to 4 is J or | ; &c. 


77. Proportion is an equality of ratios. Tlius, 


78, Three quantities are said to be proporfional, when the ratio of the first to 
the second is equal to the ratio of the second to the third. As of the three quan- 
tities A (2), B (4), C (8), where 5 = ^ both the same ratio. 


79. Four quantities are said to be proportional, when the ratio of the first to 
the second, is the same as the ratio of the third to the fourth. As of the four 
A (4), B (2), C (10), D (5), where f zr 2, both the same ratio. 

Note. To denote that four quantities, A, B, C, 1), are proportional, they are 
usually stated or placed thus, A ; B : : C : D ; and read thus, A is to B as C is 
to I). But when three quantities are proportional, the middle one is repeated, 
and they are written thus, A ; B : : B ; C. 


The proportionality of quantities may also be expressed very generally by the 

A 0 • 

equality of fractions, as at pa. 121. 'ihus, if = g, then A : B : : C : D, also 
B : A : : D : C, A : C : ; B : D. and C ; A : : D : B. 


80. Of three proportional quantities, the middle one is said to be a Mean Pro- 
portional between the other two ; and the last, a Third Proportional to the first 
and second. 


81. Of four proportional quantities, the Ijist is said to be a Fourth Proportional 
to the other three, taken in order. 


82. Quantities are said to be Continually Proportional, or in Continued Pro- 
portion, when the ratio is the same between every two adjacent terms, viz. when 
the first is to the second, as the second to the third, ns the third to the fourth, 
as the fourth to the fifth, and so on, all in the same common rfitio. 

As in tlie quantities 1, 2, 4, 8, 16, &c. ; where the common ratio is equal to 2. 

83. Of any number of quantities, A, B, C, D, the ratio of the first A, to the 
last D, is said to be Compounded of the ratios of the first to the second, of the 
second to the third, and so on to the last 

84. Inveise ratio is, when the antecedent is made the consequent, and the 
consequent the antecedent Thus, if 1 : 2 : : 3 • 6 ; then inversely, 2:1:: 6 : 3. 
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85 . Alternate pro|K>rtion is, when antecedent is compared with antecedent, 
and consequent with consequent — As, if 1 : ^ : 3 : 6 ; Uien, by alternation, oi 
permutafion, it will be 1 : 3 :: 2 : 6. 

86. Compound ratio is, when the sum of the antecedent and consequ^t is 
eompared, either with the consequent, or with the antecedent — Tnus, if 
1 : 2 : : 3 : 6, then, by composition, l-f-2:l::3+6;3, and 1 + 2 : 2 : : 3 
+ 6 : 6 . 

87. Divided ratio is, when the difference of the antecedent and consequent is 
compared, either with the antecedent or with the consequent — Thus, if 1 : 2 
: : 3 : 6, then, by division, 2 — 1:1::6 — 3:3, and 2 — l:2::6 — 3:6. 

Note, The term Divided, or Division, here means subtracting^, or parting ; 
being used in the sense opposed to compounding, or adding, in def. 86. 


THEOREM LXTl. 

Equimultiples of any two quantities have the same ratio as the quantity them-^ 
selves^ 


Let A and B be any two quantities, and mA, mB, any equimultiples of them, 
m being any number whatever : then will m\ and mB have the same ratio as A 
and B, or A : B : : mA : iwB. 

jwB ® u • 

For ^ the same ratio. 


Carol, Hence, like parts of quantities have the same ratio as the wholes ; be* 
cause the wholes are equimultiples of the like parts, or A and B are like parts 
of mA and wiB. 


THEOREM LXVIl. 

If four quojititieSf of the same kind, be proportionals ; they will he in propor* 
tion by alternaticm or permutation, or the antecedents will have the same ratio as 
the consequents. 

Let A : B : : wiA ; mB ; then will A : mA ; : B : mB. 

_ wA m * , mB m . , , 

For = j, and -jgp = -j, both the same ratio. 

Otherwise, Let A : B : : C : D ; then shall B : A : : C ; D. 

AC A 

For, let -g = gp =: r ; then A =: Br, and C = Dr ; therefore B = y 

. T. C „ B 1 ^ D I 

and D = — Hence -r = — » and * 7=1 = — • Whence it is evident that 
r jx r r 

B D 

^ (ax. 1), or B : A : : D : C. 

In a similar manner may most of the other theorems be demonstrated. 


THEOREM Lxvni. 

If four quantities he proportional: they wiU be in proportion by fnvtrsvm, or 
inversely. 

Let A : B : : m A : mB ; then will B : A : : mB : mA» 
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THEOREM LXIX. 

IJ fow quantities be proportional; they will be in proportion by compositkm 
and division, 

IM A : B : : mK : mB ; 

Then will B -f- A : A : : mB + mA : mA, 
and B -f- A : B : : mB -f- mA : mB, 

„ niA A j mB B 

wB + wiA - B + A’ mli ± mA “ S"+A’ 

Corol, It itppears from hence, that the sum of the /^eatest and least of four 
proportional quantities, of the same kind, exceeds the sum of the other two. 
For since A : A-fB : imA : imAemB — A : A-f B : rwiA-fwB, where A is the 
least, and wA-fmB the greatest; then m+l.A-}-mB, the sum of the greatest and 
least, exceeds m-j-l. A-fB, the sura of the two other quantities. 


THEOREM LXX. 

If, of four proportiongl quantities, there be taken any equimultiples whatever 
of the two antecedents, anii any equimultiples whatever of the two consequents ; 
the quantities resulting wiU still be proportional. 


Ijet A : B : : mA : mB \ also, let pA and pmA be any equimultiples of the two 
antecedents, and ^B and qmB any equimultiples of the two consequents ; then 
will - - - - pA : ^B ; : pmA : qmB. 

qmB qB , - , 

hor — T = -T, both the same ratio. 

pmA. pA 


THEOREM LXXI. 

If there be four proportional quantities, and the tw^ consequents be either 
augmented or diminished by quantities that have the same ratio as the respective 
antecedents ; the results and the antecedents will still be proportionals,. 

Let A : B : : mA : mB, and nA and nniA any two quantities having the same 
ratio as the two antecedents; then will A : B + nA : ; mA : mB + nmA, 

mB -f nmA B -f- nA , .. 

ror =1 rz — == , both the same ratio. 

mA A 


THEOREM Lxxn. 


If any number of quantities be proportional, then any one of tne antecedents 
will be to its consequent, as the sum of all the antecedents, is to the sum of all the 


Let A : B ; : mA : mB ; : nA ; nB, &c. ; then will A ; B : : A -f mA -f- »A : B 
•f 9nB -f nB, &c, 

Bj 

A "f mA -f nA (1 *4" m -f n} A A’ 


^ “f mB -f «B (1 -f m -f w) B B 
For ^ — T = -f — =: the same ratio. 


THEOREM LXXIII. 

If a whole magnitude be to a whole, as a part taken from the first, is to a pari 
taken from the other ; then the remainder will be to the remainder, as the whde 
to the whole. 
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Let A;B:: — A: - B; 

then will A ; B : : A ~ A : B — Bi, 
n ft 

For -r, both the same ratia 

a-^H-a a . 

ft 


THEOREM LXXIV. 

If any quantitieB he proportional ; their squares, or cubes, or arty like potcers^ 
09' roots, of them, will also be proportioned^ 

Let A : B :: mK : mB ; then will A" : B" :: m" A* : f/r'E". 
m " B “ B " 

= "aTi both the same ratio. 

7m"A'* A"’ 

See also th. viii. 

V 


THEOREM LXXT. 

If there he two sets of proportionals ; then the products or rectangles oj the 
corresponding terms will also be proportional. 

Let A : B : : mA : niB, 
and C : D : : nC : rD ; 
then will AC : BD ; : wmAC : wnBD. 

For, — Tn = TTi. both the same ratia 
mn AO A O’ 


THEOREM LXXVI. 

If four quantities be proportional; the rectangle or product of the two cx^ 
tremes, will be equal to the rectangle or product of the two means. And the 
converse. 

Let A : B : : mA : mB ; 

then is A X mB =: B X mA wiAB, as is evident. 


THEOREM LXXVIL 

If three quantities be continued proportionals; the rectangle or product of the 
two extremes, will be equal to the square of the mean. And the converse. 

Let A, mA, m*A, be three proportionals, 

or A : mA : : mA ; m* A; 

then is A X m*A = m^A*, as is evident 


THEOREM LXXVZII. 

If any nu 9 nber of quantities be continued proportionals ; the ratio of the first 
to the third, will be duplicate or the square of the ratio of the first and second; 
and the ratio of the first and fourth will be triplicate or the cube of that of tho 
first and second; and so oft 
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IM A, mA, m*A, m^A, &a Ks proportionals; 

- / A I ^ A 1 - A 

then IS ^ but ^.= ^ 



THEOREM LXXIX. 

Triangles^ and also parallelograrnSy having equal altitudes, are to each other 
as their bases, 

• Let the two triangles ADC, DBF, have the same ald'- 
tude, or be between the same parallels AE, IF ; then 
is the surface of the triangle ADC, to the surface of the 
triangle DBF, as the base AD is to the base DB, Or 
AD : DE : : the triangle ADC : the triangle DBF. 

For, let the hsm AD be to the base DE, as any one 
number m (2), to any^ other number n (3); and divide the respective bases into 
those piurts, AB, BD, D^, GH, HE, all equal to one another ; and from the 
points of division draw the lines BC, GF, HF, to the vertices C and F. Then 
will these lines divide the triangles ADC, DBF, into the same number of parts 
as their bases, each equal to the triangle ABC, because those triangular parts 
have equal bases and altitude (cor, 2, thl 25) ; namely, the triangle ABC equal 
to each of the triangles BDC, DFG, GFH, HFE. So that the triangle ADC, 
is to the triangle DFE, as the number of parts m (2) of the former, to thi» num- 
ber n (3) of the latter, that is, as the base AD to the base DE (def. 79), 

In like manner, the parallelogram ADKI is to the parallelogram DEFK, as 
the base AD is to the base DE; each of these having the same ratio as the 
n umber of tlieir parts, m to n. Q. R D. 



A 13 D G H E 


THEOREM LXXX. 

Triangles, and also parallelograms^ having equal bases, are to each othci ns 
their altitudes. 

Let ABC, BEF, be two triangles having the 
equal bases AB, BE, and whose altitudes are the 
perpendiculars CG, FH j then will the triangle 
ABC : the triangle BEF : ; CG : FH. 

For, let BK be perpendicular to AB, and equal 
to CG ; in which let there be taken BL = FH ; 
drawing AK and AL. 

Then triangles of equal bases and heights' being equal (cor. 2, th. 25), the 
triangle ABK is = ABC, and the triangle ABL = BEF. But, considering 
now ABK, ABL, as two triangles on the bases BK, BL, and having the sajne 
altitude AB, these will be as their bases (th. 79), namely, the triangle ABK : • 
the triangle ABL ; ; BK : BL. • ' * 

But the triangle ABKi= ABC, and the triangle ABL= BEF, also BK=: CG 
andBL=FH. 

Therefore, the ti'iangle ABC : triangle BEF i: CG : FH. 



A G B HE 
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And since parallelograms are the doubles of these triangles, having the same 
bases and altitudes, they will likewise have to each other the same ratio as thetr 
altitudes, Q. E. D. 

CaroL Since, by this theorem, triangles arid parallelograms, when their 
bases are equal, are to each other as their altitudes ; and by the foregoingS>ne, 
when their altitudes are equal, they are to each other as their bases ; therefore, 
universally, when neither are equal, they are to each other in the compound 
ratio, or as the rectangle or product of their bases and altitudes. 


THEOREM LXXXI. 


If four lines he proportional; the rectangle of the extremes will he equal to 
the rectangle of the means. And, conversely, if the rectangle of the extremes, 
of four lines, he equal to the rectangle of the meatis, the four lines, taken alters 
nately, will be proportional. 


• 


QC 

B 


A 

R 

D P 


Let the four lines A, B, C, D, be proportionals, 
or A : B : : C : D ; then will the rectangle of A 
and D be equal to the rectangle of B and C; or 
the lectangle A . D = B . C. 

For, let the four lines be placed with their 
four extremities meeting in a common point, 
forming at that point four right angles; and 
draw lines parallel to them to complete the rect- 
angles P, Q, R, where F is the rectangle of A and D, Q the rectangle of B and 
C, and K the rectangle of B and D. 

Then the redangles P and K, being between the same parallels, are to each 
other as their bases A and B (th. 79); and the rectangles Q and R, being be- 
tween the same parallels, are to each other as their bases 0 and 1), But the 
ratio of A to B, is the same as the ratio of C to D, by hypothesis; therefore the 
ratio of P to R, is the same as the ratio of Q to H ; and consequently the rect- 
angles P and Q are equal. Q. E. D. 

Again, if the rectangle of A and D, be equal to the rectangle of B and C ; 
these lines will be proportional, or A ; B ; : G ; D, 


For, the rectangles being placed the same as before : then, because parallel- 
ograms between the same parallels, are to one another as their bases, the rect- 
angle P : R ; : A ; B, and Q ; R ; ; C : D. But as P and Q are equal, by sup- 
position, they ha>^ the same ratio to R, that is, the ratio of A to B is equal to 
the ratio of C to D, or A : B : : C : D. Q. E. D. 

Corol. 1. When the two means, namely, the second and third terms, are equal, 
their rectangle becomes a square of the second term, which supplies the place of 
both the second and third. And hence it ibllows; that when three lines are 
proportionals, the rectangle of the two extremes is equal to the square of the 
mean ; and, conversely, if the rectangle of the extremes be equal to the square 
of the mean, the three lines are proportionals, 

CoroL 2. Since it appears, by the rules of proportion in arithmetic and al- 
gebra, that when four quantities are proportional, the product of the extremes 
is equal to the product ot the two means ; and, by this theorem, the rectangle o 
the extremes is equal to the rectangle of the two means ; it follows, that the area 
or space of a rectangle is represented or expressed bv product of its length 
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and breadth multiplied together. And, in general, a rectangle in geometry is 
similar to the product of the measures of its two dimensions of length and 
breadth, or base and height. Also, a square is similar to, or represented by, the 
measure of. its side multiplied by itself. So that, what is shown of such pro- 
ductll is to be understood of the squares and rectangles. 

Carol. 3. Since the same reasoning, as in this theorem, holds for any paral- 
lelograms whatever, as well as for the rectangles, the same property belongs to 
all kinds of parallelograms, having equal angles, and also to triangles, wliich are 
the halves of parallelograms ; namely, that if the sides about the equal angles of 
parallelograms, or triangles, be reciprocally proportional, the parallelogi^ams or 
triangles will be equal ; and, conversely, if the parallelograms or triangles be 
equal, their sides about the equal angles will be reciprocally proportionaL 

Coral. 4. Parallelograms, or triangles, having an angle in each equal, are in 
proportion to each other as the rectangles of the sides which are about these 
equal angles. 

THEOREM LXXXII. 

If a line be drawn in a triangle parallel to one of its sides, 
two sides proportimally. 

Let D£ be parallel to the side BC of the triangle ABC ; 
then will AD : DB : ; AE ; EC. 

For, draw BE and CD. Then the triangles DBE, DCE 
are equal to each other, because they have the same base 
DE, and are between the same parallels DE, BC (th. 25), 

But the two triangles ADE, BDE, on the bases AD, DB, 
have the same altitude ; and the two triangles ADE, CDE, 
on the bases AE, EC, have also the same altitude ; and be- 
cause triangles of the same altitude are to eadi other as ^leir 

the triangle ADE : BDE : : AD : DB, 
and triangle ADE : CDE : : AE : EC. 

But BDE is = CDE ; and equals must have to equals the 
fore AD : DB : : AE : EC. Q. E. D. 

Coro/. Hence, also, the whole lines, AB, AC, are proportional to their cop* 
responding proportional segments fcoroL th. 66), 

viz. AB : AC :: AD : AE, 
and AB: AC::BD;CE. 

THEOREM LXXXIII. 

A line h hicli bisects any angle of a triangle, divides the opposite side tnio two 
segments, which are proportional to the two other adjacent sid s. 

Let the angle ACB, of the triangle ABC,Ji)e bisectod by 
the line CD, making the angle r equal to the angle s : then 
will the segment AD be to the segment DB, as the side AC 
Is to the side CB. Or, AD : DB : : AC : CB. * 

For, let BE be parallel to CD, meeting AC produced at 
E. Then, because the line BC cuts the two parallels CD, 

BE, it lu; kes the angle CBE equal to the alternate angle s 
rUu 12), and therefore also equal to the angle r, which is 



it will cut the other 


A 



B C 

bases, therefore 


same ratio ; there- 
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equal to $ by the supposition. Again, because the line AE cuts the two paral- 
lels DC, BE, it makes the angle E equal to the angle r on the same side of it 
(th. 14), Hence, in the triangle BCE, the angles B and E, being each equal to 
the angle r, are equal to each other, and consequently their opposite sides CB, 
CE, are also equal (th. 3). ' C 

But now, in the triangle ABE, the line CD, being drawn parallel to the side 
BE, cuts the two other sides AB, AE, proportionally (th. 82), making AD to 
DB, as is AC to CE or to its equal CB. Q. E. D. 

Case 2. The proposition is also applicable when an external angle of a 
triangle is bisected. 

Let AC, one of the sides of the triangle ABC, be produced 
to E, and let the angle BCE be bisected by the straight Ijj 

CD, cutting AB produced in D ; then 

AD : DB : : AC : CB. 

Let BF be parallel to CD. 

Then, because the line BC cuts the parallel lines CD, 

FB, it makes the angle CBF equal to the alternate angle BCD ; and, there- 
fore, also equal to the angle DCE, which is equal to BCD by supposition. 
Again, because the line EA cuts the two parallel lines CD, FB, it makes the 
angle DCE equal to the angle CFB, on the same side of the line. Hence, in 
the triangle BCF, the angle BFC, and FBC, being each equal to the. angle 
DCE, are equal to each other; and, consequently, their opposite sides BC, CF, 
are also equal. ^ 

Now, in the triangle ADC, the line BF being drawn parallel to the side CD 
cuts the two sides AD, AC, proportionally ; making 

AD : AC : : DB : CF (theor. 72); 

Or, AC: CF. 

But, BC is equal to CF ; therefore, 

AD : DB ; : AC : CB. 
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Equiangular triangles are similar ^ or have their like sides proportionaL 


Let ABC, DEF, be two equiangular triangles, having 
the angle A equal to the angle D, the angle B to the angle 
E, and consequently the angle C to the angle F ; then will 
AB : AC :: DE : DF. 

For, make DG zz AB, and DH = AC, and join GH. 
Then the two triangles ABC, DGH, having the two sides 
AB, AC, equal to the two DG, ^H, and the contained 
angles A and D also equal, are identical, or equal in all 
respects (th. ] ), namely, the angles B and C are equal to the 
angles G and H. But the angles B and C are equal to the 
angles E and F by the hypothesis ; therefore also the angles 
G and H are equal to the angles E and F (ax. 1 ), and con> 
sequently the line GH b parallel to the side EF (cor. C tli. 
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Hence then, in the triangle DEE, the line GH, being parallel to the side EE, 
divides the two other sides proportionally, making DG : DH DE : DP (cor. 
th. 82). But DG and DH are e^ual to AB and AC ; therefore also AB : AC 
::DE:DF. Q. R D. 

• 

THEOREM LXXXV, 

Triangles which have their sides proportional^ are also equiangulcoTm 

In the two triangles ABC, DEF, if AB:DE::AC 
: DF : : BC : EF ; the two triangles will have their cor- 
responding angles equal. 

For, if the triangle ABC be not equiangular with the 
triangle DEF, suppose some other triangle, as DEG, to 
be equiangular with ABC. But this is impossible: for 
if the two triangles ABC, DEG, were equiangular, their 
sides would be proportional (th. 84). So that, AB being 
to DE as AC to DG, and AB to DE as BC to EG, it 
follows that DG and EG, being fourth proportionals to 
the same three quantities, as well as the two DP, EF, 
the former, DG, EG, would be equal to the latter, DF, EF. Thus, then, the 
two triangles, Df^F, DEG, having their three sides equal, would be identical 
(th. 5) ; which is absurd, since their angles are unequal. 


THEOREM Lxxxvr. 

Triangles i v)hich have an angle in the one equal to an angle in the other y and 
the sides about these angles proportionaJy are equiangular. 

Let ABC, DEF, be two triangles, having the angle A = the angle D, and the 
sides AB, AC, proportional to the sides DR DF: then will the triangle ABC 
be equiangular with the triangle DEF. 

For, make DG = AB, and DH = AC, and join GH. 

Then, the two triangles ABC, DGH, having two sides equal, and the con- 
tained angles A and D equal, are identical and equiangular (th. 1 ), having the 
angles G and 11 equal to. the angles B and C. But, since the sides DG, DH, 
are proportional to the sides DE, DF, the line' GH is parallel to EF (th. 82) ; 
hence the angles E and F are equal to the angles G and H (th. 14), and con- 
sequently to their equals B and C. Q. R D. [See tig. th. 84.] 


THEOREM LXXXVII. 

In a right-angled trianglcy a perpendicular from the right anglcy is a mean 
proportional between the segments of the hypothenuse ; and each of the sidesy 
about the right anglCy is a mean proportional between the hypothenuse and the 
adjacent segment. 

Let ABC be a right-angled triangle, and CD a perpen- 
dicular from the right angle C to the hypothenuse AB ; 
then will 
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CD be a mean proportional between AD and DB; 

AC a mean proportional between AB and AD ; 

BC a ibean proportional between AB and BD. 

Or. AD ; CD : : CD : DB ; and AB : BC : : BC : BD ; and AB : AC : : AC ; AB. 

G 

For, tlie two triangles ABC, ADC, having the right angles at C and D equal, 
and the angle A common, have their third angles equal, and are equiangular 
(cor. 1, th. 17). In like manner, the two triangles ABC, BDC, having the 
right angles at C and D equal, and the angle B common, have their third angles 
equal, and are equiangular. 

Hence then, all the three triangles, ABC, ADC, BDC, being equiangular, will 
have their like sides j>roportional (th. 84) 

viz. AD: CD::CD:DB; 

and AB : AC :: AC : AD; 

and AB : BG :: BC : BD. Q. E. D. 

Corol. 1. Because the angle in a semicircle is a right angle (th. 52) ; it fol- 
lows, that if, from any point C in the periphery of the semicircle, a perpendicular 
be drawn to the diameter AB ; and the two chords CA, CB, be drawn to the ex- 
tremities of the diameter : then are AC, BC, CD, the mean proportionals as in 
this theorem, or (by th. 77), CD* AD . DB; AC® =: AB . AD; and BC* 
= AB . BD. 

Corof. 2. Hence AC* : BC* : ; Ab : BD. 

CoroL 3. Hence we have another demonstration of th. 34. 

For since AC* = AB . AD, and BC* = AB . BD 

By addition AC* + BC* = AB (AD + BD) == AB * 


THEOBEM LXXXVIU. 


Equiangular or similar triangles^ are to each other as the squares of their 
like sides. 


Let ABC, DEF, be two equiangular triangles, AB 
and DE being two like sides: then will the triangle 
ABC be to the triangle DEF, as the square of AB is to 
the square of DE, or as AB* to DE*. 

For, the triangles being similar, they have their like 
sides proportional (th. 84), and are to each other as 
the rectangles of the like pairs of their sides (cor. 4, 
th. 81); 

therefore AB : DE : : AC ; DF (th. 84), 
and AB : DE : : AB : DE of equality : 

therefore AB* : DE* : : AB . AC : DE . DF (th. 75). 

But A ABC : A DEF : ; AB . AC : DE • DF (cor. 
therefore A ABC : A DEF : : AB* * DE 


C 



4, th. 81), 

Q.F 1 .D. 
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THEOREM LXXXIX. 


All similar figures are to each otlter, as the squares of their like sides* 


Let ABODE, FGHIK, be any two si- 
milaAgures, the like sides being AB, FG, 
and BC, GH, an<l so on in the same or- 
der : then will the figure ABODE be tf 
tlie figure FGHIK, as the ^uare of AB to 
the square of FG, or as AB * to FG ». 

For, draw BE, BD, GK, GI, dividing 
the figures into an equal number of tri* 
angles, by lines from two equal angles B and G. 




The two figures being similar (by suppos.), they are equiangular, and have 
their like sides proportional (def. 67). 

Then, since the angle A is =r the angle F, and the sides AB, AE, propor- 
iional to the sides FG, FK, the triangles ABE, FGK, are equiangular (th. 86), 
In like manner, the two triangles BCD, GHI, having the angle C = the angle 
H, and the sides BC, CD, proportional to tlie sides GH, HI, are also equian- 
gular. Also, if from the equal angles AED, FKI, there be taken the equal 
angles AEB, FKG, there will remain the equals BED, GKI ; and if from the 
equal angles CDE, HIK, be taken away the equals CDB, HIG, there will re- 
main the equals BDE, GIK; so that the two triangles BDE, GIK, having two 
angles equal, are also equiangular. Hence each triangle of the one figure, is 
equiangular with each corresponding triangle of the other. 

But equiangular triangles are similar, and are proportional to the squares of 
their like sides (th. 88). 

Therefore the A ABE : A FGK ; : AB* : FG», 
and A BCD : A GHI ; : BC* : GH*, 
and A BDE : A GIK : : DE* : IK*. 


But as the two polygons are similar, their like sides 01*0 proportional, and con- 
sequently their squares also proportional; so that all the ratios AB^ to FG^, and 
BC* to GH*, and DE* to IK*, are equal among themselves, and consequent- 
ly the coiTesponding triangles also, ABE to FGK, and BCD to GHI, and BDE 
to GIK, have all the same ratio, viz. that of AB* to FG*: and hence all the 
antecedents, or the hgure ABODE, have to all the consequents; or the figure 
FGHIK, still the same ratio, viz. that of AB * to FG * (th, 72). Q. E. D. 


THEOREM XC. 

Similar figures inscribed in circles, have their like sides, and also their Ivhole 
I trimeters, in the same ratio as the diameters of the circles in which they are in* 


i>cribe(L 

Let ABCDE, FGHIK, be two 
similar figures, inscribed in the cir- 
cles whose diameters are AL and 
FM ; then will each side AB, BC. 
&c. of the one figure be to the like 
side FG, GH, &c. of the other figure, 
or the whole perimeter AB -f- BC 
+ &C. of the one figui*e, to the 
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ivhole perimeter FQ -f* GH -f- &c. of the other figure, os the diameter AL to 
the diameter FM. 

For, draw the two corresponding diagonals, AC, FH, as also the lines BL, 
GM. Then, since the polygons are similar, they are equiangular, and their like 
sides have the same ratio (def, 67); therefore the two triangles ABC, iPtJH, 
have the angle B = the angle G, and the sides AB, BC, proportional to the 
two sides FG, GH; consequently these two triangles are equiangular (th. 80), 
and have the angle ACB = FHG. But the angle ACB = ALB, standing on 
the same arc AB; and the angle FHG = FMG, standing on the same arc FG ; 
therefore the angle ALB = FMG (ax. 1). And since the angle ABL = FGM, 
being both right angles, because in a semicircle ; therefore the two triangles 
ABL, FGM, having two angles equal, are equiangular ; and consequently their 
like sides are proportional (th. 84) ; hence AB : FG : : the diameter AL : the 
diameter FM. 

In like manner, each side BC, Cp, &c. hfis to each side GH, HI, &r. the 
same ratio of AL to FM; and consequently the sums of them are*still in the 
same ratio, viz. AB + BC -}- CD, &c. : FG -f- GII -f- HI, &r. : : the diam. 
AL : the diam. FM (th. 72). Q. E. D. 


THEOREM XCI. 

Similar figures inscribed in circles, fire to each other as the squares of the 
diameters of those circles. 

Let ABCDE, FGHIK, be two similar figures, inscribed in the circles whose 
diameters are AL and FM ; then the surface of the polygon ABCDE will be to 
the surface of the polygon FGHIK, as AL * to FM ^ 

For, the figures being similar, are to each other as the squares of their like 
sides, AB® to FG® (th. 88). But, by the last theorem, the sides AB, FG. are as 
the diameters AL, FM ; and therefore the squares of the sides AB ^ to FG as 
the squares of the diameters AL ® to FM® (th. 74). Consequently the polygons 
ABCDE, FGHIK, are also to each other as the squares of the diameters AL ^ 
to FM* (ax. 1). Q. E. D. [See fig. th. xc.] 


THEOREM XCII. 

The circumferences of all circles are to each other as their diameters. 

Let D, d, denote the diameters of two circles, and C, c, their cii*cumferences ; 
then will D : d : ; C : c, or D ; C : i d ; c. 

For (by theor, 90), similar polygons inscribed in circles have their perimeters 
in the same ratio as the diameters of those circles. 

Now, as this property belongs to all polygons, whatever the number of the 
sides may be ; conceive the number of the sides to be indefinitely gicat, and 
the lengUi of each infinitely small, till they coincide with the circumference 
of the drclo, and be equal to it, indefii.'tely near. Then the perimeter of the 
polygon of an indefinite number of sides, the same thing as the circumfer- 
ence of the circle. Hence it appears that the circumferences of the circles, 
beihg the same the perimeters of such polygons, are to each other in the 
same ratio as the diameters of the circles. Q. R D. 
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THEOREM XCIIL 

arms oir spaces of circles, are to each other as the squares of their 
iHamcters, or of their radii. 

Let A, a, denote the areas or spaces of two circles, and D, d, their diameters ; 
then A ; « : : D‘^ : 

For (by theorem 91), similar polygons inscribed in circles are to each other 
as the squares of the diameters of the circles. 

Hence, conceiving the number of the sides of the polygons to be increased 
more or more, or the length of the sides to become less and less, the polygon 
approaches nearer and nearer to the circle, till at length, by an infinite ap- 
proach, they coincide, and become in effect equal; and then it follows, that the 
spaces of the circles, which are the same ds of the polygons, will be to each 
other as ihe squares of the diameters of the circles. Q. E. D. 

Cor oh Tlie spaces of circles are filso to each other as ihe squares of the cir- 
cumferences ; since the circumferences are in the same ratio as the diameters 
(by theorem 92). 


THBOISM XCIV 

The area of any circtSy is equal to the rectangle of half its circumference and 
half its diameter, 

Conc^eive a regular polygon to be insi'^bed in a cir- 
cle ; and radii drawn to all the angular points, dividing 
it into as many equal triangles as the polygon has 
sides, one of which is ABC, of which the altitude is 
the perpendicular CD from the centre to the base AB. 

Then the triangle ABC, being equal to a rectangle of 
half the base and equal altitude (th, 26, cor. 2), is equal 
to the rectangle of the half base AD and the altitude CD ; consequently, the 
whole polygon, or ail the triangles added together which compose it, is equal to 
the rectangle of the common altitude CD, and the halves of all the sides, or 
the half perimeter of the polygon. 

Now, conceive the number of sides of the polygon to be indefinitely increased ; 
then will its perimeter coincide with the circumference of the circle, and con- 
sequently the altitude CD will become equal to the radius, and the whole poly- 
gon equal to the circle. Consequently, the space of the circle, or of the polygon 
in that state, is equal to the rectangle of the radius and half the circum- 
ference. Q. E. D. 




PROBLEMS 


PROBLEM U 

To make an equilateral triangle on a given line AB, 

From the centres A and B, with the distance AB, de- 
scribe arcs, intersecting in C, Draw AC, BC, and ABC 
will be the equilateral triangle. 

For the equal radii AC, BG, are, each of them, equal 
to AB. 



PROBLEM 11. 


To bisect a given angle BAG* 

From the centre A, with any radios, describe an arc, 
cutting off the equal lines AD, A£ ; and from the two 
centres D, £, with the same radius, describe arcs inter- 
secting in F ; then draw AF, which will bisect the angle 
A as required. 

Join 1)F, EF. Then the two triangles ADF, AEF, 
having the two sides AD, DF, equal to the two AE, EF 
(being equal radii), and the side AF common, they 01*0 
mutually equilateral; consequently, they are also mutually equiangular (tlu 5)^ 
and have the angle BAF equal to the angle CAF. 

Scholium, In the same manner is an arc of a circle bisected. 



PROBLEM IIL 


To bisect a given line AB. 

From the two centres A and B, with any equal radii, 
describe arcs of circles, intersecting each other in C and 
D*; and draw the line CD, which will bisect the given 
line AB in the point E. 

Draw the radii AC, BC, AD, BD. Then, because all 
these four radii ore equal, and the side CD common, the 
two triangles ACD, BCD, are mutually equilateral ; con- 
sequently, they are also mutually equiangular (th. 5), and 
have the angle ACE equal to the angle BCE. ^ 



Henoti the two triangles ACI^ BCE, having the two sides AC, CE, equal to 
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the two sides r>0, CE, tind their contained angles equal, are identical (th. J), 
and tlierefore have tiie side AE equal to EB. 


PKOBLFJI iF. 

At If [p'ont point G, in a line AB, to erect a pejpendicula^^ 

From the given point C, nith any radius, cut off anv 
equal parts CD, Cl% of the given line ; and, from the two 
centres D and £, with any one radius, describe arcs inter- 
secting in F ; then join CF, which will be perpendicular 
as required. 

Draw the two equal radii DF, EF. Then the two tri- 
angles CDF, CEF, having the two sides CD, DF, equal to the two CE, EF, 
and CF common, are mutually equilateral ; consequently they are also mutually 
equiangular (th. 5), and have the two adjacent angles at C equal to each other; 
therefore, the line CF is perpendicular to AB (dc£ 11). 



AD C EB 


OTHERWISE* 

When the point C is near the end of the line. 

From any point D, assumed above the line, as a 
centre, tlirough the given point C describe a circle, cut- 
ting the given line at £ ; and tlirough E and the centre 
D, draw the diameter EDF ; then join CF, which will 
be the perpendicular required. 

l or the angle at C, being an angle in a semicircle, is 
a right angle, and therefore the line CF is a perpendicular (by def. 15). 



PROBLEM V. 


From a given point A, to let fall a perpendimlar on a given line BC, 

From the given point A as a centre, with any con- ^ 

venient radius, describe an arc, cutting the given line at 
the two points D and E ; and from the two centres D, E, 
with any radius, describe two arcs, intei*secting at F; 
then draw AGF, which will be perpendicular to BC as 
required. 

Draw the equal radii AD, AE, and DF, EF. Then the 
two triangles ADF, AEF, having the two sides AD, DF, equal to the two AE, 
EF, and AF, common, are mutually equilateral ; consequently, they are also 
mutually equiangular (th. 6), and have the angle DAG equal the angle EAG 
Hence then, the two triangles ADG, AEG> having the two sides AD, AG, 'equal 
to the two AE, AG, and their included angles equal, are therefore equiangular 
(th. 1), and have the anpies at G equal; consequently AG is perpendicular to 
BO(def. ll> 
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OTHERWISE. 

When the point is nearly opposite the end of the line. 

From any point D, in the given line BC, as a centre^ 
describe the arc of a circle through the given point A, 
cutting BC in E; and from the centre E, with the 
radius EA, describe another arc, cutting the former in 
F; then draw AGF, which will be perpendicular to 
BC as required. 

Draw the equal radii DA, DF, and EA, EF. Then 
the two triangles DAE, DFE, will be mutually equilater. » consequently, they 
are also mutually equiangular ( th. 5), and have the angles at D equal. Hence, 
the two triangles DAG, DFG, having the two sides DA, DG, equal to the two 
DF, DG, and the included angles at D equal, have also the angles at G equal 
(th. 1) ; consequently, those angles at G are right angles, and the line AG is 
perpendicular to DG. 



PROBLEM VI. 

To make a triangle with three given lines AB, AC, BC. 

With the centre A, and distance AC, describe an C; 

arc. With the centre B, and distance BC, describe 
another arc, cutting the former in C. Draw AC, 

BC, and ABC will be the triangle required. 

For the radii, or sides of the triangle, AC, BC, are 
equal to the given lines AC, BC, by construction. B C 

Note, If any two of the lines are not together greater than Uie third, the 
construction is impossible. 



PROBLEM VII. 

At a given point A, in a line AB, to make an angle equal to a given angle C, 

From the centres A and C, with any one radius, -r 

describe the arcs DE, FG. Then, with radius DE, 
and centre F, describe an arc, cutting FG in G. 

Through G draw the line AG, and it will form the 
angle required. 

Conceive the equal lines or radii, DE, FG, to be 
drawn. Then the two triangles CDE, AFG, being 
mutually equilateral, are mutually equiangular (th. 5), and have the angle at 
A equal to the angle at C 



PROBLEM VIII. 

Through a given point A, to draw a line parallel to a given line BC. 

From the given point A draw a line AD to any e A P 

point in the given line BC. Then draw the line EAF 

making the angle at A equal to the angle at D (by 

prob. 5) : so shall EF be parallel to BC as required. ® ^ ^ 
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For, the angle D being equal to the alternate angle "A, the lines BC, EF, 
are parallel, by th. 13. 

PROBLEM IK. 

To divide a line AB into any proposed number of equal parts. 

Draw any other line AC,, forming any angle with the 
given line AB; on which set off as many of any equal 
parts AD, DE, EF, FC, as the line AB is to be divided 
into. Join BC ; paralJel to which draw the otlier lines 
FG, EH, DI: then these will divide AB in the man- 
ner required. — For those parallel lines divide both 
the sides AB, AC, proportionally, by th. 82. 
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PROBLEM X, 

2o make a square on a given line AB, 

Kaise AD, BC, each perpendicular and equal to AB ; 
and join DC : so shall ABCD be the square sought V 

For all the three sides AB, AD, BC, are equal, by 
the construction, and DC is equal and parallel to AB 

(by th. 24); so that all the four sides are equal, and ^ 

the opposite ones are parallel. Again, the angle A or 

B, of the paralJelogTaiii, being a right angle, the angles are all right ones (cor. 
I, th. *^2). Hence, then, the figure, having all its sides equal, and all its angles 
right, is a square (dot*. 34). 


xi. 

'Vo mahti a rcctangh\ or a pcnallelograniy of a given length and breadth^KBy BC, 

F'rect AD, BC, per|)endicular to AB, and each equal 
to BC ; then join DC, and it is done. 

The demonstration is the same us the last problem. 

And ill the same manner is described any oblique 
parallelogram, only drawing AD and BC to make the 
given oblique angle with AB, instead of perpendicular 
to it. 

PROBLEM XII. 

To make a rectangle equal to a given triangle 

Bisect the base AB in D ; then raise DE and BF 
perpendicular to AB, and meeting CF* parallel to All, 
at E and F ; so shall DF be the rectangle equal to tlie 
given Uriangle ABC (by cor. 2, th. 26). 
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FAOBLEM Xlll. 

To make a square equal to the sum of two or mare given squares^ 

Let AB and AC be the sides of two given squares. 

Draw two indefinite lines AP, AQ at right angles to 
each other ; in which place the sides AB, AC, of the 
given squares ; join BC : then a square described on 
BC will be equal to the sum of the two squares de- 
scribed on AB and AC (th. 3d}. 

In the same manner, a square may be made equal i’ D A 
to the sum of three or more given square. For, if 

AB, AC, AD be Uiken as the sides of the given squares, t?ien, making 
AE =: BC, AD =r AD, and drawing DE, it is evident that the square on DE 
will be equal to the sum of the three squares on AB, AC, AD. And so on tor 
more squares. 



PROBLEM XIV. 


To make a square equal to the difference of two given sigiares. 

Let AB and AC, taken in the same straight line, be 
equal to the sides of the two given squares. From the 
centre A, with the distance AB, describe a circle * and ^ 
make CD perpendicular to AB, meeting the circumfer- ^ ^ 

eiice in D ; so shall a square described on CD be equal A 

to AD^ — AC*, or AB* — AC*, as required (cor. th, 34). 


l> 


PROBLEM XV, 

To make a triangle equal to a given quadrilateral ABCD. 

Draw the diagonal AC, and parallel to it DE, meet- 
ing BA produced at E, and join CE; Ihen will the tri- 
angle CEB be equal to the given quadrilateral ABCD. 

For, the two triangles ACE, ACD, being on the same 
base AC, and between the same parallels AC, DE, are 
equal (th. 25) ; therefore, if ABC be added to each, it 
will make BCE equal to ABCD (ax. 2). 



PROBLEM XVh 


To make a triangle equal to a given pentagon ABCDE. 


Draw DA and DB, and also EF, CG, parallel to 
them, meeting AB produced at F and G ; then draw 
DF and DG ; so shall the triangle DFG be equal to 
the given pentagon ABCDE. 

For, the triangle DFArnDEA, and the triangle 
DGB = DCB (th. 25) ; therefore, by adding DAB to 
the equals, the sums are equal (ax. 2), that is, DAB 
+ DAF + DBG = DAB + DAE + DBC, or the 
pentagon ABODE. 


D 
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PROBLEM XVII. 

To make a square equal to a given rectangle ABCD 

Fl^duce one side A.B, till B£ be equal to the other 
Bide BC, On AE ns a diameter describe a circle meet- 
ing BC produced at F : then will BF be the side of the 
square BFGH, equal to the given rectangle BD, as 
required; as appears by por, th. 87, and th. 77, 

PROBLEM XVIII. 

To describe a circle about a given triangle ABC, 

Bisect any two sides with two of the perpendiculars 
DE, DF, DG, and D will be the centre. 

For, Join DA, DB, DC. Then the two right-angled 
triangles DAK, DBE, have the two sides, DE, EA, 
equal to the two DE, EB, and the included angles at E 
equal : these two triangles are therefore identical 
(ill. 1), and have the side DA equal to DB. In like 
iiianner it is shown, that DG is also equal to DA or 

DB. So that all the three, DA, DB, DC, being equal, they are radii of a circle 
passing through A, B, and C. 

'Note , — The problem k Bie same in effect when it is required — 

To describe the circumference of a circk through three given points A, B, C. 

Then, from the middle point B draw chords BA, BC, 
to the two other points, and bisect these chords perpen- 
dicularly by lines meeting in O, which will be the cen- 
tre. Again, from the centre O, at the distance of any 
one of the points, as OA, describe a circle, and it will 
)»ass through the two other points, B, G, as required. 

'i lie deiiioiistration is evidently as above. 

PROBLEM XIX. 

An isosceles triangle ABC being given^ to describe another on the same bast 
AB, whose vertical angle shall be only half the vertical angle C. 

From C as a centre, with the distance CA, 
desiTibe the circle ABE, Bisect AB in D, join 

DC, and produce to the circumference E, join 
EA and EB, and ABE shall be the isosceles tri- 
angle required. 

For, since in the triangle EDA, EDB, AD is 
equal to DB, and DE coitinion to both, and the 
right angle EDA, equal to the right angle PT)B, 
the side EA must be equal to the side EB, the tri- 
angle AEB, is therefore isosceles, and the angle 
ACB at the centre, must be double of the angle AEB at the circumferenes 
for they both stand on the same segment AB. 
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ntOBLEM XX. 

Given an isosceles triangle AEB, to erect another on the same base AB, whkh 
shall have double the vertical angle £. 

Describe a <;ircle about the triangle AEB^ find its cen* 
tre and join OA, CB^ and ACB is the triangle rd- 
quired. 

The angle C at the centre ii double of the angle H 
at the circumference^ and the triangle AGB is isoscelec 
for tlie sides CA, CB being radii of the same circle are 
equal. 

PROBLEM XXI. 

To find the centre of a given circle. 

Di*aw any chord AB \ and bisect it perpendicularly 
with the line CD : this (th. 41, cor.) will be a diameter* 

Therefore bisect CD in O, which will be the c^entre, as 
required. 

mOBLaM 3CX1L 

To draw a tangent to a eirsJSf thiongh a given point A* 

1. When the given point A is in the circumference 
of the circle : join A and the centre O ; perpendicular 
to which draw BAG, and it will be the tangent, by 
th. 46. 

2. When the given point A is out of the circle: 
draw AO to the centre O; on which as a diameter 
describe a semicircle, cutting the given circumference 
in D; through which draw BADC, which will be the 
tangent as required. 

For, join DO. Then the angle ADO, in a semi- 
circle, is a right angle, and <X)n8equently AD is perpen- 
dicular to the radius DO, or is a tangent to the circle 
(th. 46.) 


0 

E 



PROBLEM XXllL 

On a given line AB to describe a segment of a circle^ to contain a given angle C* 

At the ends of the given line make angles DAB, 

DBA, each equal to the given angle G. Then draw 
AE, BE, perpendicular to AD, BD; and with the 
centre and radius EA or £B, describe a circle; so 
shall A.FB be ihe segment required, as any angle F 
made in it will be equal to the given angle G. 

For, the two lines AD, BD, being perpendicular to 
the radii EA, EB (by construction), are tangents to 
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the circle (tlu 46); and the angle A or B, which is equal to the given 
angle C by construction, is equal to the angle F in the alternate segmenc ALB 
(th. 53). 

PROBLEM XXIV* 

To cut off a segment from a circle^ that shall contain a given angle C. 

Draw any tangent AB to the given circle; and a 
c)>ord AD to make the angle DAB equal to the given 
angle C; then DEA will be the segment required, 
any angle E made in it being equal to the given 
iingle C. 

PROBLEM XXV. 

To inscribe an equilateral triangle in a given circle^ 

Through the centre C draw any diameter AB. From 
the point B as a centre, with the radius BC of the given 
c;ircle, describe an arc DCE. Join AD, AE, DE, and 
ADE is the equilateral sought. 

Join DB, DC, EB, EC. Then DCB k an equila* 
teral triangle, having each side equal to the radius of 
tile given circle. In like manner, BOE is an equila- 
teral triangle. But the angle ADE is equal to the angle 
ABE or CBE, standing on the same arc AE; also the angle AED is equal 
to the angle CBD, on the same arc AD ; hence the triangle DAE has two of 
its angles, ADE, AED, equal to the angles of an equilateral triangle, and 
therefore the third angle at A is also equal to tlie same; so that the triangle 
is equiangular, and therefore equilateral. 

PROBLEM XXVI. 

To inscribe a circle in a given triangle ABC. 

Bisect any two angles A and B, with the two lines 
AD, BD, From the intersection D, which will be 
the centre of the circle, draw the perpendiculars DE, 

DF, DG, and they will be the radii of the circle 
required* 

For, since the angle DAE is equal to the angle 
DAG, and the angles at E, G, right angles (by con* 
strmition), the two triangles, ADE, ADG, are equiangular; and, having also 
the side AD common, they are identical, and have the sides DE, DG, equal 
(th. 2). In like manner it is shown, that DF is equal to DE or DG. 

Therefore, if with the centre D, and distance DE, a circle be described, it 
will pass through all the three points, E, F, G, in which points altfO it will 
touch the three sides of the triangle (th. 46), because the radii DE, DF DG, 
are perj»endicular to them. 
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PkOBLSM XXVll. 

To inscribe a square in a given cirek» 

Draw two diameters AC, BD, crossing at right angles 
iti the centre E. Then join the four extremities A, B, 

C, D, with right lines, and these will form the inscribed 
square ABCD, 

For the four right-angled triangles AEB, BEC, 

CED, DEA, are identical, because they have the sides 
EA, EB, EC, ED, all equal, being radii of the circle, 
and the four included angles at E all equal, being right angles, by the construc- 
tion. Therefore, all their third sides AB, BC, CD, DA, are equal to one 
another, and the figure ABCD is equilateral. Also, all its four angles, A, B, 
C, D, are right ones, being angles in a semicircle. Consequently tlie figure 
is a square. 

PROBLEM XXVin. 

To describe a square about a given circle,, 

Draw two diameters AC, BD, crossing at right 
angles, in the centre E 1'hen through their four ex- 
tremities draw FG, IH, parallel to AC, and FI, CH, 
parallel to BD, and they will form the square FGHl. 

For, the opposite sides of parallelograms being 

equal, FG and IH are each equal to the diameter A( !, p|[ 

FI and GH each equal to the diameter BD; so that 

the figure is equilateral. Again, because the opposite angles of parallelograms 
are equal, all the four angles F, G, H, I, are right angles, being eqinal to the 
opposite angles at E, So that the figure FGHl, having its sides equal, and its 
angles right ones, is a square, and its sides touch the circle at the four points 
A B, C, D, being perpendicular to the radii drawn to those points. 

PROBLEM XXIX. 

To inscribe a circle in a given square. 

Bisect the two sides FI, FG, in the points A and B (Inst fig.) 'I'hen, through 
these two points draw AC parallel lo FG or IH, and BD parallel to FI or (HI. 
I'hen the point of intersection E will be the centre, and the four lines EA, EB, 
J^^C, ED, radii of the inscribed circle. 

For, because the four parallelograms EF, EG, EH, El, have their opposite 
sides and angles equal, therefore all the four lines EA, EB, EC, ED, are equal, 
being each equal to half a side of the square. So that a circle described from 
the centre E, with the distance EA, will pass through all the points A, B, C, D, 
and will be inscribed in the square, or will loucli iU four sides in those points, 
because the angles there are right ones. 

PROBLEM XXX. 

To describe a circle about a given square* 

(See fig. Prob. xxvii.) 

Draw the diagonals AC, BD, and their intersection E will he the ccntte. 
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As the diag^onals of a square bisect each other (th. 40), then will EA, EB, EC^ 
ED, be all equal, and consequently these are radii of a circle passing through 
the four points A, B, C, D. 


PROBLEM XXXI. 

To find a third-proportional to two given lineSy AB, AG. 

Place the two given lines AB, AC (or two lines equal 

to them), to form any angle at A ; and in AB set off ^ 

AD z= AG. Join BC, and draw DE parallel to it ; so 

will AE, on the line AC, be the third proportional 
sought. 

For, since DE is parallel to BC, the two lines AB, 

AC, are cut proportionally by DE (th. 82): hence, 

AB : AC :: AD (= AC) : AE, and AE is, therefore, the third proportional 
required. 
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PROBLEM XXXII. 

To find a fourth proportional to three given linesy AB, AC, AD. 

Place two of the given lines AB, AC, or their equals, ^ 

to make any angle at A ; and on AB set off, or place, ^ q 

the other line AD, or its equal. Join BC, and paral- A D 

lei to it draw DE : so shall AE be the fourth propor- 
tional as required. 

* .AD 

For, because of the parallels BC, DE, the two sides 

AB, AC, are cut proportionally (th. 82): lo that AB : AC :: AD : AE. 



I'HOBLRM XXXIII. 


To find a mean proportional between two lines AB, BC. 


r*lace AB, BC, joined in one straight line AC ; on 
which, as a diameter, describe the semicircle ADC; lo 
meet which erect the perpendicular BD; and it will be 
the mean proportional sought, between AB and BC (by 
cor. th. 87). 
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PROBLEM XXXIV. 


To divide a given line in extreme and mean ratio. 


Let AB be the given line to be divided in extreme 
and mean ratio, that is, so that the whole line may be 
to the greater part, as the greater is to the less part. 

Draw BC perpendicular to AB, and equal to half AB. 
Join AC; and with centre C and distance CB, de cribe 
the circle BD ; then with centre A and distance AD, 
describe the arc DE ; so shall AB be divided in E in ex* 
treme and mean ratio, or so that AB : AE : : AE : EB. 

Produce AG to the circumft rencc at F. 'I hen, ADF 
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b«ing a secant^/ and AB a tangent, because B is a right angle: tnerefore th« 
rectangle AF'AD is equal to AB'* (cor. 1, th. 61); consequently the means 
End extremes of these are proportional (th. 77), viz. AB : AF or AD -f“ 

AD : AB. But AE is equal to AD by construction, and AB = 2 BC = DF ; 
therefore, AB : AE -f- AB : ; AE : AB or AE -f- EB ; and by diviCion, 
AB : AE : : AE : EB. 


PROBLEM XXXV. 

To cut a given line AB in a point F, so that the square of the one part BF 
may be equal to the rectangle of the whole line AB and the other part AF. 

Produce AB till BC be equal to it, erect the 
perpendicular BD equal to A B or BC, bisect BC 
in £, join ED and make EF equal to it ; the 
square of the segment BF is equivalent to the 
rectangle contained by the whole BA and its re- 
maining segment AF. Tlie line ^B is then said 
to be divided by medial section at the point F. 

For on BC construct the square BG, make BH equal to BF, and draw IHK 
and FI parallel to AC and BO. Since AB is equal to BD, and BF to BH • 
the remainder AF is equal to HD: and it is further evident, that FH is a 
square, and IC and DK are rectangles. But BC being bisected in 15 and pro- 
duced to F, the rectangle under CF, FB, or the rectangle IC, together with 
the square of BE, is equivalent to the square of EF or DE. But the square of 
DE is equivalent to the squares of DB and BE; whence the rectangle 1C, with 
the square of BE, is equivalent to the squares of DB and BE ; or, omitting the 
common square of BE, the rectangle 1C is = to the square of DB. Takeaway 
from both the rectangle BK, and there remains the square BI, or the square of 
BF, = to the rectangle HG, or the rectangle contained by BA and AF. 

Cor, Hence also the construction of another problem of the same nature ; in 
which it is required to produce a straight line AB, such tliat the rec^Uingle con- 
tained by the whole line thus produced and the part produced, sliall be equi- 
valent to the square of the line AB itself. 

Bisect AB in C, draw the perpendicular BD = BC, join AD and ctouinuo 
it until DE =: DB or BC, and on AB produced 
take AF = AE: the line AF is the required ex- 
tension of AB. For make D(j = DB or BC ; and 
because the rectanj>le EA, AG together with the 
square of DG or DB, is equivalent to the square 
of DA or to the squares of AB and DB ; the rec- 
tangle EA, AG, or FA, AC, is equivalent to the 
square of AB. 

PROBLEM XXXVI. 

Given either one of the sides AB, or the base a b, to construct an isosceles 
triangle, so that each of the angles at the base may he double of its vertical angle* 

First, let one of the sides AB be given. By the last ^ 

problem divide it into two parts, AC, CB, such that A B 

CB® = AB X AC, Construct the triangle, having 
tlU) base = CB, and each of the two sides AB. 
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Next, if the base AB be given, by the second case of the foregoing propo- 
sition, produce AH to C, so that AC X ~ AB® 
then will AB be the base, and AC the length of each ABC 
of the two sides. 




PROBLEM XXXVir 

To describe a regular pentagon on a given line A 13, 

On AB erect the isosceles triangle ACB having each of the angles at the 
d()ul)le of its vertical angle, on AB again construct another isosceles tri- 
mole whose vertical angle AOB is double of ACB, 
and about the vertex O place the isosceles triangles 
AOD, BOC, COC, and ECB; these triangles, 
with AOB, will compose a regular pentagon. 

For the angle AOB, being the double of ACB, 
which is the fifth part of two right angles, must 
he equal to the fifth part of four right angles ; and 
Lonsequently five angles, each of them equal to 
AOB, will adapt themselves about the point O. 

But the bases of those central triangles, and which 
form the sides of the pentagon, are all equal ; and the angles at their b.ases 
being likewise equal, they are equal in the collective pairs which constitute the 
internal angles of the figure. It is therefore a regular pentagon. 



PKOILKM XXXTXU. 

To describe a hexagon upon a given line AB. 

From A and B as centres, with AB as radius, describe arcs intei’secting in O 
(fig. to the next problem). From O as a centre, with the same radius, describe 
a circle ABCDEF. Within this circle set oflf from B, the chords BC, CD, DE^ 
EF, FA, in succession, each equal to AB : they will, together with AB, form 
the hexagon required. 

The demonstration is analogous to that of the following problem. 


PROBIKM xxxix. 

To inscribe a regular hexagon in a circle. 

Apply the radius AO of the given circle as a chord, 

AB, BC, CD, &c. quite round the circumference, and it 
will complete the regular hexagon ABCDEE'. 

For, draw the radii AO, BO, CO, DO, EG, FO, 
completing six equal triangles ; of which any one, ns 
ABO, being equilateral (by constr.), its three angles are 
all equal (cor. 2, th. 3), and any one of them, as AOB, 
is one4hird of the whole, or of two right angles (th. 1 7), 
or one-sixth of foui right angles. But the whole circumference U the moasm© 
af four right angles fcor. 4, th. 6). Therefore the arc AB is one-sixth oi Ihe 
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eircumference of the circle, and cx>nsequently its chord AB one tide of an oqul- 
bteral hexagon incribed in the circle. And the tame of the other chords. 

Cor. The side of a regular hexagon is equal to the radius of the circum* 
tciibing circle, or to the chord of one-sixth part of the circumference. 

0 ) 

PBOBLKM XI*, 


On a given line AB to construct a regular octagon. 


Bisect AB by the perpendicular CD, which 
make =r CA or CB, join DA and DB, pro- 
duce CD making DO = DA or DB, draw 
AO and BO, thus forming an angle equal to 
the half of ADB, and about the vertex O 
repeat the equal triangles AOB, AOE, EOF, 
FOG, GOH, HOI, lOK, and KOB to compose 
the octagon. 

For the distances AD, BD are evidently 
equal; and because CA, CD, and CB are all 



equal, the angle ADB is contained in a semi- 
circle, and is, therefore, a right angle. Consequently AOB is equal to tlie 
half of a right angle, and eight such angles will adapt themselves about the 
point O. Whence the figure BAEFGHIK, having eight equal sides and equal 


angles, is a regular octagon. 


rsOBUDI X1.I. 

To divide the circumfermce of a ^en circle successively into 4, 8, 12, and 
S4 equal parts. 


1. Insert the radius AB three times from A to D, E, and C ; from the 
extremities of the diameter AC, and with a distance equal to the double chord 


AE, describe arcs intersecting in the point F ; 
and from A, with the distance BF, cut the 
circumference on opposite sides at G and H : 
AG, GC, CH, and HA are quadrants. 

2. From the point F with the radius AB, 
cut the circle in 1 and K, and from A and C 
inflect the chord AI from L and M ; the cir- 
cumference is divided into eight equal portions 
by the points A, 1, G, K, C, M, H, and L, 

.3. The arc DG, on being repeated, will 
form twelve equal sections of the circumfe- 
rence, 

4. The arc ID is the twenty -fourth part of 



the circumference. 


PROBLEM XLII. 

To divide the circumference of a given circle successively into 5, 10, and 20 
equal parts. 

Mark out the semicircumference ADEC by the triple insertion of the radius, 
from A and C with the double chord AE describe arcs intersecting in F, fror* 
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A with the distance BF cut the drcle in X 

G and H, inflect the chords GH and GI 
equal to the radius AB, and from the 
points H and I, with distance BP or AG, 
des(^ribe arcs intersecting in L, 

For BL is the greater segment of the 
radius BH divided by a medial section; 
wherefore AL is equal to the side of the 
inscribed pentagon, and BL, to that of 
the decagon inscribed in the given circle. 

Hence AL may be inflected five times 
in the circumference, and BL ten times; 
and consequently the arc MK, or the excess of the fourth above the fifth, is 
equal to the twentieth part of the whole circumference. 



PROBLEM XLIIL 


To describe a regular pentagon^ hexagon^ or octagon^ ubotd a circle. 


In the given circle inscribe a regular, polygon of 
the same name or number of sides, as ABCGK, by 
one of the foregoing problems. Then to all its 
angular points draw tangents (by prob. Sk),and these 
will form the circumscribing polygon required. 

For all the chords, or sides of the inscribed figure, 

AB, BC, &c., being equal ; and all the radii OA, OB, 

&c., being equal; all the vertical angles about the point 0 are equal. But the 
angles OFF, OAF, OAG, OBG, made by the tangents and radii, are right 
angles ; therefore OEF + OAF =r two right angles, and OAG + OBG 
= t>vo right angles; consequently, also, AOE -f- AF'F = two right angles, 
and AOB + AGB = two right angles (cor, 2, th. 18). Hence, then, the 
angles AOE + AFE being = AOB + AGB, of uhich AOB is = AOE; 
consequently, the remaining angles F and G are also equal. In the same 
manner it is shown, that all the angles F, G, H, 1, K, are equal. 

Again, the tangents from the same point FE, FA, are equal, as also the 
tangents AG, GB (cor. 2, th. 61); and the angles F and G of the isosceles 
triangles AFE, AGB, are equal, as well as their opposite sides AE, AB; con- 
sequently, those two triangles are identical (th. 1 ), and have their other sides 
EF, FA, AG, GB, all equal, and F^G equal to the double of any one of them. 
In like manner it is shown, that all the other sides GH, HI, IK, KF', are equal 
to FG, or double of the tangents GB, BH, &c. ^ 

Hence, then, the circumscribed figure is both equilateral and equiangular; 
which was to be shown. 



Cor.-— The inscribed circle touches the middle of the sides of the polygon. 
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xliv. 

To inscribe a circle in a regular polygon. 

Bisect any two sides of the polygon by the perpendi- 
culars 00, FO, and their intersection O will be the 
centre of the inscribed circle and OG or OF will be 
the radius. 

For the perpendiculars to the tangents AF, AG, pass 
through the centre (cor., th. 47) ; and the inscribed 
circle touches the middle point F, G, by the last corol- 
lary. Also, the two sides AG, AO, of the right-angled triangle AOG, 
equal to the two sides AF, AO, of the right-angled triangle AOF, the third sides 
OF, OG, will also be equal (cor., th. 45). Therefore, the circle described with 
the centre 0 and radius OG will pass through F, and will touch the sides in 
the points G and F. And the same for all the other sides of the figure. 



PROBLEM XLV. 

To describe' a circle about a regular polygon. 

Bisect any two of the angles C and D with the lines 
CO, DO ; then their intersection 0 will be the centre 
of the circumscribing circle ; and OC, or 01), will be 
the radius. 

For, draw OB, OA, OE, &c., to the angular points of 
the giren polygon. Then the triangle OCD is isosceles, 
fia\ing the angles at C and D equal, being the halves 
of the equal angles of the polygon BCD, CDE; there- 
fore, their opposite sides CO, DO, are equal (th. 4). But the two triangles 
OCD, OCB, having the two sides OC, CD, equal to the two OC, CB, and the 
included angles OCD, OCB, also equal, will be identical (th. 1), and have their 
third sides BO, OD, equal. In like manner it is shown, that all the lines OA, 
OB, OC, OD, OE, are equal. Consequently, a circle described with the centre 
O and radius OA, will pass through all the other angular points, B, C, 1), Kic., 
and will circumscribe the polygon. 





PROBLEM XLVI. 

On a given line to construct a rectilinear figure similar to a given recti- 
linear figure. 

Let ahcde be the given rectilinear figure, 
and AB the side of the proposed similar 
figure that is similarly posited with ah. 

Place AB in the prolongation of a5, 
or parallel to it. Draw AC, AD, AE, 8jc., 
parallel to ac, ad^ ae, respectively. Draw 
BC parallel to meeting AC in Cj CD 
parallel to cd, and meeting AD in D ; DE parallel to and meeting AE in 
E ; and so on, till the figure is completed. Then ABCDK will he similar to 
uftcde, from the nature of parallel lines and similar figures (th. 89). 
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MiscEttANuoua Exeecises in Plane»Geomktey. 

(I J From two giyett points, to draw two equal straight hues, which shall 
meono the same point of a line given in position. 

(2.)' From two given points, on the same side, or opposite sides of a lino 
given in position, to draw two lines, w'hich shall meet in that line, and make 
equal angles with it. 

(3.) To trisect a given finite straight line. 

(4.) If from the extremities of the diameter of a semicircle, perpendiculars 
DC let fall on any line cutting the semicircle, the parts intercepted between 
those perpendiculars and the circumference are equal. 

(5.) If on each side of any point in a circle any number of equal arcs be 
taken, and the extremities of each pair joined, the sum of the chords so drawn 
will be equal to the last chord produced to meet a line drawn from the given 
point through the extremity of the first arc. 

(6.) If one circle touch another externally or internally, any straight line 
drawn through the point of contact will cut off similar segments. 

(7.) If tw'o circles touch each other, and also touch a straight line, the part 
of the line between the points of contact is a mean proportional between the 
diameters of the circles. 

(8.) From two given points in the circumference of a given circle, to draw 
two lines to a point in the circumference, which shall cut a line given in 
position, so that the part of it intercepted by them may be equal to a given 
line. * 

(9.) If from any point within an equilateral triangle perpendiculars be 
drawn to the sides, they are, together, equal to a perpendicular drawn from 
any of the angles to the opposite side. 

(10.) If the three sides of a triangle be bisected, the perpendiculars drawn 
to the sides, at the three points of bisection, will meet in the same point. 

(11.) If from the three angles of a triangle lines be drawn to the points of 
bisection of the opposite sides, these lines intersect each other in the same 
point. 

(12.) The three straight lines which bisect the three angles of a triangle, 
meet in the same point. 

(13.) If from the angles of a triangle perpendiculars be drawn to the oppo- 
site sides, they will intersect in the same point. 

(14.) If any two chords be drawn in a circle, to intersect at right angles, 
the sum of the squares of the four segments is equal to the square of the 
diameter of the circle. 

(15.) In a given triangle to inscribe the greatest square. 

In a given triangle to inscribe a rectangle, whoso sides shall have a 
given ratio. 

PD 
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(17.) The two sides of a triangle are, together, greater than the double of 
the straight line which joins the vertex and the bisection of the base. 

(18.) If in the sides of a square, at equal distances from the four angles, 
four other points be taken, one in each side, the figure contained by the 
straight lines w hich join them shall also be a square. 

(19.) If the sides of an equilateral and equiangular pentagon be produced 
to meet, the angles formed by these lines are, together, equal to two right 
angles. . 

(20.) If the sides of an equilateral and equiangular hexagon be produced 
to meet, the angles formed by these lines are, together, equal to four right 
angles. 

(21.) If squares be descnoed on the three sides of a right-angled triangle, 
and the extremities of the adjacent sides be joined, the triangles so formed 
are equal to the given triangle, and to each other. 

(22.) If squares be described on the hypothcnuse and sides of a right- 
angled triangle, and the extremities of the sides of the former, and the ad- 
jacent sides of the others, be joined, the sum of the squares of the lines joining 
them will be equal to five times the square of the hypothenuse. 

(23.) To bisect a triangle by a line drawn parallel to one of its sides. 

(24.) To divide. a circle into any number of concentric equal annuli. 

(25.) To inscribe a square in a given semicircle. 

(26.) If in a right-angled triangle a perpendicular be drawn from the right 
angle to the hypothenuse, and circles inscribed in the triangles on each side 
of it, their diameters will be to each other as the subtending sides of the right- 
angled triangle. 

(27.) If on one side of an equilateral triangle, as a diameter, a semicircle be 
iescribed, and from the opposite angle two straight lines be drawn to trisect 
Aat side, these lines produced will trisect the semi-circumference. 

(28.) Draw straight lines across the angles of a given square, so as to form 
an equilateral and equiangular octagon. 

(29.) The square of the side of an equilateral triangle, inscribed in a circle, 
is equal to three times the square of the radius. 

(30.) To draw straight lines from the extremities of a chord to a point in 
the circumference of the circle, so that their sum shall be equal to a given 
line. 

(31.) In a given triangle to inscribe a rectangle of a given magnitude. 

(32,) Given the perimeter of a right-angled triangle, and the perpendicular 
from the right apgle upon the. hypothenuse, to construct the triangle. 

(33.) Describe a circle touching a given straight line, and also passing 
through two given points. 

(34.) In an Isosceles triangle to inscribe three circles, touching each other, 
and each touching two of the three sides of the triangle. 
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DEFINITIONS. 

!. A PLANE is a surface in which, if any two points be taken, the straight line 
which joins these points will be wholly in that surface, 

2. A straight line is said to be perpendicular to a plane, when it is perpendi« 
cular to all the straight lines in the plane which pass through the point in which 
it meets the plane. 

This point is called the foot of the perpendicular. 

3. The inclination of a straight line to a plane, is the acute angle contained 
by the straight line, and another straight line drawn from the point in which 
llie hrst meets the plane, to the point in which a perpendicular to the plane, 
drawn from any point in the first line, meets the plane, 

4. A straight line is said to be parallel to a plane when it cannot* meet the 
plane, to whatever distance both be produced. 

5. It will be proved in Prop. 2, that the common intersection of two planes is 
a straight line ; this being premised, 

The angle contained by two planes, which cut one another, is measured by 
tlie angle contained by two straight lines drawn from any point in the common 
intersection of the planes perpendicular to it, one in each of the planes. 

Tliis angle may be acute, right, or obtuse. 

If it be a right angle, the planes are said to be perpendicular to each other. 

6* Two planes are parallel to each other, when they cannot meet, to whatever 
distance both be prodm^ed. 


PROP. I. 

A straight line cannot he partly in a plane, and partly out of it. 

For, by def. (1), when a straight line has two points common to a plane, it 
lies wholly in that plane. 

PROP. n. 

If two planes cut each other, their common intersection is a straight line. 

Let the two planes, AB,CD, cut one another, and 
let P, Q, be two points in their common sectioj . 

Join P, Q ; 

Then, since the points P, Q, are in the same 
plane AB, the straight line PQ which joins ihcm 
must lie wholly in that plane. 

For a similar reason, PQ must lie wholly in 
the plane CD, 

The straight line PQ is common to the two 
planes, and is their common intersection. 

p D 2 
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PROP. III. 

An^ number of 'planes may be drawn through the same straiyhi Unem 
Fop let a plane, drawn through a straight line, be conceived to revolve ^und 
the straight line as an axis. Then the different positions assumed by the re- 
volvimr plane will he those of different pJanes drawn through the straight line. 


PROP, iv. 

One planCf and one plane only^ can be drawn^ 

1 ®, Through a straight Une^ and a point not situated in the given linen 
2®. Through three points which are not in the same siiaight liucn 
3®. Through two straight lines which intersect each other, 

4?® Through two parallel straight lines, 

1. For if a plane be drawn through the given line, and be (conceived to re- 
volve round it as an axis, it must in the course of a complete revolution pass 
through the given,, point, and so assume the position enounced in 1®. 

Also, one plane only can answer these conditions, for if we suppose a second 
plane pasj^ing through the same straight line and point, it must have at least 
two intersections with the first, which is impossible. 

2. Join two of the points, this cose is then reduced to the last. 

3. Take a point in each of the lines which is not the point of intersection, 
join these two points ; the case is now the same as the two former. 

4. Parallel straight lines are, by their definition, in the same plane, and, by 
the first case, one plane only can be drawn through either of them, and a point 
assumed in the other. 

Cor, Hence, the position of a plane is determined by, 

!• A straight lirWy and a point not in the given straight line, 

2. A triangle, or three points not in the same straight lin'- 

3, Two straight lines which intersect each other, 

4w Two parallel straight lines, 

PROP. V. 

If a straight line be perpendicular to two other straight lines which intersect 
at its foot in a plane, it will be perpendicular to every other straight line 
drawn through its foot in the same plane, and will therefore be perpendicular 
to the plane. 

Let XZ be a plane, and let the straight line PQ 
be perpendicular to the two straight lines AB, CD 
which intersect in Q in the plane XZ. 

Draw any straight line EF through Q ; 

Then PQ will be perpendicular to EF. 

Draw through any point K in QF a straight line 
GH, such, that GK = KH. 

JoinP, G; P, K; P,H; 

Then, since GH, the base of the A GQH, is bi- 
sected in K; 

GO* + HQ» = 2GK» + 2QK*... 


D 
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Siniilariy, since GH, the base of A GPH, is bisected in I? ; 

GP + HP* = 2GK* + 2PK*. 

But the angles PQG, PQH, are right angles, the above becomes^ 

•PQ* + GQ* + PQ* + HQ* = 2GK* + 2PK* {2) 

Taking (1) from (2), there remains, 

2PQ* =: 2PK* — 2QK* 

.• PQ* + QK* z= PK* 

itence, the angle PQK is a right angle. 

In like manner, it may be proved that PQ is at right angles to every other 
straight line passing through Q in the plane XZ 


PROP. VT. 

A perpendicular is the shortest line which can be drawn from any point to 

a plane. 

Let PQ be perpendicular to the plane XZ; 

From P draw any other straight line PK to the 
plane XZ; 

Then PQ ^ PK. 

In the plane XZ draw the straight line QK, join- 
ing the points Q, K. 

Then, since the line PQ is perpendicular to the 
plane XZ, the angle PQK is a right angle; and 

PQ is less than any other line PK. (Geom. 

Thebr, xxi,) 

Co7\ 1. Hence, oblique lines equally distant from the perpend icubir are 
equal, and, if two oblique lines be unequally distant from the perpendicular, the 
more distant is the larger. 

niat is, if QG, QH, QK, are all equal, 

then PG, PH, PK, are all equal; and 

if QH be greater than QG, then PH is greater than 
PG. 

Cor. 2. A perpendicular measures the distance 
of any point from a plane. The distance of one 
point from another is measured by the straight line 
joining them, because this is the shortest line which can be drawn from oi:e 
point to another. So also, the distance from a point to a line, is measured 
by a perpendicular, because this line is the shortest that can be drawn from 
the point to the line. In like manner, the distance from a point to a pl^iie, 
must be measured by a perpendicular drawn from that point to the planet 
because this is the shortest line that can be drawn from the point, to the 
plane. 
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PROP. VII. 

Zttt PQ ht a pet*pendicular on the plane XZ, and GH a straight Une in that 
plane; if from Q, the foot of the perpendicular, QK he drawn perpendicu^r to 
(iH, afid P, K, be joined; then PK will he perpendicular to GH. 

Take KG zr KH, join P, G; P, H; Q,G; Q, H; 

KG = KH, and KQ common to the triang^les 
GQK, HQK, and angle GKQ = angle HKQ, 
each being a right angle. 

QG = QH 

PG = PH Cor. to last Prop. 

Hence, the two triangles GKP, HKP, have the 
two sides GK, KP, equal to the two sides HK, KP, 
and the remaining side GP, equal to the remaining 
side HP. 

Angle GKP =: angle HKP, and each of them is a right angle. 

Cor, GH is perfiendicular to the plane PQK, for GH is perpendicular to each 
of the two straight lii^es KP, KQ. 


P 



Remark. — ^The two straight lines PQ, GH, present an example of two 
straight lines which do not meet, because they are not situated in the same 
plane. 

llie shortest distance betw'een these two lines b the straight line QK, which 
is perpendicular to each of them. 

For, join any two other points, as P, G ; 


Then, 

And, 


PG -7^ PK ) , ^ 

KP ^ KQ i ^ 
PG ^ KQ 


The two lines PQ, GH, although not situated in the same plane, are con- 
sidered to form a right angle with each other. For PQ, and a straight line 
drawn through any point in FQ parallel to GH, would form a right angle. 

In like manner, PG, and QK, wiiicli represent any two straight lines not 
situated in the same plane, are considered to form with each other the same 
angle which PG would make with any parallel to QK, di‘awn through a point 
in PG. 


PROP. VIII. 

If two straight lines he perpendicular to the same plane, they will he parallel 

to each other. 

Let each of the straight lines PQ, GH, be per- 
pendicular to the plane XZ. 

Then, PQ w ill be parallel to GH. 

In the plane XZ draw the straight line QHi 
joining the points Q,H, 

Then, since PQ, GH, are perpendicular to the 
plane XZ ; they are perpendicular to the straight 
line QH in that plane ; and, since PQ, (tH, are 
both perpendicular to the same line QH, they 
are parallel to eaidi other. (Geom. tlioor. 13, cor.) 
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tW. L Conversely, if tw o straight lines be parallel, and if one of them be 
perpendicular to any plane, the other will also be perpendicular to the same 
plane. 

Cor. 2. I’wo straight lines parallel to a third, are parallel to each other. 

Ijpr,' conceive a plane perpendicular to any one of them, then the other two 
being parallel to the hrst, will be perpendicular to the same plane; hence, b^ 
the Prop, they will bo parallel to each other. 

The three straight lines are not supposed to be in the same plane, this 
case the Proposition has been already demonstrated* 


i 
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PROP. IX. 

Jf a straight line, without a given glane, be parallel to a straight line m th 
plane, it will be parallel to the plane. 

Let AB, lying without the plane XZ, be paraU d ^ 

to CD, lying in the plane, 

Then AB is parallel to the plane XZ, 

Through tlw parallels AB, CD, draw the plane 
ABCD. 

irthe line AB can meet the plane XZ, it must 
meet it in some point of the line CD, which is 
the common intersection of the two planes. 

But AB cannot meet CD, because AD is paral- 
lel to CD. „ - - , 

Hence, AB cannot meet the plane XZ, i, e. AB is parallel to the plane X/i. 

PROP. X. 

The sections made by a plane cutting two parallel planes, are 
Ut FE, GH, be the sections made by the plane 
Gt' which cuts the parallel planes XZ, WY ; 

Then, FE will be parallel to GH. 

For if the lines FE, GH, which are situated 
in the same plane, be not parallel, they will meet 
if produced Therefore, the planes XZ, WY, m 
which these lines lie, will meet if produced, and 
cannot be parallel, which is contrary to the 

liypothesis. * 

FE is parallel to GH. 

PROP. XI. 

Paraltd straight lines included between two parallel planes are 

Let tl.e parftHels E(i, FH, be cut by the parallel 
) laiies XZ, WY, in-the points (1, H, E, F, 

Then, EG = FH, 

Tlirough the parallels P"G, FI I, draw the plane 
E(H1F, intersecting the parallel planes in GH, 

FE. 

'fhen, is paraUel to FE, by last P^op. 

And, GE is parallel to HI': ^ 
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, GHFE is a parallelogram; and therefora^ 

EG = FH 

Cor. Two parallel planes are every where equidistant. 

PROP. XII. 

If two planes he parallel to each other, a straight line which is perpendicular to 
one of the planes, will he perpendicular to the other also* 

Let the two planes XZ, WY, be parallel, and 
let the straight line AB, be perpendicular to the 
plane XZ; 

Tlien, AB nill be perpendicular to WY. 

For, from any point H in the plane WY, draw 
HG perpendicular to the plane XZ, and draw 
AG, BH. 

Then, since BA, HG, are both perpendicular to 
XZ ; . *. the angles A, G, are right angles. 

And, since the planes XZ, WY, are parallel, the perpendiculars BA, HG, 
are equal. 

Hence AG is parallel to BH, and AB being perpendicular to AG, is perpen- 
dicular to BH also. 

In like manner, it may be proved, that AB is perpendicular to all other lines 
which can be drawn from B in the plane WY, 

AB is perpendicular to the plane WY. 

Cor. Conversely, if two planes be perpendicular to the same straight line, 
they will be parallel to each other. 



PROP. Kill. 


If two straight lines which foim an angle, be parallel to two other straight 
lines which form an angle in the same direction, although not in the same plane 
with the fm'mer, the two angles will he equal, and their planes will he paralleU 


Let the two straight lines AB, BC, in the plane 
XZ, be parallel to the two DE, EF, in thej>lane WY ; 
llien, angle ABC =: angle DEF, 

For, make AB = QE, BC = EF; join A, C; 

D,F; A, D; B, E; C, F; 

Then, the straight lines AD, BE, which join the 
equal and parallel straight lines AB, DE, are them- 
selves equal and parallel. 

b'or the same reason, CF, BE, are equal and paral- 
lel. 

. •. AD, CF, are equal and parallel, and .% AC, DF, are, also, equal and 
parallel. 

Hence, the two triangles ABC, DEF, having all their sides equal, each to 
each, have their angles also equal. 

angle ABC = angle DEF, 


H 



Again, the plane XZ is parallel to the plane WY. 

For, if not, let a plane drawn through A parallel to DEF, meet the straight 
lines FC, EB, in and H. 



PROPOSITIONS. 




Then, DA == EH = FG Prop. 
But, DA = EB = FC 

EH zz EB, FG = VC 

which is absurd ; hence, 


1. If two parallel planes XZ, \VY, are met 
by two other planes ADEB, CFEB, the angles ABC, 
DEF, formed by the intersection of the parallel 
planes, will be equal. 

For the section AB" is parallel to the section 
DE, Prop. 

So also, the section BC is parallel to the section 
EF. 

angle ABC zz* angle DEF, 



(Jor, 2. If three straight lines AD, BE, CF, not situated in the same plane, 
be equal and parallel, the triangles ABC, DEF, formed by joining the extre- 
mities of tliese straight lines, will be equal, and their planes will be parallel. 


• PROP. XIV. 

If two straight lints be cut by parallel planes, they will be cut in the same 

ratio. 

Let the straight lines AB, CD, be cut by the 
parallel planes XZ, WY, VS, in the points A, E, B ; 

C.F,D; 

Then, AE : EB : ; CF : FD. 

Join A, C; B,D; A, D; and let AD meet the 
plane WY in G ; join E, G ; G, F ; 

Then, the intersections EG, BD, of the paral- 
lel planes WY, VS, with the plane ED, are parallel. 

(Prop. X.) 

AE : EB : : AG ; GD 
Again, the iiitei*sectioiis AC, GF, of the parallel planes XZ, \ W, with tlie 
plane CG, are paiallel, 

AG ; GD ; : CF : FD 

A coniparinff this with the lii:st proportion, 

AE ; EB : : CF : FD 



PROP. XV. 


Jf a straight line be at right angles, to a plane, every plane which passes 
through it will be at right angles to that plane. 


Let Uie straight line FQ be at right angles to 
the plane XZ. 

Through PQ draw any plane PO, intersecting 
XZ in the line OQW. 

Then, the plane PO is perpendicular to* the 
plane XZ. 

Draw BS, in the plane XZ, perpendicular to 

wga 
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Then, since the straight line' PQ is perpendicular to the plane XZ, It 
peipendicular to the two straight lines RS, OW, which pass through its foot 
in that plane. 

But the angle PQR, contained between PQ, QR which ai^e perpendiculars 
to OW, the common intersection of the planes XZ, PO, measures the afgle of 
the two planes (Def* 5); hence, since this angle is a right angle, the two planes 
are perpendicular to each other. 

Cor, If three straight lines, such as PQ, R?:?, 0 W, be perpendicular to each 
other, each will be perpendicular to the plane of the two others, and the three 
planes will be perpendicular to each other. 


PROP. XVI, 

If two plan&i he perpendicular to each other ^ a straight line drawn in one (if 
the planes perpendicular to their common section^ will be perpendicular to the 
other plane. 

Let the plane VO be perpendicular to the plane 
XZ and let OW be their common section. 

In the plane VO draw PQ perpendicular to 
OW; 

Then PQ is perpendicular to the plane XZ. 

From the poiiit Q, draw QR in the plane XZ, 
perpendicular to OW 

Tlien, since the two planes are perpendicular, 
the angle PQR is a right angle. 

The straight Kne PQ, is perpendicular to 
the straight lines QR, QO, which intersect at its foot in the plane XZ. 

PQ is perpendicular to the plane XZ. 

Cor, If the plane VO be perpendicular to the plane XZ, and if from any 
point in OW, their common intersection, we erect a perpendicular to the plane 
XZ, that straight line will lie in the plane VO. 

For if not, then we may draw from the same point a straight line in the plane 
VO, perpendicular to OW, and this line, by tlie Prop, will be perpendicular to 
the plane XZ. 

Thus we should have two straight lines drawn from the same point in the 
plane XZ, each of them perpendicular to the given plane, which is absurd. 



PROP. XVII. 

If two planes which cut each others be each of them, perpendicular to a third 
plancy their common section will be perpendicular to the same 'plane. 


Let the two planes VO, TW, whose contmon 




section is PQ, be both perpendicular to the plane 

V , 



XZ. 

r 

1 


Then, PQ is perpendicular to tlie plane XZ. 

J-- 

1 



For, from the point Q, erect a perpendicular 

1 

i 


i 

to the plfne XZ. 



r\ 1 

Then, by Cor. to last Prop., this straight line 


al 


must be situated at once in the planes VO and 

1 

w 


TW. and IS their common section. 

f 

j 

— 

1 
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SOLID ANGLES. 


DEFINITION. 

A solid angle is the angular space contained between several planes which 
meet in the same point. 

Three planes, at least, are required to form a solid angle. 

A solid angle is called a trihedral^ tetrahedral^ &c. angle^ accor4ing as it is 
formed by three, four, .... plane angles. 


If a solid angle be contained by three plane angles, the sum of any two of these 
angles will be greater than the third. 

It is unnecessary to demonstrate this proposition except in the case where 
the pl^ne angle, which is compared with the two others, is greater than either 
of them. 

Let A be a solid angle, contained by the three 
plane angles BAG, CAD, DAB, and let BAG be 
the greatest of these angles ; 

Then, CAD + DAB *7- BAG. 

In the plane BAG draw die straight line A£, 
making the angle BA£ = angle BAD. 

Make AE = AD, and through £ draw any 
straight line BEG, cutting AB, AG, in the points 
B,G; joinD, B; D, C; 

Then, *.• AD =r AE, and AB is common to tho two triangles DAB, BAE, 
and the angle DAB = angle BAE. 

BD = BE 

But, BD + DC BE + EC, 

DC EC 

Again, •.* AD = AE, and AC is common to the two triangles DAC, EAC, 
but the base DC 7 ^ base EC. 

angle DAC angle EAC 

But, angle DAB angle BAE 

angle CAD + angle DAB angle BAE + angle EAC 
^ angle BAG. 

PROP. 11. 

The sum of the plane angles which form a solid angle, is always less than four 

right angles, 

Ijet Pbe a solid angle contained by any number 
of plane angles APB, BPC, CPD, DPE, EPA. 

Let the solid angle P be cut by any plane 
ABCDE. 

Take any point 0 in this plane; join A, 05 
B,0; C,0; D, 0; E, 0; 

Then, since the sum of all the angles of every 
triangle is always equal to two right angles, The 


V 





42B 


GEOMETRY OF PLANES. 


sum of all the angles of the triangles ABP, BPC, about the point P, 

will be equal to the sum of all the angles of the equal number of triangles 
AOB, BOC, about the point O. 

Again, by the last Prop., angle ABC angle ABP -f- angle CBP; in 
like manner, angle BCD angle BCP + angle DCP, and so for lU the 

angles of the polygon ABCDR 

Hence, the sum of the angles at the bases of the triangles whose vertex is 0, 
is less than the sum of the angles at the bases of the triangles whose veitex 
is P. 

•*. The sum of tlie angles about the point 0, must be greater than the sum of 
the angles about the point P. 

But, the ^uin of the angles about the point 0, is four right angles. 

The sum of tlie angles about the point P, is less than four right angles. 



If two solid angles he formed by three plane angles which are equals each to each 
the planes in which these angles lie will be equally inclined to each other. 

Let P, Q, be two solid angles, each con- 
tained by three plane angles ; 

angle APC = angle DQP, angle 
APB =: angle DQE, and angle BPC = angle 
EQP. 

Then, the inclination of the planes APC, 

APB> will be equal to the inclination of the 
planes DQP, DQE. 

Take any point B in the intersection of 
the planes APB, CPB. 

P'rom B draw BY perpendicular to the plane APC, meeting the plane in Y. 

From Y draw YA, YC, perpendiculars on PA, PC; join A, B; B, C; 

Again, take QE = PB, from E draw EZ perpendicular to the plane DQP, 
meeting the plane in Z, from Z draw ZD, ZF, perpendiculars on QD, QF; join 
D, E; E, F. 

The triangle PAB is right angled at A, and the triangle QDE is right angled 
at D. (Geom. of Planes, Prop, vii.) 

Also, the angle APB = angle DQE, by construction. 

angle PBA =r angle QED 

But, the side PB = side QE, ,% the two triangles APB, DQP, are equal 
and similar. 

Pa =: QD, and, AB == DE 

In like manner, we can prove that, 

PC = QP, and, BC = EF 

We can now prove that the quadrilateral PAYC, is equal to the quadrilateral 
QDZF. 

For, let the angle APC be placed upon the equal angle DQP, then the point 
A will fall upon the point D, and the point C on the point F, because PA = QD, 
and PC z= QF. 

At the same time, AY, which is perpendicular to PA, will fall upon DZ, 
which is perpendicular to QD ; and in like manner, CY will fall upon FZ. 

Hence, the point Y will fall on the point Z, and we shall have, 

AY =: DZ, and, CY s= FZ 
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But, the triangles AYB, DZE, are right angled in Y and Z, the hypothenuse 
AB z: hypothenuse DE, and the side AY =: side DZ; hence, these two irU 
angles are equal. 

angle YAB = angle ZDE 

The angle YAB is the inclination of the planes APC, APB ; and, 

The angle ZDE is the inclination of the planes DQF, DQE. 

These planes are equally inclined to each other. 

In the same manner,* we prove that angle YCB = angle ZEE, and conse- 
quently, the inclination of the planes APC, BPC, is equal to the inclination of 
the planes DQF, EQF. • 

We must, however, observe, that the angle A of the right angled triangle 
Y AB, is not, properly speaking, the inclination of the two planes APC, APB, 
except when the perpendicular BY falls upon the same side of PA as PC does ; 
if it fall upon the other side, then the angle between the two planes will be 
obtuse, and, added to the angle A of the triangle YAB, will make up two right 
angles. But, in tliis case, the angle between the two planes DQF, DQE, will 
also be obtuse, and, added to the angle D of the triangle ZDE, will make up 
tAVo right angles. 

Since, then, the angle A Avill always be equal to the angle D, we infer that 
the inclination of the two planes APC, APB, will always be equal to the in<;li- 
nation of the two planes DQF, DQE. In the first case, the inclination of the 
plane is the angle A or D ; in the second case, it is the supplement of those 
angles. 


Scholium. — If two solid trihedral angles have the three plane angles of the 
one equal to the three plane angles of the other, each to each, and at the same 
time the corresponding angles arranged in the same manner in the two solid 
angles, then these two solid angles will be equal ; and if placed one upon the 
other, they will coincide. In fact, we have already seen, that the quadrilateral 
FAYC will coincide with the quadrilateral QDZP. Thus, the point Y falls 
upon the point Z, and, in consequence of the equality of the triangles AYB, 
DZE, the straight line YB, perpendiciilar to the plane APC, is equal to the 
straight line, ZE perpendicular to the plane DQE ; moreover, th(?se perpendi- 
culars lie in the same direction ; hence, the point B will fall upon the point E, 
the straight line PB on the straight line QE, and the two solid angles will 
entirely coincide with each other. 

This coincidence, however, cannot take place, except we suppose the equal 
plane angles to be arranged in the same manner in the two solid angles ; for if 
the equal p^ne angles be arranged in an inverse order, or, which comes to the 
same thing, if the perpendiculars YB, ZE, instead of being situated both on the 
same side of the planes APC, DQF, were situated on opposite sides of these 
planes, then it would be impossible to make the two solid angles coincide with 
each other. It would not, however, be less true, according to the above theorem, 
that the planes, in which the equal angles lie, would be equally inclined to each 
other; so that the two solid angles would be equal in all their constituent pqrts, 
without admitting of superposition. This species of equality, which is not ab-* 
solute, or equality of coincidence, has received from Legendre a partici^Jar de» 
scription. He terms H equality of symmetry. 

Thus, the two solid trihedral angles in question, which have the three plane 
angles of the one, equal to the three plane angles of the other, each to each, but 
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fsrtanged in an inverse order^ ore termed angles equal by symmetry^ or simply, 
symmetrical angles. 

The same observation applies to solid angles formed by more than tliree 
plane angles* Thus, a solid angle formed by the plane angles A, B, 0, D, E, 
and another solid angle formed by the same angles in an inverse frder, 
A, E, D, C, B, may be such that the planes in which the equal angles are situ- 
ated are equally incUned to each other. These two solid angles, which would 
in this case be equal, although not admitting of superposition, would be termed 
solid angles equal by symmetry, or symmetrical solid angles. 

In plane figures, there is no species of equality to which this designation can 
belong, for all those cases to which the term might seem to apply, are cases of 
absolute equality^ or equality of coincidence. The reason of this is, tliat the po- 
sition of a plane figure may be altered at pleasure, and one may take the upper 
part for the under, and vice versa. This, however, does not hold in solids, in 
which the third dimension may be talcen in two dilferent directions. 



SOLID GEOMETRY 


DEFINITIONS. 

1. Similar solid figures are such as have all their solid angles equal, each lo 
each, and are contained by the same number of siuiilar planes. • 

2, A pyramid is a solid figure contained by planes that are constituted > be- 
twixt one plane and one point above it in which they meet. 



3. A prism is a solid figure contained by plane figures, of which, two that iu-e 
opposite are equal, similar, and parallel to each other; and the others are 
parallelograms. 



4. A sphere is a solid figure described by the revolution of a semicircle about 
its diameter, which remains unmoved. 

Thus, the inner side of the semicircle ABC revolving round the diameter 
AC, which remains fixed, generates a sphere. 

A 



5. The axis of a sphere is the fixed right line about which the seraicixdt 
revolves. 

Thus AC, in the figure above, is the axis of the sphere. 

6. The centre of a sphere is the same with that of the semicircle. 

7. The diameter of a sphere is any right line which passes through thu 
centre, and is terminated both ways by the superficies of the sphere. 

8. A right cone is a solid figure described by the revolution of a right-angled 
triangle about one of the sides containing the right angle, which side remains 
fixed. 

If the fixed side be equal to the other side containing the right aiifi^le, ih«. 
oone is called a right-angled cone ; if it be less than the other side, an x>btus6- 
angled ; and if greater, an acute-angled cone. 



SOLID GEOMETRY. 


48 ^ 

Thus, the side AC, revolving round AB, one of the sides which conlsins tlie 
right angle and remains tixed, generates a cone» 

A 



9. Theaxiskof a cone is the fixed right line about which the triangle revolves^ 

In figure above, AB is the axis. 

10. The base of a cone is the circle described by that side containing the 
right angle which revolves. 

11. A cylinder is a solid figure described by the revolution of a right-angled 
parallelogram about one of its sides which remains fixed. 

Thus, the revolution of the parallelogram AG about its side AB, which re- 
mains fixed, generates a cylinder. 



12. The axis of a cylinder is the fixed right line about which the parallelo- 
gram revolves. 

13. The bases of a cylinder are the circles described by the two revolving 
opposite sides of the parallelogram. 

14. Similar cones and cylinders are those which have their axes and the 
diameters of their bases proportionals. 

15. A cube is a solid figure contained by six equal squares. 



16. A tetrahedron is a solid figure contained by four equal and equilfteral 
triangles. 



17. An octahedron is a solid figure contained by eight equal and eqiiilii- 
teral triangles. 
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IB. A dodecahedron is a solid dgfure contained by twelve, equal pentagons 
which are equilateral and equiangular. 



19. An icosahedron is a solid figure contained by twenty equa^ and equila- 
teral triangles. 



?(>. A paralielopiped is a solid figure contained by six quadrilateral figures, 
whereof every opposite two are parallel 



PIlOPOSITiONS. 


if a pnsm he att hy a plane parallel to its base^ the section will be equal tmd 

like to the base, 

l^jt AG be any prism, and IL a plane parallel to the h o 

base AC; then will the plane IL be equal and like to the ^ 

base AC, or tlie two planes will have all their sides and 

all their angles equal. ^ 

For, the two planes, AC, IL, being pai’allel, by hypo- * 
thesis; and two parallel planes, cut by a third plane, / \ 

having parallel sections; therefore, IK is parallel to AB, ^ ^ 

KL to BC, LM to CD, and IM to AD, But A1 and BK are 
parallels, by Def. 3 ; consequently, AK is a parallelogram ; and the opposite sidfs, 
AB, IK, are equal. In like manner, it is shown that KL is == BC and LM = 
CD, and IM = AD, or the two planes, AC, IL, are mutually equilateral ^ But . 
these two planes, having their corresponding sides parallel, have the *angle8 
contained by them also equal ; namely, the angle A = the angle 1, the angle 
B = the angle K, the angle C =: the angle L, and the angle I) = the angle M. 
So that the two planes, AC, IL, have all their corresponding sides and angles 
equal, or are equal and like. Q. E. D. 
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PROP, tL 

If a cylinder be cut by a plane parallel to its base^ the eection will be a circle^ 

equal to the base. 

Let AF be a cyUnder, and GHI any section parallel 
to the base ABC ; then will GHI be a circle, equal to 
ABC. 

For, let the planes KE, KF, pass through the axis of 
the cylinder MK, and meet the section GHI in the three 
points H, I, ; and join the points as in the figure. 

Then, since KL, Cl, are parallel; and the plane KI, 
meeting the two parallel planes ABC, GHI, makes the 
two sections KC, LI, parallel ; the figure KLIG is therefore a parallelogram, 
and consequently has the opposite sides LI, KC equal, where KC is a radius of 
the circular base. 

in like manner, it is shown that LH is equal to the radius KB ; and that any 
other lines, drawn from the point L to the circumfei*ence of the section GHI, 
are all equal to radii of the base ; consequently, GHI is a circle, and equal 
to ABC. Q. E. D. 







All prisms, and a cylinder, of equal bases and altitudes, are equal to 

each other. 

Let AC, DF, be two prisms, and 
a cylinder, upon equal bases AB, 

DE, and haying equal altitudes; 
then will the solids AC, DF, be 
equaL 

For, let PQ, RS, be any two 
sections parallel to the bases, and 
equidistant from Uiem. Then, by 
the last two propositions, the section PQ is equal to the hose AB, and the set^ 
tion R8 equal the base DE. But the bases AB, DE, are equal by the hypo- 
thesis ; therefore the sections PQ, RS, are also equal And in like manner, it 
may be shown, that any other corresponding sections are equal to one anotlier. 

Since, then, every section in the prism AC, is equal to its corresponding 
section in the prism, or cylinder RS, the prisms and cylinder themselves, which 
are composed of those sections, must also be equal Q. R D. 

CoroL Every prism, or cylinder, is equal to a rectangular parallelopipedon, 
of an equal base and altitude. 


V 
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PROP. IV, 

Rectangular paraOelopipedans, of equal altitudes, have to each other the same 
proportion as their bases. 

Let A€, eg, be two rectangular paral- 
felopipedons, haritig the equal altitudes 
AD, EH; then will AC be to EG as the 
base AB is to the base EF 
For, lei the proportion of the base AB 
to the base EF, be that of any one num> 
her m (3) to any other number n ("iX 


5 


K 
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m 


And conceive AB to be divided into m equal parts, or rectangles, AI, LK, 
MB (by dividiiig* AN into that number of equal parts, and drawing IL, KM, 
parallel to BN). And let EF be divided, in like manner, into n equal parte, 
or rectangles, EO, PF . all of these parts of both bases being mutually equal 
amo% themselves. And through the lines of division let the plane sections LR, 
MS, PV, pass parallel to AQ, ET. 

Then the parallelopipedons AR, LS, MC, EV, PG, are all equal, having equal 
bases and heights. Therefore, the solid AC is to the solid EG, as the number 
of parts in AC to the number of equal parts in EG, or as the number of narts 
in AB to the number of equal ports in EF ; that is, as the base AB to the base 
EF. Q.E.D. * 

CoroL From this proposition, and the corollary to the last, it appears, that 
all prisms and cylinders of equal altitudes, are to each other as their bases ; 
every prism and cylinder being equal to a rectangular parallelopipedon of an 
equal base and height. 


Rectangular parallelopipedons, of equal bases, are in proportion to each other 

as their altitudes. 

Let AB, CD, be two rectangular parallelo- 
pipedons standing on the equal bases AE, 

CF ; then will AB be to CD as the altitude 
KB is to the altitude DF. 

For, let AG be a rectangular parallelopi- 
pedon on the base AE, and its altitude EG 
equal to the altitude FD of the solid CD. 

Then, AG and CD are equal, being prisms 
of equal bases and altitudes. But if HB, HG, be considered as bases, the solids 
AB, AG, of equal altitude AH, will be to each other as those bases HB, HG, 
But these bases HB, HG, being parallelograms of equal altitude HE, are to 
each other as their bases KB, EG ; and therefore the two prisms AB, AG, are 
to each other as the lines KB, EG. But AG is equal CD, and EG equal FD ; 
conse^ently, the prisms AB, CD, are to each other as their altitudes KB, FD; 
that is, AB : CD ; : EB : FD. Q. R D. 

Carol, 1, From this proposition, and the corollary to Prop, in,, it appears, 
that all prisms and cylinders, of equal bases, are to one another as their altitudes. 

Coral, 2. Because, by corok 1, prisms and cylinders are as their altitudes, 
when their bases are equaL And, by the corollary to the last theorem, they 
are as their bases, when their altitudes are equal. Therefore, universally, when 
neither are equal, they are to one another as the product of their bases ane 
altitudes. And hence, also, these products are the proper numeral measures « 
their quantities or magnitudes. 

PROP. VI. 

Similar prisms and cylinders are to each other as the cubes of their altitudes, at 
of any other like linear dimensions. 

Let ABCD, EFGH, be two similar prisms; 
then will the prism CD be to the prism GH, as 
AB* to EF*, or as AD* to EH*. 

For, the solids are to each other as the product 
of their bases and altitudes (Prop, v., cor. 2}, th|il 
\\ as AC . AD to EG . EH. But the bases, being 
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similar planes, are to each other as the squares of their like sides, that is^ 
AC to EG as AB* to EP; therefore, the solid CD is to the solid GH as 
AB*. AD to EP, EH. But BD and FH, being similar planes, have their like 
sides proportional, that is, A3 : EF AD : EH, or AB“ : EP : : AD* :^EH*; 
therefore, aB*. AD : EF*. EH :: AB*: EF*, or :: AD* : EH®; and conse- 
quently, the solid CD : solid GH : : AB* : EF* : : AD* : EH*. Q. E. D. 

PROP. VII 

hi a pyramid, a section parallel to the base is similar to the base^ and these two 
planes witl he to each other as the squares of their distances from the vertex^ 

Let ABCD be a pyramid, and EFG a section parallel to 
the base BCD, also AIH a line perpendicular to the two 
planes at H ^nd I ; then will BD, EG, be two similar 
planes, and the plane BD will.be to the plane EG as AH* 
to AI». 

For, join CH, FI. Then, because a plane cutting two 
parallel planes, makes parallel sections, therefore the plane 
ABC, meeting the two parallel planes BD, EG, makes the 
sections BC, EF, parallel;— 4n like manner, the plane At^D 
makes the sections CD, FG, parallel. Again, because two pair of parallel lines 
make equal angles, the two EF, FG, which are parallel to BC, CD, make 
the angle EFG equal the angle BCD. And, in like manner, it is shown, tliai 
eadi angle in the plane EG i§ equal to each angle in the plane BD, and conse- 
(juently those two planes are equiangular. 

Again, the three lines AB, AC, AD, making with the parallels BC, EF, an. I 
CD, FG, equal angles; and the angles at A being common, the two trian«le.; 
ABC, AEF, are equiangular, as also the two triangles ACD, AFG and have 
therefore their like sides proportional, namely, AC : AF : : BC : EF . : CD : F(k 
And, in like manner, it may be shown, that all the lines in the plane EG are 
proportional to all the corresponding ones in the base BD. Hence, these two 
planes, having their angles equal and their sides proportional, are siitular. 

But, similar planes being to each other as the squares of their like sides, the 
plane BD : EG :. BC* : EF" : or :: AC* : AF", by what is shown above. But 
the two triangles AHC, AIF, haying the angles H and I right ones, and the 
angle A common, are equiangular, and have therefore their like sides propor- 
tional, namely, AC : AF:: AH ; AI, or AC* ; AF* : ; AH* : Al*. Consequemiy 
the two planes BD, EG, which are as the former squares AC*, AF* will be 
also as the latter squares AH*, AP, that is, BD : EG : : AH* : Al*. 

PROP. viix. 

In a right cone a section parallel to the base is a circle ; and this section is to Hit 
base as the squares of their distances from the vertex. 

Let ABCD be a right cone, and GHI a section parallel to k 
the base BCD ; then will GHI be a circle, and BCD, GHI, / K 
will be to each other as the squares of their distances from 1 vX 
the vertex. 

For, draw ALF perpendicular to the two parallel planes ; r 
and let the planes ACE, ADE, pass through the axis of 
the cone Al^ meeting the section in the three points 
H, I, K. 
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Then, iince the section GHI is parallel to the base BCD, and the planes CK, 
DK, meet them, HK is parallel to CE, and IK to DE. And because the tri- 
angles formed by these lines are equianglar, KH : EC : : AK : AE : : M : EDi 
But EC is equal to ED, being radii of the same circle ; therefore, R ts also 
equa]|/o KH. And the same may be shown of any other lines drawn 1 th« 
point K to the circumference of the section (jHI, which is therefore a circle. 

Again, by similar triangles AL : AF : : AK : AE or : : K1 : ED, hence 
AL* : AP* : : Kl* : ED*; but, KF : ED* :: circle GHI : circle BCD ; therefore, 
AL* : AF* : : circle GHI :* circle BCD. Q. E. 1). 


If a right cone BCD />g cut hy a plane AGK which is parallel to a pianetouchm^ 
the cone along the slant side BC, the section A(jK is a parabola. 

Let BCD be that position of the generating triangle, 
whirii is perpendicular to the cutting plane AGK; AH A 

tlicir c.ojrnion section, which is parallel to BC. Draw / \ 

AL piirallel to Cl). Then, since the plane BCD passes 

tljrough the axis, it is perpendicular to the base CKD 

and to evei*y (urcular section EPF parallel to the base ; loU-A \ 

it is also perpendicular to AGK. Hence, the common i\/ /^\ 

section PR of the planes AGK, EPF, is perpendi- ^ 

cuiar to BCD and therefore to AH and EF. ~~k 

But, AN ; NF : : BC : CD, which is a constant ratio, 
therefore AN QC NF oc EN X NF (for EN is equal and parallel to AL, and con- 
stant) X NP* by the property of the circle. Hence, tlie curve is a parabola, 
whose axis is AH. (See Conic Sections, infra, Parabola, Prop. VII.) 

Cor. If L be the latiKS rectum of the parabola GAK, L x AN =: NP* =r 
EN X NF- 

, _ T.XT NF _ _ AL „ AL* 


L = EN X 


AT V - 
^ BL - 


// a right cone BAD he cat by a plane AMP through both slant sides, the 
S 'ction is an ellipse, 

Tvet BAD be that position of the generating triangle 
>\hich is perpendicular to the cutting plane ; EPF any 
circular section. Draw MHK parallel to AD and 
therefore bisected by the axis BO. 

alien. AN : EN AM : MK 
NM : NF :: AM : AD; 

AN X NM : EN x NE (NP*) : : AM* : AD x MK 

which is the property of an ellipse, one of- whose axes 
IS AM and the other a mean proportional between AD 
and MK. (Conic Soclions, infra. Ellipse, Prop. ^11.) 
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■ PROP. XI. 

right cone BKO he cut through one side BE by a plane RAP which being 
produced backwards cuts the other side DB produced^ the section is an hyperbola. 



Let DGEH be any circular section, BGH a triangular section through the 
fertex B of the cone parallel to the plane RAP, 

Then, AN : EN :: BF : EF 
NxM : ND :: BF : FD 

AN X NM : EN X ND (NP») BF* : EF X FD (FH») 
which is the property of an hyperbola, whose axis major is AM and whose 
conjugate axis is to AM as FH to BF, 

Cor, If GT, HT, be tangents to the circle at G, H ; and planes passing 
through GT, H'!, respectively, touch the cone along the lines BG, BH ; also if 
TB, the common section of the planes, meet AM in C : then the common sec- 
tions CO, CQ, of the plane RAP extended to meet the tangent planes are the 
asymptotes of the hyperbola. 

Draw BL parallel to DE, meeting AM in li. Then the axes of the hyperbola 
being in the proportion of BF to FH, the angle GBH or the equal angle OCQ 
is the angle between the asymptotes. 

Now, by similar triangles ALB, BFE, and CLB, BFT ; AL : CL : : TF : FE, 
and therefore AC : CL :: TE : FE. In like manner, by similar triangles 
MLB, BFD, and CLB, BFT ; ML : CL : : TF : DF, and therefore CM : CL :: 
TD ; DF. But by the property of the circle, TE : F'E : : TD ; DF, There- 
fore, CA = CM. Hence C is the centre of the hyperbola, and CO, CQ, are 
the asymptotes. (Conic Sections, ififra. Hyperbola, Prop. XII.) 


All pyramids and right cones uf apial bases and altitudes arc equal to one another 
l^t ABC, DEF, be any pyra- 
mids and cone, of equal bases 
BC, EF, and equal altitudes AG, 

DH ; then will the pyramids and 
cone ABC and DEF, be equal. 

For, parallel to the bases, and 
at equal distances AN, DO, from 
the vertices, suppose the planes 
IK. LM, to be drawn. 
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I'iien, by Props, vii. and viii., 

DO* : DH* :: LM : EF, 
and AN* : AG* :: IK : BC. 

since AN*, A(t 1*, are equal to DO*, DH*; therefore, IK : BC ; : LM : EF 
But iC is equal to EF, by hypothesis; therefore, IK is also equal to LM. 

In the same manner, it is shown that any other sections, at equal distance 
liom the vertex, are equal to each other. 

^ince, then, every section in the cone, is equal to the corresponding section 
ill the pyramids, and the heights are equal, the solids ABC, DEF, composed of 
llmse sectioiKS, must be equal also. Q. E. D. 


PROP. XIII. 

Kwry pyramid of a triangular base, in the third part of a prism of the same 

base and altitude. 

l^et ABCDEI' be a prism, and BDEF a pyramid, upon 
the same triangular base DEF : then will the pyramid 
BDEF be a third part of the prism ABCDEF. 

For, in the planes of the three sides of the prism, draw 
the diagonals BF, BD, CD. Then the two planes BDF, 

BCD, divide the whole prism into the three pyramids 
BDEF, DABC, J)B(’F; which are proved to be all equal 
to one another as follows : 

Since the opposite ends of the prism are equal to each other, the pyramid 
whose base is ABC and vertex D, is equal to the pyramid whose base is DEF 
and vertex B (Prop, xn.), b«'ing pyramids of equal base and altitude. 

But the latter pyramid, whose base is DEF and vertex B, is the same solid 
as the ])yramid whose base is BEF .and vertex D, and this is equal to the 
third pyramid, whose base is RCF and vertex D, being pyramids of the same 
altitude and equal bases BEF, BCF. 

(/onseqiiently, all the three pyramids which compose (he prism, are equal to 
each other, and each pyramid is the third part of the prism, or the prism is 
triple of the pyramid. Q. E. D. 

Coral. 1. Every pyramid, whatever its figure may be, is the third part of a 
prism of the same base and altitude; since the base of the prism, whatever be 
its figure, may be divided into triangles, and the whole solid into triangular 
prisms and pyramids. 

Cor. 2. Any right cone is the third part of a cylinder, or of a prism, of equal 
base and altitude ; since it has been proved that a cylinder is equal to a prism, 
and a cone equal to a pyramid, of equal base and altitude. 

Scholium. — ^Whatever lias been demonstrated of the proportionality of prisms, 
or cylinders, bolds equally true of pyramids or cones, — the former being 
always triple the latter; viz. that similar pyramids or cones, are as tlie cubes of 
their like linear sides, or diameters, or altitudes, &c. 
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PROP. XIV, 

Jff' a sphere be cut by a plane, the section will be a circle. 

Because the radii of the sphere are all equal, each of them being eq^l to 
the radius of the describing semicircle, it is evident that if the section pass 
through the centre of the sphere, then the distance from the centre to every 
point in the periphery of that section will be equal to the radius of the sphere, 
and the section will therefore be a Circle of the same radius as the sphere. 
But if the plane do not pass through the centre, araw a perpendicular to it 
from the centre, and draw any ntimber of radii of the sphere to the intersection 
of its surface with the plane; then these radii are evidently the hypothenuses 
of a corresponding number of right-angled triangles, which have the perpendi- 
cular from the centre on the plane of the section, as a common side; conse- 
quently their other sides are all equal, and therefore the section of the sphere 
by the plane is a circle, whose centre is the point in which the perpendicular 
cuts the plane. 

Cor. If two spheres intersect one another, the common section is a circle. 

Scholium. 

All the sections through the centre are equal to one another, and arc 
greater than any other section which does not pass through the centre. Sec- 
tions through the centre are called great circles, and the other sections small 
or less circles. Also, a straight line draw a through the centre of a circle of 
the sphere perpendicular to the plane of the circle is a diameter of the sphere, 
and the extremities of this diameter are called the poles of the circle. Hence 
it is evident that the arcs of great circles between the pole and circumference 
are equal, for the chords drawn in the sphere from cither pole of a circle to 
the circumference are all equal. 


PROP. XV. 


Every sphere is two^thirds of its drcumscrihing cylinder. 

Let A BCD be a cylinder circumscribing the sphere 
EFGH; then will the sphere EFGH be two-thirds of 
the cylinder ABCD. For let the plane AC be a section 
of the sphere and cylinder through the centre I, and join 
A I, BI. Let FIH be parallel to AD or BC, and EIG 
and KL parallel to AB or DC, the base of the cylinder; 
the latter lino KL meeting BI in M, and the circular 
section of the sphere in N. 

Then, if the whole plane HFBC be conceived to revolve about the line 
HE as an axis, the square FG will describe a cylinder AG, and the quadrant 
IFG will describe a hemisphere EFG, and the triangle IFB will describe a 
cone lAB. Also, in the rotation, the three lines, or parts^ KL, KN, KM, as 
radii, will describe corresponding circular sections of these solids, viz. KL a 
section of the cylinder, KN a section of the sphere, and KM a section of the 
cone. 
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Now, FB being equal to FJ. or IG, and KL parallel to FB, then by similar 
triangles 1K=KM (Geom. Theor. 82), and IKN is a right-angled triangle; 
hence IN^ is equal to IK®-|-KN® (Thgor. 34). But KL is equal to the radius 
IG or IN, and KM==IK; therefore KL* is equal to KM*4“KN*, or the square 
of ijie longest radius of the said circular sections, is equal to the sum of 
the squares of the two others. Now circles are to each other as the squares 
of their diameters, or of their radii, therefore the circle described by KL is 
equal to both the circles described by KM and KN; or the section of the 
cylinder is equal to both the corresponding sections of the sphere and cone. 
And as this is always the case in every parallel position of KL, it follows 
that the cylinder EB, which is composed of all the former secj^ons, is equal 
to the hemisphere EFG and cone lAB, which are composed of all the latter 
sections. 

But the cone lAB is a third part of the cylinder EB (Prop. XIII. Cor. 2) 
consequently the hemisphere EFG is equal to the remaining two-thirds, 
or the whole sphere EFGH is equal to two-thirds of the whole cylinder 
ABCD. 

Corol. 1. A cone, hemisphere, and cylinder of the same base and altitude 
are to each other as the numbers 1, 2, 3. 

Corol. 2. All spheres are to each other as the cubes of their diameters; all 
these being like parts of their circumscribing cylinders. 

Corol. 3. From the foregoing demonstration it appears that the spherica 
zone or fiustum EGNPis equal to the difference between the cylinder EGLO 
jD^(dk*'the cone IMQ, all of the same common height IK. And that the 
spherical segment PFN is ecjual to the difference between the cylinder ABLO 
and the conic frustum AQMB, all of the same common altitude FK. 

Scholium. 

By the scholium to Prop, XI 11. we have 

cone AIB : cone QIM : ; IF'^ ; I K'‘ : : FIP : (FH— 2FK)'» 

.* cone AIB: frustum ABMQ:; FH^- FH^FH— 2FK)-^ 

: : FH*' : GFH^FK— PiFH.FK^-f SFK^; 

but cone AIB = one-third of the cylinder ABGE; hence 

cylinder AG : frustum ABMQ: rSFH^ : bFH^FK— 12FH.FK*-h8FK=> 
Now cylinder AL : cylinder AG:; FK ; FI 

cylinder AL :frustnni ABMQ ; : 6FH* •. 6FH* — 12FH. FK-|-8FK* 
cylinder AL ; segment PFN : :6FH* : 12FH.FK — 8FK*, dividendo 

i : |fH* : FK(3FH-2FK). 

But cylinder AL = circular base whose diameter is AB or FH multiplied by 
ihe height FK; hence cylinder AL= circle EFGHxFK. 

segment PFN = | ?(3FH-2FK)FK*. 
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DEFINITIONS. 

1 . A SPHERE is a solid terminated by a curve surface, and is such that all the 
points of the surface are equally distant from an interior point, nhich is called 
the centre of the sphere. 

We may conceive a sphere to be generated by 
the revolution of a semicircle APB about its dia^ 
meter AB ; for the surfape described by the motion 
of the curve ABP will have all its points equally 
distant from the centre 0 

2. The radm of a sphere is a straight lino 
drawn from the centre to any point on the sur- 
face. 

The diameter or axis of a sphere is a straight line 
drawn through the centre, and terminated both 
ways by the surfncje. 

It appears from Def. 1, that all the radii of the same sphere are equal, and 
that all the diameters are equal, and each double of the radius, 

3. It will be <lemonstrated, (Prop, i.), that every section of a sphere, made by 
a plane, is a circle ; this being assumed, 

A great circle of a sphere is the section made by a plane passing through the 
centre of the sphere. 

A small circle of a sphere is tlie section made by a plane which does not pass 
through the centre of the sphere. 

4. The pole of a circle of a sphere is a point on the surface of the sphere 
equally distant from all the points in the circumference of that circle. 

It will be seen, (Prop, n.), that all circles, whether gi-eat or small, have two 
poles. 

6. A spherical triangle is the portion of the surface of a sphere included by 
the arcs of three great circles. 

6. These arcs are chilled the sides of the triangle, and each is supposed to be 
Jess than half of the circumference. 

7. 'The angles of a spherical triangle are the angles contained between the 
planes in which the sides lie. 

8. A plane is said to be a tangent to a sphere, when it contains only one point 
in common with the surface of the sphere. 
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PROP. I. 


Every section of a sphtie made by a plum is a circle^ 


lit# AZHX be a sphere whose centre is (). 

Let \ P/ be a section made by the plane XZ. 

From 0 draw OC perpeiuVnnibar to the plane XZ, 

In XPZ take any points Pi» P 2 , P 3 , 

Join CPi; CP^; (^Pa; also, OP,; OPg ; 

OP3; 

Then, simie OC is perpendicular to the plane 
XZ, it will be perpendicubir to all straight lines 
passing through its foot in that plane, ((ireometi-y 
of Planes.) 

Hence, the angles OCP,, OCPg, OCP3, are 

OP,» = CP,* + OC* 
OP,* = CP,* + OC* 
OP,* =: CP,* + OC* 







right angles, 


But, since Pi, P 2 , Pa, are all points upon the surface of tlie sphere, 

. by Def. 1, OPi = OP 2 = OP3 = 

CPi = CPg = CPa 

Hence, XPZ is a circle whose centre is C, and every other section of a sphere 
made by a plane may, in like manner, be proved to be a circle. 


Cor. 1. If the plane pass through the centre of the sphere, then OC = 0 , and 
the radius of the circle will be equal to the radius of the sphere. 

Cor. 2. Hence, all great circles are equal to one another, since the radius of 
each is equal to the radius of the sphere. 

Cor, 3. Hence, also, two great circles always bisect each other, for their com- 
mon intersection passing through the centre is a diameter. 

Cor, 4. The centre of a small circle and that of the sphere, are in a straight 
line, which is peq)endicular to the plane of the small circle. 

Cor, 5, We c^in always draw one, and only one, great circle through any 
two points on tlie surl’ace of a sphere, for the two given points and the centre 
of the sphere give three points, which determine the position of a plane. 

If, however, the two given points ai*e the extremities of a diameter, Uien 
these two points and the centre of the sphere are in the same straight line, and 
an infinite number of great circles may be drawn through the two points. ’ 

Distances on the surface of a sphere are measured by the arcs of great <nr- 
cles. The reason for this is, that the shortest line which can be drawn upon the 
surface of a sphere, between any two points, is the arc of a great circle joinin g 
them. 
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PROP. II. 

^ a diameter he draum perpendicular to the plane of a great circle^ the extre^ 
mities of the diameter will he the poles of that circle^ and of all the smcdl circlee 
v)hos€ planes are parallel to it 

Let APB be a gi*eat circle of the sphere whose 
centre is 0. 

Draw ZN a diameter perpendicular to the plane 
of circle APB. 

Tlien, Z aiif* N, the extremities of this diameter, 
are the poles of the great circle APB, and all the 
small circles, such as a.pb, whose jdanes are paral- 
lel to tiiat of APB. 

Take any points Pi, P in the circum- 

ference of APB. 

Through each of these points respectively, and the points Z and N, (l(‘>rrll>e 
great circles, ZP,N, ZPjN. 

Join OPi, OP 2 , 

'fhen, since ZO is perpendiculai* to the plane of APB, it is peqiendiciilar to 
all the straight lines OPi, DP drawn through its foot in that plane. 

Hence, all the angles ZOPi, Z(}P 2 , are right angles, and .*. the 

ar(*s ZPi, ZP 2 , are quadrants. 

Thus, it appears that the points Z and N are equally distant from all the 
points in the circumference of APB, and are the poles of that great circle. 

Again, since ZO is perpendicular to the plane APB, it is also perpendicular 
to the plane aph, which is parallel to the former. 

Hence, the oblique lines Z/?i, Z/? 2 , drawn to pi^ p^^ in the circum- 

ference of aph, will he equal to each other. (Geometry of Planes.) 

llie chords Z/>i, • • • • • being equal, the arcs Zjoj, Zp*, . . . . 

which they subtend, will also be equal. 

.•. The point Z is the pole of the circle aph\ and, for the same reason, the 
point N is also a pole, 

Coi\ I. Every arc P|Z drawn from a point in the circumference of a great 
cir(^le to its pole, is a quadrant, and this arc P,Z makes a right angle with the 
an; AP,B. For, the straight line ZO being perpendicular to the plane APB, 
every plane which passes through this straight line will be perpendicular 
to the plane APB (Geometry of Planes); hence, the angle between these 
planes is a right angle, or, by (Def. 7), the angle of the arcs A Pi and ZPi is a 
rig lit angle. 

Cor, 2. In order to find the pole of a given arc APi of a great circle, take 
P,Z equal to a quadrant, and perpendicular to APi, the point Z wall be a pole 
oi tlie arc APi; or, from the points A and Pi draw two avcvs AZ and PiZ per- 
pendicular to AP 1 , the point Z in which they meet is a pole of AP i . 

Cor, 3. Reciprocally, if the distance of the point Z from each of the points 
A and Pi is equal to a quadrant, then the point Z is the pole of AP|, and each 
of the angles ZAP,, ZPjA, is a right angle. 

For, let 0 be the centre of the sphere, draw the radii OA, OPj, OZ; 

ITien, since the angles ADZ, PiOZ, are right angles, the straight line OZ 
perpendiculiir to the slraigln lines OA, Dl’i, and is perpend iculai' to thek 
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plane ; hence, by Prop., the point Z is the pole of AP,, and the angle ZAi\ 
ZP|A, are right angles. 

Cor* 4. Great circles, such as ZA, ZP„ whose planes are at right angles tn 
the plane of another great circle, as APB, are called its secondaries; and it ap 
pear? from the foregoing corollaries, that, 

1. The planes of all secondaries pass through the axis, and their circumfer 
ences through the poles of their primary ; and that the poles of any great circle 
may always be determined by the intersection of any two of its secondaries. 

2. The arcs of all secondaries intercepted between the primary and its poles 
are = 90°. 

3. A secondary bisects all circles parallel to its primary. * 

Cor. 5. Let the radius of the sphere = R, radius of small circle parallel to it 
— t. Distance of two circles, or Oo =: 5. 

Join 0^1, arc Pipi 

R* = r* + S* 
r = R cos. ^ 

^ zr: R sin. <p 

Cor. 6. Two secondaries intercept similar arcs of circles parallel to their 
primary, and these arcs are to each other as the cosines of the arcs of the se- 
condaries between the parallels and the primary, 

P'or the arc^ of the parallels subtend at their respective centres, angles equal 
to the inclinations of the planes of the secondaries, and these arcs will therefore 
be similar. 

Also, if ri, Tf, be the radii of two small parallels, the rest of notation as 
before, 

circumference /)ipf whole circumference of 1 st 

circumference qi whole circumference of 2d 

— . H 
r2 

fl cos. (p' 
cos. (p 
cos. p' 


PROP- III. 

Every plane perpendicular to a radius at its extremity^ is a tangent to the 
sphei'e in that point* 

Let ZXY be a plane perpendicular to the radius 
OZ. 

Tlien, ZXY touches the sphere in Z. 

Take any point P in the plane, join ZP ; OP , 

ITien, since OZP is a right angled triangle, 

•. The side OP is side 05^ 

Hence, the point F is without the sphere ; and, 
in like manner, it may be shown, that every point 
in XYZ, except Z, is without the sphere. 

Therefore, the plane XYZ is a tangent to the 
sphere. 
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PROP. It, 

The angle formed by two arcs of great circles^ is equal to the angle contained by 
the tangents drawn to these arcs at their point of intersection^ and is measured 
by the arc described from their point of inter section or pole, inter'cejned oy 
the arcs containing the angle. 

Let ZPN, ZQN, arcs of great circles, intersect 
in Z. 

Draw ZT, Z'P, tangents to the arcs at the 
point Z. 

With Z as pole, describe the arc PQ. 

Take O the centre of the sphere, and join OP, 

OQ. 

Then, the spherical angle PZQ is equal to the 
angle TZ'P, and is measured by the arc PQ. 

For the tangent ZT drawn in the plane ZPN, is 
jierpendicular to radius OZ. 

And the tangent ZT' drawn in the plane ZQN, is perpendicular to ra- 
dius OZ. 

Hence, the angle TZ'P is equal to the angle contained by these two planes, 
that is, to the spherical angle PZQ. (Geom. of Planes). 

Again, since the ar(« ZP, ZQ, are each of them equal to a quadrant ; 

Each of the angles ZOP, ZOQ, is a right angle, 

.*. The angle QOP is the angle contained by the planes ZPN, ZQN, and is 
= TZT. 

The arc PQ, which measures the angle POQ, measures the angle between 
the planes, that is, tlie spherical angle PZQ. 

Cor. 1. The angle under two great circles is measured by the distance be- 
tween their poles. For the axis of the great circles drawn through their poles 
being perpendicular to the planes of the circles, the angles under these axes 
will be equal to the angle between the circles ; but the angle under the axes is 
obviously measured by the arc which joins their extremities, that is, by the dis- 
tance between their poles. 

Cor. 2. The angle under two great circles is measured by the arc of a com- 
mon secondary intercepted between them. 

For, since the secondary passes through the poles of both, talking away from 
the equal quadrants of the secondary between each cJrcle and its pole, the com- 
mon arc intercepted between one circle and the pole of the other, the remain- 
ders are the intercept of the common secondary between the two circles, and 
the distance between their poles, and these are thet:efore equal. But the latter 
is, by the last Cor., the measure of the angle. 

Cor. 3. Vertical spherical angles, such as QPW, 

QPS, are equal, for each of them is the angle 
formed by the planes QPS, WPR. 

W 

Also, when two arcs cut each other, the two 
adjacent angles QPW, QPR, when taken toge* 
ther, are always equal to two right angles. 
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PROP. V 

If from the angular points of a spherical triangle considered as poles, three 
a}cs^e d( scribed forming another triangle, then, reciprocally, the angular points 
of this last triangle will be the poles of the. sides opposite to them in the first. 

Let ABC he a spherical triangle. 

I'roni the points A, B, C, considered as poles, 
describe the arcs B'C', A'C', A'B', forming the 
spherical triangle A'B'C'. 

I'hen, A' will be the pole of BC, B' of AC, and 
a of AB. 

For, since B is the pole of A'C% the distance 
from B to A' is a quadrant. 

And, since V is the pole of A'B', the distance 
from (" to A' is a quadrant. 

I’hus, it appears that tlie point A' is distant by a quadrant from the points 
B and C. 

A' is the pole of the arc BC. 

Siniilarly, it may bo shown that B' is the pole of AO, and C' the pole of AB. 


C' 



PROP. VI. 

The same things being given as in the last prqpasition, each angle in either 
of the triangles will he measured by the mpplemeni of the side opposite to it 
in the other triangle. 

Produce the sides of the firet triancle to D, £. 

F, G, H, K. 

Tlien, since A is the pole of B'C% the angle A 
is measured by the arc EK. 

For the same reason, the angles B and C are 
measured by the arcs Dfl and FG respectively. 

Be( auso B' is the pole of FK, the arc B'K is a 
quadrant. 

Because C' is the pole of DE, the arc G'E is a 
quadrant. 

B'K + C^E = 180“ 

or, B'C' + EK = 180* 

EK = 180® — B'O 

Similarly, DH = 180“ — A'C^ 

FG = 180“ — A'B' 

But the arcs EK, DH, FG, are the measures of the angles A, B, C, respec- 
tively, 180“ — BT/, 180“ — A'C', 180® — A'B', or the supplements of B'C', 
A'C', and A'B', are the measures of these angles 

Again, since A' is the pole of HG, the angle A' is measured by GH. 

For the same reason, the angles B', C', are measured by the art^ FK and 
DE respectively. 

Because B is the pole of A' O', the arc BH is a quadrant 

Because C is the pole of A B', the arc CG i^ a quadrant 


C' 
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BH + CG = 180« 
or, GlI + BC = 180" 

GH = 180" — BC 

Similarly, FK =: 180" — AC 

DE =: 180" — AB t 

And GH^ FK, DE, are the measures of the angles A^B^C\ respectively. 
These triangles ABC, A'B'G, are, from their properties, usually called Polar 
triangles^ or Supplemental triangles^ 


PROP. vii. 


Ri ong spherical triangle any one side is less than the sum of the two cthc? ► 


Let ABC be a spherical triangle, 0 the centre 
of the sphere. Draw the radii OA, OB, OC. 

Then the three plane angles AOB, AOC, BOC, 
form a solid angle at the point 0, and these three 
angles are measured by the arcs AB, AC, BC. 

But each of the plane angles which form the 
solid angle, is less than the sum of the two others. 

Hence each of the arcs AB, AC, BC, which 
measures these angles, is less than the sum of the 
two others. 



PROP, vnu 

The mm of the three sides of a spherical triangle is less than the circumference 

of a great circle. 

. Let ABC be any spherical triangle. 

Produce the sides AB, AC, to meet in D. 

Then, since two great circles always bisect each 
other (Prop. 1, cor.) the arcs ABD, ACD, are 
semicircles. 

Now, in the triangle BCD, 

BC .<£1 BD + DC, by Prop, vii.; 

AB + AC + BC .<£1 AB + BD + AC + DC 
^ ABD + ACD 
g£L circumference of great circle. 




CONIC SECTIONS. 


There are three curves, whose properties are extensively applied in Mathema> 
tical investigations, which, being the sections of a cone made by a plane in dif* 
feront positions, are called the Conic Sections (see page 437). These are, 

1. The Parabola, 

2. The Ellipse. 

3. The Hyperbola. 

Before entering upon the discussion of their properties, it may be useful to 
enumerate the more useful theorems of proportion which have been proved in 
the treatises on Algebra and Geometry, or which are immediately deducible 
from those already established. For convenience in reference, they may be 
arranged in the following 

TABLE. 


If 

A : 

B :: 

C 


D 

Then 

A : 

C :: 

B 


D 

Or 

B .• 

A 

D 


C 

... 

A+ B: 

B :: 

C+ D 


D 

... 

A — B: 

B :: 

C — D 


D 

... 

A : 

A+ B:: 

0 


C + D 


A : 

A^-B:: 

c. 


C-.I> 

... 

A -f. B; . 

\ — B:: 

C+D 


C — D 

. .. 

mA : 

»:B :: 

nC 


»D 

••• 

mA : 

wB 

mC 


nD 


A 

B 
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D 

... 
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m 

n 

• 
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A 

B 
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D 

*•• 

m 

n 

7n 


H 

... 

A" : 

B“ 

C“ 


D“ 

Also if A : 

B 

D 


E 

And 

B : 

C :: 

E 


F 

I'hen 

A ; 

C :: 

D 


F 

And if A : 

B :: 

E 


F 

And 

B : 

C :: 

D 


E 

Then 

A : 

C 

D 


F 

If 

A : 

B :: 

C 


D 

And 

E 

F :: 

G 


H 

And 

K : 

L 

M 


N 

Then 

A.E.K ; 

B.F.L :: 

O.G.M 


D.H.N 


P F 
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PARABOLA. 


DEFINITIONS. 

1. A Parabola is a plane curve, such, that if from any point in the curve two 
straight lines fie drawn ; one to a given fixed point, the other perpendicular to 
a straight line given in position : these two straight lines will always be equal to 
one another. 

2« The given fixed point is called the focus of the parabola. 

3. The straight line given in position, is called the directrix of the pa* 
rabola. 

Thus, let QA^ be a parabola, S the focus, 

Nn Ihe directrix 

Take any number of points, Pi, Pt, Pt, 

......... in the curve; 

Join S, Pi ; S, P* ; S, P, ; and draw 

Pj Ni , Pg N 2 , P 3 Ns , perpendicular 

to the directrix ; then 

8Pi=PiNi, SPa=P2N2, SP8 = 

PaNs, 

4. A straight line drawn perpendicular to 
the directrix, and cutting the curve, is called a diameter; and' the point in 
which it cuts the curve is called the vertex of the diameter* 

5. The diameter which passes through the focus is called the axisy and the 
point in which it cuts the curve is called the primipal vertex. 

Thus ; draw Ni Pi Wi , N 2 P 2 W* , N 3 P 3 * 

Ws , KASX, through the points Pi , Pg , Ps , 

S, perpendicular to the directrix; each of 
these lines is a diameter ; Pi , Pg , P 3 , A, are 
the vertices of these diameters ; ASX is the axis 
of the parabola, A the principal vertex. 

6. A straight line which meets the curve in 
any point, but which, when produced both 
ways, does not cut it, is called a tangent to tlie 
curve at that point 

7. A straight line dr?iwn from any point in the curve, parallel to the tangent 
at the vertex of any diameter, and terminated both ways by the curve, is called 
an ordinate to that diameter. 

8. The ordinate which passes through the focus, is called the parameter of 
that diameter. 



Q 
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9. The part of a diameter intercepted between its vertex and ihe point in 
which it is intersected by one of its own ordinates, is called the abscissa of the 
diameter. 

10. The part of a diameter intercepted between one of its own ordinates and 
its iq|ersection with a tangent, at the extremity of the ordinate, is called the 
sub-tangent of the diameter. 

Thus : let TP^ be a tangent at P, the ver- 
tex of the diameter PW. ' 

From any point Q in the curve draw Qq 
parallel to and cutting PW in v. Through 
S draw RSr parallel to T^. 

Let QZ, a tangent at Q, cut WP, produced 
in Z. 

Then is an ordinate to the diameter 
PW ; Hr is the parameter of PW. 

Pu is the abscissa of PW, corresponding to 
the point Q. 

uZ is the sub-tangent of PW, corresponding to the point Q. 

1 1. A straight line drawn from any point in the curve, perpendicular to thd 
axis, and terminated both ways by the curve, is called an ordinate to the axis, 

12. The ordinate to the axis which passes through the focus is called the 
principal parameter ^ or latus rectum of the parabola. 

13. The part of the axis intercepted between its vertex and the point in 
which it is intersected by one of its own ordinates, is called the abscissa of the 
axis. 

14. Tlie part of the axis intercepted between one of its own ordinjites, and it* 
intersection with a tangent at the extremity of the ordinate, i^ c^led the 
tangent of the axis, 

Tlius : from any point P in the curve draw 
Pp perpendicular to AX and cutting AX in 
JVI. Through S draw' LS/ perpendicular to 
AX. 

Let PT, a tangent at P, cut XA produced 
in T. 

Then, Pp is an ordinate to the axis ; U is 
the latus rectum of the curve. 

AM is the abscissa of the axis corresponding 
to the point P. 

MT is the sub-tangent of the axis corresponding to the point P. 

It will be proved in Prop. 3, that the tangent at the principal vertex is per- 
pendicular to the axis; hence, the four last delinitions are in" reality included 
in the four which immediately precede them. 

Cor, It is manifest from def. I, that the parts of the curve oh each ^fde of * 
the axis are similar attd equal, and that every ordinate Pp is bisected by the 
axis. 




r F 2 
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15, If a tangent be drawn at .any point, and a straight line be drawn from 
the point of contact perpendicular to it, and terminated by the curve, that 
straight line is called a normaL 

16. The part of the axis intercepted between the intersections of the normal 

and the ordinate, is called the sub-normaL p , 


Tlius; let TP be a tangent at any point 

P. 

From P draw PG perpendicular to the tan- 
gent, and PM perpendicular to the axis. 

Then PG Ss the normal corresponding to 
the point P; MG is the sub-normal corres- 
ponding to the point P. 



PBOP. I. 

The distance of the focus from any point in the curvcy is equal to the sum of 
the abscissa of the axis correspondina io ihai pointy and the distance Jrom the 
fycus to the vertex^ That is, 


SP = AM-t-AS. 


For, 

SP = PN by Def. (1) 

=: KM NM is a parallelogram, 

= AM + AK 

= AM + AS %• AK = AS, by Def. (l> 



PEOP. II. 

The laius rectum ts eaual to four times the distance from the focus to the 
vertex. That is, 


For, 

U 


U = 4 AS. 


2LS, Def. 

2LN 

2SK 

4 AS •.•AS=»AIL 
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paoF. III. 

Te draw a tangent to the parabola at any point 

Let P be the given point. 

Join S, P ; draw PN perpendicular to the 
directrix. 

Bisect the angle SPN by the straight line 

T^. 

is a tangent at the point P. 

For if 'Tt be not a tangent, let IV cut the 
curve in some other point p. 

Join S, p ; draw pn perpendicular to the di- 
rectrix ; join S, N. 

Since SP = PN, PO common to the tri- 
angles SPO, NPt), and angle SPO =: angle NPO by construction, 

.-. SO = NO, and ai^gle SOP = angle NOP. 

Again, since SO =: NO, Op common to the triangles SO;?, NOp, and angle 
SOp = angle NOp, 

Sp z= Np. 

But since p is a point in curve, and pn is drawn perpendicular to the directrix, 

Sp = pn 

pN pn. 

That is, the hypothenuse of a right-angled triangle ecpial to one of the sides, 
which is impossible, p is not a point in the curve ; and in the same man- 
ner it may be proved that no point in the straight line Tf can be in the curve, 
except P. 

is a tangent to the curve at P. 

Cor, 1. A tangent at the vertex A, is perpendicular to the axis. 

Cor, 2. SP = ST 

For, siiuje NW is parallel to TX 
.-. ^ STP = ^ NPT 

== SPT by construction, 

SP = ST 

Cor. 3. Let Q ^ be an ordinate to the diameter PW, cutting SP in " 


Then, Pj* = Pi» 

For, since is parallel to Tt 
dPj-i; = ^zPT 

z= .erl NPT by construction, 

= ^ Fvj; interior opposite angle, 
Px = Pn 
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Cor, 4, Draw the normal FG. * 

Hien, SP = SG 
For since ^ GPT is a right angle, 

^GPT = -slPGT + ^PTG 
= ..iiPGT + ^SPT 

Take away the common ^ SPT and there 
remains 

.^SPG =i: .^^SGP 
.-.SP = SG 

PROP. IV. 

The subtangent to the axis is equal to twice the abscissa. That 



MT = 2AM 


For, MT 


MS + ST 
MS + SP. Prop. 
MS + SA + AM. 
2 AM. 


Cor, MT is bisected in A. 



PROP. V. 


The subnormal is equal to one half of the latus rectum, ITiat U, 


MG 


L 

2 


if we denote the latus rectum by L. 



PROP. VI. 

If a straight line be drawn from the focus perpendicular to the tangent at any 
point, it will be a mean proportional between the distance from the focus to that 
point, and the distance from the focus to the vertex. 

That is, if SY be a perpendicular let fall from S upon T< the tangent at any 
point P 


SP;SY;:SY: SA. 
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Join A, Y, 

Since SP = ST, and SY is drawn perpen- 
dicular to the line PT, 

TY = YP. 

^0 by Prop. 4., 

TA = AM 

Since AY cuts the sides of A TPM pro* 
portionally, AY is parallel to MP, 

AY is perpendicular to AM. 

Hence the A* SYA, SYT, are similar, 

A ST:SY::SY:SA 

or, SP:SY;;SY:SA v SP z= 



ST by Prop. 3. oor. 8. 


Cor, 1. Multiplying extremes and means, 

SY2 = SP. SA. 


Cdr. 2. SP : SA : : SP* : SY* 
CoK 3. By Cor. 1, 


SP z= 


SA- 


And since SA is constant for the same parabola, 

SP « SY». 

Cor. 4. By Cor. 1,, 

SY* = AS.SP 
4-SY* = 4 AS.SP 

=: L . SP. Prop, 2 


raop. vrr. 

T^e square of any semi-ordinate to tlie axis is equal to (he rectangle wder the 
lotus rectum and the abscissa. 


That is, if P be any point in the curve 


For, 


PM* = L.AM. 


PM* = SP*— .SM* GeoimTheor. 3L 

== (AM-t-AS/— (AM--^AS)> 

.• SPzz AM +AS (Prop.l), & SM = AM— AS 
= 4 AS . AM, Geom. Theor. 31 & 32, 
= L . AM, Prop. 1. 

Cor, 1. Since L is constant for the same pa- 
rabola PM* X AM, 

That is, The abscissae are proportional to the 
equares of the ordinates. ^ 
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PROP. vnr. 

]f be an ordinate to the diameter PW 
mid Pr, the corresponding abscissat tken^ 

s= 4SP X Pv. 

Draw PM an ordinate to the axis. 

Join S, Q; and through Q draw DQN 
perpendicular ^o the axis. 

From JS let fall SY perpendicular on the 
tangent at P. 

The triangles SPY, QDv, are similar. 

Qv* : QD» :: SP* : SY* 

: : SP : SA, Prop, f i. Cor. 2, 

The triangles PTM, QDv, are also similar ; 

QD ; Dn :: PM : MT 

:: PM* : PM.MT 

:: 4AS. AM; 2PM. AM 

4AS ; 2PM 

2PM. QD = 4 AS. Du 

But, 

PM* - QN* = 4AS . AM — 4AS . AW = 4 AS(AM— AN) = 4AS . MN 
And, PM* — QN* = (PM + QN) (PM — QN) 

= (PM+QN).QD 

(PM+QN).QD = 4AS . MN = 4AS . DP 
But, 2PM. QD= 4AS.Dt; 

.-. (PM— QN). QD = 4 AS . Pu 
Or, QD* = 4AS . Pu 

.*. Qu* ; 4AS , Pu SP ; SA, 

Qu* = 4SP . Pu. 

Cor. 1. In like manner it may be proved, that 
^u* = 4SP X Ptf. 

Hence, Qu = ^u *, and since the same may be proved for any ordinate, it 
follows, that 

A diameter bisects all its own ordinates. 

Cor, 2, Let Rr be the parameter to the 
diameter PW, 

Then, by Prop. ni. Cor. 3. 

Par =r Pu 
PS PV 
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Now, by the Proposition, 

RVa == 4SP . PV 
= 4SP* 

4R\^ or Rr* = leSP* 

• Rr = 4SP. 

Hence the Proposition may be thus enunciated : 

The square of the semi-ordinate to any diameter is equal to the rectangle 
under the parameter and abscissa. 

It will be seen, that Prop. vii. is a particular case of the present proposition. 


ELLIPSE. 

DEFINITIONS. 

1. An ellipse is a plane curve, such that, if from any point in the curve two 
straifrht lines be drawn to two given fixed points, the sum of these straight lines 
will always be the same. 

2. The two given fixed points are called the/oci. 

X*1['hus, let ABa be an ellipse, S and H 
the foci. 

Take any number of points in the curve 

Pi» Pa, Pa, 

Join S,Pi, II, Pi; S,P 2 , H,P 3 ; S,Pa, 

HjPa ; then, 

SPi + IIPi = SPa + HPg = r.P« + 

HPa = 

3. If a straight line be drawn joining the 
foci and bisected, the point of bisection is 
sailed the centre, 

4. The distance from the centre to either focus is called the eccentricity. 

5. Any straight line drawn through the centre, and terminated both ways by 
the curve, is called a diameter, 

6. The points in which any diameter meets the curve are called the vertices 
of that diameter. 

7. The diameter which passes through the foci is called the axis mnjor^ and 
the points in which it meets the curve are cjilled the principal vertices. 

8. The diameter at right angles to the axis major is called the axis minor. 
Thus, let ABa be an ellipse, S and H 

the foci. 

Join S,H ; bisect the straight line SH in 
C, and produce it to meet at the curve in 
A and a. 

Through C draw any straight line Vp^ 
terminated by the curve in the points P, p. 

Through C draw Bb at right angles to 

An. 


B 
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Then, C is the centre, CS or ‘CH the eccentricity, Pjo is a diameter, P and 
p its vertices, Aa is the major axis, is the minor axis. 

9. A straight line which meets the curve in iuiy point, but which, being pro- 
duced both ways, does not cut it, is called a tantjent to the curve at that point. 

10. A diameter drawn parallel to the tangent at the vertex of any otheP dia- 
meter, is called the conjugate diameter to the latter, and the two diameters are 
caDed a pair of conjugate diameters. 

IL Any straight line drawn parallel to the tangent at the vertex of any dlft- 
meter and terminated both ways by the curve, is called an ordinate to that 
diameter. 

12. The segments into which any diameter is divided by one of its own ordi- 
nates are called the abscissce of the diameter. 

13. The ordinate to any diameter, which passes through the focus, is called 
the parameter of that diameter. 

Thus, let Vp be any diameter, and Tt a 
tangent at P. 

Draw the diameter Dd parallel to T^. 

Take any point Q in the curve, draw 
parallel to T^, cutting Vp in r. 

Through S draw Rr parallel to T^. 

llien, Dd is the conjugate diameter to 

IV. 

Qo is the ordinate to the diameter 
corresponding to the point Q. 

Pr, vp are the abscissse of the diameter 
Pp, corresponding to the point Q. 

Rr is the parameter of the diameter Vp. 

14. Any straight line drawn at right angles to the major axis, and terminated 
both ways by the curve, is called an ordinate to the axis. 

15. The segments into which the major axis is divided by one of its own or- 
dinates are called the abscisses of the axis. 

16. The ordinate to the axis which passes through either focus is called the 
iafus rectum. 

(It will be proved in Prop, iv., that the tangents at the principal vertices are 
perpendicular to the major axis ; hence, deliiiitions 14 , 15 , 16 , are in reality 
included in the three which immediately precede them.) 

17. If a tangent be drawn at the extremity of the latus rectum and produced 
to meet the majm* axis, and if a straight line be drawn through the point of in- 
tersection at right angles to the major axis, the tangent is called the focal tem* 
pent, and the straight line the directrix.. 

Thus, from P any point in the curve, 
draw PMp perpendicular to Aa, cutting 
Aa in M. 

Through S draw LI perpendicular to 

Aa. 

Let LT, a tangent at L, cut Aa produced 

inT. 

Through T draw Nn perpendicular to 

Aa. 
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Tlien, Vp is the ordinate to the axis, corresponding to the point P 
AM, M« are the abscissae of the axis, corresponding to the point P, 

U is the latus rectum. 

LT is the focal tangent, 
is the directrix. 

18, A straight line drawn at right angles to a tangent from the point of'cson* 
tact, and terminated by the nmjor axis, is called a normal. 

The part of the major axis intercepted between the intersections of the noraial 
and the ordinate, is called the subnormal. 

Let be a tangent at any point P. 

From P draw PG perpendicular to 
meeting Aa in G. 

From P draw PM perpendicular to 

Aa. 

Then, PG is the normal corresponding 
to the point P. 

MG is the subnormal corresponding to 
the point P. 


PROP. !• 

The mm of two straight lines drawn from the foci to any point in the aWH & 
equal to the major axis. That is, if P be any point in the curve, 

«P + HP =r A« 2 . 


For, 

SP + HP = AS + AH 

= :> AS + SH, P 



Cor. 1. The centre bisects the axis 
lu^jor, for 

2 AS + SH = 2 a H + SH 
AS z= aH 

And, SC = CH by definition 3, 
.*. AC = aC, 


SP + HP = 2 AC 

A SP = &AC — HP 
HP = 2 AC — SP 
SP^HP = 2 AC — 8HP 
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PROP. 11. 

The centre bisects all diameteri* 

lake any point P in the curve. 

JoinS,P; H,P; S,H; 

Complete the parallelogram SPHp, 

Join C,/); C,P; 

llien, simje the opposite sides of a paral- 
lelogram are equal, 

SP = Hp , HP z= Sp 
SF + VR = Sp+pR 
/j is a point in the curve. 

Again, since the diagonals of a parallelo- 
gram bisect each other, and since SH is bi- 
sected in C, 

Fp is a straight line, and a diameter, and is bisected in C. 

And in like manner, it may be proved that every other diameter is bisected 
in C. 



PROP. HI. 

The distance of either focus from the extremity of the axis minor is equal to 
the semi-axis major. 

That is, 

SB op HB =5 AG 

Since SC = HC, and CB is common to 
tlie two right-angled triangles SCB, HCB, 

.*. SB =: HB. 

But, 

SB -f- HB = 2 AC. Prop. 1. 

SB = HB = AG 


Cor. 1. BC* zr AS . So. 

For, 

BC* = SB»— .SC* 

= AC* — SC« 

= (AC -f.SC):(AC — SC) 

=z AS . Sfl. 

Cor. 2. The square of the eccentricity is equal to the difference of the squares 
of the semi-axes ; 

Fop, 



SC» = SB»— BC» 
r7 AC*— BC/* 
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PROP. IV. 

0 To draw a tangent to the ellipse at tmy jKwd, 

Ijdi P be the js^iven poinL 

Join S,P; H,P; produce SP. 

Bisect the exterior angle HPK by the 
straight line lit, 

Tt is a tangent to the curve at P. 

For, if be not a tangent, let Tt cut the 
curve in some other point p. 

Join S, /> ; H,p ; make PK = PH ; join 
p,K ; H,K cutting Tt in Z, 

Since HP == PK, PZ common to the 
triangles HPZ, KPZ, and the angle HPZ 
= angle KPZ by construction, 

HZ = KZ, and the angle HZP = angle KZP. 

Again, since HZ = KZ, Zp common to the triangles HZp, KZp, and ai 
\XLp r= angle 

pK = pH. 

But, since any two sides of a triangle are greater than the third side, 

Sp + pK V SK 

•7- SP + PK 

•p- ISP + r. PK = PH by construction, 

Sp + pH, by definition 1, 

.-. pK "7 pH, 

But we have just proved that pK = pH, which is absurd, .% p is not a point in 
the curve, and in the same manner it may be proved that no point in the straight 

line lit can be in the curve except P. 

is a tangent to the curve at P. 

Cor. 1. Hence, tangents at A and a, are perpendiculw to the mqor axis, and 
tangents at B and 6 are perpendicular to the minor axis. 

Cor. 2. SP and HP make equal angles with every tangent. 

Cor. 3. Since HPK, the exterior angle of the triangle SPH, if bisected 
by the straight line Tt, cutting the base SH produced in T 
.% ST;HT::SP:HP. 
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PROP. V. 

Tangents drawn at the vertices of any dkcmeier are paraOeL 

Let Tf, Wii?, be tangents at P, p, the vertices of the diameter PQp. 

Join S, P ; P, H ; S, p ; p, H I 
Then, by Prop. 2, SH is a parallelogram, 
and since the opposite angles of paralleio- 
grams are equal, 

^ SPH = angle SpH 
supplement d/ ^ SPH r: supplement cl ^ 

SpH 
or, 

^ SPT + ^ HP^ = ^ SpW + Hpu; 

But ^SPT = ^ o 
And ^ SpW = ^ Hp«c 5 ^ 

Henoe, these four angles are all equal, 

^ SPT = ^ Hpt^ 

And since SP is parallel to Hp, 

^ SPp = ^ PpH, 

whole TPp == whole upP, and they are alternate angles, 
Tt is paralldl to 

Cor, Hence, if tangents be drawn at the vertices of any two diameters, they 
will form a parallelogram circumscribing, the ellipse* ^ 



PROP. VI. 

If straight lutCS he drawn from the foci to a vertex of any diameter^ the dis- 
tance from the vertex to the intersection' cf the conjugate diameter y with either 
focal distanccy is equal to the semi-axis^ major. 

That is, if Dd be a diameter conjugate to Fp, cutting SP in £, and HP in e, 
PE or Pe zr AC. 

Draw PP perpendicular to Dd, and HI 
parallel to Dd or Tt, cutting PF in O, 

Then, since the angles at 0 are right 
angles, the IPO =: ^ HPO, and PO 
common to the two triangles HPO, IPO, 

IP = HP. 

Also, since SC = HC, and 0£ is paraflel 
HI, the base lof A SHI, 

SE = El. 

2PE. C: TM +31B 

= SE + El + IP + HP 
= SP + HP 
= 2 AC 
A PE = AC. 

Also, --1 PEe = .il PcR. PE =: Pe, and 
Pc = AC. 



Henoe, 
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PROP. Yll. 

Perpendiculars, from tlie fod upon the tangent at any point, intersect the 
tang^t in the circumference of a circle, whose diameter is the major axis. 

From S let fall SY perpendicular on T# 
a tangent at P. 

Join S,P ; H,P ; produce HP to meet 
SY produced in K. 

Join CY ; 

Then, since angle SPY = angle KPY 
(Prop. IV.), and the angles at Y are right 
angles, and PY common to the two tri- 
angles, SPY, KI'Y, 

SP = PK 
And SY 1 = YK. 

Again, since SY = YK, and HC = CS, CY cuts the sides of the triangle 
HSK proportionally, 

^ CY is parallel to HK. 

A1 since CY is parallel to HK, SY = YK, HC = CS, : 

CY = i HK 

= J(HP + PK) 

= i (HP + SP) 

= i Aa 
= AC. 

Hence, a circle described with centre C and radius CA will pass through Y. 

And in like manner, if HZ be drawn perpendicular to T^, it may be proved 
that the same circle will pass through Z also 



PROP. VIII. 


The rectangle, contained by the perpendiculars, from the foci upon the tangent 
at any point, is equal to the square of the semi^axis, minor. 

That is, 

SY.HZ==BC*. 


Let T/ be a tangent at any point P. 


On Afl describe a circle cutting T^ in Y 
and Z. 

Join S,Y ; H,Z ; 

Then, by the last Prop. SY, HZ are per« 
pendicular to Tf. 

Produce YS to meet the circumference 

In y> 

Join C,^; C, Z ; . 

Since t/YZ is a right angle, the segment 
in which it lies is a seinicirclei and Z,y, are 
the extremities of a diameter. 
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^CZ is a straight line and a diameter. 
iJUeiioe the triangles SC^, HCZi, are in every respect equal. 

SY.HZ = YS.Sj/ 

M AS . SA 

= BC* (Prop. 3. Cor. 1.) 


PROP. IX. 


Perpendicutars let fall from the foci upon the tangent at any point are to each 
other as the focal distance of the point of contact. 

That is, 

SY:HZ:: SP : HP. 

For the triangles SPY, HPZ, are mani- 
festly similar, 

SY:HZ::SP:HP. 

Cor. Hence, 


SP 

SY Z= HZ.gp 


SP 


SY*= SY.HZ. jjp 
= BC>. lastPro^ 

= ®^',2 AG — SP* 

So also, 


HP 

HZ*= BC». gp 


= BC*. 


HP 



2 AC — HP' 


PROP. X> 

Tjf a tangent he applied at any point, and from the same point an ordinate to 
the axis be drawn, the semi-axis major is a mean proportional between the dis* 
tance from the centre to the intersection of the ordinate with the axis, and the 
distance from the centre to the intersection of the tangent with the axis. 
lliatis, 

CT;CA::CA:CM. 
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.% ST 
ST + HT 
< 0 , 2CT 
^ CT 


Since ttie exterior angle IIPK is bisected by Tt, Proposition, 4 


; HP. (Geom, Theor. 83, nt. 2 I 

ST — HT : : SP + HP . SP _ HP 
SH : : 2 AC ; SP — HP 

2 AC : : SH ; SP _ HP (Ij 


But since PM is drawn from the vertex of A SPH perpendicular on base SH, 
SM + HM : SP — HP : : SP + HP : SM _ HM 

or, SH : SP — HP ; : 2 AC : 2 CM (2) 

Comparing this with the proportion marked (1), we have » 

2 CT : 2 AC : : 2 AC : 2 CM 

or, CT : CA ; : CA : CM. 


PROP. XI. 

• 

If a circle he described on the major ‘Ocis of an ellipse, and if any ordinate to 
the axis he produced to meet the circle, tangents drawn to the ellipse and circle, 
at the points in which they are intersected by the ordinate, will cut the major 
axis in the same point. 

Let AQa, be a circle described on Aa, 

Take any point P in the ellipse, draw PM 
perpendicular to A«, and produce MP to 
meet the circle in Q, join C, Q, 

Draw PT a tarit(ent to the ellipse at P cut- 
ting CA produced in T, 

.Join TQ. 

Then QT is a tangent to the circle at Q. 

For if TQ be not a tangent, draw QT' a 
tangent at Q cutting CA in T'. 

Then CQT' is a right angle. 

Since QM is dranii li’oin the right angle CQT' perpendicular on the hjf* 
pothenuse, 

CT : CQ : : CQ : CM. (Geom. Theor. 87.) 
or, CT : CA : : CA : CM, *.• CQ = CA. 

But, by the last proposition, 

CT ; CA : : CA : CM, 

CT = CT, 

which is absurd, therefore QT is not a tangent at Q; in the same manner it 
may be proved that no line but QT can be a tangent at Q, 

&C. 

Cor. 1. Desci’ibe a circle on the minor 
axis. 

Draw Pwi an ordinate to the minor axis 
cutting the circle in q. 

Let a tangent at P cut the minor axis 
produced in L 

Then, since Pm is parallel to AC, and PM 
toBC, 




G 0 
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^CtiCmiiCT :MT 
::CT*:QT* 

; : ; Cwi* ••• the A* CQT, Cmq are simiWr 

: : BC • : Cm* 

•* : CB : : CB ; Cm* 

'Which is analogous to the property proved in the last Prop, for the major 

axis. 

Car* 2. Join tq* 

We can prwve, as above, that tg is a tangent to the circle Bqb* 

PROP. XII. 

square of any semt’-ordtnate to the axis^ is to the rectangle under the ah^ 
scissm, as the square of the semi-aods minor is to the square of the semi’-axis 
major. 

That is, if P be any point in the curve, 

PM* : AM . Ma x: BC* s AC*. 

Dascribe a circle on Ao, and pro- 
duce MP to meet it in Q. 

At the points P and Q draw the 
tangents PT, QT, which will intersect 
the axis in the same point T. (Prop. 

11 .) 

Let the tangent to the ellipse inter- 
sect the circle in Y, Z. 

Join S, Y ; H, Z ; SY and HZ are 
perpendicular to T/. (Prop. 7.) 

Hence the triangles PMT, SYT, HZT, are similar to each other. 

PM ; SY :: MT ; TY 

and PM : HZ :: MT : TZ 

PM*: SY.HZ:: MT* :TY.TZ 

or, PM* s BC* :: MT* : TQ* (Prop. 11, and Geom. Theor. 61.) 

:: QM* : CQ» v MQT, MQC are similar A*. 
i:AM.Ma: AC* 

PM* : AM.Ma:: BC* : AC*. 

T-^Pl 

Cw.l, 

Let Pi Ml, P# M* , - - be ordinates to the 
axis from any points Pi , Ps - - - 

Then by l^op. 


PiMi*: AMi.Mia:: BC* x AC* 
FgMt *: AMa. Maa :: BC* s AC* 

PaMa* AMi.MiaxAMa.MaO. 
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That is, the squares of the ordinates to the axis are to each other as the rect- 
angles of their abscisssEs. 

Cor, 2, By the fifth proportion in Prop. 

• PM: QM:: BC: Aa 


Cor, 3. By Prop. 

PM2. AM.Ma::BC2: AC* 

But AM = AC + CM, M<2 = AC — CM, 

rM2 : (AC + CM) (AC — CM) : : BC« : AC*# 
PM*: AC 2— CM* ::BC*:AC*. 


Cor, 4*. Descrit>e a circle on B6, draw 

B 


Q 

l*m, an ordinate to the minor axis cutting 
the circle in q. 




Then, Pm = CM , PM = Cm. 

Then by Cor. 3, 

ai S > 

Va. 

\ ' \ 

c 'A 


AC* — Pw*/. AC* :: Cm* :BC» 

Pm* : AC* V. BG*— Cm* : BC* 

t : (BC + Cm) (BC — Cvi) : BC* 

* : Bm . vib : BC* 

or, Pm* : Bm • :: AC* :BC*. 


Which is analogous to the property proved in the Prop, for the major axis. 
Cor, 5m 

Pm i qmi» AC : BC. 


PROP. xin. 

The latus rectum is a third proportional to the axis major and minor* 



Aa ilib n Bb tJJ» 


G a 2 
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. PROP. XIY, 

The area of aU the parcHlelogramSy circumscribing an ellipscy formed by draw^ 
ing tangents at the extremities of two conjugate diameters, is constant, each being 


equal to the rectangle under the axes* 

Let Vp, Dd, be any two conjugate 
diameters, SROX a parallelogram cir- 
cumscribing the ellipse formed by draw- 
ing tangents at P, Dy p, d; then Pp, 
Dd, divide tfie parallelogram SROX 
into four equal parallelograms. 

Draw FM, dm, ordinates to the axis ; 
PF perpendicular to Dd 

Produce CA to meet PX in T and 
8d in t* 


o 



Then, CT : CA : ; CA : CM 
And, Ct : CA :: CA : Cw 
CT : Gt :: Cm : CM 

But, CT : Cf : : TM : Cm, by similar triangles. 

MT : Cm Cm t CIV^ 

.% CM.MT = Cm* 

Again, CM : CA :: CA t CT 

CM ! CA : : MA : AT, dividenda 
Or, CM : Ma :s MA : MT, comi>onendo, 

AM • Ma = CM . MT = Cm* 

But, AO: BC*;: AM.Ma(Cm*) : PM», Prop. 12. 

/. AC : BC : : Cm : PM 
Similarly, AC : BC :: CM : dm 
Or, BC : dm :: CA- : CM 
But, CT : CA :: CA : CM 
.% CT : CA :: BC : dm 

But, PF : CT dm t Cd , for A CdT = i □ CPXd 
PF : CA :: BC ; Cd 


rectangle PF . Cd = rectangle AC • BC 
or, parallelogram CX =: rectangle AC « BC 
•*. parallelogram SROX = 4 AC ; BC 
= Aa . B6. 


Cor. By (2), 

C»i* = AM . Ma 

= (CA+CM).(CA— CM) 
•= CA»_CM* 

A CA» = CM*+ Cm* 

And ftaiilady, CB* - = 
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PROP. XV. 

The sum of the squares of any two emjugate diameters, is equal to the same 
constant quantity, namely, the sum of the squares of the two axes. 

'jKiat is, 

If Pp, Dd, be any two conjug^ate diame- 
ters, 

Pp^+ Dd® = Aa*+ BA*. 

Draw PM, Dw, ordinates to the axis. 

Then, by f\)r. to Prop. 14, 

AC* + BC* = CM“+ Cw*+PM»+dm* 

= CP*+ CD* 

4AC»+4BC* = 4CP» +4Cn* 

Or, Aa*+ B6* =z Pp» + Dd*. 



PROP. XVI. 

The rectangle under the focal distances of any point is equal to the squaie of 
the semi-conjugate. 

That is, if CD be conjugate to CP, 

SP . HP = CD *. 

Draw SY, HZ, perpendiculars to tho 
tangent at P, and PF perpendicalar on 
CD. 

Then by similar triangles SPY, PEF, 

SP : SY : : PE : PF 

Or, SP ! SY : : AC : PF v PE = AC, by Prop. 0 

Similarly, HP : HZ : : AC : PF 

SP . HP : SY- HZ : : AC*: PF», 

:: CD*: BC*, Prop. 14. 

But SY . HZ = BC* , by Prop. 8. 

SP.HP z= CD*. 



PROP. XVll. 

Jf two tangents he drawn, <me at the principal vertex^ the other at the vertex 
of any other diameter, each meeting the other diameter produced, the two tan^ 
gential triangles thus formed, will be equal 


That is, 


A CPT = A CAK. 


Draw the ordinate PM, then, 

CM : CA : : CP : CK,by similar A* 

But, CM : CA : : CA : CT, Prop. x. 
CA:CT::CP:CK. 

The two triangles CPT, CAK, have thys 
the angle C common, and the sides about 
thfit angle reciprocally proportional ; these 
triangles are therefore equaL 


K 
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Cor, 1. From each of the equal triangles CPT, CAK, take the common space 
CAOP ; there remains, 

triangle OAT = triangle OKP. 

cor. % Also from the equal triangles CPT, CAK, take the common tri^gle 
CPM ; there remains, 

triangle MPT = trapez. AKPM. 

PROP. XVIIL 

The same biing supposed^ as in last proposition^ 
then my straight lines, QG, QE, drawn parallel 
to the two tangents shall cut off equal spaces. 

That is, 

triangle GQE z= trapez. AKXG 
triangle r^E = trapez. AKRr 

Draw the ordinate PM. 

The three similar triangles CAK, CMP, CGX, 
are to each other as CA* , CM* , CG^ , 

.♦. trap. AKPM : trap. AKXG :: CA* — CM* ; CA^-^CG*, dividendo. 

But, PM* ; QG* : : C A* — CM* : C A* — CG*, 

trap. AKPM ; trap. AKXG :: PM* : QG® 

But, trian. MPT : trian. GQE : ; PM* ; QG* , •.• the triangles 

are similar. 

.*. trap. AKPM : trian. MPT : : trap. AKXG : trian. GQE. 

But by Prop. 17., Cor. 2, 

trap. AKPM rr triangle MPT 
trap. AKXG z= triangle GQE 
And similarly, trap, AKRr = triangle rqE 

Cor, I. The three spaces AKXG, TPXG, GQE, are all equal. 

Cor, 2. From the equals AKXG, EQG, take the equals AKRr, Eyr ; 
there remains, 

RrXG = r^QG. 

Cor, 3. From the equals RrXG, r^QG, take the common space r^XG 
there remains, 

triangle vQX = triangle vqR, 

Cor, 4. From the equals EQG, TPXG, take the common space EvXG ; 
there remains, 

TPt?E = triangle vQX. 

Cor, 5. If we take the particular case in which 
QG coincides with the minor axis, 

The triangle EQG becomes the triangle IBC, 

The figure AKXG becomes the triangle AKC, 
triangle IBC = triangle AKC 
= triangle CPT. 
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PROF. 3C13C. 

Any diameter bisects all its own ordinates* 

Tlut is, 

If be any ordinate to a diameter CP, 

Qa = vq. 

Draw QX, qx^ at right angles to the major 
axis ; 

Then triangle vQX rr triangle vqx ; Prop. 18, 

Cor. 3. 

But these triangles are also equiangular ; 

Qa = vq. 

Cor* Hence« any diameter divides the ellipse into two equal parts. 



PROP, XX. 

The square of the semiordinate to any diameter^ is to the rectangle under the 
abscisscB^ as the square of the semi^corgugate to the square of the semi-diameter* 
That is, 

If be an ordinate to any diameter CP, 

Qu* : Pu *vp : : CD* : CP* 

Produce Qq to meet the major axis in £ ; 

Draw QX, DW, perpendicular to the major 
axis, and meeting PC in X and W. 

Then, since the triangles CPT, CvE, are 
similar, 

triaii. CPT : trian. CrE CP* : Co* 
or, trian. CPT ; trap.TPuE ; ; CP* ; CP* — Cp* 

Again, since the triangles CDW, vQX, are similar, 

triangle CDW : triangle vQX :: CD* : vQ* 

But triangle CDW = triangle CPT; Prop. 18., Cor. 5* 

And triangle vQX = trapez. TPt?E ; Prop. 18., Cor, 3. 

CP* : CD* : : CP* — Co* : vQ* 

Or, Qu* t Pu * vp : 5 CD* i CP* 

Cor. 1. The squares of the ordinates to any diameter, are to each other as 
the rectangles under their respective abscissae. 

Cor. 2. The above proposition is merely an extension of Uw property 
already proved in Prop. 12, with regard to the relation between ordinates to 
the axis and their abscissae* 
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DEFINITIONS. 

!, An HSPERPoLA.is a plane curve, such that, if from any point in the curve 
two straight li^yes be arawii to two given fixed points, the excess of the straight 
line drawn to one of the points above the otiier will always be the same. 

2 , The two given fixed points are called the focL 

Thus, let QA<^ be an hyperbola, S and H the foci. 

Take any number of points in the curve, Pi, P2, P3, .••••• 

Join S, Pi, H, Pi; S,P2,H,P2; S,P3, H.Ps*, then, 

HPi — SPi zz HP2 — SP2 = HP3 — SP3 = 



If HPi — SPi and SP'i — HP'i be always equal to the same constant 

quiantity, the points Pi P^ P3 and P'l , P'2 , P^s , will lie in two opposite 

and similar hyperbolas QA^, which in this case are called opposite hyper^ 
holds, 

3. If a straight line be drawn joining the foci, and bisected, the point of bk 
lection is called tlie centre, 

4 . The distance from the centre to either focus is called the eccentricity, 

5 . Any straight line drawn through the centre, and terminated by two oppo- 
site hyperbolas, is called a diameter. 

6 . The points in which any diameter meets the hyperbolas are called the rer- 
tices of that diameter. 

7 . The diameter which passes through the foci is called the axis major^ and 
the points in which it meets the curves the principal vertices, 

8 . If a straight line be drawn through the centre at right angles to the maior 
axis and with a principal vertex as centre, and radius equal to the eccentricity, 
a circle be described, cutting the straight line in two points, the distance between 
these points is called the axis miim. 





HYPERBOLA. 

Thus, let Qq, QY he two opposite hyperbolas, S 
end M the foci, join S, H; 

Bisect SH in C, and let SH cut the curves in 
A, «. 

Through C draw any straight line Pp, termi- 
nated by the curves in the puiids P, p, 

'Ihrough C draw any straiglit line at right angles 
to A«, and with centre A and radius z= CS describe 
a circle cutting the straight line in the points B, d. 

Iheii C is the centre, CS or CH the eccentrici- 
ty, P;; is a diameter, P and p its vertices^ \a is the 
major axis, Pb is the minor axis. 


1'he hyperbolas Xa:, X'^P, whose major axis is 
Pb, and whose minor axis is Aa, are called the 
conjugate hyp / hoU s to Q7, Q'q', 

M 

9 . A straight line, which meets the curve in any 
point, but which, being produced both ways, does not cut it, is called a tangent 
to the curve at that point. 

10. A straight line, drawn through the centre, parallel to the tangent, at the 
vertex of any diameter, is called the conjugate diameter to the latter, and the 
two diameters are called a pair of conjugate diameters, 

'Pile vertices of the conjugate diameter are its intersections with the conjugate 
hyperbolas. * 

11. Any straight line drawn parallel to the tangent at the vertex of any 
diameter, and terminated both ways by the curve, is called an ordmatc to that 
diameter. 



\2. The segments into which any diameter produced is divided by one of its 
own ordinates and its verticics, are called the ahscissce of the diameter. 

13. The ordinate to any diameter, which passes through the focus, is called 


the parameter of that diameter. 

Thus, let P/? ho any diameter, and IV a tan- 
gent at P ; 

Draw the diameter Dd parallel to T^; 

Take any point Q in the curve, draw Q 7 
parallel to T/ and cutting Pp produced in v ; 
Through S draw Br parallel to IV ; 

Then Pd is the conjugate diameter to Pp, - 
Qq is the ordinate to the diameter P^ cor- 
responding to the point Q, 

“ Pu, vp, are the abscissas of the diameter Pp 
corresponding to the point Q, 

Rr is the parameter of the diameter Pp, 


u 



Any straight line drawn from any point in the curve alright angles to the 
m^or axis produced, .and terminated both ways.by the curve, is called an ordU 
note to the axis. 
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15. The segments into which the major axis produced is divided by one of 
its own ordinates and its vertices, are called the ahscissm of the axis, 

16. The ordinate to the axis which passes through the focus, is called the 
principal parameter^ or latus rectum, 

(It will be proved in Prop. 4, that the tangents at the principal verticGte are 
perpendicular to the major axis; hence deiiuitions 14, 15, 16, are in reality 
included in the three which immediately precede them.) 

17. If a tangent be drawn at the exti-emity of the latus rectum, and produced 
to meet the major axis; and if a straight line be drawn through the point of 
intersection, right angles to the major axis ; the tangent is called the focal 
tangent, and the straight line the directrix. 

Thus, from P, any point in the curve, draw PM/> 
perpendicular to Aa, cutting Aa in M ; 

'i hrough S draw JJ perpendicular to Aa ; 

Let LT, a tangent at L, cut Aa in T; 

Through T draw Nn perpendicular to Aa : 

Then, Vp is the ordinate to the axis correspond- 
ing to the point P, 

AM, Mtf, are the abscissae of the axis cor- 
responding to the point P, 

LZ is the latus rectum, 

LT is the focal tangent, 

N« is the directi’ix. 



PROP. I. 

The difference of two straight lines draum from the foci to any point in the 
curve, is equal to the major axis. 


That is, if P be any point in the cun^e, 
HP — SP = Aa; 

For, 

HP— SP = AH— AS = Aa+flH— ASl 
And, ? 

HP— SP = flS— flH = Aa— oH+ASj 
Or, 

2(HP— SP) = 2Aa 
HP— SP = Aa 



Cor, I 


The centre bisects the major axis ; for, since 



AH — 

AS 


aS — aH 

Or. 

SH — 

2AS 

ziz 

SH — 2aH 



AS 

zz: 

aH 

And 


CS 

zz 

CH, by def. 3. 


9 • 

AC 

= 

aC. 


HP — 

SP =z 

2AC 



HP = 

aAC4- 

SP 

• 

SP = 

HP — 

2AC 

HP + 

SP =r 

8AC + 

2SP 


Cor. II. 
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PROP. II. 

The centre bisects all diameters* 

T^ke any point P in the curve ; 

Join S, P; H, P; S, H; 

Complete the parallelogram SPHp ; 

Join C, p ; C, P ; 

Then, since the opposite sides of parallelograms 
nre equal, 

HP = Sp, SP = Hp; 

A HP~.SP = Sp— HS p; 
p is a polr^f^ in the opposite hyperbola by 
dehnition 2. 

Again, since the diagonals of a parallelogram bisect each other and since 
SH is bisected in C, (def. 3,) 

Pp is a straight line and a diameter, and is bisected in C. 

In like manner, it may be proved that any other diameter is bisected in C. 



PROP. IIU 


The rectangle under the segnienU of the major axis produced^ made hy the 
focus and its vertices, is equal to ike square of the semUaxis, minor. 

That is, 

AS.Sa = BC* 


For, 

BC2 = AB2 — AC* 

= SC* —AC*, by def. 8, 
= (SC — AC) (SC + AC) 
= AS.Sa 


Cor. The square of the eccentricity is equal to 
the sum of the squares of the semi*axes. 

For, SC* = AB*, def. 8, 

= AC* + BC*. 



PROP. IV. 

7\> draw a tangent to (he hyperbola at any poinU 

Let P be the given point ; 

Join S, P ; H, P ; 

Bisect the angle SPH by the straight line 

T^. 

T^ is a tangent to the curve at P. 

For if T^^ be not a tangent, let Tf cut the 
curve in some other point p. 

JoinS, p; H, p; draw SYO perpendicular 
to T^, meeting HP in 0 ; join p, 0. 

Since the angles at Y are right anglesi, and 
angle SPY = angle OPY by construction, and 
side YP common to the two triangles SYP,, 

OYP; 
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CT z= OY 

And SP = OP. 

• Again, since SY = OY, and Yp common to the two tdangles SYjo, OYp, 
and the angles at Y equal; 

Sp =1 Op e 

,% Hp — Op = Hp — Sp 
= HP — SP 
== HP — OP 
= HO 

Hp = HO + Op 

that is, one side of the triangle HOp is equal to the other two, which is absurd ; 
•*. p is not a point in the curve : and in the same manner, it may be proved 
that no point in the straight line can be in the curve, e^fept P ; 

.% is a tangent to the curve at P. 

Cor, 1. Hence tangents at A and a, are perpendicular to the major axis. 

Cor. 2. SP and HP make equal angles wiih every tangent. 

Cor. 3. Since SPH, the verticle angle of A SPH, is bisected by the straight 
line PT, which cuts the base in T, 

HT : TS : : HP : SP. 


PROP. V. 

Tangents draivn at ike vertices of a diameter are paraUeL 

Let T#, Wm?, be tangents at P, p, the vertices 
of the diameter PCB. 

Join S, P; H, P ; S, p ; H, p : 

Then, by Prop. 2, SH is a parallelogram, and 
since the opposite angles of parallelograms are 
equal, 

angle SPH = angle SpII. 

But the tangents T^, Wm>, bisect the angles 
SPH, SpH, respectively. 

angle WpS = angle HPT 

= angle PTS, which is the exterior opposite angle to WpSL 
Wu; is parallel to Tt 



Cor, If Dd be a diameter conjugate to 
Pp, and terminated by the conjugate hy- 
perbolas, tangents drawn at D and d will bo 
paralleL 

Hence tangents drawn at the extremities 
of conjugate diameters form a paraHelogram* 
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PROP. VI. 

If $traight lines he drawn from the foci to a vertex of any diameter, the dis- 
tanc^rom the vertex to the intersection of the conjugate diameter with either 
focaidistance, is equal to the semi-axis,.major. 

That is, if Dd be a diameter conjugate to 
Pp, cutting SP produced in E, and HP in e, 

PE or Pc = AC. 

Draw HI parallel to Dd, meeting SP pro- 
duced in 1. 

The angle PHI = alternate angle HPT 
s: angle TPS 
= angle HIP 

*•* HI is parallel to Dd or T^ 

.% IP = HP. 

Also, since SC = HC, and CE is paral- 
lel to Hi, the base of the A SHI, 

SE JC.! 

Hence, v PE = PI — El 
= HP — SE 
= HP — SP — PE 
•MIPE =s HP — SP 
=2 2 AC 
PE =: AC. 

Also angle PEc ss angb PeE^ Pc =: PE and 
Pc = AC. 



PROP. VII, 

Perpendiculars from the foci upon the tangent at, any point, mtevAccl the 
tangent in the circumference of a circle whose diameter is the major axis. 

From S let fall SY perpendicular on T^ a tangent 
atP. 

Join S, P; H,P; let HP meet SYinK; join 
C.Y; 

Then, since angle SPY == angle KPY, and the 
angles at Y are right angles, and the side PY com- 
mon to the two triangles SPY, KPY, H 

.% SY = KY 
and KP = SP. 

Again, since SY == YK, and SC = CH, GY 
cuts the sides of A HSK proportionally, 

CY is parallel to HP, 

Also, since CY is parallel to HP, SY = KY, and SC = CH, 

.% CY = i HK 

= HHP — KP) 

= i.(HP-SP) 

= J Aa 
= AC. 

Hence, a circle described with centre C s^nd radius = CA, will pass throus^ 
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Y ; «nd in like manner, if HZ be drawn perpendicular to Tt, it may bo proved 
that the same circle will pass through Z also. 


PROP. VIII. 

The rectangle cmtained by perpendiculars from the foci upon the tangent ai 
any pointy is equal to the square of the semi^axis^ minor^ 

That is, 

SY. HZ = BC*. 

Let T^ be tangent at any point P ; 

On Aa describe a circle cutting Tt in Y and Z ; 
join S, Y ; H, Z. 

llien, by last Prop., SY, HZ are perpendicular 
toTf. 

Let HZ meet the circumference in z ; 

Join C, Y; 

Since zZY is a right angle, the segment in which 
it lies is a semicircle, and Y, are the extremities 
of a diameter ; 

.*. zCY is a straight line and a diameter. 

Hence the triangles CYS, CzH, are in every respect equal ; 

SY = Hz 
SY . HZ = Hz . HZ 

= HA . Ho. Geom. Theor. Gi. 

:=:BC*- Prop. a. 



PROP. IX. 

Perpendiculars let faUfrom the foci upon the tangent at any pointy arc to each 
other as the focal distance of the point of contact. 

That is, 

SY:HZ::SP:HP. 

For the triangles SPY, HPZ, are manifestly 
similar ; 

.% SY:HZ::SP:HP. 

Cor. Henee. 

SY = 

cp 

SY* = SY.HZ.gp 
SP 

s BG* • Prop« 

- SP 

* • 5 AC + SP 



'HZ* =s BC* 


HP 

"SP 
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PROP. X. 

7f a tan§mt he applied at any pointy and from the same point an ordinate to 
the a^is be drawn, the semi-axis major is a mean proportional between the dis- 
tance from the centre^ to the intersection of the ordinate with the axis, and the 
distance from the centre to the intersection of the tangent with the axis* 

That is, 

CT : CA : : CA : CM. 

Since the angle SPH is bisected by PT, winch 
cuts HS, the base of the triangle HPS, in T, 

HT : ST : : HP ; SP 

HT — ST: HT+ ST : : HP — SP : HP + SP 
or, 2CT : SH :: 2 AC :HP-fSP 

/. 2CT : 2 AC :: SH :HP+SP 

But since PM is draNm from the vertex of triangle HPS perpendicular to 
HS produced, 

HM — SM ; HP + SP : : HP — SP : HM + SM 

or, SH ;HP+SP:: 2 AC : 2 CM (2) 

Comparing this with the proportion marked (1), we have 
2CT ; 2 AC ; ; 2 AC : 2 CM 

nr, CT : CA : : CA : CM. 


PROP. XI. 

Let AQa be a circle described on the major axis, 
from the point T, draw TQ perpendicular to Aa, 
meeting the circle in Q, join QM. 

Then QM is a tangent to the circle at Q. 

Join C, Q. 

For if QM be not a tangent, draw QM' a tangent 
at Q, cutting AC in M'. 

Then CQM' is a right angle. 

.*. Since QT is drawn from the right angle CQM' 
perpendicular to the hypothenuse, 

CM' : CQ : : CQ : CT. 
or, CM' : CA ; : A : CT, %• CQ = CA. 

But by the last Prop., 

CM : CA : : CA : CT 
CM = CM', 

which is absurd; QM is not a tangent at Q ; and in the same manned re may 
be proved that no line but QM' can be a tangent at Q. 





CONIC SECTIONS. 
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PROP XII. 

The square of any semi^ordinate to the axis, is to the rectangle under the 
ahscisscB, as the square of the semi^axis minor ^ w to the square pf the semUaxts 
major, # * 

lliat is, if P be any point in the curve, 

PM»: AM.Mfl AC>. 

]>escribe a circle on Aa, and draw PT a tangent 
to the hyperbola at P, intersecting the circle in ‘the 
points Y. Z, aiid the major axis in T, 

Draw TQ perpendicular to Aa, meeting the cir- 
cle in Q ; join QM 

* Then QM is a tangent to the circle at Q by 
Prop. 11, and •*. the angle CQM is a right angle. 

Join S, Y } H, Z ; SY and HZ are perpendicu- 
lar tel T^, Prop. 7. 

Hence the triangles PMT, SYT, HZT, are similar to each other. 

.% PM : SY MT : TY 
and, PM: HZ :: MT : TZ 
PM*;SY.HZ :: MT^ :TY.TZ, 
or, PM*; BC* :: MT* : TQ*, Prop. 8, and Geom. Theor. 61. 

:: QM * ; CQ * , %• MQT, MCQ are similar trianglea 

*: AM.Ma ; AC*, Geom* Theor. 61. 

A PM*;AM.Mo :: BC* : AC*. 

Cor, 1. 

Lei Pi Ml , P« Ma , ...... be ordinates to the axis from any point Pi , Pa , 

Then by Prop. 

PiMi* : AMi.Mia BC* i AC* 

PaMa* : AMa* Maa :: BC* : AC* 

A Pi Ml* ? PaMa* :: AMi.MjO : AMa.MaO. 

That is, the square of the ordinates to the axis are to eacli other as the rect- 
angles of their abscissa* 

Car, SL By Prop. 

PM*: AM.Ma :: BC* : AC^ 

But AM= CM-- CA, Ma = CM + CA, 

A PM* : CM*— CA* :: BC*; AC*. 

PROP. XIII. 

^he. lotus rectum is a third proportional to the axis major and minor. 

That is, 

Aa : m :: B6 : U 

Since LS is a semiordinate to the axis, 

AC* : BC* AS . Sa : LS », Prop. 12. 

:: BC* :LS*, I>p.S. 

AG : BO :i BC :LS 

or, Aa : B5 : : B& :hL 
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PROP. XIV. 

The. area of all paraUelograras, formed by drawing tangents at the extremU 
tie^of two conjugate diamters, is constant^ each being equal to the rectangle 
under the axes. 

Let be any two conjugate diame- 

ters, WwXa?, a parallelogram inscribed be- 
tween the opposite and conj ugato hyperbolas 
by drawing tangents at P, D, d ; tjien 
Dti, divide the parallelogram WxXw into 
four equal parallelograms. 

Draw Pm, dm, ordinates to the axis ; PF 
perpendicular to Dd. 

Let CA meet PX in T and Wa? in 

Then CT : CA ; : CA : CM 

Ct : CA :: CA : Cm, Prop. 11. 

CT : C^ : : Cm : CM 

But, CT : Ct : : MT : Cm, by similar trianglea. 


MT : Cm : ; Cm : CM 

CM . MT ~ Cm* (1) 

Again, CM : CA : : CA : CT 

.% CM : CA : : MA : AT, dividendo : 

Or, CM : Ma : : MA : MT, componendo : 

AM.Ma = CM.MT = Cm* (^) 


But, AC* : BC* : : AM . Mo : PM* 

Or, AC* : BC* : : Cm* : PM* 

AC : BC : : Cm ; PM 
Similarly, AC : BO : : CM : dm 

Or, BC : dm : : CA ; CM 

But, CT : CA ;; CA ; CM 

CT ; CA : : BC : dm 
But, PF : CT :: dm : Cd 
PF : CA : ; BC : Cd 

Rectangle PF • CD ~ rectangle AC . PC 
or, Parallelogram CX r= rectangle AC . i>C 
Parallelogram WipXa? = 4 AC . BC 
= Aa . BA 



Cor. 


Cm* = AM . Ma 

(CM — CA) (CM + CA), 
CM*^ — CA* 

CA* =z CM* — Cm* 

And similarly, CB* dn^ —PM*. 

H H j 
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PROP. XV. 

The difference of the squares of any two conjugate diameters^ is equal to tha 
satne constant quantity y namely y the diff erence of the squares of the two axes* 

Thjit is, if Pp, 'Dd, be any two conjugate diame* 
ters 

Pp* — ^ A«»— B5*. 

Draw PM, dnty ordinates to the axis. 

Then, by Cor. to last Prop, 
c 

AC2-.BC*= CM* + PMa_(Cm»+Jm*) 

= CP*-.Crf* 

Aa« — Bd* =: Pp » — . Dd *. 



PROP. XVU 

7Vie rectangle under the focal distances of any point, is equal to the square vj 
the semi-conjugate* 

That is, if CD be conjugate to CP, 

SP . HP = CD *. 

Draw SY, HZ, perpendiculars to the tangent at 
P, and PF perpendicular to CD ; 

Then by similar triangles, SPY, PEF, 

SP : SY PE : PF 

or, SP : SY :: AC : PF 

PE = AC. by Prop, 6. 

Similarly, HP : HZ ::AC : PF 

SP.HPsSY.HZ:: AC*: PF* 

: : CD * : CB *, by Prop, 14. 

But SY . HZ = CB • , by Prop. 8. 

SP . HP = CD ». 



PROP. XVII. 


If two tangents he draum, one at the principal vertex, the other at the vertex 
of any other diameter , each meeting the other's diameter produced, the two tan* 
gential triangles thus formed will be equal 


That is, 

triangle CPT = triangle CAK. 

Draw the ordinate PM; then 

CM : C A s ! CP : CK, by similar triangles. 

But, CM: CA:: CA : CT 
.% CA:CT::CP:CK. 

The two triangles CPT, CAK, < have thus the 
angle C common and the sides about that angle re- 
ciprocally proportional , thejw triangles are 
equaL 


A A 

/ 



[ 3 

a — 
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Car. 1. Take each of the equal triangles CPP, CAR, from the common 
•pace CAOP ; there remains 

tiiangle OAT = OKP. 

2. Also tfike the equal triangles CPT, CAK, from the common triangle 
CPM ; there remains 

triangle MPT = trapez. AKPM, 


PROP. XVIII. 


The same being supposed^ as in last proposition^ 
then any straight lines, QG, QE, drawn parallel 
to the two tangejUs shall cut off equal sj faces* 

That is, 

triangle GQE =r trapez. AKXG 
triangle rq\i == trapez. AKRr 

Draw the ordinate PM. 

The three similar triangles CAK, CMP, CGX^ 
are to each otlier ns CA^ , CM* , OG^ , 

.% AKPM : trap. AKX(; :: CA* 

But, . PM^: QG^ :: C3l^— CA‘‘’ 

trap. AKPM : trap. AKXG PM* 

But,triaii. MPT ; trian. GQE ;; PM'-* 

are similar. 



CG® — CA<, dividendo. 
CG^ — CA*. 

QG* 

QG*, *.• the triangles 


trap. AKPM : trian. MPT : : trap. AKXG : trian. GQE, 


But, by Prop, xvii.. Cor. 2, 

trap. AKPM ~ triangle MPT ; 
trap. AKXG == triangle GQE, 
And similarly, trap. AKllr = triangle j qK, 


Cor, 1. The three spaces AKXG, TPXG, GQE, are all equal. 

Cor. 2. From the equals, AKXG, EQG, take the equals AKRr, E^* 
there remains, 

RrXG =r ri?Qa 


Cor. 3. From the equals RrXG, ryQG, take the common space rqvXG ; 
there remains, 

triangle vQX ~ triangle vqR,. 

Cor, 4. From the equals EQ(j, TPXG, take the common space EuXG ; 
tliere reiiiains, 

TPrE = triangle rQX, 


Cor. 5. If we take the particular case in 
which QG coincides v\ ith the minor a>kj. 

The triangle EQG becomes the triangle 
IBC. 

The figure AKXG becomes the triangle 
AKC, 

• triangle IBC = triangle AKC 
= triangle 

H H 2 
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PHOP. XIX, 


Any dimeter bisects all its owu oiau 
nates. 

That is, 

If Q 9 be any ordinate to a diameter CP, 
Qw zz vq. 

Draw QX, qXy at right angles U> the 
major axis ; 

'ITien triable nQX =: triangle vqx; 
Prop. XVIII., Cor. 3. 

But these triangles are also equiangular ; 

Qv = vq. 



Cvr, Hence, any diameter divides the ljy|x*rboIu into two equal parts. 


PROP. XX. 

The square of the sarii-ordmate to any diameter^ is to the rectangle under the 
abscissoBy as the square of the semi-conjugate to the square of the senu-diariu ter. 

That is, 

If Qq be an ordinate to any diameter CP, 

Qu* : Vv.vp :: CD* . CP». 

Let Qq meet the major axis in E ; 

Draw QX, DW, perpendicular to the major 
axis, and meeting PC in X and W. 

'Hieri, since the triangles CPT, CvE, are 
similar, 

trian. CPT : Irian. CuE : ; CP* : Cu* 
or, trian. CPT ; trap.TPvE : : CP^ : Cv^ — CP* 

Again, since the triangles CDW, uQX, are similar, 

triangle CDW : triangle vQX : : CD* : vQ* ; 

But, triangle CDW = triangle CPT ; Prop, xviii., Cor. 5, 

And triangle vQX = trapez. TPvE ; Prop, xviii.. Cor. 3 

CP* : CD’ :: Cu^ — CP* : rQ* 

Or, Qu* iPv.vpi: CD* : CP*. 

Cor, 1. Tlie squares of the ordinates to any diameter, are to each other as 
the rectangles under their respective abscissas. 

Co 7 \ 2, The above proposition is merely an extension of the property 
already proved in Prop. 12, with regard to the relation between ordinates to 
the axis and Uieir abscissas. 




HYPERBOLA, 


ASA 


ON THE ASYMPTOTES OF THE HYPERBOLA. 

t 

Definttiov. — An Asymptote is a diameter which approaches nearer to meet 
the curve, the farther it is produced, but which, being produced ever so far, 
does never actually meet it. 


PROP. XXI. t 

If tangents he drawn at the vertices of the axes^ the diagonals of the rectangle so 
formed are asymptotes to the four curves. 

Let MP meet (’E in Q; 

Then, MQ> ; CM“ :: AE» : AC* 

:: BC’^ : AC* 

:: MP* : CM*— CA*. 

Now, as C3l increases, the ratio of CM* to 
( / VI* — CA* continually approaches to a ratio of 
equality ; but CM* — CA* can never become actually 
equa.l to (LM®, however much CM may be increased. 

Hence, MP is iMways less than MQ, but approaches continually nearer to an 
equality with it. 

In the same manner it may be proved, that CQ is an asymptote to the conju- 
gate hyperbola BP'. 

Cor. 1. The two asymptotes make equal angles with the axis major and with 
the axis minor. 

Cor, 2. The line AB joining the vertices of the conjugate axes is bisected by 
one asymptote and is parallel to the other. 

Cor, 3. All lines perpendicular to either axis and terminated by the asy ni- 
pt otesarebisected by the axis. 



PROP. XXfI. 

All the parallelograms are equal, which are formed helwecn the asymptotes and 
curve ^ by lines drawn parallel to the asymptotes. 

That is, the lines GE, EK, AP, AQ, being 
parallel to the asymptotes CH, CA, then the paral- 
lelogram CGEK zz parallelogram CPAQ. • 

For, let A be the vertex of the curve, or extro- , 
mity of the semi-lrans verse axis AC, perpendicular 
to whic.h draw AL or Af, which will be equal to 
the serni-conjugaie, by definition xix. Also, draw 
HEDeh parallel to U, 

Then, CA* : AL* :: GD* — CA* : DE*, 

and by parallels, CA* : AL* :: CD* : DIP; 

therefore, by subtract CA* : AI/ : : CA* JDH* — DE* or rect UE . EA ; 

consequently, the square AL* = the rectangle HE . EA. 




m 


CONIC feECTlON'3. 


But, by similar trian. PA ; AL : : GE : Eli, 
and, by the same, Q A : Al : ; EK : Eh ; 
therefore, by comp. PA . AQ : AL* :: GE. EK : 
and, because AL* = HE . EA, therefore PA . AQ = GE , EK# 

But the parallelograms CGEK, CPAQ, being equiangular, are as thcf^ret> 
tangles GE.EK and PA.AQ. 

And therefore the parallelogram GK = the parallelogram PQ. 

That is, all the inscribed parallelograms are equal to one another. Q. R D 

Corol 1. Because the rectangle GEK or CGE is constant, therefore GE is 
reciprocally as CG, or CG : CP : : PA : GE. And hence the asymptote con- 
tinually approaches towards the curve, but neVer meets it ; for GE decreases 
continually as CG increases ; and it is always of some magnitude, ex<^pt when 
CG is supposed to be infinitely great, for then (iE is infinitely small or nothing. 
So that the asymptote CG may be considered as a tangent to the curve at a 
point infinitely distant from C. 

CoroL 2. If llie abscissas CD, CE, CG, 
taken on the one asymptote, be in geometi'ical 
progression increasing; then shall the ordinates 
DH, El, GK, &c., paraUel to the other asymptote, 
be a decreasing geometrical progression, having 
the same ratio. For, all the rectangles CDH, 

CEI, CGK, &C,, being equal, the ordinates DH, 

El, GK, &C., are reciprocally as the abscissas CD, 

CE, CG, &(%, which are georaetricals. And the 
recijM'ocals of geometricals are also geometricals, 
and in the same ratio, but decreasing, or in converse order. 



PROP. XX HI, 

The three following spaces^ between the asymptotes and the curve, are equal ; 
namely, the sector or trilinear space contained by an arc of the curve and two 
radii, or lines drawn from its extremities to the centre ; and each of the two 
quadrilaterals, contained by the said arc, and two lines di'awn from its ex-- 
tremities parallel to one asymptote, and the intercepted part of the other 
asymptote^ 

That is, 

The sector CAE = PAEG = QAEK, all 
standing on the same arc AE. 


For, as has been already shown, CP AQ = CGEK ; 

Subtract the common space CGIQ, 

So shall the paral. PI = the paral. IK ; 

To each add the trilineal lAE, 

Then is the quadril. PAEG == QAEK. 
if^gafn, from U»e tpiadiilateral CAEK, take the equal triangle CAQ, CEK, 
and there remains the sector CAE = QAEK, 

Therefore, CAE = QAEK = PAEG. 



Q.RD. 



APPLICATIOK OF ALGEBRA 


TO 

GEOMETRY. 


When it is proposed to resolve a geometrical problem algebraically, or by al- 
gebra, it is proper, in the first place, to draw a figure that shall represent the 
several parts or conditions of the problem, and to suppose that figure to be the 
true one. Then, having considered attentively the nature of the problem, the 
hgure is next to be prepared for a solution, if necessary, by producing or dra^\- 
ing such lines in it as appear most conducive to that end. This done, the usual 
symbols or letters, for known and unknown (juaiitities, are employed to denote 
the several parts of tlie tiguro, both the kiiowii and unknown parts, or as many 
of them as necessary, as also such unknown line or lines as may be easiest found, 
whether required or not. Then proceed to the operation, by observing the re- 
lations that the several parts of the figure have to each other; from which, and 
the proper theorems in the foiegoing elements of geometry, make out as many 
equations independent of eacli other, as there are unknown quantities employid 
in tliciu ; the resolution of which equations, in the same manner as in aiithmeti- 
ckil problems, will determine the unknown quantities, and resolve the problem 
proposed, * 

As no geiKfTal rule can bo given for drawing the lines, and selecting the fittest 
quantities to substitute for, so as always to bring out the most simple conclusions, 
because different problems require different modes of solution ; the best way to 
gain experience, is to try the solution of the same problem in different ways, 
and then apply that which succeeds best, to other cases of the same kind whew 
they afterwards occur. The following particular directions, however, may be of 
some use. 

In prepai’ing the figure, by drawing lines, let them bo either parallel or 
perpendicular to other lines in the figure, or so as to form similar triangles. 
And a an angle be given, it will be proj»er to let the perpendicular be oppcsile 
to that angle, and to fall from one end of a given line, if possible. 

In selecting the quantities proper to substitute for, those are to bq chosen, 
whether required or not, which lie nearest the known or given parts of the 
figure, and by means of which the next adjacent parts may be expressed by ad- 
dition and subtraction only, without using surds. 

3d, When two lines or quantities are alike related to other parts of the figure 
or problem, the way is, not to make use of either of them sepai'ately, but to sub- 
stitute for tneir sura, or difierence, or rectangle, or the sum of their alternate 
quotients, or for some line or lines in the figure, to which they have both the 
same relation. • 

When tho area, or the perimeter, of a figure, is given, or such ports of it 
as have only a remote relation to the parts rqqaired ; it is sometimes of use to 
assume another figure similar to Uie proposed one, having one side enua^ 
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unity, or some other known quantity. For, hence the other parts of the %nre 
may be found, by the known proportions of the like sides, or parts, and so an 
equation be obtained. For examples, take the follo^^in<r problems. 


PROBLEM I. 

In a right-angled triangle, having given the base (3), and the sum of the hypo^ 
thenuse and perpendicular (0) ; to find both these two sides* 

Let ABC represent the proposed triangle right-angled %it 
B. Put the base AB = 3 =: Z>, and the sum AC -f- BC of 
the hypothenuse and perpendicular =: 9 = s; also, let x de- 
note the hypothenuse AC, and y the perpendicular BC, 

Then by the question x y 

and by tlicorern 3+, 3^, 

By transposition y in the 1st equation gives, x zz s — 

This value of a: substituted in the 2d, gives s* — 2sy -j- if zz 3®, 

Taking away y* on both sides leaves .s* — y = 3®, 

By transposing 2 sy and 3*, gives s* — // z: 2 sy, 

g* l/i 

And dividing by 2 s, gives ~ ^ rz 4 == BC. 

Hence arris — 5 = 2 / = AC. 

N. B, In this solution, and the following ones, the notation is made by using 
as many unknown letters, x and y, as there .are unknown sides of the triangle, 
a separ.'te letter for each; in preference to using only one unknoun letter for 
one side, and expressing the other unknown side in terms of that letter and the 
given sum or difference of the sides ; though this latter way would render tho 
solution shorter and sooner ; because the former way gives occasion for more 
and better practice in reducing equations; which is the veiy end and reason 
fbr which these problems are given at all. 



PROBLEM 1 1, 


In a right-angled triangle, having given the hypothenuse (5), and the sum of the 
base and perpendicidar (7); to find both these two sides. 

Let ABC represent the proposed triangle right-angled at B, Put the given 
hypothenuse AC = 5 = a, and the sum AB -f- BC of the base and perpendi- 
cuVar =7 = 8 \ a\so\et x denote the base AB, and y tbe peTpendknVav BC. 


® + y = 

, 

X zz s — y, 

s^ — 2 sy 2 y^ zz a' 


Then by tbe question, 
and by theorem 34 
By transposing y in the 1st, gives 
By substituting this value for x, gives 
By transposing 5®, gives 
By dividing by 2, gives 
By completing the square, gives 
By extracting the rdot, gives ^ 

By transposing is, gives 


2y^ — ^sy zz a^ — 

3/2 ^sy zz ha^ — 
y^ — sy + is^ = 
y — 4 .9 = v/ — i s* 

y zz is + — ^.9* - 

4 and 3, the values of x and y. 
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PROBLEM Iir. 

In a rectangle^ having given the diagonal (10), and the perimeter^ or sum of all 
^ the four sides (28) ; to find each of the sides severally. 

Let ABCD be tlie proposed rectangle ; and put the 
diagonal AC = 10 =: d, and half the perimeter All -f- 


BC or AD + DC = 14 =z a ; also put one 
and the other BC = y. 

Hence, by right^ngled Irianglcs, 

And by the question 
Then by transposing y in the 2d, gives 
This value substituted in the 1st, gives 
Transposing gives 
And dividing by 2, gives 
By coni|)leting the square, it is 
And extracting the root, gives 
And transposing A rtr, gives 
or G, the values of x and y. 


ido AB:=:ic, 


X^ 

‘+ 

y^ = d\ 

X 

+ 

y = a, • 

X 

=r 

a —y, 


' — 

‘iay -f- 2i/’ = rf* , 

9.y^ 

' — 

iay=2 d‘‘ — a'‘, 


— 

1 

II 

y* 


ay + = ^d' — Ja* 

y 

— 

1 

II 

y 

= 

ia +v/K— i“’=8. 


I’ROIJI.LM IV. 


Having given the base and perpendicular of any triangle ; to find the side of a 
square inscribed in the same, 

Ijet ABC represent the given triangle, and EF(iH its 
inscribed square. But the base All the perpendi- 
cular CD = «, and the side of the squai*e GF or GH 
DI = a;; then will Cl == CD — DI = a — x. 

Then, because the like lines In the similar triangles 
ARC, (tFC, are proportional (by theorem 84, Geora.), 

A B : Cl) : : GF : 01, that is, b : a ::x : a — x. Hence, 





by multiplying extremes and means, ab — bx tx. ax, and transposing bx, gives 

ab ^ ax + bx; then dividing by a-j- b, gives x = ~ , = GF or GH, the 

a o 

side of the inscribed square; which therefore is of the same magnitude, v\ hat- 
ex er the species or the angles of the triangles may be. 


VRORLl’.iVl V. 


In nn equilateral triangle, having given ihc lengths of the three perpcmHculnrs, 
drawn from, a certain point within, on the three sides ; to determine the sides. 
Let ABC represent the equilateral triangle, and DE, 

DF, and D(t, the given perpendiculars from the point 
D. Draw the lines DA, DB, DC, to the three angular 
points ; and let fall the perpendicular CH on the base 
AB. Put the three given perpendiculars, DE = a, 

DF = DG =: c, and put x = AH or BH^half the side 
of the equilateral triangle. Then is AC or BC 2x, 
and by right-angled triangles the perpendicular CH r= 
v/ 4C> — AH* = v/4.a,-» — a* =,/3a2 = »\/3 




APPLICATION OF ALGEBRA 


4(H> 

Now, since the area or space of a rectangle, is expressed by the product of 
the base and height (cor. 2, th. 81, Geom.), and sinc^ a triangle is equal to half 
a rectangle of equal base and height (cor. 1, th. Sfi), it follows that, 

the whole triangle A IK) v =r 4 AH X GH =: a* X 3 y'3 ~ ^3, ^ 

the triangle ABD = ^AB X 3DG = a: "X c = ex, 

the triangle BCD = ^BC X DE = a; X « = 

the triangle ^CD JAC X HE = ic X h zzbx. 

But the three last triangles make up, or are equal to, the whole former or 
gi'eat triangle ; • 

that r: ax -j- hx + cx: hence, dividing by x, gives 

£C y/3*= a -j- b c, and dividing by ^3, gives 

X = ^ j half the side of the triangle sought 

Also, since the whole perpendicular CH is =r x ^3, it is therefore zr a + 
,b + c. That is, the whole perpendicular CH, is just equal to the sum of all 
the three smaller perpendiculai’s DE -j- DF -J- DG tikeii together, wherever 
the point D is situ^ited. 

PROJJLEM VI. 

In a right-angled triangle, having given the base and the difference 
between the hypothenuse and perpendicular (1) ; to find both these two sides. 

PROBLEM VII. 

Ill a right-angled triangle, having given the hypothenuse (5), and the differ- 
ence between the base and perpendicular (1); to determine both these two 
sides. 


PROBLEM nil. 

Having given the area, or measure of the space, of a rectangle, inscribed in 
a given triangle; to determine the sides of the rectangle. 

PROBLEM IX, 

In a triangle, having given the ratio of the two sides, together with both the 
-segments of the biise, made by a perpendicular from the vertical angle; to 
determine the sides of the triangle. 

PROBLEM X. 

In a triangle, having given the base, the sum of the other two sides, and the 
length of a line drawn from the vertical angle to the middle of the base ; to 
iind the sides of the triangle. ^ 


PROBLEM XI. 

In a triangle, having given the two sides about the vertical angle, with the 
line bisecting that angle, and terminating in the base ; to find the base* 

PROBLEM XII. 

To determine a tight^angled triangle ; having given the leiigtlft of two lines 
drawn from the acute angles, to the middle of the opposite sides. 

paoBi.EM xin. 

To determine a right anglecj-triangle; having given the perlmeier, and i.n« 
vjidius of its inscribed circle. 



TO GEOMETRY. 


491 


PROBLEM XIV. 

To detenriino a triangle ; having given the base, the perpendicular, and the 
ratio of the iwa sideRi 


PROBLEM XV. 


To determine a right-angled triangle ; having given the hypothenuse, and 
the side of the ins<Tibed square. 


PROBLEM XVL 

To determine the radii of three equal circles, described in a given circle, to 
touch each other and also the circumference of the given circle. ^ 

PROBLEM XVII. 

In a right-angled triangle, having given the perimeter, or sum of all the 
sides, and the perpendicular let fall from the right angle on the hypothenuse ; 
to determine the triangle, that is, its sides. 


PROBLEM XVIII. 

To determine a right-angled triangle; having given the hypothenuse, and 
the diffei*ence of two lines drawn fixim tlie two acute angles to the centre of the 
iiisciibed circle. 


PROBLEM XIX. 

To determine a triangle ; having given the base, the perpendicular, and the 
difference of the two oilier sides. 


PROriLP.M XT» 

To determine a triangle ; haviiig giten the base, the pciqiendicular, and the 
rectangle or product of the two sides. 

PROBLEM XXL 

To determine a triangle ; having given the lengths of three lines drawn from 
tlie three angles, to the middle of the opposite sides; 

PROBLEM XXH, 

In a triangle, having given all the three sides; to find the radius of tlie 
inscribed circle. 

PROBLEM XXIII, 

To determine a right-angled triangle ; having given the side of the inscribed 
square, and the radius of the inscribed circle. 

PROBLEM XXIV. 

To determine a triangle, and the radius of the insci-ibed circle; having given 
the lengths of three lines drawn from the three angles, to the centre of that 
circle. 

PROBLEM XXV. 

To determine a right-angled triangle*; having given the hypothenuse^ tmd* 
the radius of the inscribed circle. 

pROBf.EM XXVI, 

To determine a triangle; having given the base, the line bisecting the 
vertical angle, aud the diameter of tlie circumscVfbing circle. 



PROBLEMS ON MAXIMA AND MINIMA. 

TO BE SOLVED GEOMETRICALLY, 


1. Divide a right line into two parts so that their rectangle shall bo a 
maximum. 

2. Find a point in a given straight line, from which if two straight lines be 
drawn to two given points on the same side of the given line, and in the same 
plane with it, their sum shall be a maximum. 

3. Let ABC be a right-angled triangle of which AB is the hypothenuse. 
Draw through the angular point, C, a right line such, that the sum of two per- 
pendiculars let fall upon it from A and B, respectively, shall be a minimum. 

4. Through a given point within a circle, which is not the centre, to draw 
the least chord. 

5. Through either of the points of intersection of two given circles that cut 
each other, to draw the greatest of all straight lines, passing through that point, 
and terminated both ways by the two circumferences. 

6. Two semicircles whose radii are in a known ratio, lie on contrary sides of 
the same right line, the circumference of one terminating in the centre of the 
oilier. Draw the greatest right line perpendicular to the common diametral 
line, and terminated both ways by the two curves, 

7. I'hrough a given point in a given circle, out of the centre, draw a chord 
which shall cut off the least segment. 

8. To find a point in the circumference of a given circle, at which any given 
straight line drawn from tiie centre, but less than the radius of the circle, shall 
subtend the greatest angle. 

9. Given the base and the ratio of the sides, to determine the triangle when 
its area is a maximum. 

10. In a given triangle to inscribe the greatest rectangle. 

11. To divide a given right line into two parts, such that the sum of tno 
squares of the two parts may be a minimum. 

12. In a given plane triangle to inscribe another, having its angular points in 
the three sides of the given one, and its perimeter a minimum. 

18. Given the hypothenuse of a right-angled triangle, to construct it when th« 
fuin ofae leg and the diameter of the inscribed circle is a maximum. 



PLANE TRIGONOMETRY. 


DEFlNITIONa 

1 Plane tazgonometry treats of the relations and calculations of the skIos 
and angles of plane triangles. • 

2. Tlie circumference of every circle tas before observed in Geoin. def. 5G) 
is supposed to bo divided into 360 equal parts, called Degrees ; also each de- 
gree into 60 Minutes, each minute into 60 seconds, and so on. 

Hence a semicircle contains 180 degrees, and a quadrant 90 degrees. 

3. The Measure of any angle (def. 57, Geom.) is an arc of any circle con- 
tained between the two lines which form that angle, the angular point being the 
centre ; and it is estimated by the number of degi*ees contained in tliat arc. 

Hence, a right angle being measured by a quadrant, or quarter of the circle, 
is an angle of 90 degrees ; and the sum of the three angles of every triangle, or 
two right angles, is equal to 180 degrees. Therefore, in a nght-angled^ triangle, 
taliing one of the acute angles from 90 degi’oes, leaves the other acute angle ; 
and the sum of two angles, in any triangle, taken from 180 degrees, leaves the 
third angle ; or one angle being taken from 180 degrees, leaves the sum of the 
other two angles, 

4. Degrees are marked at the top of the figure with a small minutes with 
seconds with and so on. Thus, 57® 3Cf 12^^ denote 57 degrees 30 minuies 
and 12 seconds. 

5. The Complement of an arc, is what it wants of 
a quadrant or 90°. llius, if AD be a quadrant, 
then BD is the complement of the arc AB ; and, 
reciprocally, AB is the complement of BD. So 
that, if AB be an arc of 50®, tlien its complement 
BD will be 40®. 

(). 'I'he Supplement of an arc, is what it wants of 
a semicircle, or 180° Thus, if ADE be a semi- 
circle, then BDE is the supplement of the arc AB ; 
and, reciprocally, AB is the supplement of the arc BDE. So that, if AB ho 
an arc of 50°, then its supplement BDE will be 130°. 

7. The Sine, or Bight Sine, of an arc, is the line drawn from one extremity 
of the arc, perpendicular to the diameter passing through the other extremity. 
Tlius, BF is the sine of the arc AB, or of the arc BDE. 

CoroL Hence the sine (BF) is half the chord (BG) of the double arc (BAG). 

8. The Versed Sine of an arc, is the part of the diameter intercepted between 

the arc and its sine. So, AF is the versed sine of the arc AB, and EF tlie versed 
sine of the arc EDB. * 

9. The Tangent of an arc, is a line touching the circle in one extremity of 
that arc, continued from thence to meet a line drawn from tlie centrp^ through 
the other extremity i which last line is called the Secant of the same arc. 
Thus, AH is the tangent, and CH the secant, of the arc AB. Also, El is the 
tangent, and Cl the secant, of tlie supplementaTarc BDE. And tliis latter tiui- 
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gent and secant are equal to the former, but are accounted negative, as being 
diaun in an opposite or conti’ary direction to the former, 

10. The Cosine, Cotangent, and Cosecant, of an arc, are the sine, tangent, 
and secant of the complement of that arc, the Co being only a contraction of 
the word complement. Thus, the arcs AB, BD being the- complements dS? each 
other, the sine, tangent or secant of the one of these, is the cosine, cotangent or 
cosecant of the other. So, BF, the sine of AB, is the cosine of BD.; and BK, 
the sine of BD, is the cosine of AB : in like manner, AH, the tangent of ABj 
is the cotangent of BD ; and DL, the tangent of DB, is the cotangent of AB , 
also, CH, the secant of AB, is the cosecant of BD ; and CL, the secant of BD, 
is the cosecai^ of AB. 

Coroh Hence several remarkable properties easily follow from these definL 
lions ; as, 

Is^, That an arc and its supplement have the same sine, tangent, and secant ; 
but the two latter, the tangent and secant, are accounted negative when the arc 
is greater than a quadrant or 90 degrees. 

When the arc is 0, or nothing, the sine and tangent are nothing, but the 
secant is then the radius CA. — But when the arc is a quadrant AD, then the 
sine is the greatest it can be, being the radius CD of the circle ; and both the 
tangent and secant are infinite- 

3flf, Of any arc AB, the versed sine AF, and cosine BK, or CP, together make 
up the radius CA of the circle. — The radius CA, tangent AH, and se(;ant CH, 
form aright-angled triangle CAH. So also do the radius, sine, and cosine, 
form another right-angled triangle CBF or CBK. As also the radius, cotan- 
gent, and cosecant, another right-angled triangle CDL. And all these right- 
angled triangles are similar to eadi other, 

11. The sine, tangent, or secant of an angle, is the sine, tangent, or secant of 
the arc by which the angle is measured, or of the degrees, &o. in the same arc 
or angle. 


12. The method of constructing the 
scales of chords, sines, tangents, and se- 
cants, usually engraven on instruments 
for practice, is exhibited in the annexed 
figure. 

13. A Trigonometrical Canon, is a ta- 
ble exhibiting the length of the sine, tan- 
gent, and secant, to every degree and 
minute of the quadrant, with respect to 
the radius, which is expressed by unity, 
or 1, and conceived to be divided into 
10000000 or more decimal parts. And 
farther, the logarithms of these sines, 
tangents, and secants are also ranged in 
the tables; which are most commonly 
used, as they perform the calculations by 
only addition and subtraction, instead of ^ 
the muttjpTication and division by tbe 
tiatund sines, according to tbe na^oxe 

of logarithms. 

Upon this table depends the^ numeyal 
sobotVon of tbe severid eases in trigowK 
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metry. It will therefore -be proper to begin -with the mode eonstrnctiiig it^ 
which may be done in the following manner: 


mOBLEU 1. 

To find the sine and cosine of a gvcen arc* 

This problem is resolved after varioiu ways. One of these b as follows, viz. 
by means of the ratio between the diameter and circumference of a circle, to- 
gether with the known series for the sine and cosine, hereafter demon- 
strated. Thus, the semicircumference of the circle, whose radius b I, being 
3*141592653589793, &c., the proportion will therefore be, 

as the number of degrees or minutes in the semicircle^ 
is to the degrees or minutes in the proposed arc^ 
so is 3. 14159265, &c. to the length of the said ara 

This length of the arc being denoted by the letter a ; also its sine and cosine 
by s and c ; then will these two be expressed by the two fbllowing series, viz. 

a* . a* 

* ~ ^ 2.3 + 2.3.4.5 2.3.4.5.6.7 + 

a * o* a^ 

= ® “ "6 + Ho “ 5040 

, a* , a* a® , ^ 

® ^ ^ + 2,3.4. 2.3.4.5 ft 

a* o'* «• , , 

= I — + 34 — '730 + 

Example i. — If it bo required to find the sine and cosine of one minute. 
Then, the number of minutes in 180* being 10800, it will be first, as 
^0800 : 1 :: 3 14 159265, &c. ; 000290888208665 = the length of an arc of 
one minute* Therefore, in this case, 

a = *0002908882 

and ia* = *000000000004, &c. 

the difference is s = *0002908882 the sine of 1 minute. 

Also, from 1* 

take 0-0000000428079, &a 

leaves c = *9999999577 the cosine of 1 minute. 


Example ii. For the sine and cosine of 5 degrees. 

Here, as 180® ; 5® ; : 3*14159265, &c. : *08726646 =; a the length of 5 degrees. 

Hence, a = *08726646 

— Jo* = — . *00011076 
+ = *00000004 

thesq collected, give s = *087155 74 the sine of 5% 

And, for the cosine, 1 = 1* 

— . =: — *00380771 

^ = *00000241 

these collected, give r = *99619470 the cosine of 5®!. 

After i\ie aame Ttvenner, tVe sine and ccgiine of any other arc miiy be com- 
puted. But the greater the arc is, the slower the series will converge. In uhich 
case a greater number of terms must be taken to bring out tlie eonda^ to 
the same degree of exactness. 
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Or, havinfi^ found the sine, the cdsine wiU he found from it, by t he pro[)e rty 
of the right-angled triangle CBP, viz. the cosine CF rr v/ C13^ — , or 

c = v/ 1 — s*. 

There are also other methods of constructing the canon ot sines and cosines, 
which, for brevity’s sake, are here omitted. 

m 

PROBLEM II. 

To compute the tangents and secants. 

The sines and cosines being knovyn, or found by the foregoing problem ; the 
tangents an<f secants will be easily found, from the principle of similar triangles, 
in the following manner : — 

In the first .figure, where, of the arc AB, BF is the sine, CF or BK the co- 
sine, AH the tangent, CH the secant, DL the cotangent, and CL the cosecant, 
the radius being CA, or CB, or CD; the three similar triangles CFB, CAII, 
CDL, give the following proportions : 

\sty CF : FB :: CA : AH; whence the tangent is known, being a fourth 
proportional to the cosine, sine, and radius. 

2d, CF : CB : : CA : CH; whence the secant is known, being a third pro- 
portional to the cosine and radios. 

3d, BF ; FC ; : CD ; DL; whence the cotangent is known, being a fourth 
proportional to the sine, cosine, and radius. 

4-th, BF : BC ; ; CD : CL ; whence the cosecant is known, being a third pro- 
portional to the sine and radius. 

Having given an idea of the calculation of sines, tangents, and sc(;ants, we 
may now proceed to resolve the several cases of Trigonoineti’y ; previous to 
whidi, however, it may bo proper to add a few preparatoi-y notes and observa- 
tions, as below. 

Note 1. — There are usually three luethods of resolving triangles, or the cases 
of trigonometry ; namely, Geometrical Construction, Arithmetical Computation, 
and Iiistnimental Operation, 

In the First Method, — The triangle is constructed by making the parts of 
the given magnitudes, namely, the sides from a scale of e<j[ual parts, and the 
angles from a scale of chords, or by some other instrument. Then, measuring 
the unkno^vn parts, by the same scales or instruments, the solution will be ob- 
tained near the truth. 

In the Second Method, — Having stated the terms of the proportion according 
to the proper rule or theorem, resolve it like any other propoilion, in which a 
fourth term is to be found from three given terms, by multiplying the second 
and third together, and dividing the product, by the first, in working with the 
natural .numbers ; or, in 'working with the logarithms, add the logs, of the se- 
cond and third terms together, and from the sum take the log. of the first term ; 
then the natural number answering to the remainder is the fourth term sought. 

In the Third Method, — Or Instrumentally, as suppose by the log. lines on 
one side of the common two foot scales ; Extend the compasses from the first 
term, to the second or third, which happens to be of the same kind with it; 
then that extent will reach from the other term to the foui'th term, as required, 
taking both extents towards the ^ame end of the scale. 

Note 2.—- In every triangle,^ or case in trigonometry, there must be given thi’ee 
parts, to find the other three. And, of the three parts that are given, one of 
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them at least must be a side ; because t’ne same angles are common to an infi- 
nite number of triangles. 

Note 3. — All the cases in trigonometry may be comprised in three varieties 
only ; viz. 

When a side and its opposite angle are given. 

2c?, When two sides and the contained angle are given. 

3c?, Wlien the three sides are given. 

For there cannot possibly be more than these three varieties of cases ; for 
each of which it will therefore be proper to give a separate theorem, as follows : 


THEOREM T. 

When a side and its opposite angle are two of the given parts. 

Then the sides of the triangle have the same proportion to each other, as the 
sines of their opposite angles have. 

lliat is. As any one side, 

Is to the sine of its opposite angle; 

is a.iy other side, 

To the sine of its opposite angle. 

Demonstr. — For, let ABC be the proposed triangle, 
having AB the greatest side, and 110 the least. Take 
A I) = BC, considering it ns a radius; and let fall the 
perpendiculars DC, CF, whi(;h will evidently be tlio 
sines of the angles A and B, to the radius AD or B(3. 

But the triangles ADE, ACh\ are equiangular, and 
therefore AC : CF ; : AD or BC : DE ; that is, AC is to the sine of its opjjosite 
angle B, as BC to the sine of its opposite angle A. 

Note 1. — In pra(;tice, to find an angle, begin the proportion with a side oppo- 
site a given angle. And to find a side, begin with an angle opposite a given 
side. 

Note 2. An angle found by this rule is ambiguous, or unc.crtiiin whether it 

be acute or obtuse, unless it be a right angle, or unless its magnitude be such 
as to prevent tlie ambiguity ; because the sine c'lnsvvers to two angles, which are 
supplements to each other; and accordingly the geometrical construction forms 
two triangles with the same parts that are given, as in the example beloAv ; and 
when tliere is no restriction or limitation included in the question, either of 
them may be taken. The degrees in the table, answering to the sine, is the 
m;ute angle; but if the angle be obtuse, subtract those degrees from IbO*", and 
the remainder will be the obtuse angle. When a given angle is obtuse, or a 
right one, there can be no ambiguity ; for then neither of the other angles can 
be obtuse, and the geometrical construction will form only one triangle. 



EXAMPLE L 

In the plane Oriangle ABC, 

r AB 345 yards 
Given, < BC 232 yards 
(angle A 37“ 
Required the other pari&. 
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1. Geometrically, 

Draw an indefinite line, upon which set off AB = 345, from some conve- 
nient scale of equal parts. — Make tlie an^rle A = 37® — With a radius of ;232, 
token from the same scale of equal parts, and centre B, cross AC in the two 
points C, C. — Lastly, join BC, BC, and the figure is constructed, which gives 
two triangles, showing that the case is ambiguous. 

Then, the sides AC measured by the scale of equal parts, and the angles B 
and C measured by the line of chords, or otiier instrument, will be found to be 


nearly as below ; viz. 

XC 174 angle B 27“ angle C 115”i 

or 374i or 78^ or 64 i 

2. Arithmetically. 

First, to find the angles at C : 

As side BC 232 log. 2-3(i64880 

To sin. opp. angle A 37o 20' 9-7827938 

So side AB 345 2-5378191 

Tosin. opp. angle C 115" 36' or 64» 2F 9-9551269 

Add angle A 37 20 37 20 


The sum 

152 

56 or 

101 

44 

Taken from 

180 

00 

180 

00 

Leaves angle B 

27 

04 or 

78 

16 


Then, to find the side AC : 

As sine angle A 37<> 20' log. 9-7827958 

To opposite side BC 232 2-3654880 

„ . , „ ( 27" 04' 9-6580371 

To opposite side AC 174*07 2*2407293 

or, 374*56 ' 2*5735213 


3. Instrumentally, 

In the first proportion. — Extend the compasses from 232 to 345 upon ttie 
line of numbers ; then that extent will reach, on the sines, from 37®^ to 64® 
the angle C. 

In the second proportion. — Extend the compasses from 37® J to 27* or 78oJ, 
on the sines ; then that extent will reach, on the line of numbers, from 232 to 
174 or 374^, the two values of the side AC. 

EXAMPLE II. 

In the plane triangle ABC, 

C AB 365 poles 
Given, "Jangle A 57® 12' 

^ angle B 24 45 

Required the other parts. 


Tangle C 98® S' 
Ans. J AC 154*33 

f BC 309*86 
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In the plane triangle ABC, 

AC 120 feet 
BC 112 feet 
[angle A 57® 27' 
Beqiiired the other parts. 


EXAMPLE III. 


Given; < 


f angle B 64® 34/ 21" 


or. 


, 115 25 39 

A„s.J“"g*eC 57 58 39 
? or, 7 7 91 


AB 


7 7 21 

112-65 feet 
16-47 feet 


THEOREM IL 

When two sides and their contained angle are given. 

Then it will he, 

As the sum erf those two sides, 

Is to the difference of the same sides; 

&^o is the tang, of half the sum of their opposite angles, 

To the tang, of half the difference of the same angles. 

Hence, because it has been shown under Algebra, that the half sum of any 
two quantities increased by their half difference, gives the greater, and dimi- 
nished by it gives the less, if the half difference of the angles, so found, be 
added to their half sum, it will give the greater angle, and subtracting it will 
leave the loss angle. 

Then, all the angles being now known, the unknown side will bo fou)id by 
the former theorem. 

Demonstr . — Let ABC be the proposed triangle, 
having the two given sides AC,* IlC, including the 
given angle C. With the centre C, and radius 
CA, the less of these two sides, describe a semi- 
circle, meeting the other side BC produced in 1) 

.and E. Join AE, AD, and draw l)F parallel to 

AH 

Then, BE is the sum, and BD the difference of 
the two given sides Cll, CA, Also, the sum of the two angles CAB, CBA, is 
equal to the sum of the tw o CAl), CD A, these sums being each the supplement 
of the vertical angle C to two right angles: but the two latter CAD, CD A, are 
equal to each other, being opposite to the two equal sides CA, CD: hence, 
either of them, as CDA, is equal to half the sum of the two unknown angles 
CAIl, CBA. Again, the exterior angle CDA is equal to the two interior angles 
B and DAB; therefore the angle DAB is equal to the difference between 
CDA and B, or between CAI) and B; consequently the same angle DAB is 
equal to half the difference of the unknown angles B .and CAB; of which it 
has been shown that CDA is the half sum. 

Now the angle DAE, in a semicircle, is a right .angle, or AE is perpendicular 
to AD; .and DF, parallel to AE, is .also perpendicul.ar to AD: consequently, 
AE is the t.angent of (A) A the half sum, and DF the tangent of DAB the half 
difference of the angles, to the same radius AD, by the definition of a tanjient. 
But, the tangents AE, DF, being parallel, it will be as BE : BD :: AE : D^i ; 
that is, as the sum of the sides is to the difference of the sides, so is the tangent 
of half the sum of the opposite .angles, to the tangent of half their diiferenc^. 

JVote . — ^^rhe sum of tlie unknown angles is found, by baking the given angle 
from 180®. _ 
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EXAMPLE L 

In the plane triangle ABC, 

r AB 345 yards 

Given, -J AC 174’07 yards 

(angle A 37“ 2(/ 

Required the other parts. 

1. Geometricauy* 

Draw A B = 245 from a smle of equal parts. Make the angle A = 37“ 20 
•Set off AC = 174 by the scale of equal parts. Join BC, and it is done. 

Then the otfler parts being measured, they are found lo be nearly as follows; 
viz. the side BC 232 yards, the angle B 27“, and the angle C 115“^. 

2. Arithmetically. 


As sum of sides AB, AC, 510*07 log. 2*7152250 

To difference of sides AB, AC, 170*03 ... 2*2328183 

So tangent half sum angles C and B, 71® 2(f ... 10*4712070 

To tangent half difference angles C and B 44 16 ... 9*9888003 

Their sum gives angle C 1 15 36 

Their diff. gives angle B 27 

Them, by the former theorem. 

As sine angle C 115“ 36' or 64“ 24/ log. 9*9551250 

To its opposite side AB 345 2*5378191 

So sine angle A 37® 20' 0*7827958 

To its opposite side BC 232 2*3654800 


3. Instrumentally, 

In the first proportion, — Extend the compasses from 510 to 171, on the line 
of numbers ; and that extent will reach, on the tangents, from 71“^ (the contrary 
way, because the tangents are set back again from 45“), a little beyond 45, 
which being set so far back from 45, falls upon 44“i, the fourth term. 

In the second proportion, — Extend from 64“J to 37“J, on the sines ; and 
that extent will reach, on the numbers, from 345 to 232, the fourth term 
sought. 

EXAMPLE II. 

In the plane triangle ABC, 

r AB 365 poles 

Given, < AC 154*33 

(angle A 57® 12' C BC 309*86 

Required the other parts. Ans. ) angle B 24“ 45' 

I angle C 98® S' 

EXAMPLE IIL 

In the plane triangle ABC, 

! AC 120 yards • 

BC 112 yards 

angle C 57“ 58' 39'* ^ f AB 112*65 

Required the other parts. Ans. -< angle A 57“ 27' O’ 

( angle B 64 34 21 
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THEOREM 111. 

When the three sides of the triangle are given^ 

TJjen, having let fall a perpendicular from the greatest angle upon the oppo. 
site side, or base, dividing it into two segments, and the whole triangle into 
two right-angled triangles ; it will be, 

As the base, or sum of the segments, 

Is to the sum of the other two sides ; 

^150 is the difference of those sides, 

To tlie difference of the segments of the base. ^ 

Then lialf the difference of the segments being added to the half sum, or the 
half base, gives tlie greater segment; and the same subtracted gives the less 
segment. 

Hence, in each of the two right-angled triangles, there will be kno\rn tno 
sides, and the angle opposite to one of tliem; consequently, tlie other angles 
will be found by the lirst problem. 

Dcnionslr , — Hy Cor. to Theorem 36. Geometry, the rectangle under the sum 
and difference of the two sides, is equal to the rectangle under tlie sum and 
difference of the two segments. Therefore, by forming the sides of the-!,e 
rectangles into a proportion, it will appear that the sums and differences are 
proportional as in this theorem, by Theor. 76, Cieometry. 


EXAMPLE I. 

In the plane triangle ABC, C 

C AB 346 yards 
Given, the sides ^ AC 232 

( BC 174-07 

To lind the angles. * 

1 . Gcometricall y. 

Draw the base AB =: 345 by a scale of equal parts. With radius 232, and 
centre A, describe an arc; and with radius 174, and centre B, describe another 
arc, cutting the former in C. Join A(’, BC, and it is done. 

Then, by measuring the angles, they will be found to be nearly as follow ; 
viz. angle A 27®, angle B and angle C 115®^. 

2. Arithmetically* 

Having, let fall the perpendicular CP, it will be. 

As the base AB : AC + BC : : AC — BC : AP — BP, 
that is, as 345 : 406-07 57-93 : 68-18 = AP — BP, 

its half is 34*09 

the half biise is 172*50 

the sum of these is 206*59 z= AP 

and their difference 138*41 =: BP 

Then, in the triangle APC, righUangled at P, 

As the side AC 232 log. 2*3654880 ' 

To sine opposite angle 90® J 0-0000000 

So is side AP 206*59 2*3151093 

To sine opposite angle ACP 62® 56' 9*9496213 

Which taken from 90 00 * — 

Ijeaves the angle A ........ 27 04 . 
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Again, in the triangle BPC, right-angled at P, 

As the side BC 174*07 

To sine opposite angle P 90* 

So is^side BP 138*41 

To sin. opposite angle BCP ... 52® 40' ...... 

Which taken from.... 90 00 

Leaves the angle B 37 20 

Also, the angle AGP 62® 56' 

Added to angle BCP 52 40 

Gives the whdie angle ACB 115 36 

So that all the three angles are os follow ; viz. 

the angle A 27® 4' ; the aiigle B 37® 20'; the angle C 1 15® .36'. 

‘ 3. Instrumentalhj, 

In the first proportion. — Extend the compasses from 345 to 406, on the line 
of numbers; then that extent will reach, on the same line, from 58 to 68*2 
nearly, which is the difference of the segments of the base. 

In the second proportion. — Extend from 232 to 206J, on the line of num- 
bers ; then that extent will reat^h, on the sines, from 90° to 63®. 

In the third proportion. — Extend from 174 to 138J; then that extent will 
reach from 90® to 52®| on the sines. 


log. 2-2407239 
10-0000000 
2*l4n075^ 
9*9004436^ 


In the plane triangle ABC, 

• TAB 365 poles 

n; 


EXAMPLE II. 


Given the sides,- 


AO 154*33 
BC 309’8e 


To find the angles. 

In the plane triangle ABC, 

;AB 120 

Given the sides 


AC 

[bc 

To find the angles. 


"li 


112-65 

112 


Ans. 


Tangle A 57® t2' 
} angle B 24 45 
jangle C 98 3 


Ans. 


C angle A 57® 
< angle B 57 
jangle C 64 


27' 

58 

34 


00 " 

39 

21 


The three foregoing theorems include all the cases of plane triangles, both 
right-angled and oblique; besides which, there are other theorems suited to 
some particular forms of triangles, which are sometimes more expeditious in 
their use than the general ones ; one of which, as the case for wliich it serves 
so frequently occurs, may be here taken, as follows : 


THEOREM IV, 

Wherif in a right-angled ti iangle^ there are given one leg and the angles ; to find 
the other leg or the hypothenuse ; it will 

As radius, i, e, sine of 90® or tangent of 45® 

Is to the given leg. 

So is the tangent of its adjacent angle 
To the other leg ; 

And so is the secant of the same angle 
To the hypothenuse. 
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Demonstr, AB bein^ the given leg, in the right-angled 
triangle ABC ; with the centre A, and any assumed radius 
AD, describe an arc DE, and draw DF perpendicular to 
AB, or parallel to BC. Now it is evident, from the deiini- 
tio||, that DF is the tangent, and AF the secant, of the arc 
DE, or of the angle A which is measured by that arc, to the 
radius AD. Then, because of the parallels BC, DF, it will 
be as AD : AB : : DF ; BC : : AF ; AC, which is the same as the theorem is in 
words. 



EXAMPLE I, 


In the righb-angled triangle ABC, 
Given 5 

cangle A 53« 7 48" 3 


1. Geometrically^ 

Make AB =: 163 equal parts, and the angle A zz 53® T 48"; then raise the 
perpendicular BC, meeting AC in C. So shall AC measure 370, and BC 316. 


2. Arithmetically, 


As radius 


log. 10-0000000 

To leg AB 

163 

3*3095150 

So tang, angle A 



To leg BC 

216 

3*3344531 

So secant angle A .. 

53® 7' 48" 


To hyp. AC 

270 

3*4313637 


3. InstrumentdVy. 

Extend the compasses from 45® to 53®^, ou ihe tangents. Then that extent 
w ill reach from 163 to 316 on tlie line of numbers. 


EXAMl’LIO II. 


cAC 393*0147 
IBC 348*3464 

Note, There is sometimes given another method for right-angled triangl ‘s, 
which is this : 

ABC being such a triangle, make one leg AB radius, 
that'is, with centre A, and distance AB, describe an arc 
BF. Then it is evident that the other leg BC repre- 
sents the tangent, and the hypothenuse ACthe secant, of 
the arc BF, or of the angle A. 

In like manner, if the leg B(3 be made radius ; then 
the other leg AB will represent the tangent, and the hy- 
pothenuse AC the secant, of the arc Bti or angle C. 

But if the hypothenuse be made radius ; then each leg 
will represent the sine of its opposite angle ; namely, the leg AB the sine of the 
furc AE or angle C, and the leg BC the sine of the arc CD or angle A. 


c; 



In the right-angled triangle ABC, 


Given 


the leg AB 180 


ctho angle A 63® 40' 
To find the other two sides. 
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And then the general rule for all' these cases, is this, namely, that tlie sides 
of the triangle bear to each other the same proportion as the parts Mhich they 
represent. 

And tljjs is called, Making every side radius. 

0 


OF HEIGHTS AND DISTANCES, &a 

By the mensuration and protraction of lines and angles, are determined the 
\engths, heights, depths, and distances of bodies or objects. 

Accessible lines are measured by applying to them some certain measure a 
number of times, as an inch, or foot, or yard. But inaccessible lines must be 
measured by taking angles, or by some such method, drawn from the principles 
of geometry. 

When instruments are used for taking the magnitude of the angles in do* 
grees, the lines are then calculated by trigonometry : in the other methods, the 
lines are calculated from the principle of similar triangles, without regard to 
tlie measure of the angles. 

Angles of elevation, or of depression, are usually taken either with a theodo- 
lite, or with a quadrant, divided into degrees and minutes, and furnished with 
a plummet suspended from the centre, and two sides fixed on one of the radii, 
or else with telescopic sights. 


To take an angle of altitude and depression with the quadranL 


Let A be any object, as the sun, moon, or a 
star, or the top of a tower, or hill, or other emi 
nence : and let it be required to find the measure 
of the angle ABC, which a line drawn from the 
object makes w ith the horizontal line BC. 

Fix the centre of the quadrant in the angular 
point, and move it round there as a centre, till 
with one eye at D, the oilier being shut, you per- 
ceive the object A through the sights : then will 
the arc GH of the quadrant, cut off' by the plumb 
line BH, be the measure of the angle ABC as 



required. 


A 


C 


The angle ABC of depression of any object A, 
is taliLen in the same manner ; except that here 
the eye is applied to the centre, and the measure 
Df the angle is the arc GH, on the other side of 
the plumb line. 



The following examples are to be instructed and calculated by the foregoing 
methods, treated of in Trigonometry. 
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EXAMPLE L 

Having measured a distance of 200 feet^ in a direct horizontal line, from the 
bottom of a steeple, the angle of elevation of its top, taken at that distance, was 
foundUb be 47® SO' : from hence it is required to find the height of the steeple. 


Consiruction, 


Draw an indefinite line, upon which set oflP AC = 200 equal parts, for the 
measured distance. Erect the indefinite pei'pendicular AB ; and draw CB so 
as to make the angle C = 47® 30', the angle of elevation ; and it is done. Then 
AB, measured on the scale of equal parts, is nearly 21 8 J. • 


CaleulaiioTu 


As radius 10*0000000 

To AC 200 2*3010300 

8o tang, angle C 4?» 30 10*0379475 

To AB 218*26 required ... 2*3389775 


fi 



EXAMPLE II. 

\Vliat was the perpendicular height of a cloud, or of a balloon, when its angles 
of elevation were 35® and 64® , as taken by two observers, at the same time, both 
on the same side of it, and in the same vertical plane ; their distance as under 
being half a mile or 880 yai-ds. And what was its distance from the said two 
observers ? 


Construction, 


Draw an indefinite ground line, upon which set oflT the given distance AB = 
880 ; then A and B are the places of the observers. Make the angle A = 35’’, 
and the angle B = 64® ; and the intersection of the lines at C will be the place 
of the balloon ; from whence the perpendicular CD, being let fall, wiU bo its 
perpendicular height. Then, by measurement, are found the distances and 
height nearly as follows; viz. AC 1631, BC 1041, DC 936. 


Calculation, 

Fii*st, from angle B 64® 

Take angle A 35 
Leaves angle ACB 29 


/ / 




Then, in the triangle ABC, 

As sine angle ACB 29® 9*6855712 

To op. side AB 880 2*9444827 

So sine angle A 35® 9*7585913 

To opposite side BC 1041*125 * 3*0175028 


As sine angle ACB 29® 9*6855712 

To opposite side AB 880 % 2*9444^7 

So sine angle B 116® or 64® 9*9536602 

To opposite side AC 1631*442 3*2125717 
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And, in ihe triangle BCD, 

As sine angle D 90® 10*0000000 

To opposite side BC 1041T25 3 0175028 

So sine angle B 64*^ 9*9536602 

To opposite side CD 935*757 2 9711600 


EXAMPLE III, 

Having to find the height of an obelisk standing on tlie top of a declivity, I 
hi'^t measured from its bottom a distance of 40 f^et, and there found the angle, 
formed by thp oblique plane ftnd a line imagined to go to the top of the obelisk, 
41”; but, after measuring on in the same direction 60 feet further, the like 
angle was only 23° 45 • \Vliat then was the height of the obelisk ? 

ConHrudioftu 

Draw an indefinite line for the sloping plane or declivity, in which assume 
any point A for tlie bottom of the obelisk, from whence set off the distance 
AC = 40, and again CD = 60 equal parts. Then make the angle C == 4 1°, 
and the angle D = 45' ; and the point B, where the two lines meet, will 

. be the top of the obelisk. Therefore AB, joined, will be its height. 

CalevlaiicaiL 

From the angle C 41* 00* 

Take the angle D 23 45 

Leaves the angle DBG 17 15 

Then, in the triangle DBC, 

As sine angle DBC 17* W 9*4720856 

To opposite side DC 60 1*7781513 

8o sine angle D 23 46 9*6050320 

To opposite side CB 81*488 1*9110977 



And, in the triangle ABC, 

As sum of sides CB, CA 121*488 2*0845333 

To difference of sides CB, CA 41*488 1*6179225 

So tang, half sum angles A, B 69® SO' 10*4272623 

To tang, half diff. angles A, B 42 2^ 9.9606516 


The difif. of these is angle CBA 27 5^ 


Lastly, as sine angle CBA 27® 9*6582842 

To opposite side CA 40 1*6020600 

So sine angle C 41® O' 9.8169429 

To opposite side AB 57*623 1*7607187 


EXAMPLE nr. 

Wanting to know tlie distance between two inaccessible trees, or other ob- 
jects, from the top of a tower, 120 feet high, which lay in the same right line 
with the two objects, I tookcthe angles fomed by the perpendicular wall and 
lines conceived to be drawn from the top of the tower to the bottom of each 
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tree^ and found them to be 33** and 64o^. What then may be the distance 
between the two objects ? 


ConstnuiHoiL 

Dra^ the indefinite ground line BD, and 
perpendicular to it BA = 120 equal parts. 
Then di*aw the two lines AC, AD, making 
the two angles BAC, BAD, equal to the given 
angles 33® and 64 J®. So shall C and D be 
the places of the two objects. 

Caletdation, 





First, In the right-angled triangle ABC, 

As radius 

ToAB .120 

So tang, angle BAC... 33“ 

ToBC 77-929 

And, in the right-angled triangle ABD, 

As radius 

To AB 120 

So tang, angle BAD 64oJ 

ToBD 251*585 

From whidi take BC 77*929 

Leaves the disk CD 173*656 as required. 


10-0000000 

2*0791812 

9*8125174 

1*8916986 

10-0000000 

2*0791812 

10*3215039 

2*4006851 


aauMPLS V. 

Being on the side of a river, and wanting to know the distance to a house 
'^ihich was seen on the other side, I measured 200 yards in a straight line by 
the side of the river ; and then at each end of this liife of distance, took the 
horizontal angle formed between the house and the T>tlier end of the line ; 
which angles were, the one of them 68® 2^, and the other 73“ 15, What then 
were the distances from each end to the house ? 


Cofistructioru 

Draw the line AB = 200 equal parts. Then draw AC so as to make the 
angle A = 68“ 2', and BC to make the angle B 73® 15'. So shall the point 
(' be the place of the house required. 

Calculai^ 

To the given angle A 68® 2^ 

Add the given angle B 73 15 
Then their sum 141 17 

Being taken from 180 0 

Leaves the third angle C 38 43 
Hence, As sin. angle C 38« 43' 97962062 

To op. side AB 200 2-3010300, 

So sin. angle A 68“ 2' .. 9*9672679 . 

To op. side BC 296 54 2-472C(?17 . 

And, As sin. angle C 38“ 43^ 9-7962062 

To op. side AB 200 2-3010300 

So sin. angle B 73° ISf 9*9811711 

To op. side AC 306*19 •••••••• 2-4859949 
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Exam. vi. — From the edge of* a ditch of 36 feet wide, surrounding a fort, 
having taken the angle of elevation of the top of the wall, it was found to be 
62® 40':* required the height of the wall, and the length of a ladder to reach 
from my station to the top of it ? 

A cheight of wall 65-64, 
iladder 78*4 feet. 

Exam, vil — Required the lengtli of a shoar, which, being to sti*ut 1 T feet 
fi*om the upright of a building, will support a jamb 23 I’eet 10 inches from the 
gi'ound ? Ans. 20 feet 3 inches. 

Exam. viii. — A ladder, 40 feet long, can be so planted, that it shaR reach a 
window 33 fiet from the ground, on one side of the street; and by turning it 
over, without moving tlie foot out of its place, it will do the same by a window 
21 feet high, on the other side : required the breadth of the street ? 

Ans. 56*619 feet. 

Exam. ix. — A Maypole, whose top was broken off by a blast of wind, struck 
’the ground at 15 feet distance from the foot of the pole: what was the height 
of the whole maypole, supposing the broken piece to measure 39 feet in length ? 

Ans* 75 feet. 

Exam. x..*-At 170 feet distance from the bottom of a tower, the angle of its 
elevation was found to be 52® 30' : required the altitude of tlie tower. 

Ans. 221 feet. 

Exam. xi. — ^From the top of a tower, by the sea-side, of 143 feet height, it 
was observed that tlie angle of depression of a ship’s bottom, then at anchor, 
measured 35® : what then was the ship’s distance from the bottom of tlie wall ? 

Alls. 204*22 feet. 

Exam. xii. — What is the perpendicular height of a hill ; its angle of eleva- 
tion, taken at the bottom of it, being 46®, and 200 yards farther off, on a level 
w ith the bottom of it, the angle was 31**? Ans. 296*28 yai ds. 

Exam. xiii. — ^Wanting to know the height of an inaccessible tower; at the 
ica^it distance from it, on the same horizontal plane, 1 took its angle of eleva- 
tion equal to 58 ® ; then going 300 feet directly from it, found the angle there to 
be only 32o: required its height, and my distance from it at the first station ? 

^Height, 3()7*53 
( Distance, 192 T 5 

Exasi. xtv, — Being on a horizontal plane, and wanting to know the lieight 
of a tower placed on the top of an inaccessible hill; 1 took the angle of eleva- 
tion of the top of the hill equal 40®, and of the top of the tower equal 51®; then 
measuring in a line directly from it to the distance of 200 feet farther, I found 
the angle to the top of the tower to be 33® 45' : what then is the height of the 
lower? Ans. 93*33148 feet. 

Exam* xv,-— From a window near the bottom of a house, which seemed to bo 
on a level with the bottom of a steeple, I took the angle of elevation of the top 
of the steeple equal 40®; then from another window, 19 fetit directly above the 
former, the like angle was 37® 30' : what then is the height and distance of the 
steeple? picight, 210-44 

( Distance, 260*79 

Exam. xvi.-^Wanting to know the height of, and my distance from, an ob- 
ject on the other side of a river, which seemed to be on a level with the place 
where I stood, close by the side of the river; and not having room to measure 
backwards, on the same planej' because of the immediate rise of the bank, I 
placed a mark where I stood, and measured in a direction from the object up 
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the ascending ground to the distance of 264< feet, where it was evident that I 
was above the level of the top of the object ; there the angles of depression were 
found to be, viz. of the mark left at the river’s side dS®, of the bottohi of the 
object 27o, and of its top 19®. Hequired then the height of the object, and the 
distan<j^ of the mark from its bottom? C Height, 57*26 

c Distance, 150*50 


Exam. xvii. — If the height of the mountain called the Peak of Teneriffe be 
4 miles, and the angle taken at the top of it, as formed between a plumb line 
and a line conceived to touch the earth in the horizon, or farthest visible point, 
be 87® 25' 55"; it is required from hence to determine the magnitude of the 
whole earth, and the utmost distance that can be seen on its surfj^ce from the 
top of the mountain, supposing the form of the earth to be perfectly round ? 

A CDist. 178*458 miles. 
iDiam. 7957*818 

Exam, xviii ^Two ships of war, intending to cannonade a fort, are, by the 

shallowficss of the water, kept so far from it, that they suspect their guns can- 
not reach it with effect. In order, therefore, to measure the distance, they se- 
parate from each other a quarter of a mile, or 440 yards; then each ship ob- 
serves and measures the angles which the other ship and the fort subtends, 
which angles were 83® 45' and 85® 15'. What then was the distance between 
each ship and the fort? C2292*26 yards. 

12298*05 


Exam. xix. — Being on the side of a river, and wanting to know the distance 
to a house wdiicdi was seen at a distance on the other side ; I measured out for 
a base 400 yards in a right line by tbe side of the river, and found that the 
two angles, one at each end of this line, subtended by the other end and the 
house, were 68® 2' and 73® 15'. What then was the distance between each sta- 
tion and the house ? 5 ^^^3*08 yards. 

( IT12 38 

Kxam, XX. — Wanting to know the breiidth of a river, I measured a base of 
500 yards in a straight line close by one side of it; and at each end of this line 
I found tbe angles subtended by the other end and a tree close on the bank on 
the other side of the river, to be 53" and 79" 12'. What then was the perpen- 
dicular breadth of the river? Ans. 529*48 yards. 


Exam. xxi. — ^Wanting to know the extent of a piece of water, or distance 
between two headlands ; I measured from each of them to a certain point in- 
land, and found the two distances to be 735 yards and 840 yards ; also, the ho- 
rizontal angle subtended between these two "lines was 55® 40'. What then was 
the distance required ? Ans. 741*2 yards. 


Exam. xxii. — A point of land was observed, by a ship at sea, to bear east-by- 
Boutb ; and after sailing north-east 12 miles, it was found to bear south-east-by* 
east. It is required to determine the place of that headland, and the ship’s 
distance from it at the last observation ? Ans. 26*07^ miles. 


Exam, xxiit. — Wanting to know the distance between a bouse and a mill, 
which were seen at a distance on the other side of a river, I measured a base 
line along the side where I was of 600 yards, and at each end of it took the* 
angles subtended by the other end and thediouse and mill, which weijJ as fol- 
low ; viz. at one end the angles were 58° 20' and 95® 20', and at the other end 
the like angles were 53® 30' and 98® 45'. What tjien was the distance between 
tbe house and mill ? • Ans. 959*5866 yards. 
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Exam, xxiv.— Wanting to know my distance from an inaccessible object 0, 
on tHe other side of a river ; and having no instrument for taking angles, but 
only a chain or cord for measuring distances ; from each of two stations, A and 
B, which were taken at 500 yards ‘asunder, I measured in a direct line from 
the object O 100 yards, viz. AC and BD each equal to 100 yards*, i^so the 
diagonal AD measured 550 yards, and the diagonal BG 560. What then was 
the distance of the object 0 from each station A and B ? 

. CAO 536*^5 
IbO 500-09 


MENSURATION OF PLANES. 


The area of any plane figure, is the measure of the space contained within its 
extremes or bounds ; without any regard to thickness. 

This area, or the content of the plane figure, is estimated by the number of 
little squares that may be contained in it ; the side of those little measuring 
squares being an inch, a foot, a yard, or any other fixed quantity. And hence, 
the area or content is said to be so many square inches, or square feet, or squai e 
yards, &c. 


Thus, if the figure to be measured be the rectangle 
ABCD, and tRe little square E, whose side is one inch, 
be the measuring unit proposed : then, as often as the 
said little square is contained in the rectangle, so many 
square inches the rectangle is said to contain, which in 
the present case is 12. 

PROBLEM t 



I 1 j 1 I 

A ti 



To find the area of any parallelogram^ whether it he a square^ a rectangle, a 
rhombx^, or a rhomboid. 

Multiply the length by the perpendicular breadth, or height, and the product 
will be the area. * 


• The truth of thisnae Is proved in the Geometry, Theor. 81, Cor. 2. 

The same Is otherwise proved thus : Let the forejfoingr rectangle be the figure proposed ; and let 
the length and breadth be divided into equal parts, each equal to the lineal measuring unit, being here 
4 for the length, and 3 for the breadth j and let the opposite points of division be connected by right 
lines. Then, It is evident that these lines divide the rectangle into a number of little squares, each 
equal to the square measnring unit E ; and farther, that the numb<Tr of these little squares, or the 
area of the figure, is equal to the number of lineal measuring units in the length, repeated as often as 
there are lineal measnring units in the breadth, or height j that is, equal to the length drawn into the 
lieightf which here is 4 X 3 or 18. t 

And It is proved (Geometry, Theor. 25, Cor. 2), that a rectangle is equal to any oblique parallolo< 
gram, of equal length and perpendicular breadth. Therefore, the rule is general for all parsllelogratoi 
whatever. « 
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EXAMPLES. 

Ex. 1. — ^To find the area of a papaUelogram, whose length is 12*25, and 
height 8“5. 

12‘25 length 

8*5 breadth 


6125 

9800 


104'*125 area 

e 

Ex. 2 , — To find the area of a square, whose side is 35*25 cliains. 

Ans. 124 acres, 1 rood, 1 perch. 

Ex. 3 — To find the area of a rectangular board, whose length is 12 J feet, 
and breadth 9 inches. Ans. 9| feet 

Ex. 4. — To find the content of a pi^^ of land, in form of a rhombus, its 
length being 6.20 chains, and perpendicular height 5*45. 

Ans. 3 acres, 1 rood, 20 perches. 

Ex. 5. — To find the number of square yards of painting in a rhomboid, 
whose length is 37 feet, and breadth 5 feet 3 inches. 

Ans, 21 square yards. 


PROBI^.»I II, 

To find tJie^area of a triangle. 

llui.E I. — Multiply the base by the perpendicular height, and half the product • 
will be the area,* Or, multiply the one of these dimensions by half the other. 

EXAMPLES. 

Ex. 1 To find the area of a triangle, whose base is 625, and perpendicular 

height 520 links ? 

Here 625 X 260 = 162500 square links, 

or egual 1 acre, 2 roods, 20 perches, the answer. 

Ex. 2. — How many square yards contains the triangle, whose base is 40, and 
perpendicular 30 feet ? Ans. 66f square yards. 

Ex. 3. — To find the number of square yards in a triangle, whose base is 4^ 
feet, and height 25 J feet. Ans. 68^f, or 687361. 

Ex. 4. — To find the area of a triangle, whose base is 18 feet 4 inches, and 
height 1 1 feet 10 inches. Ans. 108 feet, 5| inches. 

Rule ii. — ^When two sides and their contained angle are given *. Multiply 
the two given sides together, and take half their product : Then say, as radiuE 
is to the sine of the given angle, so is that half product, to thq area of the tri- 
angle. 

Or, multiply that half product by the natural sine of the said angle. *f* 

* The truth of this rule is evident, because any triangle is the half of a parallelogram of efual bhta 
and altitude, by Oeometry, Theor. 26. 

t For, let AB, AC, be the two given sides, including the given 
angle A. Now |AB X CP is the area, by the first rule, CP being 
perpendicular. But, by Trigonoroetry, as sine angle P, or radius, 
i* to sine angle A : t AC : CP = sine angle A X AC, taking 
'-adius = 1. Therefore, the area lAB X CP is = |AB AC 
X fiin, angle A, to radius I ; or, 

as radiua t sin. angle A :: JAB X AC : the aiea. 




512 


MBN«UKATION. 


Ex, l.-^What is the area of a triangle, wliuse two sides are -10 and 40, and 
llieir contained angle 28® 57' 18'' ? 

Here J X 40 X 30 = 600, 

Therefore, 1: *4841226 nat sin. 28° 57' lb'' 

^00 * 

290 -47356, the answer. 


Ex, 2. — How many square yards contains the triangle, of jvhich one angle is 
45®, and its containing sides 25 and 21 i feet? Atis» 20'86947. 

Kulk III. — When tlie three sides are giveni Add all the three sides togetlier, 
and take halfS,hat sum. Next, subtract each side severally from the said half 
sura, obtaining three remainders. Lastly, multiply tho said half sum and those 
three remainders all together, and extract the square root of the last product, 
for the area of the triangle. * 

£x. 1. — To 6nd the area of the triangle whose three sides are 20, 30, 40. 


20 

45 • 

45 

30 

20 

30 

40 





25, first rqm. 

1 5, second rem. 

2)90 

■ — 

— 


45, half sum. 


45 

40 

5, third rem. 


Then 45 X 25 X 16 X 5 = 84375, 

The root of which is 290*4737, the area. 

• Ex, 2. — How many square yards of plastering are in a triangle, whose sides 
are 30, 40, 60? Ans. 66|. 

Ex. 3 — How many acres, &c. contains the triangle, whose sides are 2669, 
4900, 5025 links? Ans. 61 acres, 1 rood, 39 perches. 


FROBLEBI III. 

To find the area of a trapezoid. 

Add together the two parallel sides; then multiply their sum by the perpen- 
dicular breadth or distance between them ; and half the product will be tlie area ; 
by Geometry, theorem 29. 

Ex. 1 In a trapezoid, the parallel sides are 760 and 1225, and the perpen- 

dicular distance between them 1540 links: to find the area. 

1225 

750 

1975 X 770 = 152076 square links = 15 acres, 33 perches. 


• For, let o, b, c, denote the sides opposite respectively to A, B, C, the angles of the triangle ABC 
(aee last fig.); then by Theor. 37, Geom. we have BC'^sk AB>+AC® — 2AB.AP, or a*s=6*+c® — 2c.AF 

•*. hence we have 


2c 

CP»«I 




46V— (fr®+c*- 
4c* 


p3)8 


-6*— c*4-ag) 


(26c+6»+c*— g«).(26c~ 

" 4c* 4c* 4c* 

4e*.CP*«{(6+c)*-«*} . (a*— <c— 6)*}=(a+6+c)(— o+6+c)(a— 6+c)(«+6— c) 

\ AB.CP . ^..cp-v' . “J±:i } = 

whore ttn JL(a4-6'f c)xBhalf the sum of the three sides. 
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Ex. % — How many square feet are contained in the plank, whose length ia 
12 feet 6 inches, the breadth at the greater end 15 inches, and at the less end 
11 indie's? Ans. I3J| feet. 

Ex. 3.*-In measuring along one side AB of a quadrangular field, that side 
atid l^e two perpendicuWs let fall on it from the two opposite* corners, measured 
as below : required the content. ^ 



PROBLEM IV 

To find the area of my trapezium. 

Divide the trapezium into two triangles by a diagonal : then find the areas 
of these triaqgles, and add them together. 

Note , — If two perpendiculars be let fall on the diagonal, from the other two 
opposite angles, the sum of these perpendiculars being multiplied by the dia- 
gonal, half the product will be the area of the trapezium. 

Ex. 1. — To find the area of the trapeaiura, w hose diagonal is 4?2, and the two 
perpendiculars on it 10 and 18. 

Here 16 -f- = 34, its half is 17. 

Then 42 X 17 =714, the area. 

huX. 2 How many square yards of paving are in the trapezium, whose dia- 

gonal is 65 feet, and the two perpendiculars let fail on it 28 and 33^ feet ? 

Ans. y«rds. 

Ex. 3, — In the quadrangular field ABCD, on account of obstructions there 
could only be taken the following measures, viz. the two sides BC 265, and 
AD 220 yards, the diagonal AG 378, and the two distances of the perpendicu- 
lars from the ends of the diagonal, namely, AE 100, and OF 70 yards. Ke- 
quired the area in acres, when 4840 squiure yards make an acre ? 

Ans. 17 acres, 2 roods, 21 perches. 


PROBLEM ¥• 


To find the area of an irregular polygon. 

Draw diagonals dividing the proposed polygon into trapeziums and triangles. 
Then find the areas of all these separately, and add them together for the con- 
tent of the whole polygon. 

Exam. — ^To find the content of the irregular figure ABCDEFGA, ip which 
are given the following diagonals and perpendiculars; namely. 


AC 65 
FD 52 
GC 44 
Qm 13 
Bn 18 
Go 12 

"Ep 8 

D<7 23 

Ana. 1878*5. 

K K 
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PROBLEM VI. 

To find the area of a regular polygon. 

Rule i. — M ultiply the perimeter of the polygon, or sum of its sides, bjiir the 
perpendicular drawiPfrom its centre on one of its sides, and tal^LC half the pro- 
duct for the area.* 

Ex. 1. — To find the area of the regular pentagon, each side being 25 feet, 
and tlio perpendicular from the centre on ea<!h side is 17.2047737. 

Here 25 X 5 = 125 is the perimeter, 
t And 17-2047737 X 125 z= 2150-5967125. 

Its half 1075*298356 is the area sought. 

Rule ii. — Square the side of the polygon; then multiply that square by the 
area or multiplier set against its name in the following table, and the product 
will be the area, f 


No. of 
Sides. 

Names. 

Areas, or 
Multipliers. 

3 

Trigon, or triangle 

0-4330127 

4 

letragon, or square 

l-OOOOOOO 

5 

Pentagon 

1*7204774 

6 

Hexqgon 

2*5980762 

7 

Heptagon 

3-6339124 

8 

Octagon 

4*8284271 

9 

Nonagon 

6*1818242 

10 

Decagon 

7-6942088 

11 

Undecagon 

9-3656399 

12 

1 

Dodecagon | 

11*1961524 


Exam. — Taking here the same example as before, namely, a pentagon, whose 
side is 25 feet. 

Then, 25^ being = 625, 

And the tabular area 1-7204774; 

Therefore, 1-7204774 X 625 = 1075*298375, as before. 

Ex. 2. — ^To find the area of the triffon. or equilateral triangle, whose side 
is 20, Ans. J 73*20508. 


* This !s only in effect resolving the polygon into as many equal triangles aUt has sides, by draw- 
ing lines from the centre to all the angles ; then finding their areas, and adding them all together. 

t This rule, is founded on the property, that like polygons, being similar figures, are to one another 
as the squares of their like sides ; which is proved in the Geometry, Theorem 89. Now, the multi- 
pliers in ,the table, are the areas of the respective polygons to the side i. Whence the rule is 
manifest. 

Note . — The areas in the table, to each side 1, may be computed in 
the following manner t From the centre C of the polygon draw lines 
to overy angle, dividing the whole figure into as many equal triangles 
fts the polygon has sides ; and let ABC be one of those triangles, 
the perpendicular of which is CD. Divide 360 degrees by the num- 
ber of sides in the polygon, the quotient gi^^'es the angle at the 
centre ACB. Tl»e half of this gives the angle ACD ; and this 
taken from 90*, leaves the angle CAD. Then, as radius is to AD, 
so is tangent angle CAD to the perpendicular CD. This multiplied 
by AD, gives the area of tiie triangle ABC ; which, being multiplied by the number of the triangles 
. cr of the sides of . the polygon, gives ita whole area, as in the table.. 
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Ex. 3. To find the area of a hexagon, whose side is 20 Ans. 1039*23048. 

Ex. 4. To find the area of an octagon, whose side is 20. . Ans. 1931*37084, 

Ex. 5 To find the area of a decagon, whose side is 20. Ans. 3077*68352. 

• 

PKOB. VII. 

To find the diameter and circumference of my circle^ the one from the other* 

This may be done nearly by either of the two following proportions, viz. 

As 7 is to 22, so is the diameter to the circumference. 

Or, As 1 is to 3*1416, so is the diameter to the circumference?^ 

Ex. 1. To find the circumference of the circle whose diameter is 20. 

By the first rule, as 7 : 22 : : 20 ; 62 &, the answer. 

Ex. 2. If the circumference of the earth be 25000 miles, what is its diameter!^ 
By the 2d rule, as 3*1416 : I ; : 25000 : 7957rf, nearly the diameter. 

* For, let ABCD be any circle, whose centre is E, and let AB, BC. be any 
two equal arcs. Draw the several chords as in the figure, and join BE ; also 
draw the diameter DA, which produce to F, till BF be equal to the chord BD. 

Then the two isosceles triangles DEB. DBF, are equiangular, because they 
have the angle at D common ; consequently DE : DB : : DB : DF. But the 
two triangles AFB, DCB are identical, or equal in all respects, because they 
have the angle F = the angle BDt*, being each equal the angle ADB, these being 
subtended by the equal arcs AB, BC; also the exterior angle FAB of the quad- 
rangle ABCD, is equal the opposite interior angle at C ; and the two triangles 
have also the side BF = the side BD ; therefore the side AF is also equal the 
side DC. Hence the proportion above, vir.. DE : DB :: DB : DF = DA + AF 
becomes DE : DB : : DB : 2 DE + DC. Then, by taking the rectangles of the 
extremes and means, it is DB‘^= 2 DE-^ + DE . DC. 

Now, if the radius DE be takcn=l, this expression becomes DB 2 = 2+DC, and hence DB= ^'^2^-DC. 
That is, if the measure of the supplemental chord of any arc be increased by the number 2, the squuro 
root of the sum will be the supplemental chord of half that arc. 

Now, to apply this to the calculation of the circumference of the circle, let the arc AC be taken equal 
to ^ of the circumference, and be successively bisected by the above theorem : thus, the chord AC, of ^ 
of the circumference, is the side of the inscribed regular hexagon, and is therefore equal the radius AK 
or 1 ; hence, in the right-angle triangle ACD, it will be DC= AD^ — AC^= v' 2* — 1^= //3 = 1'732050H(I76, 
the supplemental chord of ^ of the periphery. 

Then, by the foregoing theorem, by always bisecting the arcs, and adding 2 to the last square root, 
there will be found the supplemental chords of the I2th, the 24th, the 48th, the 96lh, &c. parts of the 
periphery; thus, 

V3-7.320508076 
V3-9318.516525 
V3-9828897227 
V3-9.957 178465 
V3-998929174S 
^3*9997922757 
V3-9999330678 
V3*9999832669 

Since then it is found that 3*9999832669 is the square of the supplemental chord of the isacth part o 
the periphery, let this number be taken from 4, the square of the diameter, and the renwinder 
0*0000167831 will be the square of the chofd of the «iaid 1536th part of the periphery, and consequently 
the root VO'0000167331 =0*00409061 12 is the length that chord; this number then^»eing milltiplicd 
by 1536, gives- 6*283 1788 for the perimeter of a regular polygon of ir)36 sides inscnb'ed in the clrqle; 
which, as the sides of the polygon nearly coincid# with the circumference of the circle, must also 
express the length of the circumference Itself, vviy ueaily. 

K kS. 
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rROBT.WM vin. 

To find the length of any arc of a circle* 

Multiply the degrees in the given arc by the radius of the circle, and the 
product again by the decimal *01745, for the length of the arc • Q 

Ejc. 1. — To find the length of an arc of 30 degrees, the radius being 9 feet. 

. Ans. 4*7115. 

Ex. 2. — To find the length of an arc of 12® 10', or 12®^, the radius being 10 
feet. Ans. 21231. 


€ 


PROBLEM IX. 


To find the area of a circle, 

t Rule i. — Multiply half the circumference by half the diameter. Or multi- 
ply the whole circumferenee by the whole diameter, and take ^ of the product. 

Hulk il — Square the diameter, and multiply that square by the decimal 
•7854, for the area. 


Ex. 1 — To find the area of a circle whose diameter is 10, and its circum- 
ference 

By Rule 1. By Rule 2. 


31*416 

10 


>7854 

100 =: 10 * 


4)314*16 

78-54 


the area 


78-54 


Bnt now, to show how near this determination is to the truth, let AQP 
= 0 0040906112 represent one side of such ft regular polygon of 1535 sides, s r f 
and SRT a side of another similar polygon described about the circle ; and 
from the centre E let the perpendicular EQR be drawn, bisecting AP and 
ST in Q and R. Then, since AQ Is = |AP == 0 00<^0i5:j(i56, and EA =r 1, 
therefore EQ* = EA* — AQ* rr and consequently its root 

gives EQ = -9999979084; then, because of the parallels AP, ST, it is 
FQ : Ell AP t ST : : the whole Inscribed perimeter : the circum- 
scribed one; that is, as -9999979064 : 1 :: 6 2831788 : 6-2831920 the 
perimeter of the circumscribed polygon. But the circumference of the 
circle beijpg greater than the perimeter of the inner polygon, and less than 
that of the outer, it must consequently be greater than 5-2831788, 

but less than 6-2831920, 

and must therefore be nearly equal } their sum, or 6.28318.54, which in fact la true to the last 
figtire, which should be a 3 instead of the 4. 

Hence, the circumference being 6*2831854 when the diameter is 2, it will be the half of that, or 
3-1415927, when the diameter is 1, to which the’rstlo in the rule, via. 1 to 31416 Is very near. Also 
the other rati-j in the rule 7 to 22 or 1 to 31 = 3’1428, &c., is another near approxiroubou. 

* It having been found, in the demonstration of the foregoing problem, that when the radius of a 
circle Is 1, the length of the whole circumference is 6-2831854, which consists of 360 degrees j there, 
fore, as 360“ ; 6-2931854 : 1® : -01746, &c., the length of the arc of 1 degree. Hence, the number 
*01745, multiplied by any number of degrees, will give the length of the arc of those degrees. And, 
because tlie circumfereoces, and arcs, are as the diameters, or radii of the circles ; therefore, as the 
radius I is to any other radius r, so is the length of the arc above mentioned to r X *01745 X degrees 
in the arc, which is the length of that arc as in the rule. 

f ' This first rule is proved in the Geometry. Theor. 94. 

And the second rule is deduced from the first in this manner : It appears by the demonstradon of 
Problem 7, that when the diameter of a circle is I, its circumference is 314159-^7, or nearly 31416 ; 
then, by the first rule, 1 X3-1416-~4 = *78^ which is therefore the area of the circle whose 
diameter is L But the areas of different circles are to each other as the square of their diameters, by 
Geometry, Theor. 93 j therefore, as 1* t rf* ;; >7354 : -7854 d*, the area of the circle whose diameter 
is d, as iu the second rale. ^ 




Oh^ P//AKEa 517 

Fx. 2. — To find t!ie area of a cii*cIo, ^hose diameter is 7, and circumfei- 
enc^ 22. Ans. 38 

Fx. 3. — How many s.|uare yards are in a mrdo, whose diameter is 3J feet? 

Ans. 1*069, 


• PAOULEni X, 

To firid the area of a circular ring, or space included between two concentric 

circles* 

Take the difference betAveen the areas of tlie two circles, as found by the last 
problem — Or, which is the same tiling, subtract the squiore of the less diameter 
from the squai-e of the greater, and multiply their, difference ♦^y *7804. — Or, 
lastly, multiply the sum of the diameters by the difference of the same, and 
that product by *'/854; which is still the same thing, because the product of the 
sum and difference of any two quantities, is equal to the difference of their 
squares. 

Kx. 1. — Tlie diameters of two concentnc circles being 10 and 6, required the 
area of the ring contained between their circumferences. 

Here, 10 -f 6 = 16 the sum, and 10 — 6 = 4 the difference. 

Therefore, *7854 X 16X4 = *7854 X 64 = 50-2656, the area. 

Ex. 2. — What is the area of the ring, the diameters of whose bounding cir- 
cles are 10 and 20 ? Ans. 235*62. 


PAOBLKVl XI. 


To find the area of the sector of a circle. 


Rule i. — Multiply the radius, or half the diameter, by half the arc of the 
sector, for the area. Or, multiply the whole diameter by the whole arc of the 
sector, cand take \ of the product. The reason ol which is tlie same as for the 
first rule to problem 9. 

Rule ii As 360 is to the degrees in the arc of the sector, so is the area of 

the wliole circle, to the area of the sector. 

This is evident, because the sector is proportional to the length of the arc, or 
to the degrees contained in it. 

Ex. 1 To find the area of a circular sector, whose arc contains 18 dearrees* 

the diameter being 3 feet. 

1. — 15y the 1st Rule. 

First, 3*1416 X 3 = 9*4248, the circumfei^nce. 

And 360 : 18 : : 9-4248 : *47124, the length of the arc. 

Then, *47124 X 3 ~ 4 = *11781 X 3 = -35343, the area. 


2. — By the 2d Rule, 

First, -7854 X 3‘ = 7*0686, the area of the whole circle. 
Then, as 360 .* 18 : : 7*0686 : -35343, the area of the sector. 


Ex. 2.— To find the area of a sector, whose radius is 10, and arc 20. 

Ans. 100. 


Ex. 3.— Required tlie area of a sector, whose radius is 25, and its arc contain- 
ing 147» 29*. ^ * 


PBOBLEM VL 

2'o find the area of a segment of a circle* 

Rule i Find the area of the sector having ihe siiiue arc with the segment 

Uie last problem. 
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r iiid also the area of the triangle, formed by the chord of the segment and 
the two radii of the sector. 

Then take the sum of these two for the answer, ^vlien the segment is greater 
than a semicircle : or take their difference for the answer, when it is less tiian 
a semicircle. — As is evident by inspection. ^ 

Ex. 1. — To find the area of the segment ACBDA, its chord AB being 12, 
and the radius AE or CE 10. 

Firs(^ As AE : AD ; : sin. angle D 90® ; sin. Sfi® 52'^ 

=r 36*87 degrees, the degrees in the angle AEG or ai’C 
AC. Their double, 73*74, are the degrees in the whole 
arc ACB. < 

Now, *7854 X 400 = 314*16, the area of the whole 
circle, 

Therefore, 360® : 73*74 : : 314*16 : 64*3504, area of the 
whole sector ACBE. 

Again, v^AE?. — AD^ == v/ 100 — 36 = ^64 = 8 = DE. 

Therefore, AD X UE = 6 X 8 =r 48, the area of the triangle AEB. 

Hence, sector ACBE — triangle AEB = 16*3504, area of scg. ACBDA. 

Rule ii. — Divide the height of the segment by the diameter, and find the 
quotient in the column of heights in ilie following tablet: — Take out the corres- 
ponding area in the next column on the right hand ; and luulLiply it by the 
square of the circle’s diameter, for the area of the segment. 

2>^ote . — ^Whcn the quotient is not found exactly in the table, proportion 
may be made between the next less and greater area, in the same manner as is 
done for logarithms, or any other tabla» 

TABLE OF THE AiiEASOF OIROULAR SEGMEN I S. 



Height 

Area of 
the segment. 

Height 

Area of 
the segment 

Height 

*s 

ll 

2. 

Height. 

Area of 
the segment 

Height 

Area of 
the segment 

•01 

•00133 

•11 

•04701 

•21 

•11990 

•31 

•20738 

•41 

30319 

•02 

00375 

•12 

•05^39 

22 

•12811 

•32 

•21667 

•42 

31304 

*03 

•00687 

•13 

•06000 

•23 

•13646 

•33 

22603 

•43 

■32293 

•64 

■01054 

14 

•06683 

24 

14494 

34 

•23547 

•44 

•33284 

•05 

•01468 

16 

•07387 

•25 

15354 

35 

24498 

•45 

■34278 

•06 

01924 

•16 

08111 

26 

16226 

36^ 

25455 

•46 

36274 

•07 

•02417 

•17 

•08853 

I -27 

17109 

37 

20418 

•47 

‘30272 

•08 

02944 

*18 

•09(>13 

! -28 

•18002 

•38 

27386 

•48 

•37270 

•09 

03502 

•19 

•10390 

1 -29 

'18906 

•39 

•28359 1 

•49 

•38270 

•10 

•04088 

•20 

.*11182 

11 -30 

19817 

1 -40 

29337 ' 

•30 1 

•39270 


Ex. 2. — Taking the same example as before, in which are given the chord 
AB 12, and the radius 10, or diameter 20. 

And having found, as above, DE =: 8; then CE — DE = CD =r 10 — 8 
% Hence, by the rule, CD -f- CF = 2 20 = *1, the tabular height. 


* The truth of this rule depends on the prfnciple of similar plane fig^ures, which are to one anothei 
•8 the square of their like linear diraensioiis. The segments in the table are those of a circle whose 
diameter is 1 ; and the first column contains the corresponding heights or versed sines divided by the 
diameter. Thus then, the area of fne similar segment, taken from the table, and multiplied by the 
square af the diameter, gives the area of the segment to tliia diameter. 
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Tbib Icing found in the first column of tlie table, the correspoiidiug taljular area 
is *04088. Then *04088 X = *04088 X 400 = 16*35‘i?, the area, nearly 
the same as before. 

Ex. 3. — What is the area of the segment, whose height is 18, and diaineier 
of ^e circle 50 ? Ans. 636*375. 

Ex. 4. — Kequired the area of the segment whose chord is 16, tlie diameter 
being 20 ? Ans. 44*7292. 


PROBLEM Xlll. 

To measure long irregular figures, ^ 

Take or measure the breadth in several places at equal distances; then 
add all these bifiadths together, and divide the sum by the number of them, for 
the mean breadth ; which multiply by the length for the area. • 

Note 1. — ^Take half the sum of the extreme breadtlis for one of the said 
breadths. 

Note 2. — If the perpendiculars or breadths be not at equal distances, compute 
all the parts separately, as so many trapezoids, and add them all together for 
the whole areJL 

Or else, add all the perpendicjular breadths together, and divide their sum by 
the number of them for the mean breadth, to multiply by th# length ; which 
will give the whole area, not far from the truth. 

Ex. 1. — The breadths of an irregular figure, at five equidistant places, being 
8.2, 7.4, 9.2, 10.2, 8.6 ; and the whole length 39 : required tlic area? 

P7rst, (8*2 -f- 8*6) 2 8*4, the mean of the two extremes. 

Then, 8-4 -f- 7*4 -f- 9*2 -f- 10*2 = 35*2, sum of breadths. 

And, 35*2 ~ 4 n 8*8, the mean breadtli. 

Hence, 8*8 X 39 = 343*2, tlie answer. 

Ex. 2 — The length of an irregular figure being 81, and the breadths at six 
equidistant places 17*4, 20*6, 14*2, 16*5, 20*1, 24*4; what is the area? 

Ans. 1550*64. 


% This rule is made out as follows ; Let ABCD be the irre- 
gular pitjco } having the several breadths A 1), EF, IK, BC, 
at the equal distanees AE, FJG, GI, ip. I.et the several 
breadtlH in order be denoted by the corresponding h*Uers «, 6, 
tf, d, e, and the whole length AB by then compuiothe areas 
of the parts into which the figure is divided by the perpendi- 
culars, as so many trapezoids by Problem 3, and add them all 
together. Thus, the sum of the parts is, 



g 4* 6 


ft 4- c 

X AE 4- - y X EG + 


c + d 


X Gl 4- 




X IB 


= il +‘4' X i! + 4-" X i/ + 4-* X if 

= (|a 4- ft 4* 0 -l- X = (»» 4* ^ 4* ® + '^) 



B 


>»rhich is the whole area, agreeing with the rule j m being the arithmetic mean between the q^tremes 
and 4 the number of the parts. And the same for any other number of parts, ^ 
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MENSUBAliOiv 


MENSURATION OF SOLlUS.^ 


By the Mensuration of Solids are determined the spaces included by conti* 
guous surfaces, and the sum of the measures of tliese including surfaces, is the 
whole surface or superficies of the body. 

The measur^ of a solid, is called its solidity, capacity, or content. 

Solids are measured by cubes, whose sides are inches, or feet, or yards, 

And hence the solidity of a body is said to be so many cubic indies, feet, yards, 
&c., as will fill its cfipacity or space, or another of equal magiiitude. 

The least solid measure is the cubic inch, other cubes being taken from it 
according to the proportion in the following table ; 

Table of Cubic or Solid Measures* 


1728 cubic inches nmke 1 cubic foot 

27 cubic feet make I cubic yard 

166J cubic yards iiuike 1 cubic pole 

64000 cubic poles malie 1 cubic furlong 

512 cubic furlongs make 1 cubic mile. 


PROBLEM L 

To find the superficies of a prism. 

Multiply the perimeter of one end of the prism by the length or height of 
the solic^ and the product will be tfie surface of all its sides. To u liich, add 
also the ai-ea‘ of tlie two ends of the prism, when required, f 

Or, compute the areas of all the sides and ends separately, and add them all 
together. 

Ex. 1 To find the sui’face of a cube, the length of each side being 20 feet. 

Ans. 2400 feet. 

Ex. 2. — To find the whole surface of a triangular prism, whose length is 20 
feet, and each side of its end or base 18 inches. Ans. 91*948 feet. 

Ex. 3.— To find the convex surface of a round prism, or cylinder, whose 
length is 20 feet, and diameter of its base is 2 feet. Ans. 125*664. 

Ex. 4. — ^What must be paid for lining a rectangular cistern with lead, at 2<i. 
a pound weight, tlie thickness of the lead being such as to weigh 7 lb. for each 
square foot of surface ; the inside dimensions of the cistern being as follow, viz. 
the length S feet 2 inches, the breadth 2 feet 8 inches, and deptii 2 feet 6 
inches? Ans. £2.3s,l0^d. 


* Before perusing- this chapter the student must make himself master of the treatise on the 
“ Geometry of Solids,” which immediately follow's the “ Geometry of Plane*.” The principle upon 
which the rules are founded are explained in tl.e Differential Calculus. 

t The truth of this will easily appear, by comUderingp that tiie sides of any prism are parallelograms, 
whose common length is the same as the length of the solid, and their bieadths taken ail togeihei 
make up the perimeter of the ends of tile same. 

/tnu the njle le evidentlv the same for tlie surface of a cylinder. 
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pboblem il 

To find the surface of a pyramid or cone, 

IVJttlt-ply the perimeter of the base^by the slant height, or length of the side, 
and half the product will evidently be the surface of the sides, or the sum of the 
areas of all tne triangles which form it To which, add the area of me end or 
base, if requisite. 

Ex. 1. — What is the upright surface of a triangular pyramid, the slant height 
being 20 feet, and each side of the base 3 feet ? Ans. 90 feet. 

Ex. 2. — Required the convex surface of a cone, or circular* pyramid, the 
slant height being 50 feet, and the diameter of its base 8^ feet Ans. 657.59. 

PROBLEM lU. 

To find the surface of the ft'ustum of a pyramid or cone ; being the lower party 
when the top is cut off by a plane parallel to the base. 

Add together the perimeters of the two ends, and multiply their sura by the 
slant height, taking half the product for the answer. — As is evident, because the 
bides of the solid are trapezoids, having the opposite sides parallel. 

Ex. 1. — How many square feet are in the surface of the frustum of a square 
pyramid, whose slant height is 10 feet; also, each side of the base or greater 
end being 3 feet 4 inches, and each side of the less end 2 feet 2 inches? 

Ans. 1 1 0 feet. 

Ex. 2. — To find the convex surface of the frustum of a cone, the slant 
height of the frustum being 12^ feet, and tlie circumferences of the two ends 
6 and 8*4. . Ans. 90 feet. 

PROBLEM JV 

To find the solid content of any prism or cylinder. 

Find the area of the base, or end, v\Imtever the figure of it may be ; and 
multiply it by the length of the prism or cylinder, for the solid content. 

Ex. 1 To find the solid content of a cube, whose side is 24 inches. 

Ans. 13824. 

Ex. 2. — How' many cubic feet are in a block of marble, its length being 3 
feet 2 inches, breadth 2 feet 8 inches, and thickness 2 feet 6 inches ? 

Ans. 21 ^ 

Ex, 3. How many gallons of water will the cistern contain, whose dimen- 

sions are the same as in the last example, when 277’274 cubic inches are con- 
tained in one gallon ? . Ans. 131*566. 

Ex. 4. — Required the solidity of a triangular prism, whose length is 10 feet, 
and the three sides of its triangular end or base, are 3, 4, 5 feet. Ans. 60. 

Ex. 5, — Required the content of a round pillar, or cylinder, whose lengtli is 
20 feet, and cii’cumference 5 feet 6 inches. Ans. 48*1459. 

PROBLEM V. 

To find the content of any pyramid or cone. 

Find the area of the base, and multiply that area by the petpendinileT 
height; then take 4 of the T)roduct for the content. 
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Ex. 1. — Required the solidity of the square pyramid, each side of its base 
being 30, and its perpendicular height 25. Ans. 7500. 

Ex. 2. — To find the content of a triangular pyramid, whose perpendicular 
height is 30, and each side of the base 3. Ans. 38*97117. 

Ex. 3. — To find the content of a triangular pyramid, its height being 14 feet 
6 inches, and the three sides of its base 5, 6, 7. Ans. 71*0552. 

Ex. 4. — ^What is the content of a pentagonal pyramid, its height being 12 
feet, and each side of its base 2 feet ? Ans. 27*5276. 

Ex. 5. — What is tlie content of the hexagonal pyramid, whose height is 6*4, 
and each side of its base 6 inches ? Ans. 1 *38564 feet. 

Ex. 6. — Required the content of a cone, its height being lOJ feet, and the 
circumference of its base 9 feet. Ans. 22 •56093- 


problem VL 

I'ojifid the solidity of the frustum of a cone or pyramid. 

Add into one sum, the areas of the Uvo ends, and the mean proportional be- 
tween them, or the square root of their product; and ^ of that sum will be a 
mean area; which, being multiplied by the perpendicular height or length of 
the frustum, will give its content. 

Ex. 1 — To find the number of solid feet in a piece of timber, whose b«nscs 
are squares, each side of the greater end being 15 inches, and each .side of the 
less end 6 inches; also, the length or perpendicular altitude ?4 feet? 

Ans. 194. 

Ex. 2. — Required the content of a pentagonal fii*ustum, whose height is 5 
feet, each side of the base 18 inches, and each side of the top or less end 6 
inches. . Ans. 9*31925 feet 

Ex. 3. — To find the content of a conic frustum, the altitude being 18, the 
greatest diameter 8, and the least diameter 4. Ans- 527*7888. 

Ex. 4. — ^What is the solidity of the frustum of a cone, the altitude being 25, 
also the circumference at the greater end being 20, and at the less end 10 ? 

Alls. 464*216. 

Ex. 5.^ — If a cask, which is two equal conic frustums joined together at the 
bases, have its hung diameter 28 inches, the head diameter 20 inches, and 
length 40 inches ; how many gallons of wine will it hold ? Ans. 79*0613. 


PROBLEM vu. 

To find the surface of a sphere^ or any segment. 

Rule i. — ^M ultiply the circumference of the sphere by its diameter, and the 
product will be the whole surface of it. 

Rule u. — Multiply the square of the diameter by 3*1416, and the product 
will be the surface. 

JiJote , — For the surface of a segment or frustum, multiply the whole circum- 
ference by the height of the part required. 

Ex. 1. — Required the convex svperficies of a sphere, whose diameter is 7, 
and circumference 22. Ans. 154. 

Ex. 2.— Required the supc^rficies of a globe, whose diameter is *24 inches. 

Ans. 1809*5616. 
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Ex. 3.— Required the area of the whole surface of the earth, its diameter be- 
ing 7957 J miles, and its circumference 25000 miles. 

Ans. 198943750 sq. miles. 

Ex. 4, — The axis of a sphere being 42 inches, what is tlie convex superficies 
of the ^gment, whose height is 9 inches ? Ans. 1187*5248 inches. 

Ex. 5 — Required the convex surface of a spherical zone, whose breadth or 
fleight is 2 feet, and cut from a sphere of 12^ feet diameter. Ans. 78*54 feet. 


PROBLEM VUL 

To find the solidity of a sphere or Glohe^ 

Rule i. — Multiply the surface by the diameter, and take i of the product 
for the content. 

Rule ii — Multiply the cube of the diameter by the decimal *5236, for the 
content. 

Ex. 1 ^To find the content of a sphere whose axis is 12. Ans. 904*7808. 

Ex. 2. — To find the solid content of the globe of the earth, supposing its 
cii’cumfererioe to be 25000 miles. Ans, 263,857,437,760 miles. 


PROBLEM 13U 

To find the solid content of a spherical segment 

Rule i. — From three times the diameter of the sphere take double the 
height of the segment; then multiply the remainder by the square of the height 
and the product by the decimal *5236. for the <x>ntent 

Rule ii. — To three times the square of the radius ol the segment's base, 
add the square of its height ; then multiply the sum by the height, and the 
product by '5236, for the content. 

Ex. 1. — To find the content of a spherical segment, of 2 feet in height, cut 
from a sphere of 8 feet in diameter. Ans. 41*888. 

Ex. 2. — What is the solidity of the segment of a sphere, its height being 9, 
and the diameter of its base 20 ? Ans. 1795*4244. 

J^^ote , — The general rules for measuring all sorts of figures having been now 
delivered, we may next proceed to apply them to the several practical uses in 
life, os follows. 
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SECTION L 

DESCRIPTION AND USE OF THE INSTRUMENT& 

€ 

1. — OP THE CHAIN. 

Laud is measured with a chain, called Gunter’s Chain, from its inventor, of 4 
poles or 22 yards, or 66 feet in length. It consists of 100 equal links ; and the 
length of each link is therefore of a yard, or of a foot, or 7*92 indies. 

Land is estimated in acres, roods, and perches. An acre is equal to 10 
sguare chains, that is, 10 chains in length and one chain in breadth. Or it is 
220 X 22 = 4840 square yards. Or it is 40 X 4 = 160 square poles. Or it 
is 1000 X 100 = 1,000,000 square links. These being all the same quantity. 

Also, an acre is divided into four parts called roods, and a rood into 40 parts 
called perches, Avhich are square potes, or the square of a pole of 5^^ yards long, 
or the square of ^ of a chain, or of 25 links, which is 625 square links. So that 
the divisions of land measure will be thus: 

625 square linl« =: 1 pol^ or perch, 

40 perches = 1 rood, 

4 roods = 1 aci*e. 

The length of lines, measured with a chain, are best set down in links as 
integers, every chain in length being 100 links; and not in chains and deci- 
mals. Therefore, after the cx)ntent is found, it will be in square links ; then 
cut off live of the figures on the right hand for decimals, and the rest will be 
acres. These decimals are then nuilliplied by 4 for roods, and the decimals of 
these again by 40 for perches. 

Exam. — »S uppose the leiiglli <»!' a rectangular piece of ground bo 792 links, 
and its breadth 385 : to tiud the area in acres, roods, and perches. 


792 

304920 

385 

4 

3960 

•19680 

6336 

40 

2376 

7-87200 

3-04920 



Alls- 3 acres, 0 roods, 7 perches. 

2. — OF THE PLAIN TABLE. 

This instrument consists of a plain rectangular board, of any convenient size 
the centre of which, w'heii used, is fixed by means of screws to a three-legged 
stand, having a ball and socket, or other joint, at the top, by means of which, 
when the legs are fixed on the ground, the table is indined in any direction- 
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To the table belong^ varioiw parts, as follow ; 

1. A frame of wood, made to fit round its edges, and to be taken off, for the 
convenience of putting a sheet of paper upon the table. The one side of this 
frame is usually divided into equal parts, for drawing lines across the table, 
parallel or perpendicular to the sides ; and the other side of the frame is 
divided into 360 degrees from a centre which is in the middle of the table ; by 
means of which the table is to be used as a theodolilo, &c. 

% A needle and compass screwed into the side of the table, to point out the 
directions, and to be a check upon the sights. 

3, An index, which is a brass two-foot scale, with either a small |elescope, or 
open sights erected perpendicularly upon the ends. These sights and one edge 
of the index, are in the same plane, and that edge is called the fiducial edge 
of the index. 

To use this instrument, take a sheet of paper which will cover it, and wet it 
to make it expand •, then spread it flat upon the table, pressing down the frame 
upon the edges, to stretch it and keep it fixed there; and >vhen the paper is 
become dry, it will, by contra<;ting again, stretch itself smooth and flat from 
any cramps and unevenness. On this paper is to be drawn the plan or form of 
the thing measured. 

Then, begin at any part of the ground the most proper, and make a point on 
a convenient part of the paper or table, to represent that point of the ground; 
then fix in that point one leg of the compasses, or a fine steel pin, and apply to 
it the fiducial edge of the index, moving it round till through the sights you 
perceive some remarkable object, as the corner of a field, &c. ; and from the 
station point draw a line with the point of the compasses along the fiducial 
edge of the index ; then set another object or corner, and draw its line ; do the 
same by another, and so on, till as many objects are set as may be thought 
lit, 'Ihen m(3asure from the station, towards as many of the objects as may be 
necessary, and no more, taking the requisite offsets to corners or crooks in the 
hedges, laying the measures down on their respective lines on the table. Then, 
at any convenient place, measured to, fix the table in the same position, and 
set the objects which appear from thence, &c. as before ; and thus continue till 
the work is finished, measuring such lines as are necessary, and determining as 
many as may be, by intersecting lines of direction drawn from different stations. 


OF SHIFTING THE PAPER ON THE PLAIN TABLE. 

When one paper is full, and you have occasion for more ; draw a line in any 
manner through the farthest point of the last station line, to which the work 
can be conveniently laid down ; then take the sheet off the table, and fix. 
another on, drawing a line upon it, in a part the most convenient for the rest of 
the work ; then fold or cut the old sheet by the line drawn on it, applying the 
edge to the line on the new sheet, and as they lie in that position, continue the 
last station line on the new paper, placing on it the rest of the measure, begin- 
ning at where the old sheet left off. And so on from sheet to sheet. 

When the work is done, and you would fasten «ll the sheets together into one 
piece, or rough plan, the aforesaid lines are to be accurately joined tog^her, in 
the same manner as when the lines were trafcsferred from the old sheets to the 
new ones. 

But it is to be noted, that if the said joining linQ^, on the old and new sheets 
have not the same iuciination to the side of the* table, the needle will not point 
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to the original degree when the table is rectified ; and if the needle be required 
to respect still the same degree of compass, the easiest way of drawing the lines 
in the same position, is to draw them both parallel to the same sides of the table, 
by means of the equal divisions marked on the other two sides, 

I) 


3. OF THE THEODOLITE. 

The theodolite is a brazen circular ring, divided into 360 degrees, and hav- 
ing an index with sights, or a telescope, placed on the centre, about which the 
index is moveable ; also a compass fixed to the centre, to point out courses and 
check the sights ; the whole being fixed by the centre on a stand of a conve* 
nient height for use. 

In using this instrument, an exact account, or field-book, of all measures and 
things necessary to be remarked in the plan, must be kept, from Avhich to make 
out the plan on returning home from the ground. 

llegin at such part of the ground, and measure in such directions, as you 
judge most convenient ; taking angles or directions to objects, and measuring 
such distances as appear necessary, under the same restrictions as in the use of 
the plain table. And it is safest to fix the theodolite in the original position at 
every station, by means of fore and back objects, and the compass, exactly as 
in using the plain table ; registering the number of degrees cut off* by the index 
when directed to each object ; and, at any station, placing the index at the 
same degree as when the direction towards that station was taken from the last 
preceding one, to fix the theodolite there in the original position. 

TThe best method of laying down the aforesaid linos of direction, is to de- 
scribe a pretty large circle ; then quarter it, and lay on it the several numbers 
of degrees cut off by the index in each dire<;tion, and drawing lines from the 
centre to all these marked points in the circle. Then, by means of a parallel 
ruler, draw, from station to station, lines parallel to the aforesaid lines drawn 
from the centre to the respective points in the circumference. 


4. OF IHE CROSS. 

The cross consists of two pair of sights set at right angles to each other, upon 
a staff having a sharp point at the bottom to stick in the ground. 

The cross is very useful to measure small and crooked pieces of ground. 
The method is to measure a base or chief line, usually in the longest direction 
of the piece, from comer to corner ; and while measuring it, finding the places 
where perpendiculars would fall on this line, from the several (‘orners and 
.bends in the boundary of the pie(», with the cross, by fixing it, by trials, on 
such parts of Uie line, so that through one pair of the sights both ends of the 
line may appear, and through ♦^^ne other pair you can perceive the correspond- 
ing bends or corners: and then measuring the lengths of the said perpendi- 
culars. 


RRMARKS. 

Besides tlie fore-mentioned instruments, ivhich are most commonly used, 
there are some others ; as the circumferentor, which resembles the theo^lite in 
shape and use ; and the seinjcircle, for taking angles, &c. 

'riie perambulator is used for measuring roads, and other great distances mi 
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level ground, and by the sides of rivers. It has a wheel of feet, or half a 
pole in circumference, upon which the machine turns ; and the distance mea- 
sured, is pointed out by an index, which is moved round by clock-work. 

Ijevels, with telescopic or other sights, are used to find the level between 
place fnd place, or how much one place is higher or lower than another. And 
in measuring any sloping or oblique line, either ascending or descending, a 
Binall pocket level is useful for showing how many links for each chain are to 
be deducted, to reduce the' line to the true horizontal length. 

An ofi'set staff is a very useful and necessary instrument for measuring the 
offsets and other short distances. It is 10 linlts in length, being divided and 
marked at each of the 10 links. ^ 

Ten small arrows, or rods of iron or wood, are used to mark the end of every 
chain length in measuring lines. And sometimes pickets, or staves with flags, 
are set up as marks or objects of direction. 

Various scales twe also used in protracting and measuring on the plan or 
paper; such as plane scales, line of chords, protractor, compasses, reducing 
scale, parallel and perpendicular rules, &c. Of plane scales, there should bo 
several sizes, as a chain in 1 inch, a chain in J of an inch, a chain in J an inch, 
kc. And of these, the best for use are those that are laid on the very edges of 
the ivory scale, to prick off distances by, witbout compasses. 


6. — OF THE FIELD-BOOK. 

In surveying with the plane table, a field-book is not used, as every thing is 
drawn on the table immediately when it is measured. But in surveying with 
the theodolite, or any other instrument, some sort of a field-book must be used, 
to write down in it a register or account of all that is done and occurs relative 
to the survey in hand. 

This book every one contrives and rules as he thinks fittest for himself. The 
following is a specimen of a form which lias been formerly used. It is ruled 
into d columns: the middle, or principal column, is for the stations, angles, 
bearings, distances measured, &c. ; and those on the right and left are for the 
offsets on the right and left, which are set against their corresponding distances 
in the middle column ; as idso for such remarks as may occur, and may be pro- 
per to note in drawing the plan, &c. 

Hero O 1 is the first station, where the angle or bearing is 105® 25'. On the 
left, at 73 links in the distances or principal line, is iin offset of 92 ; and at 610 
an offset of 24 to a cross hedge. On the right, at 0, or the beginning, an offset 
25 to the corner of the field ; at 24*8 Brown’s boundary hedge commences ; at 
610 an offset 35 ; and at 954, the end of the first line, the 0 denotes its termi- 
nating in the hedge. And so on for the other stations. 

A line is drawn under the work, at the end of every station line, to prevent 
confusion. 
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FOIiM OP THIS FIELD-BOOK. 


Offsets and Hemarks 
on the left. 

Stations, Bear- 
ings, 

and Distances. 

Offsets and Remarks 
on the right. 

92 

Cross a hedge, 24 

0 

O 1 

105® 25' 

00 

73 

248 

610 

954 

25, corner. 

Brown’s hedge. 

35 

00 

House comer, 51 

34 

O 2 

63« 10^ 

00 

25 

120 

734 

00 

21 

29, a tree. 

40, a style. 

A brook, 30 

Foot path, 16 

Cross hedge, 18 

03 

67® 20/ 

61 

248 

639 

810 

973 

35 

16, a spring. 

20, a pond. 


But some skilful surveyors now make use of a different method for the field 
book, namely beginning at the bottom of the page and writing upwards; by 
which they sketch a neat boundary on eittier hand, as they pass along ; an ex- 
ample of which will be given farther on, in the method of surveying a large 
estate. 

In smaller surveys and measurement, a good way of setting down the work^ 
is, to draw by the eye, on a piece of paper, a figure resembling that which is 
to be measured j and so writing the dimensions, as they are found, against the 
corresponding parts of the figure. And this method may be practised to a con- 
siderable extent, even in the larger surveys. 


SECTION 11. 

THE practice OF SURVEYING. 

This part contains the several works proper to be done in the field, or the 
ways of measuring by alLthe instruments, and in all situations. 

PROBLEM I. 

To measure a line or distance. 

To measure a line on the ground with the chain : Having provided a chain, 
with ten small arrows, or rods, to stiftk one into the ground, as a mark, at the end 
of every chain ; two persons take hold of the chain, one at each end of it ; and 
all the ten arrows are takem by one of them, who goes foremost, and is caljed 
the loader^ the other being called the follower, for distinction’s sake. 
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A. picket, or station-sin fF, being* set up in the direction of the line to be 
measured, if there do not appear some marks xiatui’tilly in that' direction ; they 
measure straight towards it, the leader fixing down can arrow at the end ot every 
chain, whidi the follower always takes up, till all the ten airows are used. 
/I'he^are then. all returned to the leader, to use over agcain. And thus the arrcnvs 
are Ranged from the one to the other at every ten chains’ length, till the whole 
line is finished; then the number of changes of the arrows shows the number of 
tens, to which the follower adds the arrows he holds in his hand, and the num- 
ber ol links of anotlier chain over to the mark or end of the line. So, if there 
have been three changes of the aiTows, and the follower hold six arrows, and the 
end of the line cut off -lo links more, the whole length of the linens set do wn in 
links thus, 3G45. 

When the ground is on a declivity, ascending or descending ; at every chain 
length, lay the offset staff, or link-stjiff down in the slope of the chain, upon 
which lay the small pocket level, to show how many links or parts the slope line 
is longer than the ti’ue level one; tlien draw the chain forward so many links 
or parts, which reduces the line to the horizontal direction. 

PROBLEM II. 

To take angles and hearings 

Let B and C be two objects, or two pickets set up 
perpendicular, and let it be reipiired to kike tbeir 
bearings, or the angle formed between them at any 
station A« 

1, WITH THE PLAIN TABLE, 

Tile table being covered witb a paper, and fixed on its stand ; plant it cat the 
station A, and fix a fine pin, or a point of the compasses, in a proper point of 
the paper, to represent the point A: close by the side of this pin lay the fiducial 
edge of the index, and turn it about, still touching the pin, till one object B 
«taii be seen througli the sights: then by the fiducial edge of the index draw a 
line ; in the very same niauiier draw another line in the direction of the other 
object C. And it is done. 

2. WITH THE THEODOLITE, &C, 

Direct the fixed sights talong one of the lines, as AB, by turning the instru- 
ment about till the mark B is seen through these sights ; and there screw the 
instrument fast Tlieii turn the moveable index about, till through its sighis 
you see the other mark C. Then the degrees cut by the index, u])on the grii- 
ducited limb or ring of the instrument, show the quantity of the angle. 

3, WITH THE MAGNETIC NEEDLE AND COMPASS. 

Turn the instrument, or compass so, that the north end of the needle point 
to the flower‘de-luce. Then direct the sights to one mark, as B, and note the 
degrees cut by the needle. Next direct the sights to the other mark fVaiul 
note again the degrees cut by the needle. Then their sum or difference, as thb 
case is, will give the quantity of the angle BAG. 

4.— BY MEASUREMENT WITH THE CHAIN, &C. 

Measure one chain length, or any other length, along both directions, as to 
B and C; then measure the distance B, C. and* it is done. This is easily trans- 

L L 
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ferred to paper, by making a triangle ACC with these three lengtlis, and men 
measuring the angle A. 


PROBLEM in. 

To measure the offsets, 

Ahiklmn being a crooked hedge, or river, &c. : From A measure in a 
straight direction along the side of it to B. And in nie<isuriiig along this line 
AB, observe when you are opposite any bends or corners of the hedge, as at 
c, d, e, &C. ; ^and from thence measure the perpendicular offsets cA, c//, &c., 
with the offset-staff, if they are not very large, otherwise with the chain itself. 
And tlie work is done. The register, or field-book, may be as follows : 


Offset, lefr. 

Base line A IL 

r 

0 

0 A 

ch 

62 

45 

Ac 

di 

84 

220 

Ad 

ek 

70 

340 

he 

fl 

93 

510 

A/ 

gm 

57 

634 

^9 

B» 

0. 

785 

AB 



mOBLEM IV. 

To Sivmey a triangular field ABC. 

I. — BY THE CHAIN. 

AP 794 

AB 1321 
PC 826 

1' n 

Having set up marks at the cornel’s, which is to be done in all cases where 
there are not marks naturally ; measure with the chain from A to P, where a per- 
pendicular would fall from the angle C, and set up a mark at P, rioting down the 
distance AP. Then complete tlie distance AB by measuring from P to B. 
Having set down this measure, return to P, and measure the perpendicular PC. 
And thus, having the base and perpendicular, the area from them is easily 
found. Or, having the place P of the perpendicular, the triangle is easily con- 
structed. 

Or, measure all the three sides with the chain, and note them down. From 
which the content is easily found, or the figure constructed, 

2. — BY TAKING ONE OE MORE OP THE ANGLES. 

Measure two sides, AB, AC, and the angle A between them. Or measure 
one side AB, and the two adjacent kngles A and B. From either of these ways 
the figure is easily planned ; then by measuring the perpendicular CP on the 
piaa^ and multiplying it by half AB, you have the content. 
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PROBLEM V. 

To measure a four^sided field 

• 


L— BY THK CHAIN. 

AK 

214/ ] 

210 DE 

AP 

362 

306 BF 

AC 

592 




Measure along either of the diagonals, as AC; and either the two perpendi- 
culars DE, BF, a« in the kst problem; or else the sides AB, BC, CD, DA. 
From either of uhich the figure may bo planned and computed as before 


directed. 





OTHERWISE BY THE CHAIN, 

AP 

110 

.352 PC 

AQ 

745 

QL) 

AB 

1110 




Measure on the longest side, tlie distances AP, AQ, AB ; and the perpendi- 
culars PC, QD. 

2. — BY TAKING ONT oR MORK OF THE ANGLl'.S. 

Measure the diagonal AC (see the last fig. but one), and the angles DAB, 
CAD, ACD. Or, measure the four sides, and any one of the angles as ABC. 

Thus, 


AC 

591 

Or thus, 

AB 

486 

CAB 

37« 20 

BC 

394 

CAD 

41 20 

Cl) 

410 

ACB 

72 25 

DA 

462 

ACD 

54 40 

BAD 

78o 35' 


PROllLEM vj. 


To survey any field hy the chain only. 

Having set up marks at the corners, where necessary, of the proposed ’field 
ABCDEFG, walk over the ground, and consider Iiow^ it can best be divided 
in triangles and trapeziums; and measure tliem separately as in the last two 
problems. Thus, the following figure is divided into the two trapeziums 
ABCG, GDEF, and the triangle (iCD. Then, in the first trapezium, beginning 
at A, measure the diagonal ^C, and the two perpendiculars Gw/, Bw. Then, 
The base GC, and the perpendicular l><y. Lastly, llio diagonal 1)F, and tbe^ 
two perpendiculars //F, oG. All wbich incgisures write against the correspond- 
ing parts of a rough figure drawn to resemble the figure to be surveyed, or set 
tbom down in any other form you cluM>se. 

L L 2 
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ms, 


Thus, 


Am 

135 

130 

mG 

An 

410 

180 

nB 

AC 

550 



Cq 

152 

230 

gU 

CG 

440 



Fo 

206 

120 

oG 

Fp 

288 

80 

pK 


FD 520 



OR THUS. 

Measure all the sides AB, BC, CD, DE, EF,. FG, and GA ; and Uie 
diagonals AC, CG, GD, DP 


OTHERWISE. 


Many pieces of land may be very well surveyed, by measuring any base line, 
either within or without them, together with the perpendiculars let fall upon it 
from every corner of them. For they are by those means divided into several 
triangles and trapezoids, all whose parallel sides are perpendicular to the base 
line ; and the sum of these triangles and trapeziums will be equal to the figure 
proposed if the base line fall within it; if not, the sum of the parts which are 
without being taken from the sum of the whole, which are both within and with- 
out, will leave the area of the figure proposed. 

In pieces that are not very large, it will be sufficiently exact to find the 
points, in the base line, where the several perpendiculars will fall, by means ot 
the cross, and from thenc.e measuring to the corners for the lengths of the per- 
pendiculars. — And it will be most convenient to draw the line so as that all the 
perpendiculai’s may fall within the figure. 

Thus, in the following figure, beginning at A, and measuring along the line 
AG 9 the distances and perpendiculars, on the right and left, are as below. 


Ab 

315 

350 

5B 

Ac 

440 

70 

cC 

Ad 

585 

320 

dU 

Ae 

610 

•50 

cE 

A/ 

990 

470 

/F 

AG 1020 1 

0 




To survey 



PROBLEM VIL 


1.— FttOM ONE STATION. 

Plant the table at any angle, as C, from wlience all 
the other angles, or marks set up, caii be seen •, turn 
the table about till the needle point to the flower de- 
liice ; and there screw it fast. Make a point for C 
on the paper on the table, and lay the edge of the 
index to C, turning it about C till through the sights 
yiMi see the mark D ; and by the edge of the index 
draw a dry or obscure line : tlfen measure the distance 
CD, and lay that distance down on the line CD. 


D 
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1 n»n com the aooat the point C, till the mark E be seen through the 

sights, by uhich draw a line, and measure the distance to E, laying it on the 
line from C to E. In like manner determine the positions of CA and CB, by 
turning the ‘sights successively to A and B ; and lay the lengths of those lines 
Then connect the points with the boundaries of the field, by drawing 
the black lines CD, DE, EA, AB, BC. 

2. — FROM A STATION WITHIN THE FIELD. 

When all the other parfs cannot be seen from one 
angle, choose some place 0 within ; or even without, if 
more convenient, from whence the other parts can be 
seen. Plant the table at O, then fix it with the 
needle north, and mark the point O on it. Apply the 
index successively to 0, turning it round with the 
sights to each angle A, B, C, D, E, drawing dry lines 
to them by the edge of the index ; then measuring the 
distances OA, Oil, &c., and laying them down upon 
those lines. Lastly, draw the boundaries AB, BC, CD, DE, EA* 

3. — BY GOING ROUND THE FIGURE. 

When the figure is a wood, or water, or from some other obstruction you 
cannot measure lines across it; begin at any point A, and measure round it, 
either within or without the tigiire, and draw the directions of all the sides thus: 
Plant the table at A, and turn it with the needle to the north or flow^er-de-luce ; 
fix it, and mark the point A. Apply the index to A, turning it till you can see 
the point E, there draw a line ; then the point B, and there draw a line : then 
measure these lines, and lay them down from A to E and B. Next, move the 
table to B, lay the index along the line AB, and turn the table about till you 
can see the mark A, and screw fast the table; in which position also the needle 
will again point to the flower-de-luce, as it will do indeed at every station 
when the table is in the right position. Here turn the index about B till 
through the sights you see the mark C ; there draw a line, measure BC, and 
lay the distance upon that line after you have set down the table at C. Turn 
it then again into its proper position, and in like manner find the next line 
CD, And so on quite round by E to A again, 'llien the proof of the work 
will be the joining at A : for if the work is all right, the last direction EA on 
the ground, will pass exactly through the point A on the paper; and the 
measured distance will also reach exactly to A. If these do not coincide, or 
nearly so, some error has been committed, and the work must be examined 
over agair 


D 



PROBLEM VIII. 

To survey a field with the theodolite^ ^c, 

1. — FROM ONE POINT OR STATION. 

When all the angles can be seen from one point, as the angle C (first fig. to 
last problem), place the instrument at C, and turn it about till, through the 
fixed sights, you see the mark B, and Hhere fix it. Then turn the luoveahlo 
index about till the mark A is seen through the sights, and note the degrees 
cut on the instrument. Next turn the iiidex*successively to E and D, noting 
the degrees cut off at each ; which gives alF the angles BCA, BCE, BCD. 
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Ijistly, measure the lines CB, CA, CE, CD ; .and enter the measures in a field- 
book, or rather against the corresponding parts of a rough figure, drawn by 
guess to resemble the field. 

2. — rilOM A POINT WITHIN OH WITHOUT. 

Plant the instrument at 0 (last fig*}, and turn it about till the fixed ftghts 
point to any object, as A ; and there screw it fast. Then turn the moveable 
index round till the siglits point successively to the other points E, D, C, B 
noti'.g the degrees cut off at each of them; which gives all the angles roun*. 
tlie point O. Lastly, measure the tlistaiices OA, OB, 00, OD, OE, noting’ 
tliom down as before, and tlie work is done, 
f 

3. — BY GOING HOUND TilK FIELD. 

By measuring round, either witiiin or without the 
field, proceed tlmj|p Having set up marks at B, 0, &c, 
near the corners as usual, plant tlu instrument at any 
point A, and turn it till the fixed index be in the 
dired'on AB, and there screw it fast: then turn the 
moveable index to tlie direction AF ; and the degrees 
cut off will be the angle A. Pleasure the line AB, 
and plant the instrument at B, and there in the same 
manner observe the angle B. Then measure BC, and 
observe the angle C. Then measure the distance CD, 
and take the angle D. Then measure DE, and take the angle R Then 
measure EF, and take the angle F. And, lastly, measure the distance F A. 

To prove the work : add all the inward angles A, B, C, &c., together ; fa 
when the work is right, their sum will be equjil to twice as many right angles 
as the figure has sides, wanting four right angles. But when there is an angle, 
as F, that bends inwards, and you measure the external angle, which is less 
than two right angles, subtract it from four right angles, or 300 degrees, to 
give the internal angle greater than a bemicircle, or 180 degrees. 

OTIIEHWISE. 

Instead of observing the internal angles, you may take the external angles, 
formed without the figure by producing the sides further out. And in this case 
when the work is right, their sum altogetiier will be e(pial to 360 degrees. 
But when one of them, as F, runs iiiwanis, subtract it from the sum of the rest, 
to leave 360 degrees. 

PItOiD-LM iX. 

2b suivey a Jield with crooked hedges; §*c. 

With any of the instruments, measure the 
lengths and positions of imaginary lines run- 
ning as near the sides of the field as you can ; 
and, ill going along them, measure the 
offsets in the manner before taught ; then 
you will have the plan on the paper in using 
the plain table, drawing the crooked hedges 
tlirough the ends of the offsets ; but in sur- 
veying with the theodolite, or other instrument, set down the measures properljf 
in a field-book, or memorandum-book, and plan them after returning from the 
field, by laying down all the lines and angles. 

So in surveying the piece XBCDE, set up marks o, 5*',^Xdividing it into 
as few sidfes as may be. Then begin at any station a, an^ineasure the lines 
ab, be, zd, da, taking theii- positions, or the angles a, b, c. d\ and, in going 
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along the lines, measure all the offsets, as at m, n, o, p, &a, along every 
jtiUion line. 

And this is done either within the field, or 
without, os may be most convenient. When 
thorj^ are obstructions within, as wood, water, 
liiils, &C., tlien measure without, as in the 
figure here given. 

PROBLEM X. 

survey a Jield^ or any other thing^ hy two stations^ 

This is performed by choosing two stations, from whence all the marks and 
objects can be seen ; then nteasuriug the distance between the ttalions, and at 
eiich station taking the angles formed by every object, from the station line or 
distance. 

The two stations may be token either within 
the bounds, or in one of the sides, or in the 
direction of two of the objects, or quite at a 
distance and without the bounds of the objects 
or part to be surve}ed. 

In this manner, not only grounds may be 
surveyed, without even entering them, but a 
map may be taken of the principal parts of a 
county, or the chief places of a to\vn, or any part of a river or coast surveyed, 
or any other inaccessible objects; by taking two stations, on two towers, or* 
two hills, or sucli like. 

PROBLEM XL 

To survey a large estate. 

If the estate be very large, and contain a great number of fields, it cannot 
v\cll be done by surveying all the fields singly, and then putting them together; 
nor can it be done by taking all the angles and boundaries that inclose it. 
For in these cases, any small errors will be so multiplied, as to render it very 
much distorted. 

1. Walk over the estate two or three times, in order to get a perfect idea of 
it, and till you can carry the map of it tolerably well in your head. And to 
help your memory, draw an eye draught of it on paper or at least of the prin- 
cipal parts of it, to guide you; setting the names within the fields in that 
draught. 

2. Choose two or more eminent places in the estate, for stations, from whence 
all the principal parts of it can be seen ; and let these stations be as far distant 
from one another as possible. 

3. Take such angles, between the stations, as you think necessary, and 
measure the distances from station to station always in a right line : these things 
must be done till you get as many angles and lines as are 'sufficient for deteiv 
mining all the points of station. And in measuring any of these station 
distances, mark accurately where these lines meet with any hedges, ditches, 
roads, lanes, paths, rivulets, &c. ; and where any remarkable object is plawd, 
by measuring its distancio from the station line ; and where a. perpendicular 
fV)m it cuts that line. And thus as you* go along any main station lii»e, take 
offsets to the ends of all hedges, and to any pond, house, mill, bridge, &c., 
omitting nothing that is remarkable, and noting every thing down. 

4w As to the inner parts of the estate, they nmst be determined in like man- 
oer. by new station lines: for after the main stations ate determined, and every 
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thing adjoining to them, tlien the .estate must be subu^^ided into two or three 
parts by new station lines; taking inner stations at proper places, where, you 
can have the best view. Measure* these station lines as you did the first, and 
all their inters(‘Ctions \^ith hedges, and offsets to sucli objects as appear. Then 
proceed to survey the adjoining fields, by taking the angles that tiie sitUsaiako 
with«the station line, at the intersections, and measuring the distances to each 
corner, from the intersections. For the station lines will be the bases to fill the 
future operations; the situation of all parts being entirely dependent upon 
them; and therefore they should he taken of as great length as possible; and 
it is best for them to run along some of the hedges or boundaries of one or 
more fields, or to pass through some of their angles. All things being deter- 
mined for thise stations, you must take more inner stations, and continue to 
divide and subdivide till at last you come to single fields; repeatii g the same 
work for the inner stations, as for the outer ot es, till all is done ; and close th<j 
work as often as you c/m, and in as few lines as possible. 

5. An estate may be so situ:ned, th/it the whole cannot he surveyed together ; 
because one part of the estate cannot be seen from /mother. In this c/ise, you 
may divide it into tin-ce or four parts, .and survey the p.irts separately, as it 
they were lands belonging to difi'erent persons; and at last join them together. 

6. As it is ne<;ess;iry to protract or lay down tlie work as you proceed in it, 
you must ha\e a s<*>ale of a due length to do it by. 'J b get such a s<!ale, 
iiie.asure the ^\h()le length of the estate in ch/uns; then consider how many 
inches long tlie iii/ip is to be ; and from these will be known bow many chains 
you must have in an inch ; then make the scale Jiccordingly, or choose one 
already made. 


THE NEW METHOD OF SURVEYING. 

In the former method of measuring a large eshate, the accuracy of it dopoiHb 
on the correctness of the instfuiiK i.ls titled in taking the angles. To a\oid the 
errors incident to such a muUitude of angles, other methods havd of late years 
been used by some few skilful survey^s. The most practic/il, expeditious, and 
correct, seems to be the following : 

Choose two or more eminences, as grand stations, and measure a principal 
base line from one station to the other, noting every hedge, brook, or other 
reinark/ible obj'»rt ns you pass by it; measuring also such short perpendicular 
lines to the bends of hedges /iS may be near at hand. From the extremities of 
this base line, or from .any convenient p.arts of the same, go off with other lines 
to some remarkable object situ.'ited towards the sides of the estate, witliout 
regarding the angles they make with the base line or with one another; still 
remembering to note every hedge, brook, or other object that you pass by. 
These lines, when laid down by intersections, will, with the base line, form a 
gr/ind triangle on the estate ; several of which, if need be, being thus laid 
down, you may proexied to form other smaller triangles and tra]^>ezoids on the 
sides of the former ; and so on, until you finish with the enclosures individually. 

This grand triangle being completed, and laid down on the rough plan-paper, 
the parts, exterior as well iis interior, are to be completed by smaller tri/ingles 
and trapezoids. 

In- countries where the lands are enclosed with hi^h hedges, and where many 
lanes pass through an estate, a theodolite may be used to advantage, in ine/isur- 
ing the angles of such lands ; by which means, a kind of sl^^^ton of the estate 
may be obtained, and the lane lines serve as the b.ases of Ihch triangles and 
tiMpez4»ids as are necess to fill up the iiitenor parts. 
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Tlie field-book is ruled into three columns. In the middle one are set down 
the distances on the chain line at which any^mark, offset, or other observation 
is made; and in the right and left hand columns are entered the offsets and 
observations made on the right and left hand respectively of the chain line. 

It ^ of great advantage, both for brevity find perspicuity, to begin at the 
bottom of the leaf and write upwards ; denoting the crossing of fences by lines 
drawn across the middle cohiinn, or only a part of such a line on the right and 
left opposite the figures, to avoid confusion ; and the corners of fields, and other 
remai’kable turns in the fences where offsets are taken to, by lines joining in 
the manner the fences do, as will be best seen by comparing the book with the 
plan annexed to the field-book following, page 462. 

The letter in tlie left hand corner at the beginning of every lin^ is the mark 
or place measured from ; and, that at the right hand corner at the end, is the 
mark measured to. But when it is not c<invenicnt to go exactly from a mark, 
the place measured from, is described such a distance from one mark towards 
another : and where a mark is not measured to, ihe exact place is ascertained 
by saying, turn to the right or left hand, such a distance to such a mark^ it 
being always understood that those distances are taken in the chain line. 

Tlie characters used are, C' lor turn to the light hand, ) fir turn to the 
left hand, and a a placAid over an offsv t, to show that it is not taken at right 
angles with the chain line, but in tlie line with some straight fence ; being 
chiefiy used when crossing their diredions, and it is a better way of obtaining 
their true places than by offsets at right angles. 

Wlien a line is measured whose position is determined, either by former 
work, (as in the case of producing a given line, or measuring from one known 
plaice or mark to another,) or by itself (as in the third side of a triangle) it is 
called a fast line, and a double line across the book is drawn at the conclusion 
of it ; but if its position is not determined (as in the second side of a triangle), 
it is called a loose line, and a single line is drawn across the book. When a 
line becomes determined in position, and is afterwards continued, a double line 
half through the book is drawn. 

When a loose line is measured, it becomes absolutely necessary to measure 
some line that will determine its position. Thus, the first line ah, being the 
base of a triangle, is always determined; but the position of the second side ///, 
does not become determined, till the third side jb is measured ; then the tri- 
angle may be constructed, and the position of both is determined. 

At the beginning of a line, to fix a loose line to the mark or place monsurod 
from, the sign of turning to the right or left hand must be added (as at 7 in the 
third line); otherwise a strange^, when laying down the work, may as easily 
construct the triangle hjb on the wrong side of the line ah, as on the right one : 
but this error cannot be fallen into, if the sign above named be carefully observed. 

In choosing a line to fix a loose one, care must be taken that it does 'not 
make a very acute or obtuse angle ; as in the triangle pVir, by the angle at B 
being very obtuse, a small deviation from truth, even the breadth of a point at 
p or r, would make the error at B, when constructed, very considerable; l>ut 
by constru<!ting the triangle pBg, such a deviation is of no consequence. 

Where the words leave off are written in the field-book, it is to signify that 
the taking of offsets is from thence discontinued; and of course something is 
wanting between that and the next offset 

The field-book for this method, and the plan drawn from it, are contained in 
the foar following pages. • 
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PROBLE&I XII. 

To survey a county^ or large tract of land, 

C 

1. Choose two, three, or four eminent places, for stations; such as the tops 
of high hills or mountains, towers, or church steeples, which may be seen from 
one another; from which most of the towns and other places of note may also 
be seen ; and so as to be as far distant from one another as possible. Upon 
these places raise beacons, or long poles, with flags of different colours flying 
at them, so as to he visible from all the other stations. 

2. At all the places, which you w'ould set down in the map, plant long poles 
with flags at them, of several colours, to distinguish the places from one another; 
fixing them on the tops of church steeples, or the tops of houses, or in the 
centres of lesser towns. 

These marks being then set up at a convenient number of pl.aces, and such 
as may be seen from both stations ; go to one of these stations, and, with an 
instrument to take angles, standing at that station, take all the angles between 
the other station and each of these marks. Then go to the other station, and 
take all the angles between the first station and each of the former marks, set- 
ting them down with the others, eiich against his fellow^ with the same colour. 
You may, if you can, also take the angles at some third station, which may 
serve to prove the work, if the three lines intersect in that point where any 
mark stands. The marks must stand till the observations are finished at both 
stations ; and then they must be taken down, and set up at fresh places. The 
same operations must be performed, at both stations, for these fresli places ; and 
the like for others. The instrument for taking angles must be an exceeding 
good one, made on purpose with telescopic sights ; and of a good length of 
radius. A circumferentor is reckoned a good instrument for this purpose. 

3. And though it be not absolutely necessary to measure aiiy distance, be- 
cause a stationary line being laid down.flrom any scale, all the other lines will 
be proportional to it ; yet it is better to measure some of the lines, to ascertain 
the distances of places in miles, and to know how many geometrical miles there 
are in any length; as also from thence to make a scale to measure any distance 
in miles. In measuring any distance, it will not be exact enough to go along 
the high roails ; by reason of their turnings and windings, hardly ever lying in 
a right line between the stations, which must cause infinite reductions, and 
create endless trouble to make it a right line ; for which reason it can never be 
exact. But a better way is to measure in a right line with a chain, between 
station and station, over hills and dales or level fields, and all obstacles. Only 
in case of water, woods, towns, rocks, banks, &c., where one cannot pass, su<;ii 
parts of the lines must be measured by the methods of inaccessible distances ; 
and besides, allowing for ascents and descents, when they are met with, A 
good compass that shows the bearing of the two stations, will always direct you 
to go straight, when you do not see the two stations; and in the progress, if 
you c>an go straight, offsets may be taken to any remarlcable places, likewise 
noting the intersection of the station line with all roads, rivers, &c. 

4. From all the stations, and in the whole progress, be very particular in 
observing sea-coasts, river mouths, towns, castles, houses, churches, mills, trees, 
rocks, sands, roads, bridges, fords, ferries, w^oods, bills, mountains, rills, brooks, 
parks, beacons, sluices, floodgates, locks, &c., and in general every thing that 
is remarkable. 
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5. After you have done with the first and main station lines, which command 
the whole county ; you must then take inner stations, at some .places already 
determined ; which will divide the whole into several partitions ; and from 
these stations you must determine the places of as many of the remaining towns 
as yoiLcan. And if any remain in that part, you must take more stations, at 
some places already determined ; from which you may determine the rest. 
And thus go through all the parts of the county, taking station after station, 
till we have determined all we want. And in general the station distances must 
always pass through such remarkable points as have been determined before 
by the former stations. 


To survey a town or city. 

This may be done with any of the instruments for taking angles, but best of 
all with the plain table, where every minute part is drawn while in sight. It is 
best also to have a chain of fifty feet long, divided into fifty links of one foot 
each, and an offset staff of ten feet long. 

Begin at the meeting of two or more of the principal streets, through which 
you can have the longest prospects, to get the longest station lines : there hav- 
ing fixed the instrument, draw lines of direction along those streets, using two 
men as marks, or poles set in wooden pedestals, or perhaps some remarkable 
places in the houses at the further ends, as windows, doors, corners, &c. 
Measure these lines with the chain, taking offsets with the staff at all corners 
of streets, bendings, or windings, and to all remarkable things, as churches, 
markets, halls, colleges, eminent houses, &c. Then remove the instrument to 
another station, along one of the lines ; and there repeat the same process as 
before. And so on till the whole is finished. 



Thus, fix the instrument at A, and draw lines in the direction of all the 
streets meeting there ; then measure AB, noting the street on the left at w. 
At the second station B, draw the directions of the streets meeting tliere ; and 
measure from B to C, noting the places of the streets at n and o m you pass by 
them. At the third station C, take the direction of all the streets meeti hg 
there, and measure CD. At D do the same, and measure DE, noting the place 
of the cross streets at p. And in this manner go through all the pi^hcipal 
streets. This done, proceed to the smaller and intermediate streets ; and lastly, 
to the lanes, alleys, courts, yards, and every partjlhat U may be thoii^t proper 
to represent in the plan. 
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SECTION III. 

OF PLANNING, COMPUTING, AND DIVIDING 

PROBLEM 1. 

To lay down the plan of any survey. 

If the survey was taken with a plain table, you have a rough plan of it already 
on the paper which covered the table. But if the survey was with any other 
instrument, & plan of it is to be drawn from the measures that were taken in the 
survey, and first of all a rough plan on paper. 

To do this, you must have a set of proper instruments, for laying down both 
lines, angles, &c., as scales of various sizes, the more of them, and the more 
accurate, the better ; scales of chords, protractors, perpendicular and parallel 
rulers, &c. Diagonal scales are best for the lines, because they extend to three 
figures, or chains and links, which are hundredth parts of chains. But in using 
the diagojial scale, a pair of compasses must be employed to take off the lengths 
of the principal lines very accurately. But a scale with a thin edge divided, is 
much readier for laying down the perpendicular offsets to crooked hedges, and 
for marking the places of those offsets upon the station line ; whicdi is done at 
only one application of the edge of the scale to that line, and then pricking off 
all at once the distances along it. Angles are to b(‘ laid down either with a 
good scah of chords, which is perhaps the most accurate way ; or with a large 
protractor, which is much readier when many angles are to be laid down at one 
point, as they are pricked off all at once round the edge of the protractor. 

Ill general, all lines and angles must be laid down on the plan in the same 
order in which they were measured in the field, and in which they are written in 
the field-book ; laying down first the angles for the position of lines, next the 
lengths of the lines, with the places of the offsets, and then the lengths of the 
offsets themselves, all with dry or obscure lines ; then a black line draw n 
through the extremities of all the offsets, will be the hedge or bounding line of 
the field, &C. After the principal bounds and lines are laid down, and made to 
fit or close properly, proceed next to the smaller objects, till you have entered 
every thing that ought to appear in the plan, as houses, brooks, trees, hilis^ 
gates, stiles, roads, lanes, mills, bridges, woodlands, £^c. 

The north side of a map or plan is commonly placed uppermost, and a meri- 
dian somewhere drawn, with tlfe compass or flower-de-luce pointing north. 
Also, in a vacant' part, a scale of e<|ual parts or chains is drawn, with the title of 
. the map in conspicuous characters, and embellished with a compartment. Hills 
mre shadowed, to distinguish them in the map. Colour the hedges with dif- 
ferent colours ; represent hilly grounds by broken hills and valleys ; draw single 
dotted lines for foot-paths, and double ones for horse or carriage roads. Write 
the name of each field and remarkable place within it, and, if you choose, its 
content in acres, roods, and perches. ^ 

In a very laige estate, or a county, draw vertical and horizontal lines through 
the map, denoting the spaces between them by letters placed at the top, and 
bottom, and sides, for readily finding any field or other object mentioned in a 
lal^e. 

Id mapping counties, and Iwge estates that have uneven grounds of hills and 
^ valleys, reduce all oblique lines, meaausad up-hill and down hill, to horizontal 
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Biraight lines, if Hint was not done during the survey, before they were ente^ 
in the field-book, by making a proper allowance to shorten them. For whidi 
|iurpose there is commonly a small table engraven on some of the insbmmento 

for surveying. 


PROBLEM II. 

To compute the contents of fields, 

1. Compute the contents of the figures, whether triangles or trapeziums^ &<%, 
by the proper rules for the several figures laid down in measuring^ multiply 
the lengths by the breadths, both in links, and divide by 2; the quotient is 
acTes, after you have cut off five figures on the right for decimals. Then bring 
these decimals to roods and perches, by multiplying first by 4, and then by 40, 
An example of which has been already given in die description of the chain. 

2. In small and separate pieces, it is usual to cast up their contents from the 
measures of the lines taken* in^surveying them, without making a correct plan 
of them. 

3. In pieces bounded by very crooked and winding hedges, measured by 
offsets, all the parts between the oftsets are most accurately measured separately 
as small trapezoids. 

4. Sometimes such pieces as that last mentioned, are computed by finding a 
mean breadth, by dividing the sum of the offsets by tlie number of them, ac- 
counting that for one of them where the boundary meets the station line ; then 
multiply the length by that mean breadth. — But this method is commonly in 
some degree erroneous. 

5. But in larger pieces, and whole estates, consisting of many fields, it is 
the common practice to make a rough plan of the whole, and from it compute 
the contents quite independent of the measures of the lines and angles that were 
taken in surveying, h'or, then, new lines are drawn in the fields in the plan, so 
as to divide them into trapeziums and triangles, the bases and perpendiculars of 
which are measured on the plan by means of the scale from which it was 
drawn, and so multiplied together for the contents. In this way, the work 
is very expeditiously done, and sufficiently correct; for such dimensions 
are taken as afford the most easy method of calculation ; and, among a 
number of parts, thus taken and applied to a scale, it is likely that some of the 
parts will be taken a small matter too little, and others too great ; so that they 
will, upon the whole, in all probability, very nearly balance one another. After 
all the fields and particular parts are thus computed separately, and added all 
together into one sum, calculate the whole estate independent of the fields, by 
dividing it into large and arbitrary triangles and trapeziums, and add’these also 
together. Then if this sum be equal to the former, or nearly so, the W4)rk is 
right; but if the suras have any considerable difference, it is wrong, and they 
must be examined and recomputed, till they nearly agree. 

6. But the chief secret in computing consists in finding the content^ of pieces 
bounded by curved or very irregular lines, or in reducing such crooked sides o 
fields or boundaries to straight lines, that shall inclose the same or equal are. 
with those crooked sides, and so obtain ^le area of the curved figure by ineanj^ 
of the right jined one, which will commonly be a trapezium. Now, this reducing 

crooked sides to straight ones, is very easily and accurately performed i4i 
this manner : Apply the straight edge of a thin, deal’ pie<ie o‘ lanthorn-horn to 
<he crooked line which is to be reduced, in such a rrianner, tliat tlie small parts 
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cut off flrom the crooked figure by it, may be equal to those which are taken 
in : which equality of the parts included and excluded you will presently be 
able to judge of very nicely by a little practice ; then with a pencil or point of 
a tracer, draw a line by the straight edge of the horn. Do the same by the 
other sides of the field or figure. So shall you have a stfaight-side4> figure 
equal to the curved one; the content of which, being computed as before 
dii ected, will be the content of the curved figure proposed. 

Or, instead of the straight edge of the horn, a horse-iiair may be applied 
across the crooked. sides in the same manner; and the easiest way of using the 
hair, is to string a small slender bow with it, either of wire, or cane, or whale- 
bone, or su(?h like slender or elastic matter ; for, tlie bow keeping it always 
stretched, it can be easily and neatly applied with one hand, while the other is 
at liberty to make two marks by the side of it, to draw the straight line by. 

EXAMPLE. 

Thus, let it be required to find (he contents of the same figure as in ptoUem 
Gb of the last section, to a s<‘aie of 4 chains to an inhh. 



Draw the fdur dotted straight lines AB, BC, CD, DA, cutting off equal quan- 
tities on both sides of them, which they do as near as the eye can judge : so is 
the crooked figure reduced to an equivalent right-lined one of four sides ABCl ). 
I'lieii draw the diagonal BD, which, by applying a proper scale to it, measures 
1’25/J. Also the perpendicular, or nearest distance, from A to this diagonal, 
measures 456 ; and the distance of () from it, is 42S. 

Then, half the sum of 456 and 428, multiplied by the diagonal 1256, gives 
555,152 square links, or 5 acres, 2 roods, 8 perches, the content of the trapezium, 
or of the irregular crooked piece. 


PROBLEM III. 

To transfer apian to another paper, ^c, 

Afler the rough plan is completed, and a fair one is wanted, this may be done 
by any of the following methods : 

First Method , — Lay the rough plan on the clean paper, keeping them always 
pressed flat and close together, by weights laid on them. Then, with the point 
of a fine pin or pricker, prick through all the corners of the plan to be copied. 
Take them asunder, and connect the pricked points, on the clean paper, with 
lines ; and it is done. This method is only to be practised in plans of such 
figures as are small and tolerably regular, or bounded by right lines. 

Second Methods -^B,uh the back of the rough plan over with black-lead 
powder; ftnd lay the said black port on the clean paper on which the plan is to 
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be copied, and in the proper position. Then with the blunt point of some hard 
substance, as brjiss, or such like, trace over the lines of the whole plan ; pressing 
the tracer so much as that the black-lead under the lines may be transferred to 
the dean paper : after which, take off the rough plan, and trace over the leaden 

marks ^th common ink, or with Indian ink Or, instead of blacking the 

rough plan, you may keep constantly a blacked paper to lay between the plans. 

Third Method . — Another method of copying plans, is by means of squares. 
This is performed by dividing both ends and sides of the plan which is to be 
copied, into any convenient number of equal parts, and connecting the corres- 
ponding points of division with lines ; which will divide the plan into a number 
of small squares. Tlien divide the paper, upon which the plan is t(^be copied, 
into the same number of squares, each equal to the former when the plan is to 
be copied of the same size, but greater or less than the others, in the proportion 
in which the plan is to be increased or diminished, when of a different size. 
Lastly, copy into the clean squares the pails contained in the corresponding 
squares of the old plan ; and you will have the copy, either of the same size, or 
greater or less in any proportion. 

Fourth Method . — A fourth method is by the instrument called a pentagraph^ 
Avhich abo copies the plan in any size required. 

Fifth Method . — But the neatest method of any is this. Procure a copying 
frame or glass, made in this manner : namely, a large square of the best window 
glass, set in a broad frame of Avood, which can be raised up to any angle, when 
the loAver side of it rests on a table. Set this frame up to any angle before you, 
facing a strong light ; fix the old plan and clean paper together Avith several 
pins quite around, to keep them together, the clean paper being laid uppermost, 
and over the face of the plan to be copied. Lay them, Avitb the back of the old 
plan, on the glass, namely, that part which you intend to begin at to copy first ; 
and, by means of the light shining through the papers, you will very distinctly 
perceive eveiy line of the plan through the clean paper. In this state then 
trac.e all the lines on the paper with a pencil Having drawn that part which 
covers the glass, slide another part over the glass, and copy it in the same 
manner. Then another part. And so on, till the Avhole is copied. 

Then take them asunder, and trace all the pencil lines over with a fine pen 
and Indian ink, or Avith common ink. 

And thus you may copy the finest plan, without injuring it in the least. 

When the lines are copied on the clean paper, the next business is to Avrite 
such names, remrrks, or explanations as may be judged necessary; laying 
doAvn the scale for taking the lengths of any parts, a flower-de-luc^ to point out 
the diiection, and the proper title ornamented with a compartment ; illustrating 
or colouring every part in the manner that shall seem most natural, such as 
shading rivers or brooks Avith crooked lines ; draAving the representations of 
trees, bushes, hills, woods, hedges, houses, gates, roads, &c., in their proper 
places; running a single dotted line for a footpath, and a double one for a 
carriage road ; and either representing the bases or the elevations of build* 
ings, &oGm 
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OF ARTIFICERS WORKS 


AND 

TIMBER MEASURING. 


L-OP THE CARPENTER'S OR SLIDING RULE. 

The Carpenter’s or Sliding Rule, is an instrument much used in measuring of 
timber and artificers’ works, both for taking the dimensions, and computing the 
contents. 

The instrument consists of two equal pieces, each a foot in length, which are 
connected together by a folding joint. 

One side or face of the rule is divided into inches, and eighths, or half quar- 
ters. On the same face also are several plane scales, divided into li^th parts by 
diagonal lines ; which are used in planning dimensions that are taken in feet 
and Inches, 'fhe edge of the rule is commonly divided decimally, or into 
tenths; namely, each foot into ten equal parts, and each of these into ten parts 
again; so that by means of this last scale, dimensions are taken in feet, tenths 
and hundredths, and multiplied as common decimal numbers, which is the bust 
way. 

On the one part of the other face are four lines, marked A, B, C, D ; the two 
middle ones, B and C, being on a slider, which runs in a groove made in the 
stock. The same numbers serve for both these two middle linOwS, — the one being 
above the i. umbers, and the other below. 

These lour lines are logarithmic ones, and the three A, 13, C, which are aU 
equal to one another, are double lines, as they proceed twice over from one to 
ten. ’riie other or lowest line D, is a single one, proceeding from four to forty. 
It is also called the girt line, from its use in computing the contents of trees 
and timber; and upon it are marked WG at 17*15, and AG at 18*95, the wine 
and ale gauge points, to make this instrument serve the purpose of a gauging rule. 

On the other part of this face, there is a table of the value of a load, 50 cubic 
feet of timber, at all prices, from sixpence to two shillings a foot. 

When 1 at the beginning of any line is accounted 1, then the 1 in the middle 
will be 10, and the 10 at the end 100 ; but when 1 at the beginning is accounted 
10, then the 1 in the middle is 100, and the 10 at the end 1000; and so on. 
And all the smaller divisions are altered proportionally. 


II.— ARTIFICERS’ WORK. 

AitTiFiCEUs compute the contents of their works by several dilfereni measures ; 

•a. 

Glaring and masonry by the foot ; 

Painting, plastering, paving, &c., by the yard, of 9 square feet* 

Flooring, partitioning, rdofing, tiling, Ac., by the saiiare of 100 square feet. 
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And brickwom, either by the yard of 9 square teei, oi oy the perch, or 
square rod or pole, containing *2 72^ square feet, or 30^ square yards, being the 
square of the rod or pole of 16^ feet of yards long. 

As this number 272^ is troublesome to divide by, the is often omitted in 
practi<%, and the content in feet divided only by the 272. But when the exact 
divisor 272^ is to be used, it will be easier to multiply the feet by +, and then 
divide successively by 9, 11, and 11, Also to divide square yards by 30^, first 
multiply them by 4, and then divide twice by 11. 

All works, whether superficial or solid, are computed by the rules proper to 
the figure of them, whether it be a triangle or rectangle, a parallelopiped or any 
other figure. 


III.— BRICKLAYERS’ WORK. 

Brickwork is estimated at the rate of a brick and a half thick. So that, if a 
wall be more or less than this standard thickness, it must be reduced to it, as 
fidlows : 

Multiply the superfi<ual content of the wall by the number of half bricks in 
the thickness, and divide the product by 3. 

The dimensions of a building are usually taken by measuring half round on 
tlie outside and half round on tlie inside; the sum of these two gives the com- 
pass of the wall, — to he multiplied by the height, for the content of the materials. 

('himneys are by some measured as if they were sf)lid, deducting only the 
vacuity from the hearth to the mantle, on account of the trouhle of them. 

And by others they are girt or measured round for their breadth, and the 
height of the story is their height, taking the depth of the jambs for tlieir thick- 
ness. And in this <;ase, no deduction is made for the vacuity from the floor 
the iiiautlo-tree, because of the gathering of the breast and winga, Uy .alw room 
for the hearth in the next story. 

To measure the chimney shafts, which appear above the building, girt them 
about with a line for the breadth, to multiply by their height. And account 
(heir thickness half a brick more than it really is, in consideration of the pbas- 
tering And siaff’olding, 

All windows, doors, &c., are to be deducted out of the contents of llie wai s 
in which they are placed. But this deduction is made only with rcgtra to 
materials; for the whole measure is taken for workmanship, and that ail outside 
measure too, namely, measuring quite round the outside of the buikimg, being 
in consideration of the trouble of the returns or angles. There are also some 
other allowances, such as double measure for feathered gable ends, 

EXAMPLES. 

Ex. I. — IIow many yards and rods of standard brick- work are in a wall whose 
length or compass is 57 feet 3 inches, and height 24 feet 6 inclies ; the walls 
oeing bricks or 5 half bricks thick? Ans. 8 rods, 17f yards. 

Ex, II. — Required the content of a wall ^2 feet G inches long, and 14 feet 8 
inched high, and 2 J bricks thick ? Ans. 1 *753 yards. ^ 

Ex. HI. — A triangular gable is raised 17^ feet high, on an end wall whose 
length is 24 feet 9 inches, the thtaloiess being two* bricks ; required the reduced 
content? -Ans. 32*08^ yardst 
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Ex. IV. — The end wall of a house is feet 10 inches longf, and 55 feet 8 
inches high, to the eaves ; 20 feet high is 2^ bri<*/ks thick, otht*r 20 feet high is 
2 bricks thick, and the remaining 15 feet 8 inches is brick thick; above 
which is a triangular gable, 1 brick thick, and which rises 42 courses of bricks, 
of which every 4 courses make a foot. What is the whole content in st|jndard 
measure ? Ans. 253 ’626 yards. 


IV.— MASONS’ WORK. 

t 

To masonry belong all sorts of stone-work *, and the measure made use of is a 
foot, either superficial or solid. 

Walls, columns, blocks of stone or marble, &c., are measured by the <nibic 
foot ; and pavements, slabs, chimney-pieces, &c., by the superficial or square 
foot. 

Cubic or solid measure is used for the materials, and square measure for the 
workmanship. 

In the solid measure, the true length, breadth, and thickness, are taken, and 
multiplied continually together. In the superficial, there must he taken the 
length and bre.adth of every part of the projection, which is seen without the 
general upright face of the building. 

EXAMPLES. 

Ex. 1 . — Required the solid content of a wall, 53 feet 6 inches long, 12 feet 3 
inches high, and 2 feet thick ? Ans. 1310J feet. 

Ex. II. — What is the solid content of a wall, the length being 24 feet 3 inches, 
height 10 feet 9 inches, and 2 feet thick ? Ans. 521 ‘375 feet. 

Ex. HI. — Required the value of a marble slab, at 8s. per foot; the length 
being 5 feet 7 inches, and breadth 1 foot 10 inches ? Ans. £4, \s, lOi^/. 

Ex. IV, — In a chimney-piece, suppose the 

Length of the mantle and slab, each 4 feet 6 inches ; 

Breadth of both together, 3 2 

Length of each jamb, 4 4 

Breadth of both together, I 9 

Required the suj>erficial content Ans. 21 feet, 10 iitches. 


V.— CARPENTERS’ AND JOINERS’ WORK. 

To this branch belongs all the wood-work of a house, such as flooring, parti- 
tioning; roofing, &c. 

Large and plain articles are usually measured by the square foot or yard, &c. , 
but enriched mouldings, and some other articles, are often estimated by running 
or lineal measures, and some things are rated by the piece. 

In measuring of joists, it is to be observed, that only one of their dimensions 
is the same with that of the floor ; t for the other exceeds the length of the room 
by the thickness of the wall and J of the same, because each end is let into the 
wall about J of its thickness.^ 

No deductions are made for hearths, on account of the additional trouble and 
waste of materials. 
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Partitions are measured from wall to wall for one dimension, and from floor 
to floor, as far as they extend, for the other. 

No deduction is made for door-ways, on account of the trouble of framing 
them. 

In^easuring of joiners’ woi’k, the string is made to ply dose to every part of 
the work ever which it passes. 

The measure for centerinrf for cellars is found by malting a string pass over 
the surface of tiie arch for tlie breadth, and taking the length of the cellar lor 
the length ; but in groin centering, it is usual to allow double measure, on ao 
count of their extraordinary trouble. 

In roofing^ the length of the house in the inside, together with | of tlie tliick- 
ness of one gable, is to be considered as the length ; and the breadth is equal 
to double the length of a string which is stretched from the ridge down tlie 
rafter, and along the eaves-board, till it meets with the top of the wall. 

For^ stair-cases, take the breadth of all the steps, by making a line ply close 
over them, from the top to the bottom, and multiply the length of this line by 
the length of a step, for the whole area. — lly the length of a step is meant the 
length of the front and the returns at the two ends ; and by tlie breadth, is to 
be understood the girl of its two outer surfat^es, or the tread and riser. 

For the balustrade, take the whole length of the upper part of the hand-rail, 
and girt over its end till it meet the top of the newel post, for the length ; jiiol 
twice the length of the baluster upon the landing, with the girt of the hand-rail, 
for (he breadth. 

For ir a inscot ting, lake the compass of the room for the length ; and the 
heiglit from the floor to the ceiling, making the string ply close into nil the 
inoul»lings, for the breadtii. — Out of this must be made deductions for windows, 
doors, and chimneys, he., but workmanship is counted for the whole, on account 
of tlie extraordinary trouble. 

Fur doors, it is usual to allow for their thickness, by adding it into both the 
dimensions of length and breadth, and then multiply them together for the area. 
If the door be paniielled on both sides, tak<^ double its measure for the work- 
manship; but if the one side only he paniielled, take the area and its Iiall for 
the workmanship . — For the surrounding architrave, gird it about the outermost 
parts for its length ; and measure over it, as far as it can be seen when the door 
is open for the breadth. 

Window-shutters, bases, &c., are measured in the same manner. 

In the measuring of rooting for workmanship alone, holes for chimney shafts 
and skylights are generally deilucted. 

i3ut in measuring for work and materials, tbey commonly measure in all 
skylights, lulbern liglits, and holes for the chimney shafts, on account of tin ;i 
trouble and waste oi' niateri-iLs. 


EX.^MPI.ES. 

Ex. I. — Required the content of a floor 48 feet G inches long, and feet '> 
iindies broad ? Ans. 1 1 squares, 764 feet. 

Ex. n. — A floor being 36 feet 3 inches long, and 16 feet 0 inches broad, how 
many squares are in it ? Ans. .5 squares, feet. 

Ex. III. — How' many squares are there in 173 feet 10 inches in length, and U. 
feet 7 inches height, of partitioning? * Ans. 18*397*^ squares. 

Ex. IV. — What cost the roofing of a house at lOs. Cd. a square; the length 
within the walls being 52 feet 8 inches, and thfe breadth 30 feet 6 inches, — 
redvoning the roof 5 of the flat? Ans. .£12, 1 2s. lljd. 
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Efc V. — ^To how much, at 6«. per square yard, amounts the wainscottini^ of a 
room ; the height, taking in the dbrnice and iiieuldings, being ]2 feet 0 inches, 
and the whole compass 83 feet 8 inches ; also the three window-shutters are 
each 7 feet 8 uiches by 3 feet 6 inches, and the door 7 feet by I feet 6 indies ; 


the door and shutters, being worked on both sides, ai-e rec^koned work aj 
work? Ans. £36, 12s. 


half 

id. 


IV.— SLATERS’ AND TILERS’ WORK, 

In these ar tides, the content of a roof is found by multiplying the length of 
the ridge by the girt over from eaves to eaves ; making allowance in this girt 
for the double row of slates at the bottom, or for how much one row of slates or 
Ales is laid over another. 

When the roof is of a true pitch, that is, forming a right angle at top, then 
the breadth of the building with its half added, is the girt over both sides. 

In angles formed in a roof, running from the ridge to the eaves, when the 
angle bends inwards, it is called a valley; but when outwards, it is called a hip. 

Deductions are made for chimney shafts or window holes. 

EXAMPLES. 

Ex. I. — ^Required the content of a slated roof, the length being 45 feet 9 
inches, and the whole girt 34 feet 3 inches? Ans. 174*104 yards. 

Ex. iL — ^'fo how much amounts the tiling of a house, at 25s. 6d. per square ; 
the length being 43 feet 10 inches, find the breadth on the flat 27 feet 5 inches, 
also the eaves projecting 16 inches on each side, and the roof of a true pitch ? 

Ans. £24, 9s. 5Jd. 


VII.— PLASTERERS’ WORK. 

Plasterers’ work is of two kintls, namely, ceiling — which is [dastering upon 
laths — and rendering, which is plastering upon nails; which are measured 
separately 

The contents are estimated either by the foot or yard, or square of 100 feet. 
Enriched mouldings, &c., are rated by running or lineal measure. 

Deductions are to be made for chimneys, doors, windows, &c. Put the win- 
tlons are seldom deducted, as the plastereil returns at the top and sides are 
allowed to compensate for the window opening, 

EXAJUPLES. 

Ex. I.— How many yards contains the ceiling, which is 43 feet 3 inches long, 
and 25 feet 6 inches broad ? Ans. 122*541. 

Ex. II. — ^To how much amounts the ceiling of a room, at lOd. per yard ; the 
length being 21 feet 8 inches, and the breadth 14 feet 10 inches ? 

£\, 9$. Sfd 

Ex, III. — The length of a room is 18 feet 6 inches, the breadth 12 feet 3 
inches, and he^ht 10 feet 6 inches? to how much amounts the ceiling and ren 

dering,— the mmer at 8^. and the latter at 3d per yard, allowing for the 

door of 7 feet by 3 feet 8 inches, and a fire-place of 5 feet square ? 

Ans, £U 13s. 3id. 
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Ex. IV. — Required the quantity of plastering in a room, the length being 14 
feet 5 inches, breadth 13 feet 2 inches, and height 9 feet 3 inches to the under 
side of the cornice, which girts inches, and projects 5 inches from the \Yali on 
the upper part next the ceiling — deducting only for a door 7 feet by 4 ? 

- Ans. 53 yards 5 feet 3 inches of rendering, 

18 5 6 of ceiling, 

39 0^^ of cornice. 


VIII.— PAINTERS* WORK. 

Painters* work is computed in square yards. Every part is measured wliere 
the <xdour lies; and tlie measuring line is forced into all the mouldings and 
corners. 

Windows are done at so much a piece. And it is usual to allow double 
measure for carved mouldings, &c. 


EXAMPLES. 

Ex. I. — How many yards of painting contains the room which is 65 feet 6 
inches in compass, and 12 feet 4 inches high? Ans. 89 J yards. 

lilx. ii The length of a room being 20 feet, its breadth 14 feet 6 inches, 

and height 10 feet 4 inches ; bow many yards of painting are in it, deducting a 
fire-place of 4 feet by 4 feet 4 inches, and two windows each 6 feet by 3 feet 2 
indies ? Ans. 73^\ yards. 

Ex. HI. — What costs the painting of a room at 6d, per yard ; its length being 
24 feet 6 in<;hes, its breadth 16 feet 3 inches, and height 12 feet 9 indies; also 
the door is 7 feet by 3 feet 0 inches, and the window-shutters to two windows 
each 7 feet 9 inches by 3 feet 6 inches, but the breaks of the windows themselves 
are H feet 6 indies high, and i foot 3 indies deep — deducting the fire-place of 
5 feel by 5 feet G inches? Ans. ^£3, 3s, lO^r/, 


IX.— GLAZIERS’ WORK. 

Glaziers take their dimensions either in feet, inches, and parts, or feet, 
tenths, and hundredths. And they compute their work in square feet 

In taking the length and breadth of a window, the cross bars between the 
squares are included. Also, windows of round or eva! forms are measured as 
square, measuring them to their greatest length and breadth, on account of tlie 
waste in cutting the glaae. 


BXAICFLES. 

Ex. I. — How many square feet contains^the window which is 4*25 feet long, 
and 2*75 feet broad? ^ Ans. 11^. 

Ex. II, — What will the glazing a triangular skylight come to, at lOd a foot ; 
the base being 12 feet 6 inches and the perpendicular heiglit 6 feet 9 indies ? 

Alls. ^1. 153. I id 
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Ex. Ill* — ^There is a house with three tier of windows, three windows in eacli 
liBr, their common breadth 3 feet 11 inches*; now, 

The height of the first tier is 7 feet 10 inches, 

of the second 0 6 

of the third 5 4 

Required the expense of glazing, at J4d. per foot? Ans. £13, 11s. I ()}</. 

Ex. IV. — Required the expense of glazing the windows of a house at Itkl. a 
foot ; there being three stories, and three windows in each story ; 

The height of the lower tier is 7 feet 9 inches, 
of the middle 6 6 

of the upper 5 3^ 

and & an oval window over the door 1 IO5 
the common breadth of all the windows being 3 feet 9 inches ? 

Ans. £12, 5s. 6d. 


X.— PAVERS* WORK. 

Pavers* work is done by the square yard. And the content is found by 
multiplying the length by the breadth. 

EXAMPLES. 

Ex. I. — ^What cost the paving a footpath at 3s. 4d a yard ; the length being 
35 feet 4 inches, and breadth 8 feet 3 inches ? Ans. 7s. 1 ] \d. 

Ex. II. — What cost the paving a court, at 3s. 2d. per yard ; the length being 
27 feet 10 inches, and the breadth 14 feet 9 inches ? Ans. £7, 4s. 5^cL 

Ex. III. — What will be the expense of paving a rectangular court-yard, whose 
length is 63 feet, and breadth 45 feet; in which there is laid a footpath of 5 
feet 3 inches broad, running the whole length, with broad stones, at 3s. a yard — 
the I'est being paved with pebbles, at 2s. Gd. a yard ? Ans. £40, 5s. lOid 


XT.~PLU3IBER S’ WORK. 

Plumbers* work is rated at so much a pound, or else by the hundred weight, 
of 1 1 2 pounds. 

Sheet lead used in roofing, guttering, &c., is from 7 to 12 lb. to the square 
foot. And a pipe of an inch 601*6 is commonly 13 to 141b. to the yard in 
length. 

EXAMPLES. 

h'x. I How iniicb weighs the lead which is 39 feet 6 inches long, and 3 feet 

3 inches broad, at 8^ lb. to the square foot ? Ans. 109 1^\ lb. 

Ex. ir. What cost the covering and guttering a roof with lead, at I8.9. the 

cwt ; the length of the roof being 43 feet, and breadth or girt over it 32 feet — 
the guttering 57 feet long, and 2 feet wide * the fonner 9*831 Ib., and the lattel 
7 *3? 3 lb. P) the square foot? * Ans. £115, 9^. 



XIL^TIMBER MEASURINU 


PROllLEM I. 

To find the area or superficial content of a hoard or plank- 
Multiply the len^h by the mean breadth. 

Note, — ^When the board is tapering, add the breadths at the two ends tog^e* 
ther, and take half the sum for the mean breadth. 

w 

BY THE SLIDING KULE 

Set 12 on B on the breadth in inches on A ; then against the length in feet 
on B is the content on A, in feet and fractional parts. 

EXAMPLES. 

i^x. I. — What is the value of a plank, at l^d per foot, whose length is 12 feel 
6 inches, and mean breadth 1 1 inches? Aiis. 1^. bd. 

Ex. II. — Beqiiired the content of a board, whose length is 11 feet 2 inches, 
and breadth I foot 10 inches. Aiis. 20 feet, 5 inches, 8". 

Ex. III. — What is the value of a plank, which is 12 feet 9 inches long, and 
1 foot 3 inches broad, at 2id a foot ? Ans. Zs, '6\d, 

]'!x. IV. — Bequired the value of .5 oaken planks at 3(i per foot, each of them 
being 17j feet long, and their several breadths as follows; namely, two of 
13^ inches in the middle, one of 14^ inches in the middle, and the two remain- 
ing ones, each 18 inches at the broader end, and 1 U at the narrower. 

Ans. £1, 5s. 9id, 


PROHLKM II. 

To find the solid content of squared or four^sided timber 

Mulliply the mean breadth by the mean thickness, and the product again by 
the length, and the last product will give the content. 

BY THE SLIDING RULE. 

C D D C 

As length : 12 or 10 :: quarter girt ; solidity. 

That isj as the length in feet on C, is to 12 on D when the quarter girt is in 
inches, or to 10 on 13 when it is in tenths of feet ; so isi,he quarter girt on 13, 
to the content on C. 

Note 1. — If the tree taper regularly from the one end to the other; either 
take the mean breadth and thickness in the middle, or take the dimensions at 
the two ends, and half their sum will be the mean dimensions. 

Note 2. — If the piece do not taper regularly, but is unequally thick in some 
parts and small in others, take several different dimensions, add them all toge- 
ther, and divide their sum by the number of them, for the mean dimensions. 

Note 3. — The quarter girt, is a geometrical mean propoitiorial between th 4 
mean breadth and thickness, that is the square root of their product. 8onig- 
tiines unskilful measurers use the arithmetical mean instead of it, that is, hMf 
their sum; but this is always attended with drror, and the more so as the 
breadth and depth differ the more from each otlier. 
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EXAMPLES. 

Ex, I, — The length of a piece of timber is 18 feet 6 inches, the breadths at 
the greater and less end 1 foot 6 inches and 1 foot S inches, and the thickness 
at the greater and less end 1 foot 3 inches and I foot: required the solid 
content ? Ans. 28 feet 7 inclfes. 

Ex. ir. — What is the content of the piece of timber whose length is 24J feet, 
and the mean breadth and thickness each 1*04 feet ? Ans. 26^ feet 

Ex. III. — Required the content of a piece of timber, whose length is 20*38 
feet, and its ends unequal squares, the side of the greater being 19^, and the 
side of tlie less ? Ans. 29*7562 feet 

Ex. IV. — Required the content of the piece of timber whose leiigtli is 27*36 
feet, — at the gi*eater end the breadth is 1*78, and thickness 1*23; and at the 
less end the breadth is 1*04, and thickness 0*91 ? Ans. 41*278 feet 


PROBLEM ut 

To find the solidity of round or unsquared timber. 

Multiply the square of the quarter girt, or of i of the mean circumference, by 
the length, ibr the content 

. BY THE SLIDING RULE. 

As the length upon C : 12 or 10 upon D : : 
quarter girt, in 12ths or lOths on D : content on C. 

Note 1. — When the tree is tapering, take the mean dimensions as in the 
former problems, either by girting it in the middle, for the mean girt, or at the 
two ends, and take half the sum of the two. But when the tree is very irregular, 
divide it into several lengths, and find the content of each part separately. 

^ote 2. — Tins rule, which is commonly used, gives the answer about i less 
than the true quantity in tJie tree, or nearly what the quantity wouhl be after 
the tree is hewed square in the usual way; so that it seems intended to make 
an allowance for the squaring of the tree. 

• EXAMPLES. 

Ex. I. — A piece of round timber being 9 feet 6 inches long, and its mean 
quarter girt 42 inches ; what is the content ? Ans, 1 16^ feet. 

Ex. II. — The length of a tree is 24 feet, its girt at the thicker end 1 4 feet, ai\d 
at the smaller end 2 feet required the content ? Ans. 96 feet. 

Ex. HI. — What is ^hf content of a tree, whose mean girt is 3*15 feet, and 
length 14 feet 6 inches t Ans. 8*9922 feet 

Ex. IV. — Required the content of a tree, whose length is 174 feet, which girts 
in five different place? as follows ; namely, in the first place 9*43 feet, in the 
second ?*92, in the thiid 6*15, in the fourth 4‘74, and in the fifth 3*16? 

Ans. 42-519525 



PRACTICAL QUESTIONS IN 
MENSURATION 


1 , A plank is 14 feet 8 inches long, and 1 would have just a square 3 ^ard 
slit off it; at what distance from the edge must the line be struck ? 

Ans. 7-f^ inches. 

2. A wooden trough cost 3s. painting within, at 6f/. per yard; the 
length of it is 102 inches, and the depth 21 inches; what is the width ? 

Ans. 27-i inches. 

8. The paving of a triangular court, at 18r/. per foot, came to £100; the 
longest of the three sides is 88 feet; required the sum of the other two equal 
sides? Ans. 106*85 feet. 

4. What is the side of that equilateral triangle whose area cost as much 
paving at &cl, a foot, as the palisading the three sides did at a guinea a yard ? 

Ans. 72*746 feet. 

5. Let a, 5, c be the sides of a triangle respectively opposite to the angles 
A, B, C; then will the area of the triangle ABC be 

. = ^ sin. B sin. C cosec. A. 

6. Let < 2 , by c be the thrr^e sides of a triangle; put h^b-\-c and — c; 
then will the area of the triangle be=^^/(/i‘^ — a^) [a^ — k^), 

7. Let the three sides be ^/a, ^b, aJc\ then prove that the area of the 
triangle is —\\/'2{ab-{-bc-\- ca)—{a^ + 5^ 

8. A beam is 8^ inches deep and 8| inches broad; wdiat is the depth of 

another twice as large, which is 4^ inches broad ? Aris. 12*3*263 inches. 

9. Supposing the expense of paving a semicircular plot, at 2s. 4c/. per foot, 

come to £10; w’hat is its diameter? Ans. 14*7737 feet. 

10. Two sides of an obtuse angled triangle are 20 and 40 poles; required 
the third side, that the triangle may contain just an acre of land ? 

Ans. 38*876, or 23*099. 

11. A circular fish-pond is to be made in a garden that shall enclose just 
half an acre; what must be the length of the chord that strikes the circle ? 

Ans. 27i yards. 

12. Having a rectangular marble slab, 58 inches by 27, 1 w’oiild have a square 
foot cut off paraUel to the shorter edge; \ w’onld then have the like quantity 
divided from the remainder, parallel to the longer side; and this alternately^ 
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repeated till there shall not be the quantity of a foot left; what will be the 
dimensions of the remaining piece? Aiis. 20*702 inches by 6-08G, 

13. If a round pillar, 7 inches across, have 4 feet of stone in it, what is tho 
diameter of a column of equal length, that contains 10 times as much ? 

Ans. 22-136 in^es. 

14. Find the thickness of the lead in a pipe of an inch and a quarter bore, 

which weighs 141b. per yard in length, the cubic foot of lead weighing 11325 
ounces. Ans. *20737 inenes. 


15. Let C = outer circumference of a circular ring, h = its breadth, and 
*■ = 3*1416; then the area of the ring wdll be = d(C — ir5). 

16. What will be the expense of a curb to a round well, at 6d. per foot 

square, the breadth of the curb being 8 inches, and the interior diameter 3^ 
feet, Ans. 5«. 9^^/. 


17. A garden is 100 feet long and 80 feet broad, and a gravel walk is to be 
made of an equal width half round it, so as to occupy half the garden; find 
both by comtruction and calculation^ the breadth of the w alk. 


Ans. 25*968. 


18. If the sides of a triangle are 28, 25, and 17, what is the area of its 
greatest inscribed square ? Ans. 101*67124. 


19. Let a, 5, c be the distances between a tree and three corners of a 
square field in a successive order; then will the area of the field be 


“a5/\/2 (cos. sin <^), where cos. 




20, The four sides of a field, whose diagonals are equal to each other, are 

known to be 25, 35, 31, and 19 poles, in a successive order; required the con- 
tent of the field. a. r. p. 

Ans. ^(793“}“ 7^/8449) sq. poles, or 4 1 38. 

21. The length and breadth of a vessel in the form of a rectangular paral- 

lelopepid are respectively 6 and 3 feet; what muk be its dc})th, to contain 
exactly 200 imperial gallons ? Ans. 1 foot 9*4 inches. 


22. Seven men bought a grinding stone of 60 inches diameter, each paying 
I [lart of the expense; what part of the diameter must each grind dow n foi his 
share ? 

Ans. The 1st, 4*4508; 2d, 4*8400; 3d, 5*3535; 4th, 6*0765; 5th, 7*2079; 
6th, 9*3935; 7th, 22*6778 inches. 


23. Divide a cone into three equal parts by sections parallel to the base, 
and find the altitudes of the three parts, the height of the cone being 20 
inches. 

Ans. The upper part, 13*8672; the middle, 3*6044; the lower, 2*5284. 

24. What quantity of canvass is necessary for a conical tent whose perpen- 
dicular height is 8 feet, and the radius at bottom 6| feet ? 

Ans. 2 1 04 sq. feet. 

♦ This question admits of an elegant general solution, as may be seen in the “ Ladies’ Diary ” for 
,823. In this example, the student will find that the slab contains more than 10, but less than 1 1 
feet ; hence the operation must be performed 10 tiates, and tho dimensions of the remaining part of 
a4oot will be the answer. * 
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25. A cable 8 feet long, and 9 inches in compass, weighs 221b.; what will 
be the weight of a fathom of that cable whose circumference is a foot ? 

Ans. 78|lb. 

26. If R and r be the radii of two spheres inscribed in a cone, so that the 
greSter may touch the less, and also the base of the cone; then will the capa- 

. 27rR® 

city of the cone be = — . 

3r(R— r) 

27. If a heavy sphere whose diameter is 4 inches be let fall into a conical 

glass full of water, whose diaineter is 5, and altitude 6 inches; it is required 
to determine how much water will run over. Ans. 26*272 cubic inches. 

28. The dimensions of a sphere and cone being as in last question, and the 

fone only | full of water; what part of the axis of the sphere is immersed in 
the w'ater ?* Ans. *5459 inches. 

29. Let A° represent the number of degrees in the arc of a segment of a 
circle whose radius is r; it is requirecl to prove that 

area of segment = {arc A° (radius 1) — sin A*^}. 

30. What is the length of a chord which cuts off i of the area from a 

circle of which the diameter is 289? Ans. 278*0716. 

31. How high above the surface of the earth must a person be raised to 

lee -i of its surface? Ans. The height of its diameter. 

32. If a cubic foot of brass be drawn into wire of Vu ii‘ch diameter, what 
will he the length of the wire, supposing no loss of metal in working? 

Ans, 97784*5684 yards, or 55 miles 984*5684 yards. 

33. Supposing the diameter of an iron 9lb. ball to be 4 inches, as it is 
very nearly; it is rc<p\ired to find the diameters of the several balls weighing 
12, 18,24,32, and 36lb., and the calibre of their guns, allowing of 
calibre, or of the ball’s diameter for windage. 

Answer. 


j Weight. 

12 

18 

24 

82 

36 

Diameter. 

4*4026 

5.0897 

5*5469 

1 

6*1051 

i 

6-3 196 

Calibre. 

4*4924 

5-1425 

1 5*6601 1 

j 6*2297 

j ^ 

6-47!)2 j 


• This question admits of a beautiful algebraical solution, by putting x = the part of the axil 
immersed. The resulting cubic equation is easily rendered s complete power, and then the cuba 
root being taken, gives Bnally a simple equation for the determination of x the^iart innpersed. 
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IrlTRODaCTION AND DEFINITIONS. 

< ' 

Plank Trigonometry, as the name imports, was originally employed solely in 
determining, from certain data, the sides and angles of plane triangles. In 
modern analysis, however, its objects have been much extended, and the for- 
luulse of this branch of Mathematics are extensively employed as instruments 
of calculation in almost every departmeift of scientidc investigation. From 
this circumstance, some writers wishing to change its designation to one which 
iiright more fully express its nature and applications, have proposed to term it 
the Arithmetic of Sines ^ others, the Calculus of Angular Functions^ but the ori- 
ginal appellation is still retained by the great majority of authors upon these 
subjects. 

In treating of angular magnitude, we have hitherto confined ourselves the 
consideration of angles less than two right angles, but in trigonometry it is 
frequently necessary to introduce angles which are greater than two, than three, 
or evenihati four right angles. We may take the following method of illus- 
trating the generation of angular magnitude. 


Let ha be a fixed straight line, and let a line CP be 
supposed to revolve round the point C in ha, and to 
assume in succession the different positions CPi, CP 2, 

CP3, 

When CP coincides with CA, there is no angle con- 
tained between CP and CA, or the angle CAP is 0. 

When CP begins to revolve round C, and comes into 
the position CPi, it forms with CA an angle PjCA less 
than a right angle. 

When CP has performed one-fourth part of an entire revolution, and hfis 
thus reached the position CP 2, where CP2 is perpendicular to CA, it forms 
with CA the angle P^CA, which is a right angle. 

As CP continues its revolutions, it will assume the position CP a, forming with 
CA the angle P3CA, greater than one, and less than t>vo right angles. 

When CP coincides with Ca, it has performed one- 
half of an entire revolution, and forms with CA the 
angle aCA, equal to two right angles. 

CP having passed Ca, will assume the position CP 4, 
forming with CA the angle P4CA, greater than two, 
and le'.s than three, right aiigl s. 

Tlie dotted, space indicates the angle winch we are 
considering. 
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When OP has performed tliree-fouiths of ar entire 
revolution, it assumes the position CP 5, where CP^Js 
perpendicular to Aa, forming with CA the angle P4CA, 
equal to three right angles. < 

• 




M' 


Passing beyond CP 5, the revolving line assumes 
the position CPg, forming with CA the angle PeCA, 
greater than three, and less than four, right angles. 

Finally, when the line CP has completed an entire 
revolution, it will return to its original position CA, liaving foiled with CA 
an angle equal to four right angles. 

If we suppose the revolution to recommence, it is m.inifest that CP may be 
conceived to form wiJh CA angles greater than lour, ihan live, or than any 
given number of right angles. 

It is convenient in trigonometrical kivestigatiwus, to 
draw two straight lines at right angles to each other, 
and from their point of intersection to descril»e a cir- 
cle, Avith any radius c utting tliese lines in any points " 

A, B, b, 

I'he circumference of the circle will thus be divided 
into four equal arcs AB, Ba, ab^ Z>A,each of which, he- 
ing a fourtli part of the whole, circumference, is called 
a qtwtirant^ and sublends a right angle at the centre of tlie circle. 

AB is caHed the Jirst quadrant, lia liie second quadrant, ab tiie t^iyrd quad- 
rant, and Z>A tlie fourth quadrant. 

If each of these right angles he divided by sti’aight 

lines CPi,. CP^, into 90 equal angles, the 

whole circumference will be divided into a correspond 
ing number of equjil pans, each of which is called a de- 
gree, The whole circumference will thus contain 3(i0 
degrees, and each quadrant will contain 90 degrees. 

The angles theniseUes, and the ocs wrhioli subtend 
them, are called degrees imlitfereidiy. 

Angles are usually designated by the miiuberof degrees Avhich they contain; 
thus, a right angle is called an angle of :;0 degrees; two right angles, angle 
of ] 80 degrees, &c« 

If each degree be divided into 60 equal parts, eai-h of these smaller angles is 
called a minute. 

If each minute be divided into 60 equal parts, each of these smaller angles is 
called a second, 

Ihus, four right angles, or the entire circun!fert‘ii<;e of a circle, contains oOO 
degrees; 360 X 60, or 21,600 minutes; 360 X 60 X 60, or 1,296,000 seconds. 

Degrees are expressed in writing by placing a small cypher inimediately 
above the number to the right; thus 90®, 45®, 63®, signify 90 degrees, 45 de- 
grees, 63 degrees, &c. 

Minutes are expressed by placing one accent in the same manner above the 
number, and seconds by placing two accents: thus, .^5', 40', &c. signify 35 lui- 
imtes, 40 minutes, &c. ; and 35". 40", signily 35 sec.oii<ls, 40 setxmds, &c. 

Any lower subdivision of a degree is iistially expressed in deenuai parts of *a 
second. 
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Another division of the circle lias been inti’oduced by some modem authors, 
csjJecially the French, They divide the whole circumference of the circle into 
four hundred-equal parts or degrees, each degree into one liundred minutes, and 
each minute into one hundred seconds, lliis method possesses many practical 
advantages over the former f but the number of valuable tables calculaieu ac- 
cording to the former system, will in all probability prevent it from being ge- 
nerally adopted. It is called the decimal division of the circle, in contradistino 
tioii to .the former which is called the sexagesimal division. 

This being premised, we shall proceed to define the more important trigono- 
metrical terms, 
c 

1. The complement of an angle is the defect of an angle from ninety “degrees. 
Thus, if 6 be any angle, tlie complement of 6 is (90“ — ^). 


2. The supplement of an angle is the defect of an angle from one hundred 
and eighty degrees. Thus, if ^ be any angle, the supplement of is (180® — 6), 
Draw two straight lines Afl, at right angles to* 
each other, intersecting in the point C. With centre 
C and any distance as radius, describe a circle, putting 
the straight lines in the points A, B, a, b. 

Draw the radius CPi, forming with CA any angle 
ACPi = 


\ 



From Pi draw Pi Mi perpendicular on Ao. 
From A draw ATi a tangent to the dicle at A. 
Produce CPi to meet ATi in Ti. 


3. Tlien the ratio of P i Mi to the radius of the circle, is called the sine of the 
angle P i C A. 


Or, 


PiMi 

CA 


sin. $ 


4. Tlie ratio of ATi to the radius of the circle is called the tangent of the 
angle PiCA, 

Or, IDA ~ ^ 


5. The ratio 
angle PiCA, 

Or, 


of CTi to the radius of the circle is called the secant of the 


CTi _ 
CA ~ 


sec. & 


6. The ratio of AMi to the radius of the circle, is called the versed sine of the 
angle P i CA. 

Or, =: V. sin. 6 


7. The sine of the complement of any given angle is called the cosine of that 
angle. 

Or, sin. (90® — r= cos. ^ and cos. (90® — = sin. A 

8. The tangent of the complement of any given angle is called the cotangent 
of that angle. 

Or, tan. (90®— = cot. A and cot (90® — =: tan. A 

9. The secant of the complement of any given angle is called the osecant of 
that angle. 

. Or, aeaCOO®— s) cs eosec.# and .*.coaec.(90® — ^ s= seal 
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10. The versed sine of the complement of any angle is called the co-verseJL 
$ine of that angle. 

Or^ V. sin. (90® — rz co-v. sin. d and co-v. sin. (90® -i = y sin. $ 

We shall now prove that the ratio of CMi to the radius of the circle, in the 
lasPfigure, is the cosine of the angle I’lCA, that is, the sine of its complement. 

Or that, cos. 0. T 

Draw a circle equal to the circle ABa6, and '/ / ' 

from C'the centre drawCT' making with C' A' the angle 
P'CA' equal to the angle Pi 013, i.e, to the comple- \. y 

inent of P i CA, or to (OO"* — $). 

'1 hen since CPi is equal to C'P^ and the angles at 
Ml and M' riglit angles, and the angle CP i M, equal to 
the angle P'C'M', the two triangles Pi CM i, P'O^M^ are 
equal in every respect, P 1 M 1 =z C'M\ CMi =: P'M'. y\\ 

. CM^ _ — Kk. 

•• CA - CA \ / 

= sin. PC' A' by De€ 

= sin. (90® — by construct 
= cos. d by De£ • 

We have hitherto considered an angle PiCA less than a right angle, but the 
same definitions are applied whatever may be the magnitude of the angle 

'I'bus, for example, let us take an angle P»CA situated in the second quadrant, 
that is, an angle greater than one right angle and less than two. 

From P|let fall PsMg perpendicular on Aa, from a 
draw aT» a tangent to the circle at a meeting CP pro- 


sin. PgCA 


== cos. PaCA 




sec. PgCA 
V sin, Pj CA, 


Again, let the angle in question be situated in the third quadrant, that is, let 
it be an angle greater than two and less than three right angles. 

Making a construction analogous to that in the two 
former cases, we shall have 


sin. Pg CA 


=: cos, Pg CA 



tan. PgCA 

ti N 2 
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^ - sec.PaC^ 

A'”’ - • P PA 

r= V. sin. r'sCA 

Lastly, let the angle be situated in the fourth quadrant ; that is. let it b£ an 
angle greater than three and less than four right angles, then as befoie 

^4 1^4 . TJ r<A 

“ sin. P4CA 


CA 

CM4 

CA 

ATi 

CA 

CT4 

CA 

A^ 

CA 


cos. P4CA 
tan. P4CA 
sec. P4CA 


•r^ 





V. sin. P4CA 

We shall now proceed to establish some important general relations between 
the trigonometrical quantities wliich are immediately dedudble from the above 
definitions, and from the principles of Geometry, 

Resuming the figure of Def. (2) : 

Since CMP is a right-angled triangle and CP the 
hypotenuse, 

PM* + CM* = CP* 

Dividing by CP *, 

PM* .CM * 

CP * + CP * == ^ 

The triangles PMC, TAG, are equiangular and similar; hence 
PM AT 
CM CA 
FM 

• 

** CM - CA 
CA 
. sin. 4 



= tan. A. 

In last case, for 6 substitute (90'' — ; then 

sin. (90*' — ___ 


.(2; 


COS. (9(P — $) 
cos. $ 

Kuin ~ 

l:«Vom (2) and (3) we have 


= tan. (90® — 




sin. & 


~ tan. and, ^ =: cot (I. 


cos. 6 
sin. ^ 


Henoe^ tan. ^ or,tan. ^cot, ^ = 1. 


.( 4 ) 


*Th«SYmbolii «in.« fl, co8.» 6 , tan.*tO» &c., signify the square of sin . the square oj cos. 0, Sic., 
UUs is Qie oonuttou notation; — another, more strictly in accordance with analogy, U sometimes 
wnpioyed to ospress tlie jame thing, Tiz. (sin. 0)*, (cos. 0)t, (tan. e)«, &c. 
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By similar triau((les CTA, CPM. 

CT CP 

CA “ CM 

1 

= CM 

Cp 

Or, sec. ^ r- or, sec. ^ oos. ^ 1 (5) 

By Definition, 

cosec. 6 sec. (90® — 0) 

“ sin^ cosec. ^ sin. ^s: 1... (6) 


Since CAT is a right-angled triangle and CT the hypotenuse, 

CA»+AT2 -- CT* 

Dividing by CA * , 

, , AT* CT* 

^ + ca 5 = cr« 

e. 1 tan. * sec* * *^7 


By (3) we have 


oot ^ 
.% oot.* d 


cas. & 
sin. ^ 
cos, * 6 
sin. * ^ 


Adding I to each side of the equation. 


cos. * § 


1+C0t*< = l + 

^ 4“ ^ 

*“ sin, * ^ 

= - . --- a -, by (1) 
sin.^ 9 J V / 

= cosec.* 9 by (6)... 


By Definition, 

MA 

versin. 9 = 

CA — CM 
- CA 
CM 

“ ^““CA 
rr 1 — cos. 9. 


.{8J 




By DefinitkMi, 

coversin. 9 = versin. (90® — 9) 

1 — cos. (90® — 9)f by last case. 

= 1 — sin. ^ (10). 

The above results, which are of the highest importance in all trigonoraetrjcal 
Investigations, may be collected and aixanged in the following Table, which 
ought to be committed to memorv 
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TABLET, 


1. 

Sin.® $ -f* cos.® 6 

= 

1 

9 

sin. ^ 


tan. $ 


cos. ^ 


q 

cos. d 


cot 0 


sin. ^ 


4. 

tan. d cot. & 

z= 

1 

5. 

sec. d cos. d 

= 

1 

6. 

cosec. ^ sin. d 

= 

1 

7. 

1 + ^ ^ 

z= 

sec.® 0 

8. 

1 + cot.2^ 

— 

cosec. ® 0 

9. 

V. sin. 


1 — cos. 0 

10. 

coversin. ^ 

=: 

1 — sin. A 


11. The chord of an arc is the ratio of the straight line joining the two extr^ 
inities of the arc to the radius of the circle. 


PROPOSITION. 

The chord of my ore is equal to twice the sine of half the are. 

Take any arc AQ, subtending at the centre of the 
circle the angle ACQ = L. 

Draw the straight lino CP bisecting the angle 
ACQ. 

Join A, Q; fi-ora P let fall PM perpendicular on 

CL 

Since CP bisects ACQ, the vertical angle of the 
isosceles triangle ACQ, it bisects the base AQ at 
right angles, 

AO = OQ, and the angles at 0 are 

Again, since the triangles AGO, PMC, have the angles CMP, COA, right 
angles, and the angle PCM common to the tw o triangles, and also the side CP of 
tlie one equal to the side »CA of the other, these triangles are in every respect 
equal. 

AO = OQ 

2PxM 

vm 

'CA 

2 sin. PCA 
& 



.% PM 
AQ 

. 

C A 
chord & 


= 2 - 


= 2 8111 . 


2 


We shall now proceed to explain the principle by which the signs of the 
trigonometrical quantities are regulated. 

All lines measured from the point C along CA, 
that is, to the right, are Cyonsidered positive, or hayo 
the sign -f- . 

All lines measured from the point C along Ca, that 
is, in the opposite direction, to the left* are considered 
negative, or have the sign — . 

All lines measured from the pj^int C along CB, that 
is, upwards, are considered positi ve, or have the sign -f-. 
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All lines measured from the point C along C6, that is, in tho opposite dhceo 
tion downwards^ are considered negative, or have the sign 

1 et us determine according t(y this principle, the signs of the sines and oo- 
sines of angles in the diflerent quadrants. 


m the first quadrant, sin. i , cos. 6 =r -q~ 

Here PjM, =z C//?, is reikoiied from C along CB up- 
wards, and is podtive. 

C'M, is reckoned from C along CA, to the right, 
and is positive. 

In the first quadrant^ therefore, the sine and cosine 
are both positive, 

P M PM 

Tn the second quadrant, sin. 6 = cos. & = ~— 

PA ’ PA 

Here PgMg z= CW| is reckoned from C along GB up- 
wards, and is .*. positive. 

CM, is reckoned from C along Ca, to the left, and 
is .*. negative. 

In the second quadrant, therefore, the sine is posU 
five, and the cosine is negative. 



In the third quadrant, sin. 6 z= ^ 

Here PgMa = Cwa is reckoned from C along C^, down- 
war<ls, and is negative. 

CM, is reckoned from C along Ca, to the left, and 
b negative. 

In the third quadrant, therefore, t-ie sine and cosine, 
are both negative* 



P M CM 

In the fourth quadrant, sin. § = cos- ^ 

Here P4M4 = is reckoned from C along Cb, down- 
wards, and is negative. 

GM4 is reckoned from C along CA, to the right, and 
is .’. positive. 

In the fourth quadrant, therefore, the sine is negative 
and the cosine positive. 

Hence we conclude, that, the sine is positive in the first and eecond quadrants^ 
and negative in the third and fourth ; and the cosine is positive in the first and 
fourth, and negative in the second and third; or, in other words, 

The sine of an angle less than 180® is positive, and the sine of an angle 
greater than I HO® and less than 360® is negative. 

The cosine of an angle less than 90® is positive, the cosine of an angle greater 
than 90® and less than 270® is negative, and the cosine of an angle greater than 
270® and less than 360® is positive. 

The vsigns of the sine and cosine- being determined, the signs of all the other 
ti igonometrical quantities may be at once established by referring to the ^ 
relations in Table I. 



Thus, for the tangent. 


tan. ^ 


sin,^ 
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lienee, it appears that when the sine and cosine have the same sign, the tangent 
will be positive, and when they have different signs it will be negative. 

Therefore, the tangent is positive in the first and third quadrants^ and negative 
in the second and fourth. 

The ^me holds good I’oi* the cotangent; for C 


cot. 4 


cos. 9 
sin. 6 


Again, since 


sec. ^ = 


1 


cos. 6 

the sign of the secant is always the same with that of the cosine ; and, si ace 

< .1 

sin. i 


cosec^ & zz: 


in like manner, the sign of the cosecant is always the same with that of the sine. 
The versed sine is always positive, being reckoned ft'om A always in the 
same <lire(;tion. 


it is sometimes convenient to give different signs to angles themselves. We 
have hitherto supposed angles of different magni- 
tudes to be generated by the revolution of the move- 
.able radius CP round C in a direction from right to 
loft ; ana the angles so forme<l have been considered 
positive, or affected with the sign +. If we now 
suppose an angle 6> zz 6 to be generated by the 
revolution of the radius CP' in the opposite direction, 
we may, upon a principle finalogous to the former, 
consider the angle 6' as negative, and affect it with 
the sign — , 

We sha!u now determine the variations in tV.e magnitude of the . sine and 
cosine for angles of different magnitudes. 



In the first quadrant: 

Let CPj, CP,, CPs, be different positions 

of the revolving radius in the first quadrfint; and 

from Pj, P,, Pg, draw PiM,, P,M,, P,M„ 

perpendiculars on CA. 

It is manifest, that as the angle increases the sine 
increases; for 

P«M. P,M, , P,M. P,M, 

-CjT ^ -CA CA -CA- 



When the angle becomes very small, PM becomes very small also*, and when 
lie revolving radius coincides with CA, i,e, when the angle becomes 0, then 
PM disappears altogether, and is =: 0. 

PM 

Hence since, generally, sin. 9 = and since, when /= 0, PM s; D! 

sin. 0 = /rr 
CA 

= 0 

On the other nand, when the angle becomes equal to 90®. PM coincides with 
CB, and is equahto it. 

PM 

Hence since, generally sin, 9 t— and since, when 9 — 90®, PRl = Civ 
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Sin. 90® rr 


CB 


GA 

= 


CB = CA. 


Again, it is manifest, tiiat as the angle increases the (wsiiie dimiiiislies 
• <;IM, CM, ^ CM, CM, 

CA ^ CA- “*“1 CA" ^ CA 


for 


When the angle is very small, CM is vei*y nearly equal to CA ; and nhen 
the revolving radius coincides with CA, t. e, when the angle is 0, then CM 
coincides with CA and is equal ^o it. 

CM 

Hence since, generally, cos. ^ , and since, when ^ = 0, gM = CA; 


cos. 0 


CA 

CA 

1 


On the other hand, as the angle increases, CM diminishes, and when tha 
angle becomes equal to 90®, CM disappears altogether, and is =: 0. 

CM 

Hence since, generally, cos. ^ =: — — , and since, when 6 = 90®, CM = 0; 

Vv A 

.*. cos. 90® == 7 ^ 

CA 

= 0 


let. us now take different positions of the revolving radius in the second 

quadrfinL 

It is manifest, that as the angle increases the sine 
ditiiiiiishes ; for 

P,M, _ P.M, __ P.M. 

CA 


C A~ 


and 


CA 


Ca 



As the angle goes on increasing, PM goes on dimi- 
nishing ; and when CP coincides with Ca, i, e. when 
the angle becomes equal to 180®, PM disappears 
altogether, and is equal 0. 

Hence since generally, sin. ^ =r J^i^d since, when =z 180® PM = 0; 

sin. 180® = 0* 


On the other hand, as the angle increases the cosine increases ; for 

CM^ CM* ^ CM* CM* 

( A CA CA CA 


and when the revolving radius coincides with Ca and the angle becomes 180®, 
CP coincides with Ca and is equal to it. 

CM 

Hence since, generally, cos. ^ = -4— and since, when 180®, CM = Ca; 

KjA 


cos. 180® 



Ca = CA, 


The negative sign is hero employed, because the cosine is reckoned to the left 
ilong Ca. 

Hea'^oiiing in the same manner tor the third »nd fourth quadrants, we shall 
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sin. 270® = — 1 

cos. 270® • = 0 

sin. 360® z= 0 

cos. 360® = 1. 

Thus, it appears, 

hat, as the angle increases in the first quadrant, from 0 up to SKV. 

The sine, being positive, increases from 0 up to 1, 

The cosine, being positive, decreases from I down to 0. 

Iliat. as tlie angle increases in the secx)nd quadrant, from 90® up to ISC^ 
The sine, being positive, decreases from 1 down to 0, 

The cosine, being negative, increases • from 0 up to — 1. 

That, as tife angle increases in the third quadrant, from 180® up to 270® 
The sine, being negative, increases® from 0 up to — 1, 

The cosine, being negative, decreases • from — 1 down to 0. 

Chat, as the angle increases in the fourth quadrant, from 270® up to 360®, 
The sine, being negative, decreases * from — 1 down to 0, 

The cosine, being positive, increases from 0 up to 1. 


Ihe variations in the magnitude of the sine and cosine being known, those 
>f the other trigonometrical quantities may be determined by means of the 
relations in Table !• 

Thus, since tan. i = - 

cos. 9 


tan. 0 = 
tan. 90o = 


sin. 0 ^ 

cos. 0 

s in. 90” 

cos. 90® ““ 


0 

r 


0 


I _ 
0 


Of 


The truth of this last relation may be readily illustrated, by referring to the 
geoniett'ical constrMttion ; when it will be seen, that for an angle of 90^, AT 
becomes parallel to CP ; and therefore, the point T, in which the two lines 
meet, is ;it an infinite distance. 

•So, also, cot 0 = X 

cot 90® = 0 

an d so for all the rest 


We sliall next proceed to point out some important general relations, which 
exist between the trigonometrical functions of angles less than 90° and those 
of angles greater than 90®. 

Draw CP, making with CAany angle PC A, which 
we may call 9 ; let fall PM perpendicuLar from P on 
CA. Draw CP', making with BC the angle BCP 
5S PC A == 9 ; and from P' let fall PM' perpendicular 
on Co. 

Then the angle FCA = 90® + 9, 

The two triangles PCM, P'CM', have the side PC 
of the one equal to ihe side P'C of the other, also 
the angles at M and M' right angles, and the angle 
CFM of the one equal to the angle P'CM' of the other; the two triangles 
are in every respect equal ; and 





• That is, considered abtolutehl or independently of its sign. 



# 

Again, 
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PM = CM, CM = FM'. 

pw cm 

• • CA — CA 
Or, sin. FCA = cos. PCA, 
u e. sin. (90® -j- = cos. 


CM^ PM 
CA — CA 

Or, —cos. FCA = sin. PCA 
<, «. cos. (90® 4- 0 ~ ^ 
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As before, draw CP, making any angle ^ with 
CA, and draw CP', making with Ca the angle 
FCa, equal to 

Then the angle P'CA = 180® — A 
The two triangles PCM,P'CM', are manifestly in 
all respects equal ; and 

PM = FM', CM = CM' 

CA CA 



i. c. sin. S =: sin. (180® — ^), 

jm important proposition, which enunciated in words is, The sine of an angle i§ 
equal to the sine of its supplement. 

Again, CM _ CM' 

CA TJa 


cos. ^ = — cos. (180* — 0) 

that is, The cosine of an angle and the cosine of its supj^lemmt are egwd m 
absolute magnitude^ but have opposite signs. 


If, as in the annexed figure, we draw CP', making 
with Ca an angle nCF equal to the angle we shall 
find, in like manner, 

sin. (180® +0 = — sin. 

cos. (180® + 0 = cos. (180®— 

= cos. 



If we draw CP', making with C5 an angle 5CP' = then 
sin. ( 270® — = — cos. 

cos. (270® — == — sin. ^ 
as is evident from the Def. 7, and the rule for signs; 
and, in like manner, we may proceed for angles in 
the fourth quadrant. 

These relations being established between the sines 
and cosines, the corresponding relations between the 
other trigonometrical functions, may be deduced im- 
mediately from Table I. 

cos. ^ 

— sin,^ 

sr — eot. ^ 
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tan. (ISO*— 0 


and 80 for all the rest 

The student may exercise himself, by verifying such of the results ii* the 
following table as have not been formally demonstrated. 


TABLE II. 


♦ sin. 0 

= 

0 

* sin. (180® + P) 

zz 

— sin. 0 

• cos. 0 

=: 

1 

♦ cos. (180° + 0) 

zz 

— cos. 0 

• tan. 0 

= 

0 

tan. ( 180® + 0) 

zz 

tan. 0 

• cot. 0. 


OD 

cot ( 180® + 0) 

:= 

cot 0 

sec. 0 

= 

1 

sec. (180® + 0) 

zz 

— sec. 0 

cosec. 0 

= 

00 

cosec. ( 1 80® + 0) 

zz 

— cosec. 0 

• sin. (90* — S) 


cos. ^ 

sin. (27 Go — 0) 

zz 

— cos. 0 

* cos. (OO*— 

= 

sin. d 

cos. (270®— 

zz 

— sin. 0 

• tin. (90*—^) 

= 

cot S 

tan. (270“ — i) 

zz 

cot 0 

1 

1 

1 

= 

tan. 6 

cot. (270“ — 6) 

zz 

tan. 0 

sec. (OO" — 

z= 

cosec. 6' 

sec. (270“ — 6) 

zz 

— (josec. 0 

cosec. (90**—^) 

= 

sec. $ 

cosec. (270® — 0) 

zz 

— sec. 0 

*■ sin. 90o 

=: 

1 

sin. 270® 

zz 

— 1 

♦ cos. 90® 

zz 

0 

cos. 270® 

zz 

0 

♦ tan. 90o ^ 

zz 


tan. 270® 

zz 

— or 

♦ cot. 90® 

zz 

0 

cot 270® 

zz 

0 

8er>. 90o 

=z 

a 

sec. 270® 

zz 

X 

ci'sec. 90o 

zz 

1 

cosec. 270 

zz' 

— 1 

♦ sin. (90® + 

= 

cos. 0 

sin. (270® + 0) 

zz 

— cos. 0 

* cos. (90" -f- 6) 

zz 

— sin. 0 

cos. (270® + 0) 

zz 

sin. 0 

* tan. (90® -f 

zz 

— cot 0 

tan. (270® + 0) 

zz 

— cot. 0 

♦ (iot, (90« -f- y) 

zz 

— tan. 0 

cot (270® + 0) 

zz 

— tan. 0 

sec, (90®+ f) 

= 

— cosec. 0 

sec. (270® + 0) 

zz 

cosec. 0 

€08611.(900+^) 

zz 

sec. 0 

cosec. (270®+ 0) 

zz 

— sec. 0 

* sin. (180® — d) 

zz 

sin. 0 

sin. (360® — 0) 

zz 

— sin, 0 

* cos. (180"—^) 

zz 

— cos. 0 

cos. (360® — 0) 

zz 

cos. 0 

♦ tan. (180®— 

zz 

— tan, 0 

tan. (360" — 0) 

zz 

— tan. 0 

♦ cot (180®— tf) 

zz 

CjOt. 0 

cot (SOO"* — 0) 

zz 

— cot. 0 

sec. ( 180® — d) 

zz 

— sec, 0 

sec. (360® — 0) 

zz 

sec. 0 

cosec.(180® — $] 

(zz 

cosec, 0 

cosec. (360® — 0) 

zz 

— cosec. 0 

• sin. 180® 

zz 

0 

sin. 360" 

zz 

0 

* cos. 180® 

zz 

— 1 

cos. 360® 

zz 

1 

* tan. 180® 

zz 

0 

tan. 360® 

zz 

0 

* cot 180® 

zz 

QC 

rot 360® 

zz 

a 

sec. 180® 

zz 

— 1 

sec. 360® 

zz 

1 

cosec. 180® 

= 

QC ^ 

cosec. 360 

zz 

X 


The results in the abovf> table which are most frequently used, are marked 
with an asterisk, and ought tc be committed to memory. 
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We have in the preceding pages contined ourselves to the consideration oi 
angles not greater than 300“, but the student can find no difficulty in applying 
tlie above principles to angles of any magnitude whatsoever. 

We shall conclude this introduc'tory chapter, by demonstrating two proposi- 
tions wlitfch are of the highest importance in our subsequent investigations, 
llie first is, 

In any right-angled triangle^ the ratio which the side opposite to one of the 
acute angles bears to the hypotenuse^ is the sine of that angle ; the ratio which 
the side adjacent to one of the acute angles bears to the hypotenuse^ is the cosine 
of that angle ; and the ratio which the side opposite to one of the acute angles 
hears to the side adjacent to that angles is the tangent of that angle. 


Let CMP bo any plane triangle, right-angled 
at M. 

Then, 


PM 


CM 


PM _ 

CP - 

sin. C, 

cF - 

cos. C, 

CM 

or. 





CM 


MP 


MC 

CP ~ 

sin, P, 

CP - 

COS. P, 

MP 



From C, as centre, with radius CP, describe a 
circle. 

Produce CM to meet the circumference in A. 

From A draw AT a tangent to the circle at A. 

Produce CP to meet AT in T. 

Then, from Definitions (1), (2), (3), 

PM . ^ CM ^ AT ^ 

= sin. C, ^ = cos. C, ^ = tan. C, 

for CP = CA. 

But the triangles TAG, PMC, are similar; 



CP 


PM _ 
CM ~ 


tan. C. 


Carol 


PM = 

CP sin. C = 

CP cos. P 

CM = 

CP cos. C = 

CP sin. P 

PM = 

CM tan. C = 

CM cot. P 


The second proposition is. 

In any plane triangle^ the ratio of any two of the sides^ is equal to the ratio 
of the sines of the angles opposite to them. 

Let ABC be a plane triangle ; it is required to prove, 
that 

CB sin. A CB _ sin. A CA sin, B 

Cl “ sHTB’ BA sin. C* Ba sim C’ 

h>om C let fall CD perpendicular on AB. 

Then, since CDB is a plane triangle right-angled at D, 
by last proposition, 9 

CD = CB sin. B (1) 

Again^ eince CDA is a plane triangle right-anglpd at A, 

CD =: CA sin* A 



( 2 ) 
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Equating these two «qaal values of CD, 

t CB sin. B = CA sin. A; 

CB _ sin. A 

CA — sin. B 

111 like manner, by dropping perpendiculars from B and A upon t£e side^ 
AC, CB, vte can prove, 

CB sin. A CA _ sin. B 

BA — sin. C’ BA ““ sin. C 

In treating of plane triangles, it is convenient to designate the three angles 
by the capital letters A, B, C, and the sides opposite to these angles by the 
iorresponding small letters, a, d, c. According to this notation, the last propo- 
sition will be, 

a ^ sin. A a sin. A 6 sin. B 

b "" sin. B * c ““ sin. G* c sin. C * 


CHAPTER II. 


GENERAL FORMULiR 


C^txen the »net and cotiwi of two angkt, to find the tine of their turn 


Tjet ABC be a plane triangle ; from C let fall CD per- 
pendicular on AB, 

Let angle CAB = 
and angle CBA = • 

Then, AB z= BD + DA 

= BC cos. ff + AC cos. 
because BDC and ADC are. right-angled triangles. 

Dividing each member of the equation by AB, 
t BC AC ^ 

1 = ^COS.0'+ JgCOS.tf 



.% sin. C 


4 -- ; ^ cos. ff -L cos. 6, by last Prop, in Chap. I. 

pill* Bin* V/ 

sin, ^ cos. ff -f- sin. ^ cos. A 


But, since ABC is a plane triangle, ^ ^ + C =: 180’ 

C = ISO® — 

sin. C = sin. {180® — (^ + ^)} 

= sin (d + ^), because 180* ^ is the supplement ot 

0 + 0 . 

Hence, sin. (^ + O ^ sin. V cos. ^ 4" sin. ^ cos. ^ (a) 

This expression, from its ^at importance, is called the fundamental Jbrmula 
of Plane Trigonometry, and nearlv the whole science may be derived ^m it 
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fhven the sinet and cosines of two angles^ to find the sine ^ their difference* 
liy formula (a). 

Bin, (^ + ^) =: sin. ^ cos. + sin. ff cos. A 

% ^ ■% 

For & substitute IBO® — the above will become 

sin. 1^180® — {$ — ff)\ = sin. (180® — 6) cos. & -}- sin. 0 cos. (180®— §) 
But, sin. p 80® — j = sin. — 0) •.• 180® — is the supple- 

nieiit of — ^), 

And, Bin. (180® — &) = sin. A 
And, 008.(180® — 6) zz — cos. ^ 

Substitute, therefore, these values in the above expression, it becomes 
sin. — 0) = sin. 6 cos. & — Bin. ff cos. b 


Given the sines and cosines of two anghs, to find the cosine of their sum* 

By formula («) 

sin. (^ + ^) = sin. 6 cos, 0 •j- sin. 0 cos. A 
For ^ substitute 90® + A the above will become 

sin. ][90® + (^ + 0)j = sin. (90® + cos. + sin. 0 cos. (90® +^), 
But, sin. J90® -{- (^ 4 . 0)^ =: cos. + 0), by Table IL 

And, sin. (90® *4 0 ~ 

And, CO 8 . (90®4 0 “ — 

Substituting, therefore, these values in the above expression, it becomes 
cos. (^ 4 0) = cos. ^ cos. 0 — grin. ^ sin. 0 (c) 


Given the sines and cosines of two angles^ to find the cosine of their differer*ct* 
By formula («) : 

gin. (^ 4 ^0 = sbi* ^ cos. 0 4 0 c®®* 

For & substitute 90” — A the above will become 

sin. { 90 ® — (^ — A) } = sin. (90® — 0) cos. 0 4 f cos* (90® — 

But, sin. {90® — (^ — A)} =: cos. — A), by Table IL 

sin. (90® — ^) = cos. & 

cos. (90® — 6) == sin. $ ****** 

Substituting, therefore, these values in the above expression, it becomes 
cos. (^ — A) = cos. 6 cos. A 4 ®^o* ^ s'*'* 0 (<^) 


Given the tangents of two angles, to find the tangent of their sum* 


By Table L : 
tan. (6+ A) 


gin. 0 4 A ) 

cos. (^4 A) 

^ sin. 6 c os. A 4 A cos. A 
““ casTt oS. A — sin. sin. A 


by (a) and (c) 
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Dividing both numera^r and denominator of fraction by co&. ^ isoi. 

sin. Q cos. ^ \ s in. & cos. ^ 

cos. & cos. cos. & cos. & 

j sin. ^ sin. ^ 
cos. $ cos. ^ 

Siiupnfyiug, ^ tan. ^ + tan. ^ 

““ 1 — tan. $ tan. ^ 


Given tie tangents of two angles^ to find the tangent of their difference* 


^ Table 1. : 

tan. (6 — ff) 


sin. {d — ff) 

QOS. — ff) 

sin. d COS. ff — sin, ff cos. & 
cos. 6 cos. ff -j- sin. ^ sin^. ' 


by (h) and (d) 


Dividing both numerator and denominator by cos. ^ cos. ff : 


sin, & cos. & 
cos. 6 cos, ff 

1 + 


sin. ff cos. ^ 
cos. 6 cos. ff 
sin. 6 sin, ff 
cos. ^ cos. ff 


Simplifying, 


tan, — i an. ff 
1 -J- tan. ff tan. ff 


The student will have no difficulty in deducing tiie following : 


cot. 

0+0 

= 

cot. ff cot. ^ — 1 
cot. ff cot. ff 

cut. 

0-0 

= 

cot. ff cot. ff - j - i 
cot. ff — col. ff 

sec. 

0 + o 


sec. ff sec. ff <-<*se(*. ff cosec. ff 
cosec. ff coifur. ff ’’ — sec. ff sec, ff 

sec. 

0-0 


sec. ff see. ff rnsor. ff cosec. ff 


cosec. ff cosor. ff - f - sec. ff sec. ff 

cosec. 

0+0 


sec. ff sec. ff cosec. ff cosec, ff 


sec. ff cosec. ff + sec. ff cosec. ff 

cosec. 

0-0 


sec. ff sue. ff cospc. ff cosec. ff 


sec. ff cosec. ff — sec. ff cosec. ff 


To determine die sine of twice a given angle* 
By formula (a) : 

sixu (^ + ^) = ^in. ff cos. ff + sin. fft cos. $ 

Let ffzzff* then the above becomes 

toik. 2ff ^ sill, ff cos. ff sin. $ cos. 0 
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In die last formula, for 6 substitute ; then, 

sin, 2 X =;? 2 sin. ^ cos. 

® c ^ 


Or, sin^ ^ =2 sin, ~ cos. 


(^2) 


Tb detentiine the cosine of twice a given angle. 

By formula (c) : 

cos. (tf + ^) = cos. ^ cos. If — sin. 6 sin. (f * 

Let & zz ff then the above becomes 

cos. 2 # = cos.* ^ — sin.* 6 (A 1 ) 

By table I. sin.* ^ = 1 — cos.* 6 ; substituting this for sin.* 6 : 

cos. 2 ^ = 2 cos.* 0 — 1 (4 2) 

Again, since cos.® 0 =: I — sin.^ substitute this for cos.^ 0: 

00% 2 0 := 1 — 2 sin.2 q gj 


To determine the tangent of twice a given angle. 
By formula (c): 

1 — tan. 0 tan. ^ 

Let 0 0't the above becomes 

2 tan. 0 


tan, 2 0 = 


- tan.^ 0 


(O 


The student will easily deduce the fbllowing ; 

cot.* 0 — 1 cot. e — tan, $ 

~~ 2 


cot. 2 0 = 


sec. 2 0 = 


cosec. 2 0 = 


2oot. 0 

sec.* 0 cosec.* 0 
cosec.* 0 — sec.* I 

sec.* 0 ccwsec.* 0 
•2 sec. ^ cosec. 0 


sec. $ cosec. 0 


To determine the sine of half a given angle. 
By formula (h S) : 

cos. 2 0 = 1 — 2 sin.® 0 


For ^substitute the above becomes, 
a 



cos. 2 ■— 

A 

= 

1 — 2 sin * 4- 
2 

Or, 

cos. 0 

=r 

1 — 2 sin * L 
2 


2 iin,® ^ 


1 — cost 0 


• 0 
ttn, ^ 


/l — cos. 0 
V 2 



ft •####•##••# 


<•> 
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To deiei'mine the cosine of half a given angle* 

By formula (/a 2): . 

cos. 2 6 =: 2 cos.* 6 — i 

, , A 

For 6 substitute - ; tlie above liecomes, 

2 

cos. 2 =r 2 t:os.* A — 1 

2 A 

A 

Or, cos. 6^2 cos,* ^ 

A 

^ 2 cos.* — ss 1 + cos. 6 

B /I + cos. T ... 

— — 

To dt‘t< i mine the tangent of half a given angle- 
Divide formula (j) by (k): 

6111 , ~ ^ 

2 /{ — cos. 6 

cos. — ~ ^ I + cos. 6 

2 

/» . ^ /l — cos. 6 

2 V 1 -f- cos. B ^ * 

Multiply both numerator and denominator by/^1 — cos. e ; tin, abo\c l)ocome8, 
.6 1 — cos. 6 

2 sin. B 

Multiply both numerator and denominator of (/ 1) by V I -f cos. B ; ive have, 

^ sin- ^ r.»x 

‘*"•-2 = r + cos. 0 

Tlie student will easily deduce the following: 

. B _ /I + cos. B 

' ~2 VI — cos. B 

_ 1 + cos. B_ 

sin. B' 

sin. B 

1 — cos. B 

sec. ± = /l^±±L 

2 V sec. ^ + 1 

cosec. JL 

2 V sec. B — 1 

To determine the nine of (71 1) B, in terms of n B^ (n — 1 ) ^ and B* 

Bv formula («) and (h ) : 

sin. (^ + 0 = ' ^ ^ ^ ^ ^ 

sin. ({f — B) = sin. ^ cos. B ^ sin. B cos, B 

Add these two equations, , 
sin. (d'+^ + sin. (ff — = 


2 sin. COB. B 
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Srhlraci sin — 6) from each membor« ^ 

sin. (^ + ^) =. 2 sin. ^ cos. ^ — sii^ f) 

Let 0 'Jiz ttie above becomes 

sin. (n -}- 1 ) ^ = 2 sin. n d cos. 9 — sin. (» — 1) ^ (m) 

In till above fornlula, let w zz 1 ; n 1 = 2, n — 1 = 0 
sill. 2 ^ = 2 sin. 6 cos. 6 — sin. 0 

= 2 sin. 6 cos. the same result as in (g). 

Let 71 = 2 ; . n -f* i = w — 1 =z 1 ; 

.*. sin. 3 ^ z= 2 sin. 2 ^ cos. 6 — sin. & 

= 2X2 sin. ^ cos. 6 X cos. ^ — sin. d 

=: 4 sin. 6 cos.^ & — sin. d * 

= 4 sin. ^ (1 — sin.’ — sin. t 

rr 3 sin. & — 4 sin.® 6 (jt) 

Let w = .3 ; n + 1 =: 4, n — 1 = 2; 

/. By formula (jni ) : 

sin. 4 ^ = 2 X sin. 3 X cos. ^ — sin. 2 ^ 

= 2 (3 sin. 6 — 4 sin.® 6) cos. & — 2 sin. 6 cos. 6 

= (8 cos.® 6 — 4 cos, 6) sin. & 

It is manifest that, by continuing the same process, we may find in suocessioni 
sin. 5 A sin. G &c. 


Yb determine the cosine of {n + 0 **• of n (n 1) #, and I. 

By formula (c) and (d): 

cos. (0 + 0 = ^ ^ ^ ^ 

cos. (0 0 ~ ^ ^ “f" ^ ^ 

Add these two equations, 
cos. (0+0 + cos. (0 — 0 = 2 cos. ^ cos. ^ 

Subtract cos. (0 — 0 from each member. 




cos, (0 + 0) 

z= 

2 

cos. ^ ms, 6 — cos. {0 — 0) 


Let 

0 : 

= 71^, 

the above 

becomes 





cos. 

(n+l)^ 

=: 

2 

cos. n 0 cos. 0 — cos. (n — 1) 0 


In 1 

the 

above 

formula, let n = 

1 ; 

.*. w + J = 2, n — 1 = 0; 



Th 

en, 

cos. 2 ^ 

= 

2 

cos. 0 cos. 0 — cos. 0 






=: 

2 

cos.® 0 — 1 , the same result as in (A 2), 

Let 

n : 

= 2, 

/. » -j- 1 

= 3, 

n 

-1 = 1; 





cos. 3 ^ 

zz 

2 

COS. 2 0 cos. 0 — cos. 0 






= 

2 

(2 cos.^ 0 — 1) cos. 0 — cos. 0 






=: 

4 

cos.® 0 — 3 cos. 0 

••• (p) 

Let 

n : 

“ 3 9 

n + 1 

= 4', 

71 

-1 = 2; 




•* 

• • 

cos. 4 P 

= 

2 

cos. 3 0 cos. 0 — cos. 2 0 






= 

2 

(4 cos.® 0 — 3 cos. 0 ) cos. 0 —(2 cos.* 

7-1) 





=z 

8 

co^.* 0 -^% eos.* 0 + 1 

* • 


Ii is manifest that, by continuing the same process, we map find, fn success 

sion, cos. 5 cos. 6 ff. ,, .. Sta 

ooa 
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By adding and subtracting (a) and (5), and by adding and subtracting (cj 
•ind (d), we obtain the following formulae, which are of considerable utility. 

sin. + o') + sin. = 2 sin. ^ cos. 

sin. -f. — sin. == 2 sin. ^ cos. 

cos. cos. =r 2 cos. ^ cos. f ^ 

cos. (^ + ^) — COS. = — 2 sin. 6 sin. -ff) 


Any angle 6 may, by a simple artifice, be put under the form, 


- L±L. 




And, in likotmanner, 




. ^ ^ I 

•• «"• 0 = «”• \ + -r~ 5 

= «"• -g— «os. — g— + sin. cos. (I) 

. U+6' 

= m. ^-g 

= sin. — cos- -j- — sin. — ^ cos. — (2) 

cos. = cos. I ~Y- + — ] 

= cos. cos. _ fin. sin. (3) 

= cos. cos. + sin. sin. (4) 


Add together (1) and (2) ; 

^ sin. 6 + sin. ^ z= 2 sin. cos. — ^ ^ (rj 

^ d 

Subtract (2) from (1), 

sin. 6 — sin. ^ = 2 sin. cos. («) 

Add together (3) and (4), 

cos. 6 + zz 2 cos. ^ - cos. (0 

Subtracv (4) from (3), 

cos. & — cos. ^ — 2 sin. — ^ sin. — ^ (v) 


T||€se formulae, which are of thp greatest impm-tance, might have been im- 
mediately deduced from the group ( q ), by changing ^ into ^ ^ 

Into f, i into f int*} 
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Divide (r) by (s) ; 

A A, 2 Sin. — X — cos. — T— 

sin. ^ 4* £ 

sill. ^ — sill. ^ ^ ^ -f- ^ 

$ 2 sill. — g— cos. — 2 — 

tan. — i 

_ 2 r,j,) 

, 0 — #■ 
tan. — 

Multiply (a) by (/^) ; then, 

sin. (^ + ^) sin. r= siii.^ 6 cos.® ^ — sin.® ^ ^os.® & 

= sin.® ^ — sin.® ^ (:r) 

Multiply (c) by (t?) ; then, 

cos. {d -j- ff) cos. — ^') z= cos.® ^ cos.® ^ — sin.® 0 sin.® 0f 

zz cos.® 0 — sin.® ^ 


To find the numerical value of the sine, co.wic, Sfc, of 45'’. 


In the circle ABa, draw CA, CB, radii at right 

angles ; join AB. 

Then by Definition (11), 

CliorU ACB ( 90» ) =: v|-! 

A»y 


Chord® 90® 


ATV 

aC®' 

AC® + BC* 

AC; 


2ki^_ 

AC® 

2 


BC r- AC 


I? 



A 




Now, the chord of an arc 
therefore, 

2 sin. 45“ zr 
4 sin,® 45“ zz 


is cjual to twice the sine of hall' the anc 

(;hord 90® 
chord® 90® 

2, by Equation ( I ) ; 


.'. sin. 45® 

Again, by table I.: 
.sin.^ 0 + cos.® 0 
.*. cos,® 45® 


I 

v/-^ 

1 

1 — sin.® 45® 



1 

¥ 


• , cos. 45® 

Alfto, 

tan. 45® 



rz^fin. I5» 


sin. 45’ 
cos. 45® * 

1 = C4it, 45® . 
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To find the numerical value of the sine^ cosinet <}•(?. of 30*» 

Ib the circle ABa, draw CP, making; with CA the 
angle ACP = 60® ; join A, P. 

Now, L 

. 2 sin. 30® r= chord 60® \ ^ 

_ AP V I 



- AC 

~ aid 

= 1 

2 


V APrr AC, •.* the Irian. APC is e<|ui. 
anguiai*, and therefore equilat'Tat 


cos. 30® ~ vI—TmijT” jo® 

= x/mr 

=: v£L. 

2 

ten. .W = 

COS. 30® 


= v/3 

To find the vuvierical value of the ‘Coiine^ ^t\ 'iO®. 

sill. CO® = cos. (.00® — 00® J 

zr cos. 30® 

= by last art. 

2 ^ 

cos. GO® zz sill. (00® — CO® ) 

zz sin. 30® 


]t may be useful to exhibit (he most useful results in this chapter, it* the 
following 


(1.) sin. 

( 2,) COS. (^±^) 


T A BLE III. 

t 

z= sin. 0 cos. ^ ± sin. ^ cos. & 
z= cos. d ^ sin. 9 sin 0 

I 41 tan. 9 tan 0 


(3.) tan. 
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<4.) 

sifi. 2 6 


= 

2 sin. 0 cos. 0 

(5.) 

cos. 2 0 


z= 

cos.* 0 — gin.* 0 rz 2 cos.* ^ 1 sr 

(6.) 

• 

(7.) 

tan. 2 0 

. 0 

sin.-^ 



2 tan. 0 


= 

i — tan.* 0 

/ 1 — cos. 0 

y 2 

(8.) 

0 

COS. 

2 


= 

/l + cos. 0 

y • 2 

(!).) 

0 

tan. 

2 


=r 

/l — cos. 0 1 — cos. 0 

y 1 -f- cos. 0 sin. 0 1 • 

(10.) 

sin. 0 



0 0 

2 sin. -- cos. -j 

(11.) 

sin. 3 0 



3 sin- 0 — 4 sin.^ 0 

(12.) 

cos. 3 0 


rr: 

4 cos.^ 0 — 3 cos. 0 

(13.) 

sin. (n + 

1) 0 

= 

2 sin. n0 cos. 0 — sin. (« — 1) ^ 

(14.) 

cos. (// -f“ 

1) 0 


2 cx>s. n0 cos. 0 — cos. (n — 1 ) ^ 

(15.) 

sin. 0 + 

sin. 0 

= 

. 0+0' 0^0' 

2 sin. — ~ — cos, — g — 

(1C.) 

sin. 0 — 

sin. 0' 

=r 

0^0^ 0+ /y 

2 sin. — ^ cos. — ^ — 

(17) 

cos. 0 -f* 

cos! 0 

= 

2 cos. — ^ cos. — g— 

(18.) 

cos. 0 — 

cos. 0' 

= 

„ . D+O' . 

— 2 sin. — - — sin. 

. <1+ ^ 
tan. — g — 

(19.) 

sin. 0 + sm. 0' 


sill. 0 — 

sill. 0' 


tan. ^ 


^a. 6 


• 009 > t 


) COS. 0 cos. O' 


(20.) sin. ^ ) = 2 sin, 0 cos. ^ 

(21.) sin. (^+^) — sin. — 0') =r 2 sin. cos. ^ 
(22.) cos. (^ + ^') + 

(2.3.) cos. {0 + 0') — cos. {0 — 

(24.,) sin. (0+0') cos. (0 — 0') 

(25.) cos. (0 + 0') cos. (0 — 0') 

sin. 45® 


1 sin. 0 sm. I 


rr sin.' 0 — sm. 


* // — one * 


(2G.) 

(27.) 

(28.) 


' — em/ $ 

cos.*'^ 0 — sin.* ff = cos.* ^-f-cos.* 0 —1 
1 


tan. 45" 
sin. 30® 


rr cos. 45® = — ^ 

\/2 

= <;ot. 45® = 1 

I 

= COS. 60® = — 


(29.) 


cos. 30® 

zr sin, 60® 

II 

(30.) 


tan. 30" 

= cot. 60® 

1 

= 73 

(31.) 

• 

-*/>!. 30® 

=z tan. 60 ® 

= /3 
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The formulsd of Trigonometry may be multiplied to almost any extent, and 
the same quantity may be expressed in a vast number of different ways. An in- 
timate acquaintance with those given in the above table is essential to the pro- 
gress of the student. 

The following, although of less frequent occurrence, may occasionally be 
found useful, and can be readily deduced from the above. 


(321) 

( sin. (45® ± > 

( cos. (45® ^ ) 

= 

cos. 0 ± sin. 0 
• \/2 

(33.) 

tan. (45° ± d) 

- 

1 ± tan. 0 

1 T tan. 0 

(34.) 

tan.* ( 45 ° + 1" ) 

- 

1 ± sin. 0 
r + sin. 0 

(35.) 

tan. ( 45 ® ±|-) 

= 

1 i sin. 0 _ cos. 0 

cos. 0 “ 1 + sin. 0 

(36.) 

sin. (^ + 
sin. ( ^ — 

= 

tan. 0 -f- tin. ^ cot. 0' -f- cot 0 

tan. 0 — tan. ^ cot. 0' — cot 0 

(37.) 

00 s. ^ ) 

cos. (^ — 

= 

cot. ^ — tan, 0 cot 0 — tan. 0^ 

cot. ^ -|- tan. ~ cot. -f- tan. tf 

(38.) 

sin. ^ + sin, O' 

008 . 6 + cos. ^ 

= 

2 

(39.) 

dn. & + sin. ff 
cos. $ — cos. 


. <— tr 

(40.) 

sin. § — sin. 



cos. & + cos. ^ 


tan 

Ian. 

(41.) 

sin. 0 — sin. ^ 
cos. $ — cos. ^ 

= 

. <»+ f' 

-cot. 2 

(42.) 

cos. 0 -f- cos. 0f 
cos. 0 — cos. ^ 


cot. g cot. g 

(43.) 

tan. 0 + tan ^ 

= 

sill, (tf + 

COS. 0 cos. ^ 

(44.) 

cot 0 + cot. 0f 

= 

sin. (0 + 0') 
sin. 0 sin. ^ 

(45.) 

tan. 0 — tan. ff 

= 

sin. (0 — 0') 
cos. 0 cos, 0' 

(46.) 

cot. 0 — cot 


sin. (0 — 


sin. 0 sin. 0' 

<■47.) 

tan,* 0 — tan.* ^ 

= 

sin, (0 + sin, (0 — 

cos.* 0 cos.* ^ 

(48.) 

cot* 0 — cot.* ^ 

= 

sin. (0 + 0 sin. (0 — 0 ) 

T sin.* 0 sin.* 0 


In order to become familicr with the various qpmbinadons, and dexterous in 
tiie applhiation of these expressions, the student will do well to exercise himself 
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by verifying the following values of Sin. Cos. 6 , Tan. 6 , which are extracted 
from the large vrork of Cagnoli. 


♦able of the most useful analytical values 

OF SIN. fl, COS. e , TAN. A 
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To develop sin» x and cos. x in a series ascending hy the powers of x. 

The series ftr sin. x must vanish when a:=0, and therefore no term in the 
series can be independent of nor can the even powers of x occur in the 
series; for if we suppose 0 

sin. a: = a^x -f -f • . • . 

then sin. ( — a?) = — axX -f -j- -f • • • • 

but sin. { — a?) = — sin. x 

= — fljX — fljX® — a^a^ — a^x^ — ajX® — . , , , 

= — ^5 ,^ 4=: — ttii. ; hence ^2 == 0, 04 = 0 , , . . . . 

sin. x*= a^x a^a^ a^a^ -{■ a-x"^ (1) 

Again, the series for cos. x must = 1 when x = 0, and therefore the series 
must contain a term independent of x, and it must be 1; also, the scries can 
ct)iitain no odd powers of x, for if we suppose 

cos. X = 1 -f CiX “f + 

then .cos. (— x) = 1 — flix + + a^x^ — 

but cos. ( — x) = cos. X 

= 1 4- fliX + «2X® 4 a^a? 4 ^4^'* 4 ....... 

Gj — — Gj, G3 — ~~ G3, . • • • • .*« Gj 0, G3 0 • • • • • 

COS. X = 1 4 4 «4a^ + + • • . 

Hence cos. x 4 sin. x = 1 4 a^x 4 ^2^ + 4 4 ^sX^ 4 . . 


4 < 


,( 2 ) 

.(.3) 


(5) 


cos. X — sin. X = 1 — ajar 4 
Now in equation (3) write x 4 ^ 

cos. (x 4 A) 4 sin.(x 4 /i)= 14 G,(x 4 ^ 0 +^ 2 (^+^)^+® 3 (^+^ 0 ‘’+ 

oni cos.(x4A)4sin.(x4/0=®®s.xcos.4 — sin,xsin.A 48 in*»cos.A 4 cos.xsin./i 
=cop. /^ (cos. x 4 sin. x) 4 sin. h (cos. x—sin. x) 

=:(! . . . .) . ( 1 4«i^4«2‘2^Ha3a;^4...) 

4 (a,A 4 a 3 A'^ 4 a 3 ^'^ 4 .»)(i”®i^+« 2 '*^^— 03 ^ 4 .*) 
=14oj®-|- 4- + 

’\-aJi^a^xh-\- a^agrh 4 
4 4 g,G2x4^4 

4 4 

4" 

Comparing equations (5 ) and (6) we have 
J -j-ttiX-^ Ga^® 4 4 . • . . 1 4 4 a.,x^ 

4 a 1^4 2^2x4 4 4 . . . . / 4 — a^a^xh 4 a^a^x^h — 

4 aji^ 43 G 3 x/i® 4 . . . . ^ = 4 Ga/i*^ 4 4 

4 a ji^ 4 • • • • V . 4 — 

4 • .«• 3 4 

and equating the coefficients of the terms involving the same powers of x and 
A, wc have 


(«) 


4 « 3 a 4 4 


2G2=:- 

"■fliGs; 

therefore g., = 

G,Gi _ 





‘2 


1.2 

3G'3 ~ 

G (Qa 

G, = 

GjGa __ 





3 


1.2.3 

II 

~ G]G3 


1. «1«3 

+ 

G,^ 


4 

J. 2.3.4 

= 

41, «4 

g” = 


4: 



• r • ^ 

0 


I.2.3.4.5. 
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hence sin. x = a^x — ^ — x*— a:? 

1.2.3 ^ 1.2.3.4.5 1.2.3.4.5.6.7 ^ 


cos, ar = 1 — — L ar2+ 
J.2 


1.2.3.4.5.6 


. . 


and fc have only- to determine the value of ai. To effect this we have 


Bin. a? = a.ar- 


ar3 + ajs ^ . 

1.2.3 ^ 1.2.3.4.5 


:=a,x(\ - 

\ .1.2.3 1.2.8.4.5 / 

Now the value of a: may be assumed so small that the series in the paren- 
thesis, and sin. .r, shall differ from 1 and x respectively, by Ic.^ than any 
as.signablc quantities; hence ultimately 

X = /Xpr, and therefore Oj =i 1; whence 

~ + • • 

cos. a? = 1 — — + — 4* . . . . 

1.2 ^ 1. 2.3.4 1.2.3.4.5.6 

To develop tan. x and cot. x in a series ascending by the powers of x. 

The development may be obtained from those of sin, x and cos. rr, already 
found. 

^ &c. 

. sin. X 1.2.3 1.2.3.4.5 

tan. X = = 

c<.s. .r I _ &c. 

1.2 1. 2.3.4 

end the series will therefore be of the form x-\-n^x^-{-a^x'*-\-a-x‘-\- .... 


Tlenee, let x -f a f + a-,/’ -f . . . : 


1.2.3 1.2.3.4.5 


1.2.3 J. 23.4.5 \ 1.2 I.2.3.4 yv, . 3 -r 5 -r y 




Hence, equating the coefficients of the like terms, w'C have 

ill . - 2 

"" J.-i 1.2.3 J.2..t 


^ ^1 _L 1 ^ 

0 1 .2.3.4 ~ 




tan. j; =: JT -b 


Sim. CO*,. jT = — — 7 -— 

< i.2.J 


1.2.3.4,5 

2 ’/.’ 

1:273.4.5 
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CHAPTER III. 

FORMULiE FOR THE SOLUTION OF TRIANGLES. 

We shall here repeat the enunciations of the two propositions established in 
Chapter I, 

C PROP, I. 

In any righU angled plane triangle^ 

I® . The ratio which the side opposite to one of the acute angles has to the 
hypothenuset is the sine of that angle, 

2“ . The ratio which the side adjacent to one of the acute angles has to the 
hypothenuse^ is the cosine of that angle, 

3 * . The ratio which the side opposite to one of the acute angles has to the 
side adjacent to that angle, is the tangent of that angle. 

Thus, in any right-angled triangle ABC, 

CA “ **“■ AC - ^ BA — ***** ^ 

r= cos. C, = sin. C, =: cot. C 

Or, CB = AC sin. A ) 

= AC cos. C i 

BA = AC cos. A ) 

=r AC sin. Q 5 

CB = BA tan. A ) 

== BA cot. C ) 



PROP. n. 


In any plane triangle, the sides are to each other as the sines of the angles 
opposite to them. 

We shall, henceforth, in treating of triangles, make use of the following no- 
tation. We shall denote the angles of the triangle by the large letters at the 
angular points, and the sides of the triangle opposite to these angles, by the 
coiTesponding small letters. 

Thus, in the triangle ABC, we shall denote ihe 


angles BAC, CBA, BOA, by the letters A, B, C, re- 
spectively, and the sides BC, AC, AB, by the lettei’s 
a, b, c, respectively. 

A<icording to this, we shall have, by the prtyposition, 
a ^ sin. A 1 

h sin. B 



a sill. A I 

e sin. C •••“(i®) 

b siii.t B 

9 ^ Sin. C ^ 
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PROP. III. 

In any plane triangle^ the sum of any two sides, is to their difference, as th% 
tangent of half the sum of the angles opposite to them, is to the tangent qf half 
their difference. 

Let ABC be any plane triangle, then, by propo- 
sition, II ^ 

a sin. A 

h sin. B 

fl -f- 6 sin. A + sin. B 


a — b sin. A — sin. B 
But, by Trigonometry, Chap. II. (r). 



A • 


. . . . . A 4- B A — B 

sin. A + sin. B = 2 sm. — ~ — cos. — ^ — 


sin. A — sin. B 


^ A + B . A — B 
2 cos. — ^ — sin. — ^ 


^ . A-f- B A— . B 

« + 6 _ 2sm. — ^ cos. 


^ A + B . A 
2 cos. — ^ — sin. — 


B 


. A + B , 

= tan. — ^ — cot 


2 

A — B 
2 


Ian. 


A + B’^ 


tan. 


A.~B 


And, in like manner, 


a + c 

tan. 

2 

a — c 


A — C 


tan. 

2 

h -j-j 

tan. 

B + C 

2 

b — c 

tan. 

B — C 

o 


(y) 


PROP, IV. 

To express the cosine of an angle of a plane triangle in terms of the sides of 

the triangle. 

Let ABC be a triangle ; A, B, C, the three angles; 

4 K, h, Cy the corresponding sides. 

1, Let the proposed angle (A) be acute. 

From C draw perpendicular to AB, the base of 
the triangle. 

Then, • 

BC* = AC* + AB* — 2AB. AD (Geont) 

a* = 6* + c» — 2c , AD 
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But, since €DA is a ri^ht-angled triangle, 

AD = AC cos. CAD =r b cos. A • 

••• ffl = -f- c® — ^hc cos. A 

b^ -f^ C* I • I • 4l • *1 

008 . A = TT which IS tlie expression required. 


2. Ijet the proposed angle (A) be obtuse. 

From C, draw CD perpendicular to AJi produced. 
Then, 

BC* = AC* + AB* + 2AB . AD 
Or, 

C= h* + O'* + . AD 

But, since Cl) A is a rightrangled triangle, 

AD = AC cos. CAD 

= AC X — cos. CAB V CAB ii 
= ^ cos. A 

.•. =r A* + c* — 2/>c cos. A 
^ Z»* r 



DAB 


CAB is the supplement of GAD. 


It will be seen that this result is identical with that which ^ve deduced in the 
last f^asc, so that, whether A be acute or obtuse, we shall have, 


Proceeding in the same manner for 
the other angles, we shall find, 

' 

„ a'^ + h^ — c* 


To express the sine of cm angle of a filane triangle in terms of the sides of 
the triangle. 

Let A be the proposed angle ; then by last prop., 

+ — fl* 

= zTc 


Adding unity to each member of the equation, 

1 + cos. A = 1 + 

_ h^+^hc+d^^n^ 

2^0 

_ (b + cf-^a^ 

2 be 

__ (b + c + a) {h + c — a) 
“ 25^ 


COS. A = 
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Subtracting each member of the equation from unity, 

1 — COS. A .= 1 — '--j 

2 be 


— ^ - c- + 

2 he 


— (52 — 25 c + <'’”) 

2 be 

a^—{b — cY 
■ 2 be 

(a + b — c) (g -f- c — b) 
2 be 


( 2 ) 


Multiplying together equations (1) and (2), 

U+cos.A)X(1-Co 8.A) = I g .±- '^ W-Sj 


£ut (1+cos.AXl — COS. A) = 1 — cos.* A 

sin.* A (Table I. ) 

. . o . (g-f 5+c) (b+c—a') (a+c^b) (g-f 5-^) 

/•. sin. A — 452^^ 


Extracting the root on both sides, 

sin. A •\/(g-f-5-f‘CX5*|-c — aXa-j-c — h)[a-^b — c)...(.3) 


The above expression, for the sine of an angle of a tfi angle in terms of the 
sides, is sometimes exhibited under a form ionteu hat different. 

Let s denote the seiniperimeter, that is to say, half tjie sum of the sides of the 
triangle ; then 


s = 

a + b + 

2 

c 

“* 1 

and, 

2s 

— g -f* 5 -|- c 

s — g = 

b -f- c — 
2 

a 

... 2 (s 

— a) 

I 

+ 

II 

s^b = 

a c — 

2 

b 

... 2 is 


I 

+ 

?3 

II 


g -4- 5 — 

c 

... 2 (s 

— c) 

== g -j- 5 — e 

s — e = 

2 



Substituting 2 s, 2 (s — 
pression for sin.'' A, it becomes 

sin.’ A = 


. . . . for g + 5 + c, 5 + c — 
1 6 s (s — ^0 


g,, 


in the ex* 


And extracting the root on both sides, 

2 

sin. A = ^ — a) {s — b) {s — c) 

Proceeding in the same manner for the other angles, we shall 

find 

2 

^ • v/s (»■*•“)(*—*)(« — «) 






sill. C 
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By equation (1) we have . 

(a 4- 5 + c) (5 + c — «) 

1 + 008 . A = 7- 


_ 4 f ($ — a) 
““ 2b c 


But, by Chap. 11, 


1 -f- cos. A = 2 cos.* 


2 


. « A _ 4 « — fl) 

2 Cos' g- - — 2 Tc 


Extracting th^ root on both sides, 

A AU — a) 'I 

cos. = y 

And in like manner, 


be 


B 


cos. 


C 

cos. J 


_ A(^- 

V ai 


b) 


By equation (2) we have 


(«+ C— 5)(a + 5 — 0 

l_co 8 . A = fi,-i 


• _ 4 ~ 

“ 9be 


But, by Chap. II, 


I — cos. A '= 2 sin.* -g- 

. , A 4 (« — 5 ) (s — c) 
2 — 2 6c 


Extracting the root on both sides, 

And in like manner, 


be 

^a) _Jc ) ^ 

ac 

,„,C =/E£^-_ 


. B 

sin . -2 = 




(0 


Dividing the formula marked ( J*) by those marked (a), we have 
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CHAPTER IV. 


ON THE CONSTRUCTION OF TRIGONOMETRICAL TABLES. 


Before proceeding to apply the formulie deduced in the last chapter to the 
solution of triang’les, we shall make a few remarks upoii4he construction of 
those tables, by means'of which we are enabled to reduce our trjjfonometricaj 
calculations to numerical results. 

It is manifest, from detinitions 1®, 2®, 3®, &c. that the various trigonometrical 
quantities, the sine, the cosine, the tangent, &c. are abstract numbers repre- 
senting the comparative length of certain lines. We have already obtained the 
numerical value of these quantities in a few particular cases, and we shall now 
show how the numbers, corresponding to angles of every degree of magnitude, 
may be obtained by the application of the most simple principles. 

The numbers corresponding to the sine, cosine, &c. of all angles from T up 
to 90®, when arranged in a table, form what is called the Trigonormtrical 
Canon, 

The first operation to be performed is 


To compute the numerical value of the sine and cosine of 1'. 

We have seen, Chap. II. formula (^j) that 

_ /l — cos^l> 

• O ““ v/ S 

= v/ i — 5 v/ i — ^ 


By which formula the sine of any angle is given in terms of the sine of twice 
C at angle. 

Now substitute -3: for $ and it becomes 


Sin. ^ or sin, 


'*"• 2“ - v/s — i v/l — sin. « y 


In like manner, sin. ^ ^ , 


' sin. 


*in.4 = — i ^ 

&c. =: 


And generally, sin, ~ — i 1 — si 

Now let $ = 30® "2 


sin- " 

= 


and applying the above formula, we ha ve * 

.sin. 15® = /I — sin. *30® 


p p 
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Bst bY taiAp. \£. sin. ^>0® = i sin. » 30** = i 

siiu 15® = 5 — ix/i — i 

z= *2588190 

Similarly, sin. 7® SO' = \/ a — i 1 — sin. * 15® 

= v/ J J \/ 1 — (•2588190)* 

= *1305268 .... 

&C. = &C. 

It is manifest, that, by continuing the process, we shall obtain in suooession 
the sines of C® 45', of 1^ 62'. 30", &c. 

In this way we find 

. Ol'ka 

Sin. ^ or sin. 1' 45" 23"' 7'’ 30" = -0005113269, Acc. 

30* 

Sin. or sin. 52^' 44'" 3*" 45^ = *0002556634, &c. 

From which it appears, that, when the operation above-mentioned has been 
repeated so many times, the sine of the arc is halved at the same time that the 
arc itself is bisected : that is, 

The tines of very small arcs are proportional to the arcs themselves^* 
Hence we shall have 

Sin. 52" 44" 3’" 46^^ ; sin. 1' ; : 62" 44"' 3"^ 45^^ : I' 

^ 60 
• ‘ 2*2 60 X 60 

:: 3600 : 4096 

sin. 52" 44'" 3*'' 45^ X 4096 

••• 3600 

•000255G634 X 4096 
““ 3600 

= *000290888204 z= cos. 89® 69' *.* sin. ^ = cos. (90® — 

Again, ••• cos. 0 = \/ 1 — sin. ^ $ 

cos. 1' = \/ I — (.000290888204 ... f 
= *999999915384 

The sine and cosine of 1' being thus determined, we shall proceed to show 
in what manner we shall now be enabled to compute the sines and cosines of all 
superior angles. 

By formula (m) Chap. II. 

Sin. (rt + 1) ^ = 2 cx)S. 6 sin. n 6 — sin. (n — 1)4 

If we suppose 4=1' and.n to be taken zz to the numbers 1, 2, 3, in 

succession, we find 

8in. 2' = 2 cos. F sin. V — sin. 0 = *0005817764 ... zr cos. 89* 58' 

Sin. 3' = 2 cos. I' sin. 2' — sin. 1' zr *0008726645 ... =z cos. 89® 6? 

Sin. 4/ =z 2 cos. 1' sin. 3' — sin. 2' zz *0011635526 ... zz cos. S9« 56 

&c. = Ac. 

• Thy proposition is not aeeurately true, but no appreciable error will be Introduced into o«r 

ealculations by employing it, for it tibids good an far as ten places of dcciiuHis. 
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Again, by employing formula (o), Chap. II, 

Cos. (n + 1) ^ = 2 <508 . 4 cos. n - - cos. (n — 1) ^ 


It .Id before, we suppose $ ^ V and n z= 1, 2, 3, in succession, 

0^ = 2 Cos.» 1' — cos. 0 = '999999830 = sin. 89« 68< 

Cos. 3^ = 2 COS. 1' cos. 2' — cos. 1' zz *999999619 zz sin. 89® 57^ 

Cos. 4' zz 2 COS. 1' COS. 3' — cos. 2' zz *999999323 zz sin. 89® 50' 

&C, zz &c. 


It is manifest, that, by continuing the above processes, we shall obtain the 
numerical values of the sines and cosines of all angles from T up to 90®. These 
being determined, the tangents, cotangents, &c. may be calculated by means of 
the relations established in table I. 

The above operations are exceedingly laborious, but require a knowledge of 
the fundamental rules of arithmetic alone. It is manifest that, in employing this 
method, an error committed in the sine or cosine of an inferior arc, will entail 
errors on the sines or cosines of all succeeding arc.s. Hence is created the 
necessity of some check on the computist, and of some independent mode of 
examining the^ accuracy of the computation. For this purpose, formula!', 
derived immediately from established properties, are employed; if the numeri- 
cal results frpm these formulas agree with the results obtained by a regular 
procvcss of computation, then it is almost a certain ccnclusion that the laUer 
process has been rightly conducted. 

Formulae employed for this purpose are called formulce of verification, and 
of these any number may be obtained ; it vull be sullicient for our present pur- 
poie to give one. 

Sin. ^ + cos. ». & 

And 2 sin. Q cos 6 

Hence sin. 6 

cos. 6 

Now’ wo if suppose 6 
sin. 12® 
cos. 12® 30' 

Hence, if the values of the sine and cosine of 12® SO', and of the sine of 25 
obtained by the method already explained, when substituted in these equations, 
render the two members identical, we conclude that our operations are correcL 

The values of the sine and cosine of 30®, 45", 60®, &c. which were obtained in 
Chap. II., may be employed as formulae of verification.^^ 

Such is the formation of the trigonometrical canon. 

* We cau obtain finite expressions, although under an iiicummeiisuruble form, for the sines of arcs 
of 90 , and all the multiples of 3<*, i. e. for 

So. fio, Qo, \2o, 150, Ifio, 210, 240, 270 . 90o, SS", Sfi®, 99®, iS*. 46f^ 48®, 51®, 64®, 57®, 00®, 63®, 66®, 69®, 
72®, 75®, 78®, 81®, 84®, 87®, 1)0®. 

We first obtain the values of the sines 30* , 45 ® , 60 ® , 19 ® , and from these W’e obtain all the others, 
by means of the formulae, for 

Sin. (s + •')» (• — 

The numerical value of the trigonometrical funciions jiuve been calculated by some to ten places ol 
figures, by others as far as twelve. We must have tiibles calculated to ten places to liave the seconds 
and tenths of a second with precision, when we make use of the sines of angles which differ b«ll little^* 
from 90®, or of the cosines of angles of a few seconds only. Tables in general, however, are cnlculated 
as far as seven places only, and these give rysulta »ufliciently adeurate for all ordinary purposes. 

p p 2 


zz 1 tfd). I. 

zz sin. 2 $ 

zz 5 \/T -(- bin. 6 \/ 1 — sin. & 

zz J v/ 1 4“ sin. 2 ^ i v/ 1 — sin. 2 $ 

zz 12® 30' 

= ^ \/ I 25® ± 2 \/ 1 — sin. 2p* 

zz 4 v/ 1 + Bin. 25® + 5 y/ i — sin. 25° 
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Since the properties of Logarithms afford great facilities in performing com 
plicated arithtnetical operations upon tege* numbers, it becomes desirable to 
have the Logarithms of sines, cosines, tangents, &c. computed and arrav^ged in 
tables; but most of these numbers being less than unity, their Logarithms 
would, of course, be negative. To avoid this inconvenience, all the trigonjpme- 
tri<' 4 il functions calculated in the manner above explained are multiplied by a 
large number, and, the operation being performed upon all, their relative value 
is not altered. This number may, of course, be any whatever, provided it be so 
large, that, when the numerical values of trigonometrical quantities are multi* 
plied by it, their logarithms may be positive numbers. 

The numb^ employed for this purpose in the common tables is 10000000000 
or 10*®, which is usually represented by the symbol R. 

The sine of T, as computed above, is 

Sin. V = *0002908882 

a number much smaller than unity, and whose logarithm would consequently 
be negative. 

When multiplied by 1 it becomes 

= 2908882 

a number whose logarithm is 6*4637261, and consequently we find in our tables 
log. sin. 1' = 6*4637261 

A table constituted upon this principle is called a Table oJ[ Logarithmic 
Sines, Cosines, Tangents, &c. and by this nearly all the practical operations of 
trigonoihetry are usually performed. 

It is manifest, from these remarks, that, before we can apply formulae deduced 
in the preceding chapters to practical purposes, we must transform tliem in 
such a manner as to render the several trigonometrical quantities identical 
with those registered in our tables, The sines, cosines, &c, we have hitherto 
employed, are called Trigonometrical quantities calculated to a radius unity ; 
those registered in the tables. Trigonometrical quantities calculated to radius R, 

The problem to be solved therefore is 

To transform an expression calculated to a radius unity^ to another calculated 
to a radius R. 

Let us represent sin, & to radius unity by rru 
.. .. ,. R by n. 

Then the relation between them is 

n zz R m 

n 

“ R" 

and so for all the other trigonometrical quantities. 

Hence, in order to transform an expression calculated to radius unity, to an* 
other calculated to radius R, we must divide each of the trigonometrical qttanti* 
ties by R. 

If any of the trigonometrical quantities enter in the square, cube, &c. these 
must of course be divided by R", R*, &c. 

As observed above, R may be any given number whatever, the number usu 
ally employed in the ordinary tables being 10^®, and therefore 
log. It = 10 

Take as an example such an expression as 

«^in. $ zz h tan. (p 
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in order to reduce this to an expression which we can compute by our tables 
we must, according to the above rule, divide each of the trigonometiic.al quan- 
tities by the proper power of R : the expression then becomes 


sin. ^ 

“IT 


z= b 


tan.*. 0 

R* 


Or, clearing of fractions, 

a R sin, ^ i tan.*, (p 

Or, 

log. a 4- log. R + log, sin,' ^ = log. 5 + 2 log. tan. S 
an expression which may be calculated by the tables. 

» 

If the expression calculated to radius unity be of the form 

sin. § 

m =z - 

sin. p 

it requires no modihcation, for if we divide both terms of the fraction 
by R, we shall not alter its value. 

We need noj: prosecute this subject farther, as numerous examples of these 
transformations will occur at every step in the succeeding chapters. 


sin. & 
sin. p 


CHAPTER V. 

ON THE SOLUTION OF RIGHT AN GLED TRIANGLES. 

Evi uv plane triangle being considered to consist of 6 parts, the three sides, and 
the three angles, if any three of these parts be given, we can, in general, deter- 
mine the remaining parts by trigonometry. 

In right angled triangles, the right angle is always known, and therefore any 
two other parts being given, we can, in general, determine the rest. We shall 
thus have five different cases. 

1. When one of the acute angles and the hypotenuse is given. 

% When one of the acute angles and a side is given. 

3. When the hypotenuse and one side is given. 

4. When the two sides are given. 

5. When the two acute angles are given. 

Let A, B, C, be a right angled triangle, C the right 

angle. 

Let the sides opposite to the angles A and B be 
denoted respectively by a, 5, and let the hypotenuse 
be called c. 

Case 1, Given A, c, required B, a, h, 

C is a right angle 

A + B = 90® 

.% B =: 90® — A ^ whence B is known 

By Chap. III. prop. 1, 



A b Q 


( 1 ) 
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ling this expression to eomputation by the tables. 

, sin. A 

log, « = c — g-“ 

log. a = log. c -f log. sill. A — log. R, whence a is known (2) 

In like manner, '■) 

_ cos. A 


.*. log. b = log. c + log. cos. A — log. R, whence b is known (3) 

If B, c, are given, and A, a, b requii’cd, we shall have precisely in the same 

manner. 

\=: 90“ — B (4) 

log. a =: log. c -f- log* cos. B — log, R (5) 

log. b = log. c + log. sin. B — log. R (6) 

Citi'c 2, Given A, a, required B, 6. c, 

B 90* — A, A/hence B is known (7) 


b zz a cot. A 

Adapting tlie expression to computation by the tables. 


log. b = log. a rf- log. cot. A — log. R, whence b is knoivn, (8) 

Again, 

Q zz c sin. A 
a 

* * ^ sin. A 

Adapting it to computation. 


.% log. c = log. R + log. a — log. sin. A, whence c is known, (9)^ 

If A, b, be given, and B, o, c, we shall have in like manner, 

B = 90“ — A (10/ 

log. a iz log. b -f- log. tan, A — log. R (11) 

log. c = log. R -f- log, b — log, cos. A (12) 

If B, b be given, and A, a, c required. 

A = 90“ — B (13) 

log. a = log, b -f- log. cot. B — log. R (14) 

log. c = log. R log, b — log. sin. B (15) 

If B, a be given, and A, h, c, required. 

A = 90“ — B (16) 

log. h = log. a -f- log. tan. B — log. R *(17; 

log. c = log. R + log. a — log. cos. B (18) 


Case S. Let a, c be given, required 5, A, B, 

— «• 

= (c + a) (c — a) 

2 log. b rr log, (c -J- a) -f- log. (r — a) whence b is known (10) 

nn. A -* 
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Adapting the expression to computation, 
sin. A ^ ft 
“~R~ ““ c ' 

lo^. sin. A = log. R + log. a * log. c, whence A is known (20) 
So |lso, 

cos. B ft 

T 

log. cos. B = log. R + log. a — log. c, whence B is known, (?1) 

If by c be given, and ft, A, B required, we shall have 


2 log. a = log. (c + i) + log. (c — b) (22) 

log. cos. A zz: log. R -f- log. b — log. c (23) 

log. sin. B = log. R -|- log. b — log. c (24) 


Case 4. Let a, b be given, required A, B, c« 
tan. A = 

Adapting the expressiim to compulation, 
tan. A a 

R = T 

.*. log. tan. A = log. R + log. a — log. b, whence A is known, (25) 

So also, 

tan. B b 

"Ik - T 

log. tan. B = log. R + log. b — log. c, whence B is known, (23) 

c = \/ ft* + b^i whence c is known, (27) 

Case 5. (Niven A, B, required ft, 5, c. 

It is manifest that this case does not admit of solution, for any number of 
unequal similar triangles may be constructed, having their angles equal to the 
angles A, B, C. 

We shall conclude this chapter by giving one or two numerical examples. 

Example 1. Given A = 2G'’ 41' fi", c = G539*76 yards, required a 
Then by (2). 

log. ft =: log. c. log. sin, A — log. II 
By the tables, log, c = 3 ’81550 18 

log. sin. A = 9*0523286 

13*4678904 
log. R = 10* 

log, ft = 3*4078904 

Ihe number in the tables corresponding to the logarithm 3*4678904 is found 
to be 2936*91 

• a = 2936*91 yards. 

In like manner, the side b may be detetmined, if required. 

Example 2. Given c=: 65*39*76 yards, a = 2936*91 yards, required 5, A, B, 
By (19). 


og. ) =: log. (c + ft) + log. (a — ft) 


c + an 9476*67 / 

c — ft =*3602*85 
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By tke tables, 

log. (c + a) = 3*9766557 
log. (c — a) = 3*5666463 

2 log. 5 = 7*5333019 

log. b = 3-7666509 0 

The number in the tables corresponding to the logarithm 3*7666509 is 5843 *2 
.% b = 5843*2 yards. 

To determine A we have (20). 

log. sin. A = log. R -f- log. a — log. c 
By the tables, log. a = 3*4678904 
^ log. R = 10. 

13*4678904 
log. c = 3*8155618 

log. sin. A =r 9*6523286 

On referring to our tables, we shall find that the angle whose logarithmic 
sine is 9.6523286 is 26® 41' 6", which is consequently the value of A. 

A being known, B is determined at once by subtracting the v^ilue of A from 
90®, or B may be determined independently of A by (21). 

log. cos. B = log. R + log. a — log. t 

Example 3. Let a, 5, in the last example, be given, and c required. 

Then by (27). 

C =: \/ a*^^+TFor c* = a* + 5* 

The calculation in this case is not so simple, fur the quantity under the radi- 
cal cannot be easily adapted to logarithmic calculation. 

We have, log. a* = 6*9357808 .-. a* = 8625400 

log. 5* = 7*5333019 .*. 5* =z 84143000 

" .*. c» 1 = 42768400 

.% log.c» = 7*6311230 

log. c = 3*8155615 
C z= 6539*76 

fSxtanpk 4 Given c = 6512.4 yards, h = 6510«6, to find A 
By (23). 

log. cos. A = log. R + log. h — log* c 

Now, log. R = 10. 

log. 5 = 3*8136210 

iFsi 36210 
log. c = 3.8137411 

log. cos. A z= 9*9998799 
• A = 1® 20' 50" 

Upon inspecting the tables that are calculated to seven places of decimals 
only, it will be seen that, when the angles become very small, the cosines differ 
very little from each other. The same remark applies, of course, to the sines 
of angles nearly 90® . In cases, therefore, where great accuracy is required, 
we may commit an important en-or by calculating a small angle from its cosine, 
ov a large one from its sine. ^ We must consequently endeavour to avoid this. 
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by transforming our expression by help of the relations established in diapter 
first and second. 

In the example before us, A is a small angle which has been calculated from 
its cosine ; we must therefore, if possible, calculate this angle by means of its 
sine, some other. trigonometrical function. 


Now, by formula (j), chap. IL we have generally 
sin. 


sin. Y 


— cos. A 


In the present case, cos. A =: , substituting this in the above equation. 


A / c — a 
"• 2 ~ V 2 a 


log. sin. Y ^ i — 4 2 a ^ log. IL 

From which we find, 

~ = 40' 24* 

’And A = 1 * 20' 48'' 

Instead of 1® 20' 50", as obtained by the former process. 


No angle which is nearly 90° ought to be calculated firom its tangent, for 
the tangents of large angles increase with so much Rapidity, that the results 
derived from the column of proportional parts found in the tables cannot be 
depended on as accurate. 


CHAPTER VI. 

C N THE SOLUTION OF OBLIQUE ANGLED TRIANGLES 

Six different cases present themselves. 

1. When two angles and the side between them are given. 

2. When two angles and the side opposite to one of them are given. 

3. When two sides and the included angle are given. 

4. When two sides and the angle opposite to one of them are given. 

5. When the three sides are given. 

6. When the three angles are given. 

Let A, B, C be a plane triangle. 

Let the angles be denoted by the large letters 
A, B, C, and the sides opposite to these angles by 
the corresponding small letters a, d, c. 

Case 1.. Given A, B, c, required C, a, 5. 

Since A + B + C = 180“ ♦ 

C = 180® — (A -f- B), whence 



C is known. 
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C being thus determined we hare, by chap. III. prop. S, 

• 

a sin. A 

"T sin. C 

sin. A 

® “ ^'shTij . 

An expression which is in a form adapted to computation by the tables. 

log. a = log. c log. sin. A — log. sin* C, whence a is known. 

Again, 

b ^ sin* B 
c sin. C 


b =z C. 


sin. B 
sin. G 


*•. log. b = log. c ‘J- log. sin. B — log. sin. C, whence b is known. 

If any other two angles and the side between them be given, we may deter- 
mine the remaining angle and sides in a manner precisely similar* 

Case 2. Given A, B, a, required C, b, c. 

Since A -f" B 4- C 180® 

,•* C = 180® — (A -f- B), whence C is known* 

- . b sin. B 

T=s'nrA 


b = . 


sin. B 
sin. A 


.% log. b = log. a + log. sin* B — log. sin. A, whence b is known* 

Also, C being known, 

c __ sin. C 
a ■“ sin. A 

sin. C 

’ * ^ ^ sin. A 

log. c = log. a -f* log. sin. C — log. sin* A, whence c is known. 

If any two other angles and the side opposite to one of them are given, the 
rtmaining angle and sides may be determined in a manner precisely similar* 


Case 3* Given a, 5, C, required A, B, a 
By prop. 3, chap. IIL 


Now, 


tan. 


A±J3 

2 _ a -f 5 

T— B - a^b 


= 90® — 


tan. 

76 

A + B + C = 180® 

A+ B 
2 

= tan. (90. 

, 0 

= cot. -j 


tnn. 


*> 


0 ) 
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A -f- B 

k^abtititutlng t^is value of tan* — — in (1). 


^ 2 


logr. tan. 


2 

2 


fl — 5 C 

a + 6 a 


log. (a — S) + log. cot — log. (a + A) 


And ue can thus calculate the value of the angle — ^ — from (jjir tables ; let 
the angle thus found be called A — B=:2^ 


adding and subtracting 


A + B = 180“ — C 
A — B = 2(p 

A = 90* -f* ^ 


B= 90* 

The angles A and B will thus become known, and, these being determined, 
we can find the side c frtun the relation, 
c sin. C 

a sin. A 

^ sin. C 
* sin, A 

log. c =: log. a + log. sin. C — log. sin. A 

If a, c, B, or 5, c, A be given, the remaining angle and sides may be detet* 
mined in a similar manner by aid of the formula (j) in chap. III. 

Case 4. Given a, 5, A to determine B, C, c. 
sin. B h 

sin. A ^ a 

\ sin. B rr sin, A • ~ 

a 

log, sin. B = log. sin. A -f* log. h — log. a, whence c is known. 

B being known, C = 180* — (A -}- B), whence C is known, 

C being known, - =: v 

® * a . sin. A 


c = a. — X* 
sin. A 


log, c = log. a -f- log. sin. C — log.sin. A, whence b is known. 


If any two other sides and the angle opposite to one of them be given, the 
remaining angles and side may be determined in a manner precisely similai 
It must be remarked, that, in the above case, we determine the angle B from 
the logarithm of its sine ; but since the sine of any angle, and the sine of its sup* 
plement are equal to one another, and since it is not always possible for us to 
asot'ftaJn a priori whether the angle B Is acute or obtuse, the solution will be* 
•met^ines ambignoos. • 
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In fact, two different and unequal triangles 
may be constructed, having two sides and the 
angle opposite to one of these sides in one tri- 
angle, equal to the corresponding sides and 
angle of tlie other; one of these triangles will 
be obtuse-angled, and the other acute-angled, 
and the angles opposite the remaining given 
sides in each will be supplemental. 

Thus let A, B, C, be a plane triangle. 

With centre C and radius equal to CB describe a circle cutting AB in B'. 

. .loin CB'. 

Then it iscinanifest that the two unequal triangles CBA, CB'A, have the two 
sides CB, CA of the one, equal to the two sides CB', CA of the other, and the 
angle A, opposite the equal sides CB, CB', in eac h, common. 

It is manifest from this, that it is impossible to determine generally, from the 
data of this case, which of the two triangles is the solution of the problem. 
There are certain considerations, however, hy which the ambiguity may sorae- 
times be removed. 

1. If the given angle be obtuse, then both of the remaining angles must 
be acute, and the species of B will be determined. 

2. If the given angle be acute, but the side opposite the given -angle greater 
than the given side opposite the required angle, then the required angle \ 
acute. For since in every triangle the greater side has the greater angle 
opposite to it, and since the side opposite to the given angle, which is acute, is 
greater Uian the side opposite to tlie required angle, it follows, Ajortiorif that 
the required angle is aottic. 

But if the given angle be acute, and the side opposite to the given angle less 
than the side opposite to ihc required angle, then we have no means of ascertain- 
ing the species of the required angle, and the solution in this case is ambiguous. 

Case 5. Given the three sides a, d, c, required the three angles A, B, CL 
By formula (g) chap. 11 L 

S 

sin. A ^ ^5 (tf — €t) (s— 6) (s — c) 

sin. B = — (s — a) (s — 6) (s— -c) 

2 ^ 

sin. G = ^ (s — a) (s— A) (s — c) 

Adapting these expressions to computation by the tables, and taking the logs, 
log. sin. A 

=: lug. ll4-log.2-f-| { log.s-4-log.(s — a)-|-log.(s— A)+log.(s— c)} — ^log.5 — log.c 
log. sin. B 

= log.R+log.2+J[log.iiif-log.(« — a)+log,(s — 6)+log.(s — c)} — log.a — log.c 
log. sin. G 

;?= log. R+ log. 2+ i Jlog.s+log.(s— a)-flog.(s— 5)+log.(s--c)] — log.cz—log.ft 
Whence the three angles are known. 

The three angles may also be obtained from any of the groups of formula 
M* in chap. III. 

It is manifest, from the remarks made at the conclusion of the last chapter, 
that, vs lien one or more of the required angles is very small, the group (o;) may 
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be used with greatest advantage, and when one or more of the angles is 
nearly 90* , we ought to employ the group (^). The group (>3) may be mode 
use of in any case. 

Cas^ 6. Given the three angles A, B, C, required the three sides a, 5, c, 

It is manifest that this case does not admit of solution, for an^ number of 
unequal similar triangles may be constructed, having their angles equal to the 
angles A, B, C. 

We shall conclude this chapter by giving one or two numerical examples. 

Example L Given A = 6h® 2' 24", B = 57® 53' 16" *8, a 
quired C, 5, c. * 

Then by case 2. 

C = 180® — (A + B) 

= 180® — 125® 55' 40"-8 
= 54® 4/ 19"* 2 
, sin. B 


log. h = log. a -f" log. sin. B — log. sin. A 
Now log. a = 3*5744943 

log. sin. B = 9*9278888 

iFioiaSal 

log. sin, A = 9*9672882 

.*. log. b = 3*5350949 = log. 3428*43 
.% 5 = 3428*43 

Similarly, 

log. c = log, a + log. sin. C — log. sin. A 
log. a = 3*5744943 
log. sin. C = 9*9083636 

m828479 
log. sin. A = 9-9672889 

log. c = 3*5 156597 = log. 3977*628 
c = 3277*628 feet. 

Example 2. Given a = 145, b = 178*3, A = 41® 10', required B, C. 

This example belongs to case 4, and since the ^iven angle A is acute, and 
the side 5 opposite to the required angle B greater than the side a, the solution 
will be ambiguous. 

We have log. sin. B = log. sin. A + log. h — log. a 
log. sin. A = 9*8183919 
log. h = 2*2511513 

m695432 
log, a = 2-1613680 

•** log. sin. B = 9-9081752 

The angle in tlie tables corresponding to this logarithm is 54® 2' 22'', but we 
cannot determine a priori whether the angle sought be this angle, or its sup* 
plement 125® 57' 38". 

.*. B = 54® 2' 22" 

B = 125® 57 38" 


= 3754 feet, re» 


Or 
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If m take the 1st value, 

^ C — 84® 47' and the trianj^Ie required is ABC 'S 
If we take the second value, V see last figure. 

C = 12® 62' 22" and the triangle required is AB'C j 
> EJbample 3. Given a =: WS’S, 6 — 143, A = 41® 10', required B. o 
This example also belongs to case 4, but since the given angle A is acute, and 
the side b opposite the required angle B less than the side a, it follows that the 
angle B must be an acute angle, and the solution will not be ambiguous. 

We have log. sin. B = log. sin. A -(- log. b log. a 

But log. sin, A = 9*8183919 

^ , log. b = 2*161 3ti80 

11*9797399 
log. 2*2311513 

log. sin, B = 9*7286086 

The angle in the tables corresponding to this logarithm is 32® 21' 34", and 
since, in the present instance, the supplement of 32® 2L' 54" cannot belong to 
the case proposed, the solution is not ambiguous. 

Example 4. Given a=8734, 3=3277*6*28, and the included angle 37° 33' 16"-8 
required A, C, 3. 

By case 3 we have 

A-B C 

log. tan. — = log. (a~3)+Jog. cot. — log. (rt+3) 

a-.3= 476*372, .*. log, (a— 3) = 2*6779444 

log. cot. 2 — 10 2572497 

12-9351941 


a+5=7081-629, lug. (a+i) = 3-8470543 


•*. log. tan. 

= 9-0881398 
o 

Whence 

= 6° 59' 2"-4 

2 

And since 

A+B = 122° 6' 43"-2 

And 

A— B = 13° 58' 4"-8 

.*. 

2 A = 136° 4' 48" 


2 B = 108° 8' 38"-4 


A;= 68“ 2' 24', B 54° 4' l9"-2 

The angles A and B b6l% determined, the side c may be readily found from 
the equation. 

c 

sin. 0 


a sin. A 

log c =: log. a + log. sin. C — log, sin. A 
Example 6. Given o = 33, 3 = 42^, c = 33*6, required A, B, C. 

Taking the formula marked (f) in chap. 111. we have 
log. sin. A 

=log.R-(-log.2-l-J {log.s-flog.(«— a)+log:.(«— i)-f-log.(«— c}] — [log.6+log.(;] 
log. sin. B 

.=:log.R+log.24-i [log ^■;Llog.(s--a)-f-log.(s— 3)+log.(s— cj] — [log.a+log.c] 
log. sin. C 

s=l0g.R+log.2+j[log.s+iog.(s---a)+log.(s--3)4-lQg.(s---c;J---[log.a+log.3] 
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Now log.R » 10* 

log.2 = 0-30 10300 

11=33 log.« = 1-5185139 "1 logA+log.c=3-?5‘'67t4 

b = 43-6 .•! log.J = 1-0294096 V.-.log.a+log^3-2470787 

c =; 63-6 log.c = 1-729 1648 J log.o-hlog.&=3-1479235 

« = 64-6 log.* =: 1*8102325 

«_a = 31-6 log.*— a = 1-4996871 

* .1 ^ = 22 log.*— .5 = 1-3424227 

*-« = 11 log.*— c = 1-0413927 

lqf.»'+log.(»-«)+log.(*— 5)-l-log.(*-c)= 5-6937330 

And * 

} Jlog.s-|-log-(* — ®)-^log-(* — 6)+1 o6-(* — ~ 2-846867# 

log.H-f-log.2-f-j{log.s-f-log.(* — a)+log.(«— i)+log.(s — c)} =13-1478975 

Subtracting from this number the values log. b -j- log. c ; log. a -f- lug. e ; 
log. a + log. b ; in succession we Ond, 

log. sin. A = 9-7893331 .-. A — 37“ SO* 33" 

log. sin. B = 9-9002188 .-. B = 52“ 37' 46"* 

log. sin. C = 9-9999740 .-. C = 89“ 32' 20"* 

Uaviug determined A and B by the above method, we find the above accu- 
rate value of C. by subtracting the sum of A and B from 180”. If, however, 
it had been required to determine C alone (being an angle nearly equal to 90“ ) 
we could not have found its value with suffident accuracy from the common 
tables, for it wiU be seen, upon i-eferring to them, that tlie number 9.9999740 
may be the iogarithm of the sine of any angle from 89” 22' 20" up to 89” 22' 25", 
consequently the above method cannot be applied with propriety to determine 
the value of C, unless we pi-eviously determine A and B. 

The angle C may however be determined directly, and with great accuracy, 
from any of the three formulai (<r), (^), (»l)> in Ghap. 111. 


Let us take these in succession, by (0). 


log. cos. -f =log.E+i \log.s-f l«g.(s-c)}-iO«g-“ + *og-*) 
log. s = 1-8102325 ) .-. i (log. * + log. (« — c)) = 1-4258120 
log. (s — c) = 1-0413927 J l"g- =2^ 


2-8510252 
log. a-f- log. h ~ 3*1479235 


11-4268 1 2G 

i (log. o + log. 6) = 1-5739017 
log. cos. J = 9-8618509 


^ = 44”41'10"»», 

2 I 

C = 89” 22" 20"jii 



eos 


AKALYTICAL PLANE TRIGONOMETRY. 


By(0 

lof. ain. = log. R 4- ^ {l<^. (a— a) + log. (»— A)} 4 [log.a+Iog.5} 

log. (*— a) = 1-4996871 ) .% i [log.(«— o)-flog.(ii_-S)} = 1-4210549 
log. («— A) = 1-3434227 J log. R = 10. ( 


log. a log. b = 

9*8421098 
: 3-1479235 

11-4210549 

•••4 [log. a + log. A] = 1-5739617 

0 ■ 

.*# log, sin. -g- rz 9*8470932 

c 

••• 

= 44»41' ir.\ 

By («)• 

. c 

log. tan. ^ = 

C = 89» 22’ 20"45 

: log. R + 4 {log.(s-:.a)-f-log.(«— A)} — i [log.«4-log.(s-c) } 

log. («— o) = 
log. (a— a) = 

log. « = 
log. c = 

1-4996871 1 
1 -3434227 1 
3-84310933 

1-8102325 ) 
1-0413927 5 

^ C log. — a)-l-log. {s — h) \ = 1*4210549 

log. R 5 =10. 

11-4210549 

4 flog- • + log- (* — 0)1 = 1-4258126 


3^516252 

0 

.% log. tan. Y = 9*9952423 


•% 

£ = 44« 4P io»A 


C =89»2a'30i4 


CHAPTER VII. 

ON THE USE OF SUBSIDIARY ANGLES. 

Subsidiary Angles are angles which, although not immediately connected with 
a given problem, are introduc/od by the computist in order to simplify his cal- 
culations. Their use, and the method in which they are employed, will be 
understood from what follows. 

When two sides of a triangle, and the included angle, are given, according to 
the method pursued in the last chapter, we must determine the two remaining 
angles before we can compute the third side,* It frequently happens, however, 
in practice, that the side only is required, and it therefore becomes desirable 
to have some direct method of computing the side independently of the two 

angles. ^ 

Suppose that a, 5, C are given, and c is required. By chap. III. prop. 4, 

+ ^ — 2a6cos.C 

ihe side c is detennined theoreiCc^ ^X once by this expression, but the formula 
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IB not adapted to logarithmic computation, and would, if employed practically 
lead to a very tedious and complicated calculation. We can, however, put this 
expression under a form adapted to logarithmic calculation, by having recourse 
to an algebraical artitice, and introducing a subsidiary angle, 
t c* a* 4“ - 2 aft cos. C 

Adding and subtracting 2 ah on the right hand side. 

c® = a* + 6* — 2 tt5 + 2 a6 — 2 a5 cos. C 
= (a — 4- 2 ab (1 — cos. C) 

=; (a — by + 2 ab % 2 sin.* 


= (a — ft)* 


I (a— > 


Assume 


4 sin. * - 5 * . , ^ 

2 =: tan. • ^ 


(a^by 

c* = (a — (1 + tan. • <p) 

zz (a — bf sec. * (p 
c = (a — b) sec. ^ 

. log. c = log. (a — 4 “ sec. ^ — log. R 

The angle ^ is known from the equation, 

tan.^= ^ § 

(a — 6) 

Whence, 

log. tan, ^ = log, 2 4“ 4 (log* o, 4- log. ft) 4“ log* sin. 


•log. (0 — 6) 


(p being thus determined, log. sec. (p can bo found from the tables, and the value 
of c becomes known. 

The angle (p, which is introduced into the above calculation, in order to 
render the expression convenient for logaritliinic computation, is called a sm6- 
gidiary angle. 

The above transformation may be eflfected in a manner somewhat different, 
as before. 


c* = -j- b^ — 2 ab cos. C 

=: a* 4" ft* 4“ 2 a6 — 2 ab — 2^ ab coa. C 
zz: (a 4“ ft)* •“” 2 ab (1 4~ cos. C) 

Q 

= (a 4" ft)* — 2 c6 X 2 cos. ■ ^ 
ia + by ^ 


Assume 


4 ab cos. • 

\a+bf 


sin. * ^ 


c» = (a *1- by (1 — sin. *^) 

= (u 4- by cos. * (p 

e = (a 4~ ft) <p 

log. € =: log. (a 4- 6) 4- log, cos. ^ r- l<»g- ^ 
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A* befora the mirle ^ must be determined from the equation. 

(o + 5) 

In Older to prove that we can always assume 

2 y/ab . cos. 

S+lj =8in.?i 

c 

we must show that ^ g is always less than unity, or, in other words, 

(a + ^ 

that 2 ^ab is always less than (a + b\ this is easily done. 

If , a + 6 *77 2 y/ah 

Then a* + 2 -(- 5* "7 4 

n* + ^ ^ ah 

a* -f- 5* — %ab *7^ 0 

Or (a — by *7 0 

But since (a—^hy is necessarily a positive quantity, it must always be greater 
than 0 (except in the particular case a = where it is == 0), and therefore 
C 

2 i^ab coa> ^ always less than unity, and consequently an angle may 

(a”+T5 

ahvays be found whose sine is equal to it* 

In solving the same case of oblique-angled triangles, we determined the dif- 
ference of the angles A, B from the equation. 


A—B a^h C 
tan, ^ cot. Y 

A — • B C 

Whence log. tan. — g — =: log. {a — ^) + log. cot. -g- — log. {a -f- b) 

In the solution of certain astronomical problems, the logarithms of the sides 
a, b are given, but not the sides themselves, and these logarithms being given, 
A — B 

we can very easily calculate — g — without knowing the sid^sk 


tan. 


A— B 
2 


a — b C 

o + 6 "g 

^~'a C 
cot. "o 


1+4 


Assume — = tan. { 
ft 

tan. 


A — B 1 — tan. q> 

2 1 -f- tan. q> 


cot. . — 


log. tan, 


A 


sf tan. (45® — cot. -g- 
— . B C 

-jj — =,l®g* !«>• (46° — p) + k*. cot. — kfi a 
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m 

n ite HDgle ^ Ls known from the equation 

d 

tan* (p =: — 

« 

W)ience log. tan. (p == log. R + log, 5 — log, a 

A — B 

Th#angle — • thus becomes known from the logs, of a and withou 

calculating a and 5. In the same way we may hare) 

** A B C 

cot. — ^ — = tan. (45® + (p) tan. 

A — • B ■ C 

And log. cot. — ^ — == log. tan. (45* + (p) + log. tan. — log, B» 


CHAPTER VIII. 


ON TUB 

SOLUTION OF GEOMETRICAL PROBLEMS BY TRIGONOMETRY. 

A GREAT variety of geometrical problems may be solved with much elegance 
by the introduction of trigonometrical formulie. We shall give a few examples 


PROS. 1 


T" express the area of a plane triangle in terms of the sides of the triangieJ 

Let CD be a perpendicular from C upon AB. 

. . . 1 .Ti/. AB X CD 

of trimgio ABO ~ ^ 


c 

■ T 

5c 

" 2 ’ 

h 
’ 2 



AC sin. A 
sin. A 

^ . / s (s — a) Is — 5) (s — c) ... Chap, ni 
6) (s-^c) 


— \/s (s — a) (« 


PROB. II. 

To express the radius qf a circle inscribed in d given triangle^ in terms of the 
sides of the triangle* 

Let the radius requireil be called r. 

rh 

Areaof AOC xt. -j- 
„ AOB = y 
„ COB = j 

Whole of triangle ABC — r (a + c) = r.* 

Q Q 2 
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i e. /s {s — a) (s — b) {s — c) = r . « by last prob. 

r = q) (s — (s— -c l 


PROB. III. 


"To express the radius of a circle circumscribed about a given triangUt in terms 
of the sides of the triangle. 


Let fall CD perpendicular on AB 
Let the radius be called R. 

By a well known geometrical prop. 

CQ . CD = AC . CB 
CQ . CD . AB z= AC . CB . AB 
2 R X ^ area = abc 

R = f" 

ai*ea 

abc 

“ 4 y/s (s — tt) (s — b) (a — c) 
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Given the three angles oj a plane triangle^ and the radius of the inscribed circt,e^ 
to find the sides of the triangle. 

Let A, B, C, be the three given angles, r the radius 
AB or 0 = APj + P,B 

= r (cot. Y" + 

sin, 

=rr. 


So, 

AC or 5 =: r • 


A . ^ 

2 

A C^ 


sin. sin, 


("r + - 9 ) 


Bin. 

sin. 


BC or a =: r • 


• 2 ®“- 2 

{t + 2> 

B 


81IU SUU 



PEOB. V. 


Given the three angles of a plane triangle^ and the radius of the circumscrtOing 
circle, to find the sides of the triangle* 


As in Pkobb 8. 

CQ. CD = AC. CB 
CQ*CBsiii.B = AC^CB 
AC = 2 R sin. B 
60, BC =: 2 R sin. A 

AB 2 R sin. C 
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CHAPTER IX, 


PROBLEMS IN TRIGONOMETRICAL SURVEYING. 

^ Problem I. 

To determine the height of an inaccessible object 

Let AB bo the object, and in a straight line towards it measnre any distance 
DC, and observe the angles of elevation ADB, ACB at a 

the stations D, C. Put CD = A, Z ACB = «, / ADB=:A; 
then Z D AC = a — A; hence we have 


AC‘ 


AC 

: sm a; — = 


sin b 



CD sin (a — h)' 
and multiplying these two equations, we have 

AB sin a sin b 

CD sin (« — b) 

log. AB = log. A-flog. sin a+log sin A-j-log. coscc {a — b) — 30 . . 


, or AB = h sin a sin b coscc (a — b) 


( 1 ) 


Co7\ Since DB=AB cot A, and CB= AB cot a; therefore, by sub- 
traction, CD =» AB (cot A — cot a\ or AB = -r-— (2)* 

^ ^ cot A — cot a ^ 

Ex. Let DC = A = *200, ZBDA = A = 3I° ZBCA = a=:46®; to iind 
AB and CB. 

log. h ^ log. 200 = 2.3010300 

log. sin a . . == log. sin 46° = 9.85C9341 
log. sin A . . = log. sin 31° = 9.7118393 
log. coscc (rt— A) = log. cosec 15°= 10.5870038 


log. AB . . • 
Also BC = AB cot a 


= log. 286.29 = 2.4568072 .% AB = 286.29 

. log, BC = log. AB-j-log. cot a — 10. 

Problem II. 

To determine the height of an inaccessible ohjecty which has no level ground 
before it. 

Let AB be the object, and CD tw'o stations in a vertical plane passing 
through AB; measure the distance CD, and at C take the angles of elevation 
or depression of the station D, and the top and bottom of the object. Also 
at D take the elevation or depression of the lop of AB. 

Put CD = A, ZDCH = fl, ZBCK = A, Z ACK = c, Z ADG = then 
Z ACB = c — A, Z ADC = « + €?, and Z CAD a 


= c — d. 


XT ~ ACB _ 

sin (c — A) 

'"’AC sin ABC 

sin ABK 

AC sin ADC 

sin 

CD sin CAD 

sin (c — df 

plying these equations, 



sin (c — A) 
cos A 




/ 


( 3 - 


we have therefore, 

CD cos A sin (c — d) 

AB ~ A sin (c — A) sin (a-^d) see A coscc (c — d) 

.’. log, AB = log. A-flog. sin (c — A)-plog. sin {a-^d) + log. sec Ad- 

log. cosec (c— c?)— 40 (1) 

Cor. Wnen a = 90°, and A = 0°, then we have 
log. AB = log. A4"log. sin c-flog. cos rf+log. cosec (c— </)— 30 (2) 
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Ex, 1. Let A=18 feet; c=40°; ^=37'' 30', a=90° and 5=0®; to find AB. 
log. A . , . = log. 18 . . *. = 1.2552725 

log. sin c • . = log. sin 40® . = 9.8080675 

log. cos d . • = log. cos 87® 30' = 9.8994667 

log. cosec [c — d) = log. cosec 2® 30' = 11 .3603204 q 

log. AB . . . = log. 210-4394 = 2*3231271 AB=21 0-4394. 

Ex, 2. The angle of elevation of the top of a tower, standing on a hill, 
was 33® 45', and, measuring on level ground 300 yards directly towards the 
tower, the angles of elevation of the top and bottom of the tower were 51® 
and 40® respectively. What is the height of the tower ? Ans. 1 40 yds. 

When the station D is higher than A, the top of the tower, then 
the angle d must be considered negative, and therefore w6 should have 
AB = h sin (c— 5) sin (a — d) sec h cosec 


Lemma. 


ijf straight lines be drawn from any point, either within, or out of, a 
polygon, to all the angular points, the continued products of the sines of the 
alternate angles, made by the sides of the polygon, and the lines so drawn, 
will he equal. 


Let angle CDP=^ and PE A=f; 
PA sin 5 PB sin d 


‘hen ^ = 


■5’ PC 


= sin h 

PD sin e’ PE sin g* 
PE __ sin h 
PA sin i ’ 




But PA. PB. PC. PD. PE = PB. PC. PD. PE. PA; 

that is, the product of the numerators = product of the denominators, in the 
first members of these equations; hence, this being true in the second mem- 
bers also, sin b, sin d, sin f, sin h, sin k = sin a, sin c, sin e, sin g, sin i. 


Pboblem 111. 

Given AB, and the angles a, b, c, d, to find x, and v » 

thence CD. 

Put BCDH- ADC = 5-f"C = 2s 
BCD— ADC = . . . 2x 

Then BCD = s-\-x, ADC = s — a?; also, sin ADB = 
sin {b-\-c-^d), and sin ACB = 8in (a-fft-fc); hence, by 
the lemma, we have 
sin a, sin c, sin sin (s-}-a7) = sin h, sin d, sin {a-{-b+c) sin (s— a?); 

or, sin a sin c sin {sin s cos ar + cos s sin a?} = sin h sin d 

sin {a-{-b’{-c) {sin s cos x — cos s sin x), | 

Then, dividing by cos s cos x, we have 
sin a sin c sin (5 -f c -f d) (tan s -h tan a:) = sin b sin d sin (a + 5 + f) 
^tan s — tan x), 

. _ sin b Bind sin (a+5-f^c)— sin a sin c sin (5-fc-|-c?) . 

sin b sin d sm (a+n-f cj-hsin a sin c sin (o-f-c-f of) 
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Dividing nnmrralor and denominator by wn a sin c sin (6+c+d), aiiU 

putting = tan <8 and 1 = tan 45"; then 

sm a sin c sin {/> -f c 4* «) 

• tan X = tan a = tan a; 

0 tan 3-1-tan 46^^ sm (3 1-45°) 

hence a?, 5 +ar, s—x are all known, ancf thence CD is known, 

CD sin d j BD sin b 


"-BD = 


BD ^ 

sin (s-f a?)’ AB sin (54-c+^) 


; therefore, 


CD = AB sin b sin d cosec (s-j-o:) cosec (b-^-c-^d). 

Cor, When CD is given, and the same angles, to find AB, we have 
AB = CD sin (b-{-c-\~d) sin (fi-j-a:) cosec b cosec, d. 


Given ABi 
to find CD, 


: 600 yards, a - 


Example, 

: 37°, b == 58° 20', c = 53° 30', d = 45° 15', 


Here, tan 3 = cosec a sin 5 cosec c sin d sin (a-f-5+c) co«ec (54c4ff» 


cosec a 

= 

log. cosec 

37 ° 

= 

10.2205370 


sin 5 

= 

sin • 

58° 20'. . . 

= 

9.9299891 

9.9299891 

coscc e 

= 

cosec 

53 30 . . . 

=r 

10.0948213 


sin c? 

= 

sin . 

45 15... 

== 

9.8513717 

9.8513717 

sin(a4^4c) •• 

= 

sin . 

148 50 . . . 


9.7139349 


cosec {b-^c-^d) 

= 

cosec 

157 5 . . . 


10.4096131 

10.4096131 

tan 3 

= 

tan. . 

58° 56' 39" 

== 

10.2202671 


sin (3 — 45°) , . . 

r= 

sin . 

13 56 39 


9.3819742 


cosec ( 3445 °) . 

= 

cosec 

103 56 39 

= 

10.0129906 


tan s 


tan . 

55 55 . . . 

= 

10.1696508 


tan X 

== 

tan . 

20 9 3 

= 

9.5646156 


cosec ( 94 ^) • • • 

== 

cosec 

76 4 3 

= 


10.0129687 

AB 




600 



2.7781513 

CD 

„ 


959.608 . . . 




2.9820939 


Problem IV, 

Given AB, a, b, and the angles c, d, tahen at some point P in the same 
plane ABC, to find x; and thence PA, PB, PC. 

Put PAC 4 PBC = 180°— (a45-f c-f e?) = 2.9 

PAC— PBC = =2aj; 

Then, PAC= 9 +a:, PBC = s — a?, and, by the lemma, 
sin a sin c sin {s — a?) = sin b sin d sin ( 9 -}-a:) 

, sin b sin d sin (s — a:) tan s — tan a? 

sin a sine sin (s+a:) tan s-j-tau or* 

sin b sin d 


Put tan 3 : 

Bin a sin c 
sin d\ then we have 


= cosec a sin b cosec c 



^an s — tan x 
tan 9 4 tan x 


= tan 3 


tan X 1 — tun 3 tan 45°—tan 3 

’ tan 5 1 4 tan 3 tan 45°4tan 3* 


tan 


, = g tan. . tan ». 


tan 45°4tan 3 


sin (45° 4 3 ) 
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Hence x is known, and thence and s—x are known. 


PC _ sin (s+^) surZ> 

sin c * AB sin (a-f-^j* 


hence 


PC = AB cosec (a-f-Z>) sin b cosec c sin (s+x). 


Peoblem V. 


When the points P and C are on ojyposite sides of AB, 

Put PAB4-PBA=180 ''— (c+£/) = 2s 
PAE^PBA= =2x; 

then, PAB=s-f^i PBA = s— a:; and, by the lemma a 
sin a sin c sin (s — x) = sin b sin d sin (s-ha:); 

hence, as in the last problem, we have 

. sin (45° — /3) . 

tan X = ) — -X — tan s; 

sin (45°+^) 

where tan fl = cosec a sin b coscc c sin d; and 2^ = 180° — 



Problem VI. 


Given the angles of elevation of any distant object^ taken at three places 
on a level plane^ no two of which are in the same vertical plane with the 
object: to find the height of the objecU and its distance from either station. 

Let A, B, C, be the three stuiions, K the^object, and 
KH perpendicular to the plane of tiie triangle ABC. 

Put BC = a, AC = 5, AB = c, HAK = a, 

HBK = ^9, HCK = 7 , and HK = x ; then the 
angles AHK, BHK, CHK being right angles, we have 
AH =: or cot a, BH = x cot /8, CH = x cot y; hence, 



cos HBA = 


AB"-|~BIP — AH^ (cot* p — cot ^a) 

2AB • Bfl 2ca: cot/3 


cos HBC = 
cos ABC = 


BC^^BH^-Cir _ a-+a^ (cot^ ff-cot^ 7) 
2BC * BH 2ax cot /3 

AB2-fBC2-.AC2 _ 

2AB • BC 2ac 


But cos ABC = cos CABH+CBH) = cos ABH cos CBH-sin ABII 
sin CBH; and by transposing sin ABH sin CBH to c^ne side of the equation, 
.then squaring both sides, substituting 1 — cos® ABH, and 1— cos® CBH for 
sin* ABH and sin* CBH, we have 

1 — cos* ABH — cos* CBH—cos* ABC+2 cos ABH cos CBH cos ABC=0, 

Substituting the above values ©f cos ABH, cos CBH, cos ABC, in Ihh 
equatioii» and reducing to a common denominator, we get 
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Cor. L When the three places are in the same straight line, we have 
ft = and angle C = 0; therefore ft®— c® — fl® = 2flC; c® — a®— ft® = — 2aft; 
flS— ft«— c® = — 2ftc; and hence in this case equation (1) becomes a complete 
square, whose root, extracted, gives 

{a cot® o — (a+c) cot®i3-}-^^ cot® 7} a?® — ac == 0 f6.) 

and ^ (6.) 

— m 

where cos «#> = - < — » and m = + Vasxfts— 2 ah cos 

2A (a+c) — ^ 

Cor. 2. When ft = a+c, and also a=^c; then w’e have 

^ (cot® a — 2 cot® i8-|-cot®7) ar® — 2 a® = 0 (7.) 

and:r=+g!JgILg (8.) 

— m 

4a®4-A® A® 

where cos ^ ,andm = Hr A/a®-|-A® — 2 aft cos <p 

Scholium, 

In all these cases the computation can be conducted entirely by logarithms; 
for <p is the value of the angle opposite to the side ft of the triangle whose 
three sides are ft, ft, ft; , and m is the third side of the triangle whose two sides 
are a, ft, and included angle C^<^. The following tabU exhibits the several 
steps of the computation for each case, and though the expressions for cos. C, 
cos. and m are put down as employed in the investigation, still they should 
be calculated by the usual trigonometrical rules adapted to logarithmic com- 
putation. 


Table of FoRMULiE, 
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The two cases in which the three stations are in the same straight line may, 
however, be investigated in a different manner; for, resuming equation (5), 
we have 

[a (cot^a — cot®/8)+c (cot *7 — coi^$)} = ac (a+c) . (9.) 

But, cot * a — cot /3 = (cot a-j-cot $) (cot a — cot 0) == 

' sin *a sin 

cot * 7 — cot ® /3 = (cot 7 -f-cot )3) (cot y — cot 0) = (l? — 7^ 

sin ^ 7 . 

Hence equation (5) becomes ^ I + ^ I . 

^ ^ ^ i c sin {J3 -f 7) sin (3 •— 7) sin 5 

si n (3-f 7 ) sin (3 — 7 ) ^^2 — ^ (a+c) . (10.) 

sin *3 sin ^y 


, 4_ V sin ^3 sin ^y 
^ sin (3+7) sin (3—7) 


a:* = ' 


( 11 .) 


1 + 


a sin (/3-j-a)_ sin (3 — a) sin ^7 


c sin 13+7) sin ( 3 — 7) sin ‘^a 
Now, when 3 exceeds a, as well as 7, we may assume 

tan«0 = ^ sin (3+7) sin (3— a) sing7 ^ 

c sin (3-f7) sin (3 — 7) sin® a* 

and when 3 is less than o, and greater than 7, or less than 7 and greater 
than a, then the fractions in the numerator and denominator of equation (11) 
are negative, and w'o must assume 


« /i — « sin (3-i-a) sin (3— a) sin “y 

j * — v-_!r”o — r\":Y:r2'» 


sin (/3+«) sin (3— «) <^osec 03 +y) cosec 03— y) 


c sin (3+7) sin (3 — 7) sin 
and therefore, in the former case, w'e have 

^ tan fl= + cosec tc sin y ^ 

^ # =5 + sin /3 sin y cos <9 a (a + c; cosec C^+y) cosec (/3 — y) 

And, in the latter, 

j^scc = + cosoc « sin y ^ 

^ jf = + sin )3 sin y cot 0 (a + c) cosec (/3+y) cosec (/3 — y) 

When a = c, then equations (12) and (13) become 
( tan 6—^ 

\ '=+ 


I 


l 


( 12 .) 


(13.) 


{ 


- cosec » sirf y y^/sin (/3+<*) sin ()3— «) cosec (j3+y) cosec 08 — y) 
o sin 3 sin y cos 0 j\/'l cosec (3+y) cosec (3 — >') 

sec 9=5+_cosec et sin y /y/sin (3+») sin (3 — *) cosec (3+y) cosec (3 — y) ^ 


, (lO 


*' =+ « sin 3 sin y cot 6 -y/2 cosec (3+y) cosec (3 — y) 




(1ft). 


Example. 


Given a= 30° 40^, 3 = 40° 33\7 = 50°23^ find a?, when the tlireo stations 
are in the same straight line, AB being = 5o. and BC = 60 yards. 
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This example corresponds to the second case in the preceding table of 
fornmlee, and may be resolved by the foYmnlae there given. It may also be 
resolved by the equations in (18), for $ is less than 7, and greater than a; 
hence, employing the latter of these methods, we have the subsequent com- 


putation. § 

jB+a = 71° 13' sin = 9.97G2321 

0—a = 9° 53' sin = 9.2346249 

0-\-y == 90° 56' coscc = 10.0000576 10.0000576 

j8^7=: 9° 50' cosec = 10.7675560 10.7675560 

a = 60 log. = 1.7781513 log. 60 = 1.7781513 

c = 50 ar. co. log. = 8.8010300 50 

^ 2)20.0576519 log. 110 = 2.0413927 


10.0288259 2)4.5871576 


a = 30° 40' cosec = 10.2923936 2.2935788 

7 =50° 23' sin = 9.8866756 9.8866756 

e = 51° 42' 49V' sec = 10.2078951 cot 6 = 9.8972767 

i8 = 40°83'6in = 9.I;129878 


a? = 77.7 1 75 yards log. = 1 .8905 1 89 


Whence the height of the object is nearly 77.7175 yards, and its distances 
from the three stations are easily found. This example is from Bonny- 
castle’s Trigonometry, 2nd Edition, p. 72, w’hcre the height is stated to be 
79.029 yards, which differs from the true height by 3 feet 1 1-J- inches, or 4 feet 
nearly; a very considerable error, arising purely from the inconvenient mode 
of solution by means of natural cotangents. 

This method of solution, combining tfrout accuracy with simplicity, is pre- 
ferable to every other method by which the solution has been attempted. 
Meyer Hirsch, one of the ablest of the Continental mathematicians, and one 
of the most successful teachers of our time, has given an elegant solution of 
this problem in his “ Geometry,” p. 78, somewhat analogous to the preceding, 
but altogether different in the resulting equations, arising from a different 
mode of substitution in the investigation of equation (2), and embracing only 
one case of the problem. A beautiful and simple geometrical construction of 
this problem may be seen in Ingram's Concise System of Mathematics^ 
page 2139, fifth Edition. « 
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Haying demonstrated in the treatise on Spherical Geometry, several important 
properties of the circle of the sphere, and of spherical triangles, we shall now 
proceed to deduce various relations which exist between the seveiftl parts of a 
spherical triangle. These constitute what is called Spherical Trigonometry; 
and enable us, when a certain number of the parts are given, to determine the 
rest. The first formula which we shall establish, serves as a key to all the rest, 
and is to spjierical trigonometry what tlie expression for the sine of tlie sum of 
two angles is to plane trigonometry. 


CHAPTER L 


I. To express the cosine of an angle of a spherical triangle in terms of the 
nnes and cosines of the sides. 

Let A B C be a spherical triangle, O the 
centre of the sphere. 

J. et the angles of the triangle be denoted by 

the large letters A, B, C, and the sides opposite B 

to them by the corresponding small letters, 

B, b, c. 

At the point A, draw A T a tangent to the ® 

Zrc A B, and A ^ a tangent to the arc A C. 

Then the spherical angle A is equal to .the 
angle T A ^ between the tangents (Spher. 

Goom. prop, IV.), 

Join O B, and produce it to meet A T in T. 

Join O 0, and produce it to meet A ^ in L 

Join T, t ; 



Then, 


OT 

== sec. A B = 


OC 

•ectC 

Ot 

= sec. AC = 

sec. h 

OC 

AT 

= tan. AB rr 


OT5 

tan. c 

A^ 

OC 

=: tan. AC = 

tan. h 


Then in triangle T O f ' 


T^* 

T/* 

OC* 


DT*+ Ot* — 8 OT% C08. TO< 
iec.*c ^ Ma csec. 6 oos. « • 


- (I) 
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Again, in tiiangle T A ^ 

T^» = AT» 4 - A^* — . 2 AT . Af COS .1 A< 

T^* _ AT* At* AT At 

•* O C* — O C * + OiT* ^ 


= tan.* c -}- ^ — 2 tan. c tan, b cos. A^ • 


Equaling (1) and (2) 

tan.* c -f- tan.* b — 2 tan. c tan. b cos. A = sec.* c-j-sec.* b — 2 sec. c sec. b coe 

= 1 + tan.* c 4- 1 4- tan.* ^ — 2s6C.0 
sec. b cos. a, 

I; — 2 tan. c tan. b cos A z= 2 — 2 sec. c see. b cos. a. 

sin. c sin. & , , 1 1 

* r cos. A = 1 , cos. a. 

cos. c cos. o cos. c cos. b 


.'. cos. A = 


Similarly we shall have, 


cos. B = 


OCMb C = 


cos. a — cos. h cos, c 1 
sin. h sin. c 

cos. b — cos. a cos. c 
sin. a sin. c 

cos, c — cos, a cos, b 
sin. a sin. b 


(«) 


2. 2V> €xprt66 the cosine of a side of a spherical triangle^ in terms of the emu 
mi cosines of ifie anglesm 

Let A, B, 0, a, b, c, be the angles and sides of a spherical triangle ; A\ B, CT* 
o', (f, the corresponding quantities iu the Polar triangle, 

Then, by (a), 

cos. cf — cos. b' cos. (f 


cos. A' = 


sin. b' sin. </, 


But (Spherical Geometry, prop. VI.), A' = (180® — a), d = (180® — A)^ 
I = (180® ^ B), = (180® — C), 

. .N _ cos.(180»_A)_cos.(180*_B)coi.(180*-Q 

.-. C06.(180*-a) _ rin:(l^.-h)sliu(180»-C) 

COS. A 4- cos. B cos. C 


cos. a 


Similarly, 


sin. B sin. C. 


- cos. B 4- cos. A cos. C 1 \ 


COS. C 4~ cos. A cos. B 

I, C = * ; ' . ■ ' 

sin. A sin. B. 


a. !Srb eatpress the sine of an anghe of a spherical triangle^ in term qfUte emu 
of the sides of the trkmgh. 


By («) we have. 
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€OS. A = 


cos, a — cos, b, cos, c 


n. _ . I . 

Sin. o sin. c 

, . ^ cos. a — cos. b cos. c 4- sin. b sin. c 

I 4- cos. A = — . 

• sin. b sin. c 

cos, a — (cos, b cos, c — sin, b siiu cy 

sin. b sin. c 

cos, a — cos, (b -f“ g) 

sin. b sin. c 

. a + 6 + c . 5 + 

= 8«n. — sin. 2 — (PiaBeTrig. Ch.IL) 


Sin. o sin. c 


Lei 8 = 


s — b = 


s — c = 


-}- 5 4- c 

2 

b + c — a 
2 

a + c — b 
2 

a -jr ^ — c 


, , . 2 sin. s sin. (.9 — a) 

1 +COS.A = ; ' 

* sin. b sm. c 


Again, resuming^ the expression for cos. A, 

_ . cos. b cos. c 4- sin. b sin. c— cos. £. 

1 — cos. A == \ — r-~' 

sin. b sin. c 

cos, (b — c) — c os, a 

sin. b sin. c 

a 4 - ft — c , a 4 -c — 6 
_ 2 sin. — ^ sin. — *-g 


sin. o sin. c 


2 sin. (8 — c) sin, (g — b) 

sin. b sill, c 


Multiplying equations ( 1 ) and (2) 

, . ^ 4 sin. 8 sin. (s — a) sin. ( s— 5 ) sin. (s — c) 

l~COS. A — • • • I - 

Sin,* b sin.* a 


••• »»• A = i sin. p g) (* — &) ' 

Similarly, 

2 

sin* B = ,in ^\/8in.g sin. (*— c) sin. (»— ^) sin. (, — c) Ky. 1) 


■in. C = T : — ; v/nn. « sin. (« — a) an. (s — 6 ) sin. (s — c) 

Sin. o sin. o 


Now, by equation (1) we have, 

^ 2 sin. s sin. (s — a) 

l + co^A = ■ rin.i 5 in.c 
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Similarly, 


2 cos/ - ;c: 


2 sin. s sin.* (s a) 
sin. b sin c 


A /sin, s sin, (s — a) 

2 V sin. b sin. 


B / sin. s sin. (.v — 6) 

cos. ^ ^ - 

» V sin. a sin, c 

C /sin. s sin. (s — c) 

cos. =Z J 

a V sin. a sin. o 


Next, by equation (2), 

- .2 sin. (a — b) sin. (g — c) 

I — co§, A = ^ b 

sin. o sin. o 
or, 

« . ,A 2sin. Cs — ft) sin. (5 — c) 

2 sin/ i ^ 

2 sin. ft sin. c 

^ . A /sin. — ft) sin, (s — c)" ~ 

sin* 2 V ^ gjjj^ g 

Siniilariy, 

. B /sin. (g — a) sin. (s— c) / « 

, C / sin, (g — g) sin. {$ — ft) ' 

Bin. ^ ^ ^ ^ 

Finally, dividing the expressions (y. 3 by those y. 2), we obtain, 

A / sin, (g — sin, (g — c) 

tan, ^ ^ g gjj^^ 

' 2 V sin. g sin. (g — ft) 

C /sin. (g — a) sin. (g — ft) 

^2 — V Bin.* sin. (« — c). , 


4), Zb exprm the sine of a side of a sphenad triangle, m terms <f the sxmt 
and eoainea qf the angles^ 

By (/8) we have, 

cos, A + cos. B c os. C " 

® sin. B sin. C 

- ros. A 4- cos. B cos. C 4* sin. B sin. C 

1 + cos.a = ^ Bin. B sin. C 

— cob^A + COS. (B-~ C) 

““ six. B sin. C 

A+B—C A+C— B 

“ 8 2 (Plane Trig. ClulLl 


sin. B sin. C 
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• 5' — C = 


A + B^C 


Hence, 


, , 8 cos. (s' — C) cos. fs'— B) ^ , V 

1 + cos.a = . — Tj — ; — ... - - 

* sin. B sin. C 


Resuming expression for cos. o, 

. cos. B cos. C — sin. B sin. C 4 - cos. A 

I — cos. a = — ; — 

sin. B sin. C 

cos. (B 4- A 

sin. B sin. C 

A + B+C B+C — A 
_ 2 cos. — cos. — 

, sin. B sin. C 

_ 2 cos, s' cos, (s ' — A) 

sin. B sin. C 


Multiplying Equations (1.) and (2.). 

o 4 cos. s' 009 . (s' — A) cos. (s' — B) cos. (s' — C) 

COS .2 a = ; - 4 -p ~-s- 7S --- ^ — 

sin.^ B sin.* C 


1— cos. a - sin.“B sin.* C 

.% sin. a - — =7-; — — cos. s' cos. (s' — A) cos. fs' — B) cos. (s'— C) 

sm.Bsin.C'^ v ^ y v / 

Similafly, 

sin. d = s ill ^ sin "(j ^ ~~CQS. s' cos. (j —A) cos. (s*-^B) cos. (s' — 

^ 

sin. c = — r-T—^ \/—co 3 . s' cos. (s'— A) cos. (s'--B) cos. (s'— C) 
sin.Asin.B^ ' / v y v y 


By Equation ( 1 ) we have, 

, , 2 (X)s. (s' — B) cos. (s' — C) 

1 4* cos. a =: ^ s — : — ^^5 

* sin, B sin. C 

... 2cos.*“ = 

2 sin. B sin. C 

. cos. - = cos, (s'— C) 

*2 V sin. B sin, 0 


2 cos.® • 


Similarly, 


rr ^ ^cos- 
r= ^ ^cos. 

= 


'cos, (s'— A) cos, (s' — C) >( 52 ) 
sin. A sin. C { 

cos, (s'— A) cos, (s' — B ) I 
sin. A sin. B t 


By Equation ( 2 .) 


1 — cos. a 


2 cos, s' cos, (s' — A) * 

sin. B sin. 0 

2 cos, s' cos. (/—A) 1 


A gsill.*^ = — — 

2 sin. B sin. O 
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= /= 

cos. cos. (s' — A) 

V 

sin. B sill. C 

. h 
sin. — 

— / — 

cos. s' cos. (A*' — B) 

2 

V 

sin. A sin. C 

t 

sin. — 


cos. s' cos. (s' ‘ — C) 

2 

v 

. sin. A sin. B 


^ (3* 3.) 


Finally, dividing the expressions (5. 3.) by the expressions (J. 2.) 

n. « = /G 

4 2 V coi 


tan. 


tan. 


— — - / — cosT? 

2 V cos. (s* — 


tan. ^ 


cos. s' cos. (s' — A) 
cos. (s ' — B) cos. (s' — C) 

cos. (s' — B) 


cos. (s' — A) cos. (s' — C) 


^ / — cos, s' 

V cos. (s' i 


■C) 


cos. (s' — A) cos. (s' — B) J 


(J. 4.) 


It is to be remarked, that although the expressions (B. 1,), (S. 3.), (^. 4w), 
appear under an impossible form, they are in reality always possible. 

For by Prop. IX. of Spherical Geometry, the sum of the angles of a sphe iuu 
triangle, is always greater tlian two right angles, and less than six right 
angles. 

... A + B 4- C 180° and 540° 

. 9 or / 90° and .cil 270° 

Hence, cosine s' is always negative, and ^ C03. s' is always positive. 

* 

Again, if be the three sides of the polar triangle, since the sum of au^ 

two sides of a spbafical triangle is greater than the third side : 

1/ + €f "TP' a' 

.*. 180°— B + 180°— C 180'>— A 

.% B+ C —A 180“ 

90 . 


cos. (s' — A) is always positive, and in like manner cos. ( — B> 
cos. (s' — C), are always positive ; hence the above expressions are in ever) 
case possible. 

5. The smes of the angles of a spherical triangle are to ecuch other as sines oj 
the two sides opposite to them. 

Taking the expiossions (y. 1.). and calling the common radical quantity 
finr the sake of brevity : 

• A 2N 

sin. A = 


B ' = 


sini, b sin. 

. 2N 
sin. a sin c 


4 . 

P'fiding the firs^ of these by the second 
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Similarly, 


sin. A 

— 

sin. a sin. c 

_ sin. a' 

sin. B 


sin. b sin. c 

sin. & 

sin. A 


sin. a sin. 5 

sin. a 

sin. C 


sin. c sin. 6 

sin. c 

sin. B 


sin. b Bin. a 

sin. b 

sin. C 

MM 

sin. c sin. a 

sin. c 


(•.) 


6. To express the tangent of the sum and difference of two angles of a spheru 
cal triangle^ in terms of the sides opposite to these angles^ and the third angle of 
the tt'iangle. 


By (») we have, 

cos. A = 

And, 

cos. C = 

/. cos, c * = 


( 1 .) 


cos, a — cos, h cos, c 
sin. 2>siD. c 

cos, c — QOS, a cos, b 
sin. a sin. b 

cos. a cos b -{" sin. a sin. b cos. C («.) 


Substituting this value of cos. c in Equation (1.) : 

cos. a — cos. a cos.® b — cos. h sin. a sin. h cos. C 


cos. A = 


sin. b sin. c 

cos, a (1 — cos.® h) — cos, h sin, a tin, b cos. C 


sin. b sin. c 
cos. a sin. b — cos. h sin. a cos. C 


- -t, — 

In like manner, substituting the value of cos. c in Equation (2), in the expres- 
sion for cos. B, we shall find, 

cos. b sin. a — cos. a sin. b cos. C 


cos. B 


.(L) 


Adding Equations (3) and (4) : 

„ sin. a cos. b + sin. b cos. a — (sin. a coa.b + sin. b cos. a) cos.C 

cos. A + cos. B = - 

— sin, (a + b)-^ sin, (g + ft) cos. C 
sin. c 

sin, (a b) (1 — cos. C) ^ 


Again, by Equation (g) we have, 
sin. a 


sin. A _ 

sin. B 

g in* A 4* sin. B 

sin. B 

f*. rin. Ai*iiiuB = 


sin. b 

sin, a -f" sin, b 
an. b « 

y • ^ * sin* B 

(sin.n±8in.^)^^ 
{pn. a + sin. b) 

R r2 


.( 6 .^ 
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Dividing^ Equation (6) by Equation (5), and taking first the positive iigii ! 
sin, A 4* sin. B sin. a -f- sin. b sin, C 

cos, A 4- cos, B sin. (a-j-b) * 1 — cos, C 

- s™.2±»\^.£±»-“’-5- 
2 2 2 2 

a — b 

A+B cos. ~g— ^ 

•• 


2 sin. 
2 

2 sin. ^LltA 


2 , e 

, cot, 


2 ^ c 

r-TT . cot 

a + b 2 


Again^ ^viding Equation (6) by Equation (5), and taking the negative sign . 
sin. A — sin. B sin. a — sin. b sin. C 


cos. A -f- cos. B 

sin. (a 4 b) 

2 sin, — — 

2 

B A + B 

— cos. — X — 

2 

2 sin, 

_ 2 

2 cos. 

2 

B A+B 

-cos. ^ 

2sin. “ + * 

2 


tan, ^ 

a — b 

2 


OOAU ■ " g 

eos. “t* 


We have thus obtained the required expression, viz. 


Similarly, 




cos. 

•• — V 

"T“ 

2 


OOSL 

a + b 

2 

a-b 

A-.B 


dn. 

2 

‘ 2 


sin. 

a+b 

2 

b — c 

B+ C 


cos. 

2 

2 

B— C 


cos. 

sin. 

i + c 

2 

b — c 

2 

■ 2 


sin. 

h 4 c 

2 

a — c 

A+ C 


cos. 

2 

' 2 


cos. 

a + c 

2 

o~c 

A-C 


sin. 

2 

• 2 

• 

sin. 

a + c 

2 


e tlMM Kqnationi when eonrerted into proportions, torm wlut are ealled ttom IIm hM 
and taeond JnaloiHim. ' . iro» we mm 
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7. To express the tangent of the sum and difference of two sides of a spheric 
cal triangle^ in terms of the angles opposite to them and the third side of the tri- 
angle* 

Let 1^, B, C, a, 5, c, be the sides and angles of a spherical triangle, A, B', C', 
o', b\ c\ the corresponding parts of the polar triangle; then by expression (r), 


tan. 


A' + B' z= 
2 


cos* 


cos. 


C' 


3 


tan. 


180“ — a + 180“ — 6 


GOS. 


(180°— A)— (180°— B) 


cos. 


(180°— A)+(180°-Bj 


cot 


(180°— c. 


Un. ( 180 ° — ^^) 


( 

cos. ( — g — J 

“ t ) 

cos.(l80^-|-j , 


tan, 


a + b _ 


eo& 


A — B 


cos. 


2 _ c 

A ^ y tan, 2 


Again, 


A - D' 

tan. 2 = 


, d A' 

sin. — ^ 

~7+6'^^T 

sin. — TT- 


tan, 


( 1 80“ — o) — (I80» — 5) 


sin, 


( 180 '-— Ay-ClSO"- B) 


(180°— A>4-~(180»— B)”*** 2 


(ISQo—e) 



A — B 


Sin. 



tan. 


£ 

2 


We shall thus obtain another group of formulag analogous to the last 
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2 ■“ 


A — B 


A B 2 


. A— B 

am. — s — 

■; A + B 
sm.-^ 


B--C 


B-f- C ‘®"‘ 2 


B — C 
2 a 

B + C 2 


A — C 


A + C *""• 2 


. A + 2 

Sin. — g — 


8. To ejy?ress the cotangent qf an angle of a spherical triangle^ in terms of 
the siae opposite one of the other sides and the angle contained between, these twa 
sides. 


By («) 


COS. A = 


cos. a — cos. b cos. c 
sin. b sin. c. 


cos. c — cos. a cos. b 
cx)s. C sin. a sin. b. 

Hence, 

cos. c = cos. a cos. b + sin. a sin. b cos. C. 


Substituting this value of cos. c in Equation (1), it becomes 

A cos. a — cos. a cos.* b — sin. a sin. b cos. b cos. C 

^ , 

sin. b sin. c 

cos. ff (1 — cos.® 6) — sin. a sin. b or»s. b cos. C 

I, sin. b sin. c 

— cog, g ( 1 — » cos. *h) — sin, a sin, b cos, h coa, Q 
* • CCS* sin. b sin. c. 

• . cofk A ain. c =: oosl aSin. h — sdn. a cos. b cos C 
But 
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sin. C . u / \ 

^ ~ sItTa 

. sin. C . • t • t.iy 

COS. A . — 7 Sin. a = cos. a sin. o — sin. n cos, 6 cos. C, 
sin. A 

0 .*. -cot A = cot a sin. h cosec. C — cos. h cot. C^. 

In which the cotangent of A is expressed in the required manner. 

If in Equation (1), instead of substituting for cos. c, we had substituted for 
cos. by the value derived fi’om.the Equation 
cos. h — cos. a cos. c 
sin. a sin. c ’ 

we should have found a value for <M)t. A in terms of, a, c, B, or ' 
cot. A = cot. a sin. c cosec^ B — cos. c cot. B. 


Proceeding in like manner for the other angles, we shall obtain similar re- 
sults, and presenting them at one view we have, 


cot. 4 

;= 

<50 1 a sin. b cosec. C — 

cos. b cot. C > 

1 


n: 

cot a sin. c cosc(5. B — 

cos. c cot B ) 

cot B 

zi: 

cot b sin. a cosec. C — 

cos. a cot. C ) 

1 . 


= 

cot. b sin. c cosec. A — 

cos. c cot A 5 

f ' 

cot. C 

rr 

cot. c sin. a cosec. B — 

cos. a cot B > 

1 

J 


zi: 

(5ot c sin. b cosec. A — 

cos, b cot A ; 




9 . To CJ^ircss the cotangcui of a side of a spherical triangle^ in terms oj the 
opposite anglcy one of the othei' angles^ and the side interficoU to these twe 
angles. 

Let A, B, C, (ly by (\ be the angles and sides of a spheri triangle, 
and A', B', C', a', b', dy the corresponding parts in the polar ti-ianglc. 

Then by ()i) 

cot. A' = cot. a! sin. V cosec. C' — cos. V cot. C' 

•".cot. (180® — a) = coL (180® — A) sin. (180® — B) eosec. ( KSi) " — Ci 
— cos. ( 180 ® — B) cot. ( 18U ® — e) 

— cot. a =: — cot. A sin. B cosec, c — cos. B col. c 

cot. a = cot. A sin. B cosec. c + cos. B cot. c. 

Applying the same process to ca<*h of the expressions in (/j, we shall obtain 
analogous results, and thus have a new set of formiilce ; 

cot. a cot. A sin. B cosec, c -f- (ios. B cot. c ) 

= cot A sin. C cosec. b cos C cot. b ) 

cot b = cot. B sin. A cosec. c -f- cos. A cot. c ) 

= cot. B sin. C cosec. a -f- cos. C cot. a j 

cot c = cot. C sill. A cosec. b + cos. A cot b ? 

= cot. C sin. B cosec. a + cos. B cot a ) 

By aid of the nine groups of formulai marked, («), (/ 3 ), (y), (5), (i), (f), (^), 
Mi Mf we shall be enabled to solve all the cases of spherical triangles, whf^er 
right-angled, ui oblique-angled; and we shall proceed in the next ch;pteto 
apply them. 
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CHAPTER IL 

Olf THE SOLUTION OF RIGHT-ANGLED SPHERICAL TRIANGLES. 

Spherical triangles, that have one right angle only, are the subject of in* 
vestigation in this chapter ; those that have two or three right angles are ex* 
eluded. 

A spherical triangle consists of 6 parts, the 3 sides and 3 angles, and any 3 
of these being given, the rest may be found. In the present case, one of 
the angles is by supposition a right angle ; if any other two parts be given, the 
other three may be determined. Now the combination -of 5 quantities taken, 
5.4.3 

3 and 3 z= | = 10 ; therefore ten different cases present themselves in 

the solution of right-angled triangles. 

The manner in which each case may be solved individually, by applying the 
formulae already deduced, will be pointed out at the conclusion of this chapter ; 
but we shall in the first place explain two rules, by aid of which the computist 
is enabled to solve every case of right-angled triangles. These are known by the 
name of Napier's Rules for Circular Parts; and it has been nell observed by the 
late Professor Woodhouse, that, in the whole compass of mathematical scien(;e> 
there cannot be found rules which more completely attain that which is the 
proper object of all rules, namely, facility and brevity of computation. 

The rules and their description are as follows ; 

Description of thp Circular Parts, 

The right angle is thrown altogether out of consideration. The two sides, the 
complements of the two angles, and the complement of the hypotenuse, are 
called the circular parts. Any one of these circular parts may be called a 
middle part (M), and then the two circular parts immediatefy adjacent to the 
right and left of M are called adjacent parts; the other two remaining circular 
parts, each separated from M the middle part by an adjacent part, are called 
opposite parts^ or, opposite extremes. 

This being premised, we may now give 

Napier's Rules, 

1, The product of sm, M and tabular radius = product of the tangents of the 
adjacent parts, 

2, The product of sin. M and tabular radius^ = product of the cosines of the 
Opposite 'parts. 

These rules will be clearly understood if we show the manner in which they 
are applied in various cases, * 


« 

* See Plane Trigonometry, Chap. IV, 
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Let A B C be a spherical triangle, right-angled at C. 

Let a be assumed as the middle part. 

Then (90 ® — B) and b are the adjacent parts, 

And (90 ® — c) and (90 ® — A) are the opposite 

rule (1) 

R X siu. a = tan. (90 ® — B) tan. b 

= cot. B tan. b (1) 

By Rule (2) 

R. sin. a = cos. (90 ® — A) cos. (90 ® — c) 

== sin. A sin. c, (2) 

• 

2. Let b be the middlo^part, 

Then (90 ® — A) and a are adjacent parts, 

And 90 ® — c) and (90 ® — B) are opposite parts. 

Then Rule I, 

R sin. b = tan. (90 ® — A) tan. a 

cot. A tan. a 

And Rule II, 

and K sin b = cos. (90 ® — B) cos. (90 ® — c) 

r= sin. B sin. c 

3. Let (90 ° — c) be the middle part. 

Then (90 ® — A), and (90 ® — B) are adjacent paits» 
And b and a are opposite parts. 

Then, 

R, sin. (90 ® — c) := Ian. (90 ® — A) tan. (90 ® — B) 
R. cos. c = cot. A cot. B 

And, 

R. sin. (90 ® — c) = cos. a cos. 5. 

R. cos. c. = cos. a cos. A 

4. Let (90 ® — A) be the middle part. 

Then (90 ® — c) and b are adjacent parts, 

And (90 ® — B) and a are opposite parts^ 

Then Rule 1. 

R. sin. (90 ® — A) = tan. (90 ® — c) tan. b, 

. •. R cos. A = cot, c tan. b 

And Rule II. 

R. sin. (90 ® — A) = cos. (90 ® — B) cos. a, 

. •. II cos. A = sin. B cos. a. 


parts|^ 
Then by 


5. Let (90 ® — B) be the middle part. 

Then (90 ® — c) and a are the adjacent parts, 
And (90"— A) and b are the opposite parts. 
Then Rule I 


cos. B =: tan. (90 ® — c),tan. a, 

= tan. a cot c. 

cos. B = cos. (90 ® — A) t;os. b, 

r= sin. A cos. b,.. ?. . . . 

Collecting the above results we shall have 
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• sin. a = cot. Blau. 6 (1) 

sin. a = sill. A sin. c .* (2) 

sin. b = cot. A tan. a (3) 

sin. b = sill. B sin c <.(4) 

cos c =r cot. A cot B (5) q 

cos. c = cos. q cos. b : f f*>) 

cos. A tin. b cot c {7) 

cos. A = sin. B cos. <2. ^3) 

cos. B = tan. a cot c (9) 


cos. B = sin. A cos. b TlO) 

It now reiiitiins for ut to show that these coni^lusions are a(;[curate| and in ao- 
oordance with the formuhe already deduced. 

Now by (c«). 

„ cos. c — cos. a cos. b 

cos. 0 = . , 

sin. a sin. b 

But when G z= OO”? then cos. C = 0. 

cos, c — cos, a cos, b 

* sin. a sin. b 

cos. c = cos. a cos. b, which is formula (()) in the above table. 


Again by (e) 

sin, a 
sin. c 

sin. a 
Similarly, 

sin, b 
sin. c 
sin. b 


sill. A 
sill. < 

But when C = 90* fiii, C i. 

sin. A sin. c. which is formula above. 

sin. B 
sill. O 

sin. B sin. c, which is formula (4), 


Next since by (a) 

cos. (L cos. b cos* c 

cos, A = — ^ ^ — V — ; , substitute for cos. c its value in (OL 

sill, b sin. c * ^ 

cos, a — cos. a cos. * b 

sin. b sin. c 

cos. n sill b ^ , „ . . , . . . / 

; substitute for sin. c. ils value as tound in (2). 

bin. c ' 

co s, a sin, b 
~ sin. a 
sin. A 

sin. 6 = cot A tan. a, which is formula (3.) 


Ag&in, 

- . cos. a — cos. b cos. c , . ^ , 

coe. A == , . — substitute for cos. o, its value in (6.) 

sin. 0 sin. c ^ \ / 


008. b 


— cos. h cos.^c 


sin. 5 sin. c 


* TIm number II need be introduced only wUcii wc have occasion to use tables, mid wlU there* 
lore be onoitted lu tlie investigation which foUoWa. 
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— c sin, b 
flio. e cos. b 

ss. tan. b cot c, which is fomula (7> 


^aiu iiy (ct). 

„ cos. 6 — cos. a cos. c .... . » , 

cos B = s substitute for cos. c its value Crom (6) 

sin. a sin. c * 

cos. b — cos. b 008 . ^ a 

sin. a sin. c 

cos. b sin, a , . i . 

z= , substitute for sin c, its value nroni (4). 

sin, c * ' ^ 

cos. b sin. a 

= sin. b 


sin. B 

Sin. a = cot. B tan. b^ which is formula (iK 


Again, 

. cos. b — cos. a cos. c . 

cos. B = , substitute tor cos. 5, its value ir. 

cos. c 

■— — — cos. a cos. r, 

sin. a sin. c 
cos. c sin, a 
sin, c cos. a 

= tan. a cot c, whiili >» fomxU /Vi 


Next by (/3). 


cos. a 


cos. A coa. B cos. C 


cos, a rr 


sill. B sin. C 

But C = 90 0 .% cos. 0 = 0, and sin. C s: L 
cos. A 
sin. B 

cos. A = sin. B cos. a, which is formula (St 
Again, 

, cos. B 4* cos. A cos, C , , ^ . 

cos. b = : -I T - — Ti when C = (» •. 

sin. A sin. O 

cos. B 
sin, A 

cos. B z= sin. A cos. which is formula (lOj. 


Lastly, 

cos. C + cos. A cos, B _ . , . 

= sin. A Sin. B ‘*"® «««> 

COS. A cx>s. B 
sin. A sin. B 

= cot A cot. B, which is formula (5). 


We have thus proved the truth of the results derived from the application* of 
Napier’s rules, and may therefore apply lihese rules without scruple to the solu-* 
tion of the various cases of right angled triangles, 

Let us then take each combination of the tvpo data, and determine in each case 
the ct!ier three quantities, adapting our formulas to computation by tables. 
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1. Given A, B, required a. h, c, 
R cos. A = sin B cos. a 


cos. A 
- sTiTB 


R cos. B = sin.' A oos. b cos. ^ = R 
K cos c = cot- A cot. B 


^ Given a, b, required A, B, c. 
R sin. a iz: cot- B tan. b . 
R sin. b = cot. A tan. a .' 
R uos.^ = cos. a cos. A ... 


3, Given a, c, required A, B, b. 
R sin. a = sin. A sin. c .■ 

R cos. c = cos. a cos. h 


R cos. B = tan. a cot. c 


cot. B z= R sin. a cot. b (4) 

cot. A zzr R sin. b cot. a (5) 

( 6 ) 


4. Given c, required A, B, a. 
R sin. b = sin. B sin. c • 


R cos. c = cos. a cos. h 


R cos. A = tan. h cot. c . 


5. Given A, c, required B, a, ft. 

R cos. A zz: tan. ft cot. c . 

H cos, c zz cot A cot B . 

R sin, a zz: sin, A sin. c .. 

6. Given B, c, required A, a, ft. 

R cos. B z= cot c tan. a 
R cos- c =z cot A cot B 

R sin. ft zz: sin. B sin. c..*. 


7. Given A, ft, required B, c, a. 

K cos, A = cot c tan. ft 
R sin. ft rz: cot A tan. a 
R cos, B =: sin. A cos. ft 

8. Given B, a, required A, c, ft. 

R cos. B zz cot c tan, a 
R sin. a zz cot B tan. ft 
R cos. A zz sin. B cos. a... 


.All. ft zz R cos. a tan. c ( i '^) 

cot. B zz R tan. A cos. c (14) 

(i^) 


.% tan. a zz R cos. B tan. c...(l6) 
cot A zz R tan. B cos. c...(l7) 
(18) 


cot c zr R cos. A cot ft (19) 

tan, a zz R tan. A sin. ft (20) 

( 21 ) 


cot c zz R cos. B cot n (22) 

tan. ft zz R tan, B sin. a (*^3) 

(^ 4 ) 


Ik Given A, o, required B, ft, c. 

R cos. A zz sin. B cos. a atn. B zz R 


R sin. a = sin. A sin. h 
R sin. ft zz cot A tan. a 


sin. c zz R 
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10 . Given B, b, required A, a, c, 

E cos. B =r sin. A cos. b 

E sin. b = sin. B sin. c 
R sin. a =: cot. B tan. b 


sin. A == R 
sin. c = R 


cos. B 
cos. b 
sin. b 
sin. B 


(28) 

( 59 ) 

(30) 


CHAPTER HI. 

ON THE SOLUTION OF OBLIQUE-ANGLED SPHERICAL TRIANGLES. 


Thk difFerenf; cases which present themselves are contained in the following 
enumeration. 

« 

1. When two sides and the included angle are given. 

2. When two angles and the side between them are given. 

3. Wlien two sides and the angle opposite to one of them are given.- 

4. When two angles and the side opposite to one of them are given. 

5. When three sides are given. 

6 . When three angles are given* 

I. Wlien two sides and the included angle are given. 

1 he remaining angles may be determined from the formula (a). 

Thus, let a, 6, C, be given, A, B, c, required. 


tan. 


tan. 


2 


2 


8 

a + b * 

' St 
a — b 

• C 

2 cot -g 
o 4" 6 V 


virn A + B _ A . 

Whence — 5 — and — 


B 


Let 


are known from the tables. 
^ ® — a 


B 


= <p 


A=^ + (p 

B= d — (p 

A and B being known, c may be obtained from (e). 

sin, c sin. G 
sin. a iin. A 

sin. C 


For 


sin. c = s?n. a 


sin. A 


And, in like manner, if any two other sides and the included angle be glvei^ 
the rexnedning parts may be determined. * 
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II. When two angles and the side between them are given. 
The remaining sides may be determined from the formula 
'I'huSy let Ay B, c ; be given, C ; required. 

A — B 

, a + b ^ c 

^^ — = —A + B ‘^“•2 

cos.-^ 

. A — B 

2“ c 


sin. — — 

g tan.^ 
sin.— j— 


Whence and • 


are known from the tables. 


Let ^ 

a — b 

a = ^ 

5 = 

a and b being known, C may be obtained by (i), 

sin. C sin. c 

sin. A ““ sm. a 

. ^ . sin. c 

.*. sin. C = sin. A -t 

siA> a 

And, in like manner, if any two other angles and the included side are given 
the remaining parts may be determined. 

III. When two sides and the angle opposite to one of them are given. 

The angle opposite to the other side may be found from formula (i). 

Thus, let a, d, A be given, B, C, c ; required. 
sin. B _ sin. b 
sin. A sin, a 

sin, B = sin A 

sin. a 

The angle B being determined, the remaining angle 0 will be found from (#^ 

a — b 

^ ^ A+B 2 ^ C 


C a^, 

«>*• 

cos. — ^ 


A + B 


The angle G being determined, the remaining side c will be found from 
^ sin. c sin. C 

Sin. a sin. A 

, . sin. C 

sin. c = sin. a — x 
^ sin. A 

or e may be found from 

And, in like manner, if any other two sides and the angle opposite to out or 
them be given, the remaining^ports may be determined. 



SPHERICAL TRIGONOMETRY 


639 


IV. When two angles and the side opposite to one of them are given. 

Tlie side opposite to the other angle may be found from formula («), 

Thus, let A, B, o ; be given, 3, c, C ; required, 
sill h sin. B 
sin. a ““ sin. A 

, . sin. B 

sjn. b sin. a — . 

sin. A 

The side h being determined, the remaining side c will I/e found from (^) 

A — B 

n . COS. ^ 

r 01 tan. y _ tan. g 


A + B 


tan. 


A — B 
£ 


tan. 


a -f* ^ 


The side c being determined, the remaining angle C will be found from (i). 

- _ sin. C sin. c 

For r = ■: 

sin. A sin. a 


sin. G 1 = sin. A 


sin. e 
sin. a 


or c may be found from (a). 

And, in like manner, any other two sides being given and the angle opposite 
to one of them, the remaining parts may be determined. 


V. When three sides are given. 

The three angles may be immediately determined from any one of the groups 
of formulae (y 1), (y 2), (y 3), (y 4). 

The choice of the formula, which it will be advantageous to employ in pnao- 
tice, will depend upon the consideration already noticed in the solution of the 
analogous case in plane trigonometry. 


VI. When three angles are given. 

ITie three sides may be immediately determined from any of tlie groups of 
formul® (S 1), (a 2), (5 3), 4). 


CHAPTER IV. 

ON THE USE OF SUBSIDIARY ANGLES. 

We have already explained in Plane Trigonometry, the meaning of Sub- 
sidiary Angles, and the purposes for which they are introduced; we shall 
now proceed to point out under what circumstances they may be employed with 
advantage, in Spherical Trigonometry. 

In the solution of case I. where two sides and the included angle were given, 
we first determined the two remaining angles, and having found these, we wer^ 
enabled to find the side also. It frequently happens, however, that ^he si dp 
alone is the object of our investigations, and it is therefore convenient* to have 
a method of determining it, independently of the angle. 
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Thus, for example, let c, A, be given^ and let it be required to determine a, 
independently of the angles B, c. 

By (et), we have ^ 

cos, a — cos, b cos, c 
sin. b sin. c 

Whence cos. a = cos. A sin. b sin. c + cos. b cos, c. 

From which equation a is determined, but the expression is not in a form 
adapted to logarithmic computation; we can, however, effect the necessary 
transformation by the introduction of a subsidiary angle. 

Add and subtract sin. b sin. c on the right hand side of the equation. 

Then cos. a zz cos. A sin. b sin. c + cos. b cos. c + sin. b sin. c — sin. & sin. c 

dSi cos. b cos. c + sin. b sin. c -f- sin. b sin. c cos. A — sin. b sin. c 

= cos. {b — c) — sin. b sin. c vers. A 
1 — cos. 0=1 — cos. (J) — c) + sin. b sin. c vers. A 
vers, a = rers. (b — c) + sin. b sin. c vers. A 

V ( . . sin. b sin. c vers. A ) 

= Ters. (b-c) J 1 + vers.' (6 -c) \ 

^ ^ ^ sin. b sin. c vers. A i 

Let tan.* ^ = tt -r — 

vers. (0 — C) 

vers, a = vers, (b — c) 1 1 + tan.* 4^ 

= vers, (b — c) sec.* 4 

from which a may be determined by the tables, 4 being known from the equation. 
. sin. b sin. c vers* A 

“*"■ * = “ vers: (b -c)— • 

• 

In like manner in case II, where two angles aid tha included side were 
given, we first determined the remaining sides, and then we were enabled to 
find the remaining angle. Now, let us suppose, that A, B, c, are given, and that 
we are required to find C independently of a and A 

T, , . cos. C + cos. A cos. B 

From (.^) cos. c = iinT Arin i B 

COS. G = cos. c sin. A sin. B — cos. A cos. B 
.*. 1 — cos. C = 1 — sin A sin. B (I — vers, c) + cos. A cos. B 
= 1 4” (A -f- B) -f- sin. A sin, B vers. c. 

or 2 sin. *^ = 18 cos.* - ^ 4- sin. A sin. B vers, c 


sin. *^ = 18 cos.* — g — + ^ sin. B vers, c 

^ _ A + B ( , sin. A sin. B vers, 

= + ;a - +B 

2 cos.* — g — I 

. , C , A + B . 

Bin * ■ * eAA * A 


If we assume 


tan,* 4 =; 


sin. A sin* B vers, c 

Q nne * * — — . 


In case III, where two sides and the angle opposite to one of them were 
given we first determined the angle opposite to the other side, and then the 
remaining angles and the remaining ^de in succession. Now, let us suppose, 
that a, b, A, are §^iven, and that we are required to determine the angle C and 
tne side c. independently of Bie angle B and ^ each other, under a form 
adapted for logariBimic dbmputation. 
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T'o find C, we liare from {«)• 

cot A = cot. a sin. b cosec. C — cos. h cot C 
or ^ cot A sin. C = cot. a sin. b — cos. b cos. C 

or sin. C =:= cot. a sin. b tan. A — cos. b cos. C tan A* 

s)^. C cos* C cos. b tan. A = cot a sin. b tan. A 

Let cos. b tan. A =: tan. ^ 

cos. 8 

.*. sin. C + 4 cos. C = cot a sin. b tan. A 

* cos. d 

sin. C cos, S + cos. C sin. ^ = cot a sin. b tan. A cos. & 


sill. (C + ^) =: cot a sin. b tan. A 

' cos. b tan. A 

=; cot a tan. b. sin. ^ 

wlience C is known, d being previously determined from equation. 

tan. $ = cos. b tan. A 


To find c, we have from («e). 


cos. A =; 


cos. a — cos. b cos. c 


sin. b sin. c 
sin. c sin. b cos. A z= cos. a — cos. b cos. c 
cos. a 


Let 


sin. c tan. b cos. A =: 

cos. b 

tan. b cos, A = tan, ^ = 

. sin. ^ cos* a 

sin. C + cos. C = ■ 

cos. $ * i 


cos. c 

sin. d 
cos. $ 


oos. b 

cos. a cos. 0 

cos. (c — =z r — 

' cos. b 

whence c may be found, $ being previously determined from the equation, 
tan. d = tan. b cos. A. 


In like manner, in case IV, when two angles and the side opposite to one of 
them were given, we first determined the side opposite to the other angle, then 
the remaining side and the remaining angle in suc^cession. Now, let A, B, a, 
be given, and let it be required to determine c and C, independently of b and 
of each other, and under a form adapted to logarithmic computations. If we 
take the formula (tf). 

cot. a = cot. A sin. B cosec. c + (X)s. B cot. c 
or cot. a sin. c z= cot. A sin. B + cos. B cos. c 

or sin. c = cot. A sin. B tan. a cos. B cos. c tan. a 

sin, c — cos. c cos. B tan. a =z cot. A sin. B tan. a, 

^ _ sin. 0 

Let cos. B tan, a = tan. 0 = > 

cos. 8 


. sin. 0 . . 

sin. c — cos. c = cot. A sin. B tan a 

cos. 0 

sin. (c — 0) = cot. A sin. B tan. a cos. 0 

. . 0 
= cot A sin. B tan, a ^ — 

cos. B tan. a 


= COL A tan. B sin. 0 

whence c ma) be determined, 0 being previousl]^ known from eqwation 
tan. 0 = cos. B tan. a 
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To find C> we have from (fi) 

cos. A + cos, B co» 0 
cos. a — g Q 

«*• sin. B sin. C cos. a = cos. A -f- cos. B cos. C 

^ _ cos. A ^ 

sin. C tan. B cos. a = --- g + cos. O 

, « „ cos. A 

/. sin. C tan. B cos. a — cos. O = 

cos. Ji 

Let tan. B cos. a =z tan. ^ 

cos. 0 

• sin- 6 fy COS. A 

sin. ;; — cos. C = 

cos. $ cos. B 

. .X cos. A cos. 0 

••• -cos.(C+0)= ^^^3 

whence C may be founds 0 beingf known from equation 
tan. 0 = tan. B cos. a. 

In the fifth and sixth cases^ any one of the angles or sides required, may be 
found independently of the rest by the formuhe referred to. 


Examples in Spherical Trigonometry. 


(1.) In the right-angled spherical triangle ABC, the hypothenuse AB is 65°5' 
and the angle A is 48° 12'; find the sides AC, CB, and the angle B. 

Ans. AC = 55° 7' 82" 

BC = 42 32 19 

ZB = G4 46 14. 

(2.) In the oblique-angled spheiical triangle ABC, given A B = 76° 20', 

BC=119° 17', and ZB = 52° 5'; to find AC and the angles A and C. 

Ans. AC = 66° 5' 36" 
Z A = 131 10 42 
Z C = 56 58 58. 

(3.) In an oblique spherical triangle the three sides are 
a = 81°17', ip = U4°3^, c= 59°12'; 
reauired the an/^les A, C. 


Ans. A= 62° 89' 42" 
B=124 50 50 
50 M 42. 
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TWO DIMENSIONS. 


If we reflect on the nature of Geometrical Problems, we shall perceive that the 
greater number of them depend ultimately on finding the distance of one or 
more anknown points, from other points or straight lines, whose position is 
already known and determined. If, therefore, we have a method which enables 
us to determine analytically the position of a point, with reference to certain 
other points or straight lines whose position is known, we shall be *n a state to 
resolve all kinds of geometrical problems. 

Let there be two straight lines AX, AY, w hose 
position is known cand determined, situated in the 
same pkine at right angles to each other, and let F 
be any point in the same plane whose position we are 
required to determine. 

From the point P let fall PM, PN, perpendiculars 
on AX and AV. Then it is manifest that the point 
P will be determined, if we know the length of the 
sides AM, AN, of the rectangle AP. For these sides 
are the distam^es of the point P from the two fixed 
straight lines AX, AY, so that, if we draw from the points M and N two straight 
lines, respectively parallel to AY and AX, the point where they intersect will 
be the point required 

I'he two fixed lines AX, AY are called Axes. 

The distance AM or I’N of the point P from the axis AY is called the 
scissa of the point P, and is usually designated algebraically hy the letter x. 

The distance AN or PM of the point P from the axis AX is called the Ordi- 
nate of the point P, and is usually designated algebraically by the letter y. 

The two distances x and y are together denominated the Co^dinatea of 

the point P. . • av 

The two axes are distinguished from ea<;Ji other by calling the axis A , 
which the abscissas are reckoned, t/ie Axis of Abscissas^ or the Axis oj 
*’s;*and in like manner the axis AY, along which the ordinates are reckoned, 

is called the Axis of Ordinates, or the Axis of w’5. 

s E 2 


“Sr-^ 
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Tie point A is called the Origin of Coordinates^ since it is from this point 
that the distances are reckoned. 

EQUATIONS OF A POINT. 

The characteristics of every point situated on the axis of y^s is a: = 0, since 
that equation indicates that the distance of the point in question from that axis 
is nothing^ 

Similarly the characteristic of every point situated on the axis of a:’s is 

y = 0 fj 

Hence the system of two equations, a: = 0, y = 0, characterizes the point A 
the origin of co-ordinates, since these equations can hold good at the same time 
for no oUier point. 

In general the two equations or = «, y =: when considered together 

characterize a point situated at a distance a from the axis of y’s, and at a dis- 
tance b from the axis of a:’s. The first of these equations, when considered 
separately, belongs to all the points of a straight line drawn parallel to the axis 
of y’s, at a distance AM = and the second to all the points of a straight line 
drawn parallel to the axis of a:’s, at a distance AN = b. Hence the system of 
two equations together belongs to the point P, in which these lines intersect, 
and belongs to this point alone. These expressions are thus, as it were, the 
analytical! representations of the point, and for this reason are called the Equa- 
tions of the point , 

We must always consider, in the expressions a and b, not only the absolute 
or numerical values of the distances of the point from the two axes, but likew ise 
the sigiis by which they may be affected, acc.ording to the position of the point 
in the plane of the axes AX and AY. For, according to the conventions 
explained in the first chapter of Analytical Plane Trigonometry, if we agree to 
consider as positive, distances such as AM 
reckoned along AX to the right of the point A, 
we ought to consider as negative, distances such 
as AM' reckoned to the left of the same point 

in like manner, if we consider as positive, dis- 
tances such as AN reckoned along AY up- 
wards from the point A, we must regard as 
negative, distances such as AN' reckoned along 
AY downwards from the point A. 

If, then, we exhibit the different signs 
with which a and b may be affected, we 
shall have four systems of equations to cha- 
racterize the four different positions of the 
point P. 

Por P we have, ... a: = a^y =: b 

F xz=:a,yzz^b 

P — a,y=— .5 

P"^ ... a? =r — ^ 
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Thus, for example, the point \vhose equa- 
tions are j:=+2, yzz — 3, is situated in 
the acgle XAY', at the distance AM = 8 from 
the axis of y\ and at the distance AN' =z 3 
from the axis of 



1 ^ 


The point ivhose equations are a; = 0, 
y = — 2, is situated on the axis AY', at a dis- 
tance AN' rz 2 from the axis of a’s 



The point whose equation is a: =: — 4, 
y =: 0, is situated on the axis AX, to the left 
of A, at a disUnce AM' =: 4 

We have hitherto supposed that the axes 
are perpendicular to each other, because that 
position is the most simple, ana most fre- 
quently employed; however, it is sometimes 
necessary to consider the axes as inclined at 
any j[riven angle to each other. 

In this cose the co-ordinates are no longer 
straight lines drawn perpendicular to the 
axes, but are straight lines parallel to these 
axes; that is to say, the distances PM, PN, 
are reckoned parallel to AX, AY. 

All the other remarks which we have made 
upon the supposition that the axes were rec- 
tangular, apply equally to the case in which 
they are oblique. 

In order to complete our discussion on the 
required 




equations to a point, let it be 


To determine the cnalytical expression for the a. stance between two given points 
which are situated in the same plane. 

Let the co-ordinates of the first point l\ be x', y, and of the second point 
Pf be sf f y f so that the equations to tliese points, whose positions we suppose 
known, are 

S y = y i And of P. { ^ J J C2) 

It is required to express the distance Pi P, of these points in terms of th« 
•iven co-ordinates x', t/\ x", 
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Let the dUtanoe P| ?• be called R. 

Draw the ordinates P^lMi P|Mt, of the 
two points, and througti P] draw RQ parallel 
to dX 

The right angled triangle PiQP*, gives 
us 

P, P,* or R* = P, Q* 4- P, Q* (A) 




I o 


A Ml WX 


But P,Q = M,1M, = AM, — AM, = a?-' — or' 

Arid P,Q = P,M, ~ QM, =: P,M, — P,Mi = — y 

Substituting these values of P,Q and P,Q, in (A) we have 

R = x/Car' — ar'0* + (y — y')* 

This formula is quite general, and will apply equally well to the case 
which the two points are situated on different sides of the axes. 


It will only be necessary, in this case, to 
introduce the changes in the signs which cor- 
respond to changes in position ; thus, for ex- 
ample, to obtain the distance of two points, 
one of which is situated in the angle YAX, 
and the other P, in the angle YAX', we must 
chiuige the sign of a:", which gives us 



1 

V 


p* 




— 


Pi 

Bit A 

Ml Z 





In fad, if we perform the calculations as in the former case, we find 
P.P, zz P,Q* + P,Q» 

P,Q = (x'+x'O 
p,Q = (y ~ y') 

And A R = \/(^ +xy+ (y ~yT 

If one of the points, P, for example, is the 
origin of co-ordinates, in that case af* =z 0, 
y' = 0, and the formula becomes 

R = + ^ 

For here we have 

AP|* = AM,* + P,M,» 

I. e. R = + y* 



TO FIND THE EQUATION TO A STRAIGHT LINE. 


Let LOS be a straight line of indefinite 
length, and situated in a plane. 

Draw in this plane two axes, AX and AY, 
fit right angles to each other, and^ let the situ- 
ation of the straight line with regard to these 
fixes be any whatever. 

In the straight line take dny points P,, P,, 
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V 9 , and from these points draw PjM,, P,M,, P,M,, perpendica'laf 

on AX, and through the point 0, in which the straight line meets the axis AY» 
draw OQ parallel to AX. 

The similar .triangles PiQiO, P*QiO, P3Q1O, will give a series of equal ratios. 
® ^ • ah out— otvt c 

QTT ~ 0^ ~ oicT* ~ 

PjM, — AO _ P,M, — AO P,M, AO 
AMj ^ AM, — aMT 

Which proves that the difference between the ordirmte of any point in a 
straight line^ and the distance of the straight line from the origin^ is in a con^ 
slant ratio to the abscissa of the same point ^ 

Let us then call the co-ordinates of any point in the straight line x and y, and 
let us designate by b the distance AO; that is, the distance from the origin of 
tlie point ill which the straight line cuts AY ; let a be the constant ratio 
uhich we have just mentioned, we shall then have the relation. 



Or, ^ y — ax + b (1) 

Now this relation holds good, as has been shown above, for every point in 
the straight line LOS, but it will not hold good for any point which is not situ- 
ated in this straight line. 

For let N be any other point taken either 
above or below the straight line I*OS. 

Now, since the ordinate NPM of that point 
is either greater or less than the ordinate PM 
of the straight line correeponding to the same 
abscissa AM, and since by hypothesis we have 
for the point P the relation 

PM = a . AM + d 

it follows that since NM is either or ^ 

PM, we have for the co-ordinates of the point N, 

y = ^o. AM 4- b 
We thus perceive that the relation (1) is characteristic of every point in the 
straight line LOS, and that it does not hold good for any point without that 
line, and is therefore the analytical representation of that straight line ; for if 
this relation be given in the first instance, we are enabled, by means of it, to 
determine the position of the straight line, and to trace it graphically. 

For this purpose it is sufficient to give to x 
a series of values, which we measure along 
AX,* such as AMj, AM,, &c. and drawing from 
these points straight lines MiP*, M,P,, ..... 
parallel to AY, and making these straight 
lines equal to the corresponding values of y, 
found from equation (1), we shall in this man- 
ner determine the points Pi, P,, ..... situ- 
ated in the required straight line. ^ 

For this reason the relation (1) is denominated the Equation to the Siraighi 
Line LOS. 
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The quanUties jc and which represerit the coordinates of the different 
points in the straig^ht line, are called the Variables in th< equation, and the 
quantities a and 6, which do not chang^e for the same straight line, are called 
the Constants in the equation. 

The constant 5, it has been already shown, is the 
distance from the origin of the point in which the 
straight line cuts the line AY, or, this is the ordinate 
of the straight line at the origin ; it remains, therefore, 
to examine the constant ratio which is expressed in 
the equation by a, now 

PQ PTfl 

QO~ ML “ ^ PLM. 



Thus, it appears, that the constant ratio, is the 
trigonometrical tangent of the angle which the straight line makes with the 
axis AX. 


DISCUSSION OF THE EQUATION TO A STRAIGHT LINE. 
y = ax+5 (1.) 

The above equation we have seen, is the representation of a straight line, 6 
being the distance of the point in which it cuts the axis AY from the origin, 
and a being the tiigonometrical tangent of the angle which the straight line 
makes with the axis of x’a. Now, the quantities a and 6, are fixed and deter- 
mined for all points of the same straight line, but when we come to consider 
diflerent straiglit lines j we shall find that they are distinguished from each other, 
by the different values which the quantities a and b receive in the equations of 
each. For it is evident from the nature of the quantities a and that they are 
••usceptible of all degrees of magnitude, since the first is a trigonometrical tan- 
gent, and the second expresses the distance of a fixed point A, from a point in 
the indefinite line YAY'. 

Let us first consider the changes w'hich may take place in A 


In deducing the equation y = a a? -f- 5, we sup- 
posed that the straight line intersected tiie axis AY 
in some point 0, above A. 


Rut, if we suppose the straight line in question 
to intersect the axis AY in some point. O' situ- 
ated below A ; then, from what has been said with 
regard to the signs of these quantities, it appears 
that 6 will have the negative sign, and consequently 
the equation to the straight line, wfill, in this case, 
become 

y =: ax — 6 . f2) 
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Again, let us suppose that the straight line passes 
through ihe origin A, then the distance from the 
origin of tiie point in which the line cuts YAY', is O 
and ^ 0. 

TlK^ equation, therefore, to a straight line which 
passes through the origin, is, 

y = a£ (3) 

Let us now consider the different portions of the 
straight line which will correspond with a change in «, 


In determining the equation, w^e supposed the 
position of the straight line to be that represented in 
tljo figure, and that a was the tangent of the angle 
OPA. 

Now, suppose that the straight line is parallel to 
AX, then it is manifest that for all values of a;, AM,, 
AMj, which we may assume; the value of y will 
always remain the same and be equal to AO; hence 
ill this case, the ecuaiion assumes the form 

^ * w 

which therefore, represents a 3traight line drawn 
parallel to the axis AX, at a distance h from the 
origin. 

kSimilarly, if the straight line be parallel to the 
axis AY, it is evident that for all values of y, the 
value of X will always remain the same ; and hence 
the equation to a straight line in this position, will be 

X = c (o) 

whiidi is therefore, ihe equation to a straight line 
parallel to the axis AY, and which cuts the axis AX 
at a distance c from the origin. 


In deducing the equa = ox + we sup- 
posed the straight line to make an acute angle 
O'rA, of which the tangent is a and positive ; if 
however, we suppose the straight line to revolve 
until it comes into the position OT ; then it makes 
an angle OXX. with AX , which is greater than 90“ 
and less than 180“, and whose tangent is conse- 
qiiectly negative, hence the equation of a straight 
line in this position, is 

y s:— ocfi (0) 
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If we suppose the position of the straig^ht line to 
be that represented iu the adjacent figure, since the 
angle which it makes with AX is * 7 ^ 180° and 
270% a is positive, and the equation is 
y :=z ax — b 



iT 

Lastly, the equation to a straight line in the posi- 
tion represented in the figvire, i:( 
y ■=, — ax — 5. 


Thus we may have the following equations to a straight line, according to 
the different positions which it may assume. 

y rrux. 
yzz — ax^ 
yrsh. 
a: =1 c. 

y =: — ax + b. 
y zz ax — 5. 
y =r — ax — 
y = ax b, 

PROBLEMS CONNECTED WITH THE EQUATION TO A 
STRAIGHT LINE. 

PROB. I. 

To find the equation to a straight line which passes through a given point. 

Let afy y, be the co-ordinates of the given point 

Let X, y, be the co-ordinates of any other point in the line. 

Then the general equation to the straight line will be, 

y zz ax + b (1) 

And, since x\ y', are points in this straight line, it must satisfy the 
equation. 

^ ^ ax + 0 (2) 

.*. Subtracting (2) from (1) we have, 

y — yf zz a {x — 
which b the equation requiied. 

PROB. IX. 

< 

To find the equation to a straight line which passes through J wo given pomis* 

Let the co-ordinates of the given points be, x', y' • and ^ , y'' ; and let x and 
f be the co-ordinates of any other point whatever in the straight line. 
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Then^ in general, the equation to the straight line will be, 

y — ax + b <;i) 

But, since x\ and x", y\ are points in the straight line, it must satisfy the 
equations. 

0 y =z ax' + 6 (2) 

ax^ + 5 (3) 

Subtract (3) from (2). 

y — y" =z a (a/ — x") 

whence a = (4) 

Again, subtract (2) from (1). 

2 / — y rr a(x — y). -j 

Substitute in this equation the value of a, obtained from (4), and we have 

1/ — v" 

y -y- 

which is the equation required. 


PROB. III. 


2'ofind the equation to a straight line, parallel to a given straight line. 


Let the equation to the given straight line Sl\ be 

y z=i ax ’{•b 

\\ lieve a is Urn tangent of the angle OTA. 

Now, since the straight line S'T', whose equation 
is required, is parallel to the given straight line; its 
inclination to the axis AX is the same, and there- 
fore its equation will differ from that of the given 
straight line only in the quantity f, which expresses 
the distance of the origin from the point in which it 
cuts the axis AY. 

The required equation will therefore, be 

y =Z GX -j- 5' 

where V =: AO'. 



PROB, IV. 

To find the tangent of the angle between two given straight lines, which 
intersect each other. 

Let OV, O'V', be the given straight lines inter* 
secting the point Q, and let their respective equti- 
tions be 

y xz ax + b 
• y' c^x y 

Draw through the origin two straight lines, AL, 

AL, respectively parallel to OV, O'V'; then it is 
manifest that the angle LAL' = angle YQV', and 
the equations to these two straight lines will be 
y zz ax 

y =r o'x. ^ 
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Now the angle LAI/ = ^ LAX — UAX 
tan. LAL' z= tan. (LAX — I/AX) 

tan. LAX — tan L^AX 

1 + tan. LAX tan, L'AU. 
a — a* 


: -i- act 

It the straight hues be parallel 


a — ^ ^ , 

CL — d 

If the straight lines be at right angles i — \ — r:;.^ = oc 


1 + ofl' 

1 ^< 2 / = 0 


or 


^ a 


Hence it appears, that if the equation to a straight line be 

yz=. ax h 

the equation to a straight line perpendicular to it, will be 

y = — “7 -r + 3. 


PROB. V. 

To find the equation to a straight line drawn through a given pointy perpess* 
dictdar to a given straight hue. 

Let the equation to the given straight line be 
y= ax h 

Let the co-ordinates of the given point be ar', y\ 

Let the required equation be of the form 
^ = Aar -f B 

where A and B are unknown. 

Then, since the straight line y = Aa; -f- B, passes through the point a^, y, its 
equation will be 

y — y = A (ar _ s') 

and since it is perpendicular to the straight line whose equation is 

y = ax -j- 6 

•\ A == — problem. 

y—y'= — ^ (x — y) 

is the equation required, 

PROB. TI. 

To find the length of a straight line drawn from a given point, perpendicular 
to a given straight line. 

Let the equation to the given straight line T8 be 

y z= ax + d (1) 

Let the co-ordinates of the given point P be or', 

y'- 

Then, since PQp is draAvn through a point, a/ 
y perpendicular to a straight line, whose equation 
is y = ^ ^ ; by the last Prob. the equation to 

Pp is 

y y zzn •— ••••• (^ 2 ^ 
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' Now, to obtain the length of PQ which is required, ^Ye ruust find the co-ordi- 
nates of the point Q in which Pjt? meets TS, and then substitute x' %/ and tlie 
co-ordinates of Q in the general expression for the distance of the points* 
viz. 

• D tz v/ (a/ — (/ — yO* (3) 

Let us call the co-ordinates of the point Q, y " ; then, since Q is a point in 
the straight liiie TS, that straight line must satisfy the equation 
y" = oar'' + 5 

For the sake of convenience let us put this equation under the form 

tf* — y = a (ar" — xf) — ^ -f- ^ ( t) 

which is done by subtracting from each side of the equation, i^d adding CLSuf 
to, and subtracting it from the right hand side. 

But, since a?" }/* is a point in the straight line Pp, also that straight line whose 
equation we have found (2), must satisfy Uie equation 

y" — y = — ■— (5) 

Now for the^ point Q, equations (4) and (5) hold good together, tlierefore 
subtracting, we find 


0 ~ — y + fla?' + 5 + a — x') 


whence af' — xf 


— y — ^ ^ 


Substitute this value of ar" — xf in equation 5), and we have 
,, , y — ax — h 

^-^=- 1+ — 

Substituting these values of — ar and y' — y* in the general expression 
(3), for the distance of two points 

= ±^^;^.v/T+a. 

— , y — ^ 

- i ^ I + a^ 

which is the length of the perpendicular required. 


PROB. VII. 

To find the equation to a straight line referred to ohli^ t axes. 


Let SOT be a straight line of indefinite 
length situated in a plane. 

Draw in this plane the axes AX, AY, 
inclined to each other at any given angle, 
and let the situation of the straight line with 
regard to these be any whatever. 

In the straight line take any points, 

P,, P,, .... from these points draw PiMi, 
P*M,, PaM», .... parcel to AY. and 
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through the point 0 in which the straiglit line meets the axis AY, draw OQ 
parallel to AX, 

The similar triangles P,Q,0, P.Q.O, P.Q.O, .... will give a series of 
equal ratios as in the case of rectangular co-ordinates. 

® = W- "■ = ‘‘ 

P^M, — AO _ P,M, — AO _ P.Mg — AO _ ^ 

aMT^ ~ am; AM, - 

Which proves, as in the former case, that the difference betAveen the ordinate 
of any point in the straight line, and the distance of the straight line from the 
origin, is In ^ constant ratio tf) the abscissa of the same point. 

Let us (’.all x and y the co-ordinates of any point in the straight line, and let 
us designate by b the distance AO; that is, the distance from the origin of the 
point in which the straight line cuts AY ; let a be the constant ratio Avhich ive 
have just mentioned, we shall then have the relations 



or y = aar -f- 5. 

In this equation 5, as in the case of rectangular co-ordinates, expresses the 
distance from the origin of the point in whicL the given straight line cuts the 
axis AY. 

Let us now examine the constant ratio a, 

_ P,Q, _ OA _ sin. OTA 
® - Q,() - AT - sin. TO A 

Thus it appears that the constant ratio a, is the ratio of the sines of the 
angles whifdi the given straight line makes with the axes AX, AY, respectively. 

Hence the general form of the equation to a straight line, whether it be 
referred to rectangular or oblique co-ordin.ate8, is 

y = aj' ~l- b 

observing that in the former case, a represents the trigonometrical tangent of 
the angle which the given straight line makes with the axis AX; and in the 
latter case, a represents the ratio of the sines of the angles which the given 
straight line makes with the axes AX, AY, respectively. 

In both cases, h represents the distance from the origin of the point in which 
the given straight line cuts the axis AY. 

PROB. VIII. 

To find the equation to a circle. 

Let PQ be a circle whose centre is 0, and whose 
radius is OP. 

Draw the axes AX, AY, at right angles to each 
other. 

Let the co-ordinates of the point O be o' y', and 
of any point P in the circumference, jr, y. 

Then the expression for the distance of the two 
points 0 and P, whose co-ordinates are a:' y and 

or R’ = (a? — — y)* 



( 1 ) 
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This relation characterizes all the points in the circumference, inasmuch as 
it is evidently satisfied by the co-ordinates of each of these points, and can be 
eatisfied by these only. 

For example, let P' be any point taken either within or without the circnm- 
ferente, calling a:i and yj the co-ordinates of that point, we have 

But OP' is evidently “7 OP when P' is without the circle and OP when 
r' is within the circle, whence we have 

OP'® or (x — afy + — y)® 

Hence the equation (1) cannot be verified for any point which D not on the 
circumference of the circle. 

Tliis equation then, is, the Equation to the Circle, 

The constant quantities x^y y\ r, which enter into this equation are the co-ordU 
nates of the centre and of the radius ; and we know, that, when the centre of a 
circle is given, and the length of its radius, the magnitude of llie circle is com- 
pletely determined. 

The above equation (1) assumes a form more or less simple according to the 
position of the point which w e assume as the origin of co-ordinates. 

1. liet us assume some point A in the circum- 
ference as the origin of co-ordinates, and let 
the axis of x\ be a diameter. 

In this case, since the centre is situated on the 
avis AX, y = 0 and x' =r r, therefore the equa- 
tion 

r® = (:r — x'y + (y — yy 
becomes r* = — 2 ra: t-* y» 

or y = 2rx — (2) 



2. If we assume one of the diameters as the 
axis of y, as in the annexed figure, we shall have 

a:' z= 0, y = r 

and equation ( I ) becomes 

r- = ar® -f- — 2ry + r* 

or 2ry — y (3) 

3. If we make the centre of the circle the 
origin of co-ordinates, then 

ar'=0, y =:0 

and equation (1) becomes 

r*=ir* + y (4) 

It may be remarked, that equations (2) and 
(4) are those which are most generally employed. 
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Prob. nc. — To find the equation to the circle^ the axes of co-otdincdes hein^ 
inclined at any angle. 

liCt the straight lines AX, AY, which are 
inclined to each other at a given angle (p, be 
assumed as axes. 

Take P any point in the circle, and let 
the co-ordinates of P be called x and y* 

Let C be the centre of the circle, and let 
the co-ordinates of the point C be a:' y'. 

Draw PM, CM', parallel to AY ; and PQ, 

CQ' parallel to AX ; produce Q'C to meet 
PMinN; join C,P; 

CP = r, AM = *. MP = y, AM' = a/, CM' = y, YAX r= <p 
CP^ = NP“ + CN3 _ 2NP . CN cos. CNP. 

I Now NP = MP_MN = MP — CM' —y—}/ 

CN = MM' = AM — AM' = a: — s' 

^ ^ CNP = ^ PMA = (180" _ YAX) = (180” — (p). 

Hence the above equation becomes » 

r- = (y — y)* -f. ( x~ a')" + 2 (* — (y — y') co .(p 
which is the equation required. 

^ Before pr(»ceeding farther with this subject, it may not be improper to make 
some general observations on the nature of equations to lines, and on the use 
which we may make of them. 

We have seen that the position of a straight line and of a circle is fixed 
upon a plane by means of an equation between the co-ordinates of each of its 
points, and a certain number of constant quantities; the knowledge of which' 
enables us to determine its position geometrically. 

Suppose then, that x and y being considered to denote the distance of a point 
from two rectangular or oblique axes, the resolution of some problem has led 
to an equation of the form 

f(x,y) = o.^ 

If we wish to fix the position of the point which verifies this equation, we shall 
find that there are an infinite number of such points, and that this series of points 
constitutes a line which is either straight or curved according to the nature of 
the equation. For since there is only one equation between x and y we may 
give any value we please to one of these variables, and then the equation will 
givi the coiTesponding value of the other variable. 

Let us, for example, give the abscissa x the series of values 
a: = O',, O',, flfa, at 

Ify enters in the equation in the simple power only, we shall derive from tie 
equation a succession of corresponding values of that variable ; 

y ” 5i, 5,, 5g, bt 

If in AX we take AM„ AM„ AM„ AM4, .... 
equal to Oi, Cg, a,, <24, ... , and from the points 
Mj, Mg, Mg, M4, .... raise perpendiculars M,P|, 

MgPg, MgPg, M4P4, .... equal respectively to 5,, 
bij 5g, ^4, .... we shall find a series of points P„ 

Pg, Pg, P4 ; all of which will equally satisfy the con- 
ditions of the equation. 

Now, since we may give toear a series of values 
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uhicli differ very little from each other, and since, in that case, the successive 
values of y will, generally speaking, lit^wise differ very little from each other; 
the points Pi, Pi, P|, P4, . . • . will be very near to each other, and ne snail 
be thus enabled to unite all these points with each other by means of a coU' 
tini^us line, Pj, P», P*, P4, . ... all the points of which will he so many 
solutions of the question, since all the intermediate points of this line comprised 
between those constructed in the manner described, may be supposed to cor- 
respond to the values of x and y derived from the equation of the problem. 

The form of the curve will be determined with more accurate precision in 
proportion, as the poittts P|, P,, P,, P4, .... are nearer to each other. 

Let us now suppose that y enters into the proposed ^ 

equation in some power higher than the first. Since 
in this case, for each value of x, there will be two or 
more corresponding values of y, according to the 
degree of the equatioii ; it fqllows that the curve 
will be composed of two or more braiudies. Pi, 1%, P», 

.... Qi, Q«, Qg, .... R|, Rf, Rg, .... 

Let it be required, for example, to construct the 
curve whose equation is 



y- = 2x 

Solving the equation for y, we have 
= + \/ 

Which proves, in the first place, that for each value of x there are two cor- 
responding values of y equal to each other, but with opposite signs ; and in the 
second place, that for all negative values of x the corresponding values of jy are 
imaginary, that is to say, that the curve can have no point situated to the left 
of the origin AY, 

This being established, let ns make a; = 0, then y 
= 0, nhich shows that the origin of co-ordinates is 
placed on some point in the curve; or, in (jther 
words, that tlie curve passes through the origin. 

Next, let X = 1 y = + f ^ K4 . . . . 

Take therefore upon AX a distance AM| = the 
linear unit; and from M| draw a perpendicular to 
AX, and on each side of AX take M, Pj, Mj pi = 

1.4 . , . , ; then P and p will be two points in the 
required curve. 

Next, let ic = 2 y = + \/ T = _+ ^ 

Constructing these values as before, \¥e shall find P*, and jf?,, for two new 
points in the curve. 

Continuing in this manner to give a succession of values to x, and construct, 
ing the corresponding value of y, we shall obtain a curve of the form YAv, 
which consists of two branches AV, and Av, which extend indefinitely to the 
right of AY, since for all positive values of x, the corresponding values of y are 
real. 

For a second example, let us take the equation 

= 4 

whence y =r + + a:- 

We perceive, in the first place, that, for the same \alne a*, there nre two efjual 
values of y wkh contrary signs; and, in the second place, tliat, whatever* value 
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we giv to or, whetlier positive or negative* we simll 
always olitain real values for y. Hence we can con- 
clude at once, that the curve extends indefinitely both 
above and below the axis AP, and both to the right 
and left of AY. Let us now make some particular 
suppositions. 

Let X = 0 y = + \/4 2. 

Take on AY two distances AB, A5, each =: 2, the 
points B and b belong to the curve. 

^ Next, let ar = 1 y = + y/5 = -f- 2.2 .... 

On AX take AM, = 1 through M, draw a straight line P, y, parallel to AY, 
and make M, P, zz M, y, = 2.2 . . . . then P, and p, are two new points 
in the curve, 

I^t ar = 2 y = + = + 2.8 . . . . 

Constructing this value of y in the same manner, we obtain P* and p, for two 
other points in the <!urve, and so on for the other points to the right of AY* 

In order to obtain the points to the left of AY, since the values of ar, wliicli 
are mimericiilly the same but taken with different signs, correspond to the same 
values of y; it will be sufficient to take Aw„ Aia*, .... equal to AM,, AM*, 
.... and through the points /a,, Wg, .... to draw straight lines parallel to 
AY, and tiirough the points P,, p,, Pt,pt, straight lines parallel to AX, and we 
shall thus determine the points Q,, y,, Qg, • • • • belonging to the curve, 
which will evidently be composed of two branches distinct and opposite, P 2 BQ .2 
P2 b (/a 

'Ihe curve represented by an equation between x and y, is called the Geomc^ 
triced Locus of the equation. 

Reciprocally, if a curve be traced upon a plane, and if by any means founded 
upon the definition or upon some characteristic property of the curve, we (;aii 
arrive at a redation which exists between the co-ordinates x and y of all points 
in that curve, and exists for these points alone ; the relation thus obtained is 
called the Efjuation to the Curve, 

We shall now proceed in this manner to obtain the equations to the most 
imp irtaiit curvpe 



PROB. X. 

To find the equation to the j)arabo(cu 

Definition.— A Parabola is the locus of a point whose distance from a given 
fixed point, and from a straight line given in position, is always the same. 

Let S be the given fixed point, and Nn the straight 
line given in position ; 

Draw SK perpendicular to N?i, and bisect SK in A ; 

Then by definition A is a point in the parabola. 

Take P any point in the curve and join S, P; 

From P draw Pm perpendicular to Nn ; 

From A draw AY perpendicular to ASX. 

Let A be the origin and AX, AY, the axes of co- 
ordinates. 

From P draw' PM perpendicular oh AX. 
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Then, let AM = x, PM = SP = r, AS ss w. 

Then we have 

r* = SP* 

^ =: by definition 

zz (AK + AM)3 

zz \m + xy : (1) 

Again = PM* + SM* 

zz PM2 + (AM — AS)* 

zz y2 -j- (a; — mf (2) 

Equating these two values of r* we obtain a relation beiueen x and 

f/* + (x — my zz (x -f- my 
or, y* zz 4)mx 

which is the equation to the parabola. 

In order to find the value of the ordinate passing through the focus 
Let X zz m .*. y* zz 4m* 

y = + 2m 

which shows that 4m is the double ordinate passing through the focus, or the 
Lotus Rectum of the parabola. 

Solving the equation for y 

y = + 2 

For all negative values of x, ^ is impossible, which shows that there is no 
point of the curve to the left of the origin A. 

When X zz 0, then y zz 0 also. 

Which shows that the curve passes through the origin, as is evident from 
other considerations. 

Giving a succession of positive values to vre -perceive that as x increases^ 
y increases also, and that for each value of x there will be two equal values of y 
with opposite signs. 

Hence the curve extends indefinitely to the right of A, and is symmetrically 
situated with regard to AX. 

PBOB. XI. 

To find the equation to the Ellipse^ 

Definition. — An Ellipse is the locus of a point, whose distance from two 
given fixed points is equal to a constant quantity. 

Let S and H be the two given fixed points ; 

.loin S, 11; bisect SH in C; 

Let P be any point in the curve, join S, P ; 

H,P; 

Draw PM perpendicular to CX ; 

Draw CY perpendicular to HS, let C be the 
origin, and CX, CY, the axes of co-ordi- 
nates. 

Let the quantity, to which the sum of SP 
and HP is always equal, be 



T T Q 
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Then, let CM = x, MP =: y, SP = r, HP = r", SH = 

Then we have 

r* = y*-|- (c — ar)» (I) 

r^ = f+(c + xy (2) 

r 4* = 2tf (3)® 

If, therefore, we eliminate r and r' between these three equations, we shat 
obtain a relation between x and y, which will be the I'equired equation to ti^t 
curve. 

Subtracting (1) from (2) 

r' 2 — z= 4car 
or, r (r' + r) (r' — r) = 4cx 

or r' — r = *.* r + / = 2a 


r 4 ?•' = 2a 


adding and subtracting 


r'® = a® + 4 — o 

h 

7*2 = a2 — 4 — ~ 


7-2 4 7^2 = 2a2 4 

again, adding (1) and (2), 

7-2 4 7^2 = 2/ 4 2c2 4 2^2. 
Equating these values of 4 obtain 

2 / + 2c* + 2^2 — 2a* + 

«*• 4 («* — c2) ar* = a*(a* — €*). 

Since r and 7 ' or 2a is always SH or 2c, .% a is always 
quantity — c^ jg essentially positive. 

Let a* — c* r= b* 

Then aV 4 iV = a*d* 

wliicli is the most simple form of the equiation to the ellipse. 
Solving the equation for y and x in suc>ces$ion, we obtain 

y == 4 ~ ) 


I 

When y 0 j* = 4 ® 

.... a: = 0 y = 4 

Hence it appears that the i^urve cuts 
axis of afs at the points A, a, where OA = Ca 
=:a, and cuts the axi^of y’s at the points B, b, 
where CB = Oi = v/a® — c* = 

Hence it appears that the quantities a and b ^ 
in the equation (A), are the semi-major and 
semi* minor axes of ihe ellipse ; and for this 
reason the equation (A) is called the Equation 
to the Ellipse rrferred to its axes. 

Reluming the equation (B),jt is evident that 
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the curve is situated s^miuetrically with regard both to the axes CX and CY, 
I or, taking the first of the tv\ o equations, we iierceive that for each assumed value 
of x, we shall obtain two equal values of y with opposite signs, which shows 
that the curve is situated symmetrically with regard to CX. And in the same 
mailer, taking the second equation, we perceive that for each assumed value of 
y, we shall obtain two equal values of x with opposite signs. 

The distance CS =: CH is called the ’Eccentricity of the ellipse, and the ratio 
of c to is usually denoted by the symbol e. 

Thus, e 

a 

c zzae 
c* = aV 

hut u* — h* rr c* 

a*e* 

b = + a \/ \ — eC 

It is necessary to ol»serve these equations, since the quantity e is Aery fre- 
quently introduced in c'alculations where the equation to the ellipse is employed 


piKm. XU. 

To find the equation to the ellipse, referred to the vertex as origin, 

Iti order to transport the origin from C toe, since the new origin a is situated 
in the old axis of afs at a distance r= — a, we have only to substitute * x a 
for X in equation (A), Avhicdi then becomes 

I (C) 

w Iiich is the equation required. 


PRon. XIII. 

To find the equation to the Hyperbola, 

Definition. — Tlie Hyperbola is the locus of a point, the difference of whose 
distance from two given fixed points is equal to a constant quantity. 

Let S and H be the two given fixed points. 

Join S, H ; and bisect SH in (X 

Let P be any point in the curve, join P ; H, P ; 

Draw PM perpendicular to CX. 

DraAv CY perpendicular to CX, and let C be the 
origin, and CX, CY, the axes of co-ordinates. 

Let the constant quantity to which the difference 
of SP and HP is always equal be 2«. 

Let CM = X, MP = y, SP= r, HPrrr', SH = 2c 


Then f* =r y* + (a: — cf ( 1 ) 

r'* = y*+(a: + c)« (2) 

¥ — r = 2a (3). 


If we eliminate r and r' between these three equations, we shall arrive at 
equation between x and y, which will be the equation to the curve. 

* See chapter on the " Traosforinatiou of Co-ordinates,** 
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Subtract (1) from (2; 



1 

M 

II 


or. 

(r' -f- r) (r' — r) = 4ca; 



, ^cx 

r' + r=— 

r' — t •=£« 

and 

f' — r — 2 a 



1 

II 

a r* = — 2car + 


r' = — 4- a r® = + 2ca: -f- a* 

a ‘ or * 

* r” + r** = + 3a* 

liut, adding (1) and (2) 

r'2+r2=2y2+2x« + 2r‘~’ 

Equating these equal values of r'^ + 

y* + a:®+ c2 =rfl2+ 


or, ay + («• — c*) = «• (a* — c*). 

Now 2<z must always be ^ 2c, and therefore a always ^ c. 

Hence a® — c* is essentially negative. 

Assuming therefore a* — c® ~ — 5^ 5 the above equation becomes 

ay — (11) 

which is the most simple form of the equation to the hyperbola. 

Solving the equation for and x in succession, we obtain 



xzr j 


Let = 0 a: =r + a. 

From which it appears that the curve cuts the axis of Xy at the points A, a\ 

where CA = Ca := <7. 

Let a: = 0 y = + 5 v/ — 1, an impossible result 

From which it appears that the curve does not meet the hxis of y's. 

We may, however, take two points B, 5, in this axis on different sides of C» 
making CB = = \/c* — a*. 

In order to fix the position of these points, from the point A as centre with 
radius equal to CS =z CH, describe a circle which will cut the line YY' in the 
two points required ; for we have 

CB = v/CS8 _ CA* = v/c® _ 

Hence it appears, that the quantities a and h are the semi-major and semi- 
minor axes of the hyperbola, and hence the equation (D) is called the equation 
to the Hyperbola referred to its axes. 

Resuming the equation (E), we perceive that if a; be^a, the values of y are 
impossible; and hence we conclude, that there is no point in the curve situated 
between A and a. 

When xis^ a, then as x increases y increases also ; and for each value of a:, 
Jiere will be two equal values of y ^ith opposite signs. 

Hence, it is evident from the equation, that the hyperbola consists of two 
opposite branches, one extending indefinitely to the right of A, and the other 
indefinitely to the left of a, and both symmetrically situated with regard to X'X'. 
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The distance CS z= GH = c, is called the eccentricity of the hyperbola, and 
the ratio c to a is usually designated by the symbol e ; hence we have 

c 

a ^ 
c •=. at 

c'^ — — 1 ) 

or, 5 = i a v/^'^ — 1. 

If we wisli to obtain the equation to the hyperbola referred to the vertex A, 
as the origin of co-ordinates, since this new origin is situated on the axis of a:’s, 
at a distance + a from the former origin ; if we substitute (x -J- a) for x in 
e4|uation (D), we obtain * 

^ (2<m + x*'I (F) 

which is the equation required. 


(M the Tram formation of Co-ordinates, 

When we reflect upon the equations to the straight line and eir<‘lo, and con 
sider the dilferent forms which these equations assume ac<‘.ordifig to tbeditlerent 
positions of these lines with regard to the axes of co-ordinates ; we perceive that 
the same line may be represented by difl'erent equations which will l)e more or 
less simple, according iis the position of the line is more or less simple relatively 
to the axes, and according as the axes tliemselves are ree.tangular or oblique. 

Thus, the most general equation to a straight line being 

y ax + b. 

I'he equation to a straight line passing through the origin, is 

y == «,r; 

a having in each of the above equations a different signilication when the axes 
arc oblique, from that which is ^attributed to it when the axes are rectangular. 

In like manner, the most general equation to a circle when referred to oblique 
axes, is 

{x — 0 /)* + — yf + — .r') {y — y') cos. & — H 

which becomes 

+ jf — r^ 

when the circle is referred to rectangular co-ordinates, and the centre is the 
origin. 

It is easy to conceive, that, when the position of a curve upon a [rlam; is lixtul 
by means of an equation, if we perceive that the position of the curve will 
regard to two new straight lines, is more simple than with regard to the axe^ 
to which it is referred by the equation in question ; it would greatly facilitate 
our investigations respecting the properties of the curve, if we couM deduce an 
equation to the curve, referred to these new straight lines as axes, from that 
equation to the curve which we actually possess. 

Such then is the object of the problem which is proposed in tlie transforma- 
tion of co-ordinates, which may be enunciated in its most general tenns, as 
follows : — ‘ •* 

Given an equation to a curve referred to any two axes whatever, to find th« 
equation to the same curve when refeiTed to t#o new axes. 
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Before however proceeding to solve the problem in its most general form, 
Vie shall consider one or two particular cases which are of most frequent 
occurrence. 


L Let the new axes be parallel to the former mis. 

Let AX, AY, be the original axes ; 

Let AX', AY', be the new axes parallel to the 
former. 

Let Xy y, b| the co-ordinates of a point P, referred 
to the old axes ; 

Let a/, y\ be the co-ordinates of a point P, referred 
to the new axes. 

Let fic, /3, be the co-ordinates of the new origin A'. 

Uraw PM and A'N, parallel to AY. 

Then, AM = x. Ml’ = y, A'M' = a/, PM' = y, AN = A'N = 

AM or ar = AN + NM 
= AN + A'M' 

= ec + X' (1) 

MP or y = MM' + M'P 

"j" y 

If therefore, in the equation to the proposed curve, we substitute x' + « for 
a;, and y + /3 for y ; we shall obtain a relation between u/ and y', which will he 
the equatioii to the curve referred to the new axes. 

Cor. If the new origin be on the axis AX, then /3 = 0: 

If tlie new origin be on tbeaxis AY, then « — 0. 



II. 2^0 pass from one system of rectangular axes, to another aho leclangular 



Let AX, AY, be tho original system, and AX', AY', 
the new ; 

Let the notation be the same as in the last case; 

Let the inclination of A'X' to AX, be denoted by 
the symbol (xx'). 

Then, AM or x = AN -j- NM 

= AN NQ — MQ 
=:AN + A'R-.M'S 
= X + a/ cos. (xa/) — f sin. (xx') 

MP or y = MT -f- TS + SP 
= A'N + M'R + SP 
= /3 + j;' sin, (xx^) + f cos. (xxf). 

Substituting therefore these values of x and y in the equation proposed, we 
shall obtain a relation between «' and y, which will be the equation to the curve 
referred to the axes AX', AY'. 

Cor, If the new origin be coinciddnt with the old, then « = 0, /3 = 0, and the 
above equations become 


PM'S = 90® — 


a: = a/ qps. \,xxr) — f sin. (xxf) 
y z= x' sin. {xaf) + t/ cos. (xx'). 
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IIL We may now proceed to the solution of the general problem, viz . — To 
pa 98 from one system of axes inclined at any given angle to another systems 
edso inclined at any given angle^ 



L^AX, ay, be the original system ; A'X', A!Y\ the new. 

In addition to the former notation, 

Let the inclination of A'X' to AX be called {xx'^ 

Let the inclination of A'Y' to AX be called {xy') 

Ijet the inclination of AY to AX be called (xy)^ 

&c. &c. 

llien, AMora’n AN -f* NM 

= AN + A'T + M'S (1) 

MP ory = MH+RS + SP 

= A'N + M'T + SP (2) 

A'^r sin. A'M'T sin.far'^) 

Now ^rvl' - sin. A'TM' ” -- ^ 

M'S _ sin. M'PS 
M'P.'sin. M'SP ' 

M'T _ sin. M'A'T . 

A'M' “ sin. A'TM' ’ 

SP _ sin. SM'P , 

M'P ~ sin. M'SP ' 

Substituting these values in (1) and (2) 

a/ sin, (xfy) + f sin, (yf) 
sin, (xy) 

X' sin, (xx') + f sin, (xy') 
sill, (xy.) 

Such is tile most general fonnula for the transformation of <;o-ordinates, fiom 
M'lrH^h it is easy to dedm^e the formulas corresponding to all positions of a new 
origin, and to the different inclinations of the new axes compared with the old 
ones, by giving proper values either positive or negative to a, and /3, and any 
value t(» tlie angles (xx'\ (xy'), from 0 up to 9(n 

As to the angle xy, it is always given a priori, since it is the angle contained 

by the original axes. 

We can easily deduce from the general formula, the results already obtained 
in cases I. 11. 


sin. 

(a;.y) 

sin. 

Ojy') 

sin. 

(*y) 

sin. 


sin. 

{xy) 

sin. 


sin. 

i^y) 


M^T ~ 


SP -i 


sin. 


sin. 


^ sin. 

{y;0 

sin. 

{iy) 

sin. 

(a-P) 

sin. 

(»y) 

sin. 


sin. 

i^y) 


a; — fife ~j“ 
y = /3 + 


REMARKS. 

( 1), In general we distinguish between two different species of the transfer- 
mation of co-ordinates ; The change in the position of the origin, and the change 
in the direction of the axes. When the problem proposed requires this double 
transformation, it is frequently more advantageous to execute them in succession 
than at first 

(2). Since we have frequently occasion, in the same question, to effect several 
transformations of co-ordinates, it is convenient to suppress the accents of y\ 
in the second member of the formulas whi?;h relate to these transformations^ 
that is to say, we may designate both the old and new co-ordinates by x and y, 
although their values are different, but Ri© circujnstance of using the different 
formulae in succession will be sufficient to point out, that the curve after having 
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been referred to one system of axes, is> afterwards referred to a second, to a 
third, and so on. 

Thus, in order to pass from a rectangular or oblique system to another system 
parallel to it, we may, in the equation to the curve, substitute x ec for and 
^ 4* Ibr and the «r and y of the second equation will represent the qp-ordi- 
nates referred to the new axes, the co-ordinates of whose origin, referred to tlie 
former origin, are ec, /3. In like manner we may proceed in all other cases, and 
thus simplify our calculations by avoiding the use of numerous acx^ents. 

(3). The quantities », /3, (xsf), (xy’\ &c. which enter into the above formulas, 
are constants whose value hxes the position of the new origin and the direction 
of the new axes with reference to the original axes, whose inclination to eacli 
Ollier is e^ressed by (xy). The quantities /3, (xx')j (xy'), &c. must be 
regarded as known and given a priori^ whenever wo w ish to refer the curve to 
new axes whose position with regard to the proposed curve has been discovered 
to be more simple than that of the old axes. 

It frequently happens, however, that we perform a transformation of co-ordi- 
nates when our object in so doing is to make some specific change in the form 
of the equation to the curve, for example, to make certain terms disappear. In 
this case /3, {xxf)^ (icy'), &c. are constants whiidi are, for the time being, inde- 
terminate ; and whose values we afterwards endeavour to oilculate in such a 
manner as to simplify the equation in the manner required. With regard to 
the angle [xy) we cannot employ it in this manner, since it is the angle con- 
tained by the old axes, and is in every case supposed to be known a priori. 

Tlie number of terms which it is our wish to remove from the equation, will 
indicate the number of indeterminate quantities which we must introduce, into 
our calculation, and therefore the system of formulas which w e must employ. 

These remarks will be better understood when applied to particular examples. 


ON POLAR CO-ORDINATES. 

We have hitherto supposed the position of a curve upon a plane to be dcler- 
niined by means of an equation between variables, expressing tlie distances of 
eacli of the points in the curve from two fixed straight lines, the distances being 
reckoned parallel to these lines. There is, however, another method for deter- 
mining the position of a point or of a series of points which in certain casevS is 
more convenient. 

I’c explain this mode of representing curves analytically, let us consider any 
cAirve Pp. 

Let 80 be a given straight line in the plane of the 
curve, and S a given point in that line. 

From S draw a straight line SP to any point P in 
the curve. 

Let SP be called r, and the angle between SP and 
SO be • 

It is evident that, if we can obtain a relation 
between r and & w hich holds good for every point in 
the curve, the curve will be eiflirely determined, Ibr 
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if we give to ^ a succession of values 6%^ ^g, &c. u o shall obtain from the 
equation between r and ^ a series rg, rg, &c, of corresponding values of r. 

Making therefore at the point S tlie angle Q|SO, 

QgSO, QgSO, &C. respectively equal to ^i, ^g, 6%, 

&C. a^ taking SPi, SPg, SPg, &c. equal to the cor- 
responding valuos of r, we srliall obtain the points P|, 

Pg, &<’• which belong to the curve. 

The variable quantities r and 6 are called Polar 
Co-ordinates f the point S is called the Pole, r the Radius p'cetor, and the 
relation between r and ^ is terme<l the Polar Equation to the curve. 

A curve being tracked upon a plane, we may, from some known property 
of the curve, determine the polar equation at once, more usuafty, however, 
we have the position of the curve determined by an equation between rectili- 
near co-ordinates, and it is required to deduce the equation between polar 
co-ordinates. This can be easily effected by a transformation of co-ordinates, 
which we shall now proceed to explain. 

Let us begin with two of the most simple and 
useful cases : * 

1. Let Pp be the curve whose equation is given in 
terms of rectangular co-ordinates, AX and AY being 
the axes. Let it be required to determine the polar 
equation, S being the pole and SO parallel to AX. 

Ijet the co-ordinates of the point S referred to the 
axes AX, AY, be «, /3. 

Take any point P in the curve, draw PM perpendi- 
cular to AX, join SP, draw SN perpendicular to AX. 

Then, AM = x, MP SP = r, PSO = ^, AN = «, SN = /3 
AM or ar = AN + NM 
= a + r cos. 6 
MPory = MR-f HP 
= r sin. A 

Substituting .% these values of x and^ in the equation to the curve, we shall 
obtain a relation bet\>een r and d which will be the polar equation required. 

2 , Let SO coincide with AX, the point S with A, in this case, ^ 0 , and 

the above formula becomes 

a: = r cos. & ) 
y = r sin. $ S 

The general problem is, given the equation to a curve referred to any system 
of axes, to find the polar equation ; the position of the pole being any whatever. 

Let Pp be curve refeiTed to the axes AX, AY, 

Take any point S as the pole, and let SO be 
the fixed straight line, and let the co-ordinatef 
of S referred to AX, AY, be /3. 

Through S draw Sx, Sy parallel to AX, AY. 

Draw PM parallel to AY, join S, P ; draw 
SN parallel to AY. 

Then, am = X, MP = y, AN = «, SN = ^, SP 
= r, PSO = 6. 

Let the angle between the axes AX, AY, be d»»- 
noted by (a:, y,) the angle between the fixed line SO and the axis AX being (p. 
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l lien, AM or a: = AN + NM 

= AN + SB 

MP or 2 / = MR + RP 

= SN + RP 

SR _ sin. SPR _ sin, \(xy ) — ^ — ^)| 

Sp— sin. PRS ~ 8in.(a;j^) ” •*' sin. (ay) 

sin. ( 6 4- <P)_ _ . ^ sin. {& + (p) 


Now, 


SRrrr 


sin 


( 1 ) 

.. ( 2 ) 
. {(gy) 


, , HP sin. RSP 
And yp - 


sin (xy) • . xix » 

Substituting these values of SR, RP in equations (1) and (2), we have 


a? zz a -f- 7’ 


. ^ — (p \ 

sin. (ay) 


^ ^ sin. {xy) 


(4 


These equations will be found to agree with those already found (a), (b), for 
in the former cases xy zz db°, (p = 0 ; hence we have 
X = ec r sin. 
y zz /3 4- ^ sin. 


PROB. 1. 

2V Jind the polar equation to the ellipse, the focus being the pole. 

Let S be the pole, P any point in the curve ; 

Join 8, P ; draw PM perpendicular to A A'. 

Assume 

SP = r ASP =z ^ 

CS = a; MP = y. 

Then we have seen in deducing* the eqiialion to 
the ellipse, that the distance of the points from any 
point in the curve, is 

cx 

^ = ^-T 

Where x = CM 

= CS + SM 
= c + r cos. A 

Substituting this value of x in equation (1) 

c® 4" cos* d 

r =z a — — 

a 



ar XX — cr cos. 


Whence 


a 4~ ^ ^ 

a* — a*e* ^ ^ 

““ a -j- ae cos, ^ ^ 

_ g (I — e«) 

I 4“ C cos. ^ 

which is the polar equation to the elVpse usually employed. 

If Ave take the otlier focus H for the pole, we have the distance 

• CM 

HP or 7" = a 4- “ 
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Where x — CM = HM — CII =r 7* cot. d' — n 

. . C7^ COS. ^ H 

r' = a + ^ 

" ( 1 — * ’*) 

‘ I — - C COi. ^ 

which is the polar equntion in this cate. 

pRon. II. 

To find the polar equation to the ellipse,, the centre being the pole. 

Let P be any point in the curve, C the centre ; • 

.loin C, P ; tlraw PM perpendicular to CA. 

Assume 

CP = r PCA r= & 

CM —a: MP -7j. 

Then from the ri^ht angled triangle PCM, Ave have 
r: a:- + 

l} 

= a;* + — * (a* — a:*), substituting for y its value 

deri\ed from the equation to the curve. 

But a; = r cos. substituting this value of x 

in the above equation 

n*r* = aV* ccB.* Q -f- 6*a* — 6’? * cos.* 6 
.•. — a- cos.- ^ + Ir' cos.2 &) = 

r- (1 — COS.2 d) l)^ cos.* == 
r* (o® sin.* ^ -f- 5* cos.* ^3 ^ 

"t 

^ v/ a* sin.* ^ ^ 

M hich is the polar equation required. 

I f in the above equation >ve substitute for its value c ^ 1 — c* the equation 
becomes 

^ ~ J 1 — e* cos. * 

PROB. HI. 

To find the polar equation to the hyperbola ^ the focus fmng the pole. 

Let S be the pole, P any point in the curve ; 

.loin Sj P ; draw MP perpendicular to CA* 

Auume 

SP rr r ASP = & 

C3I = X MP =r 

Then we have already seen that the distance 
tween S and any point in the curve, is 

r ® ’**’ 

as= CM 
= €S — MS 
sr c — r cos. 0 




( 1 ) 
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Subadtutingf this value of x in equation (1) we find 

c- — cr C03. ^ 

r =: mmma 

a 

ar :=. — cr cos, — o* 

c "— 

^ a -{- c cos. ^ 

a~+ ce cos. ^ ‘ c ^ ae 


a — 1 ) 

1 -j- ^ cos. 4 

is the equation required, 

c 

If we take the other focus H for the pole, we have 

f-, . cjr 

H or r := — 4- a 
a * 

But CM or a- = HM — CH 
= ? ' cos. ff — c 
. cr' coa ^ . 


, ... _ 

^ 1 — e cos. 


PROB, IV. 

To Jintl the polar equation to the hyperbola^ the centre being the pole* 

Let C be the centre, P any point in the curve ; 

Join C, P ; draw PM perpendicular to GA. 

Assume 

CP = r PCA = $ 

CM = a: MP=y. 

From the right angled triangle CPM, we have 

r2 — + y*, substituting 

for y' its value derived from the equation to curve 

= a?+^ (,*-.*) 

But a; = r cos, A 

Substituting therefore this value of x. 

cos.* 0 -J[“ cos.* ^ i^* 

(«2 — ^.Qg^v ^ — ^2 ~ 

(1 — cos.* &) — 6^ cos.* 
r* (a* sin.* 0 — 6* cos.* ^) = — a^b^ 

i ^ 

^ v/i* cos.* $ — a* sin.^^ 
which is the equation required. 

c 

If we suostitiite for b^ its value o* (e*— 1) the above becomes 

+ gV^e8~ l 

^ y e® cos.® 6 — j 
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To find the equation to the hyperbola referred to itt asymptties as atcte of 

co-ordinates. 

It has been already shown that the asymptotes of 
the h 3 |[)erbola are diameters of the curve, and that 
they are the diagonals of tlie rectangle AUA'B', 

\\hose sides are equal the major and minor axes of 
the curve. 

Now C being the origin of co-ordinates, the equa- 
tion to Ihe straight line CZ is of the form 
y =: ax 

wliere a is the tangent of ZCX. 

„ A a 

Eut tan. ZC^ ~ aT/ 

the equation to the asymptote ZCZ^ 



And in like manner the eqimtion to the asymptote zCz' is 



This being premised, 

Let PA be a hyperbola whose equation 
referred to its axes is 

a^y^^h^x'^ ( 0 ) 

It is required to transform this equation to an* 
other in which the curve shall be referred to 
the asymptotes CZ, CZ^, os axes of co-ordinates. 

We might solve the problem directly by 
making use of the formula for passing from a 
rectangular to an oblique system of axes ; we 
prefer however, in this case, to perform the operation independently. 

Let CZ be assumed as the new axis of y’s, and CZ' as the new axis of v h ^ 
let the angle ZCiC which they make with CX be called (p. 

Take any point P in the curve, draw PM perpendicular to CX; Pm parallel 
M> CZ; Pli parallel to CZ'; RN perpendicular to CX; PQ parallel to CX* 
Assume CM = a:, MP zz: y 

Cm = X, mP zz Y, angle ZCX = (p 
Now, CM or a; zz CN + NM 

zz Y cos. -f- X cos. (p 
MP or y z= NR — QR 

zz Y sin. (p — X sin. (p 

Substituting these values of x and y in equation (0), it becomes 
(Y — X)® sin.® <p — (Y + X)® cos.® <p — a®i*. 

Now we have seen above, that 

he? 

tan. ZCX or cos.® <p = and sin.* (p = 

Substituting for sin.* (p and cos * q) those values thns derived, 

■y+iror - X)* - (Y + X)* = _ o*i» 
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Which equation reduced becomes 

_ 4XY _ 
a* + ’ 

Or, changing the large letters, which we no longer require for distinction, 

+ 

ry^ -~— 

which is the equation to the hyperbola referred to its asymptotes. 


Exercises in Analytical Geometry. 

t 

(1.) Construct the equations by — 3a’ — 2 = 0, Sy — Gx 5 =0, ^ = 6 

y^Sx^^Ot and^^ — ly -f 12 = 0; the axes of co-ordinates being rectangular. 

(2.) Find the equation to the straight line which passes through the two points 
(2, 3) and (4, 5). Ans. ^ = a,’ -f 1 . 

(3.) Describe the circle whose equation \s y^ iy — 4.r = 8. 

. 

(4.) Find the co-ordinates x' y' of the centre, and R the radius of the circle 
whose equation is 

f ^x'i^Gy^Sx^\\= 0. 

Ans. y' = 3, .r' = — 4 and R = 6. 

(3.) Prove that the perpendiculars drawn from the angles to the opposite sides 
of a triangle pass through the same point. 

(6.) Prove that the straight lines drawn from the angles of a triangle, to bisect 
the opposite sides, pass through the same point. 

(7.) Given the base = a, and the sum of the squares of the sides = to deter- 
mine the locus of the vertex of tho triangle. 

(8.) Given the base of a triangle = a, and the ratio of the sides mm, to lind 
the locus of the vertex. 

(9.) Given the base and the vertical angle, to determine the locus of the vertex 
of the triangle. 

(10.) From a given point A, either within or out of a given rii cle. let a straight 
line AC be drawn to the circumference, in which take AB, so that AB.AC may 
always be equal ta a given space; find the locus of tho point B. 
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• EQUATIONS OP A POINT. 

Wb have seen that die position of a point in a plane is determined ^hen we 
know its distances from two straight lines drawn in that plane ; in like manner 
we shall now proceed to show that the position of a point in space, is determined 
by its distane^es from three planes. 

Let there be three planes YAZ, XAZ, 

XAY, which we shall suppose to be perpen- 
dicular to each other, and whose intersections 
are the three straight lines AZ, AY, AX, each 
of which is perpendicular to the other two 
according to the principles established in the 
Geometry of Planes. Let us call the dis- 
tances of a point in space from these three 
planes fl, h, c, and let us suppose these dis- 
tances are known, then the position of the 
point will be completely determined, provided that we hare ascertained in the 
hrst instance, that the point is situated within the trihedral angle AXYZ. 

For, take on the three straight lines AX, AY, AZ, tlip distances AN, AO, AQ, 
respectively, equal to a, c ; through the points N, 0, Q, draw planes parallel 
to the given planes. 

Since the two first parallel planes have all their points situated at the distances 
a and respectively, from the planes YAZ, XAZ, it follows that all the points 
of the straight line FM, which is the common intersection of these two planes 
have exclusively the j»roperty of being at the same distances from the planes 
YAZ, XAZ. Hence the point sought must be situated in the straight line PM. 
Again, the point sought must be situated somewhere in the third plane PtzQo 
which is parallel to XAY, since all the points in this plane have exclusively the 
property of being at the distance c from the plane XAY. Hence the point 
sought must be the point P in which the third plane cuts the common intersec- 
tion of.the two first, and thus its position is ^together determined. 

We may designate by x the distance of a point from thb plane Y AZ reckoned ' 
along AX; 


z 



u u 
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We may designate by y the distance of a point from the plane XAZ reciconed 
along AY ; 

We may designate by z the distance of a point irom the plane XAY reckoned 
along AZ, 

So that AX, AY, AZ, the intersections of the three planes, two and two^ will 
be the axes of of y’s, and of Vs. They are called conjointly Axes of Co^ 
ordinates^ the three planes the Co^ordumi% Planes^ and the three distances the 
Co-ordinates of a point. These terms are all analogous to those already 
employed in Analytical Geometry of two dimensions. 

The plane YAZ pcrpendUcular to the axis of ar’s, is called the plane yz ; 

The plane^X^^^ perpendicular to the axis of y’s, is called the plane xz ; 

The plane aAY perpendicular to the axis of z's, is called the plane xy. 

This last plane is usually represented in a horizontal position, and the two 
others in a vertical position. 

It follows from what has been said above that the equations 
X=:a,yz=h, z=ic 

(a, c being known quantities) are sufficient to determine th^ position of a 
point in apace, they are for that reason called the Equations of a point in space. 

We must remark, that, since the three co-ordinate planes when prolonged 
indefinitely determine eight trihedral angles, viz. four formed abo\e the plane 
of xy^ and four formed below the same plane ; it is necessary for us to express 
analytically in which of these eight angles the point is situated. It is sufficient 
for this purpose, to extend to planes the principles which havei)een applied to 
distances from points and straight lines, that is to say, if we regard as positive 
distances reckoned along AX to the right of A, we must regard as negative dis- 
tances reckoned along AX to the left of A, that is to say, in the direction AX , 
the remark applies to the two other co-ordinate axes. 

We must therefore consider in the quantities «, b, c, not only the numerical 
value of these quantities, but also the signs with which they are affected, in order 
that we may be enabled to determine in which of the eight trihedral angles 
about the point A the required point is situated. 

According to this principle we have, in order to express completely the po- 
sition of a point in space, the following combinations: 

ar=-f-fl, yz= -f-5, j 2 = -j-c, point situated in the angle AXYZ, 

iP y rr z c, point situated in the angle AX'YZ, 

a: = -f- «, y xz — by + c, point situated in the angle AXY'Z, 

= -f- a, y z=’ -f- z xz — c, point situated in the angle AXY//, 

X xz — a, yzz — ft, zzz-f-c, point situated in the angle AX'Y'Z, 

X xz y = + ft, z = — c, point situated in the angle AX'YZ', 

a?=4-a, y = — ft, z xz — c, point situated in the angle AXY'Z', 

X zz — y xz — ft, z = — c, point situated in the angle AX'Y'Z', 

in all, eight combinations, viz. two systems in which the signs are the same, 
three in which one sign is negative and the two others positive, and three in 
which one sign is positive and the two others negative. 

There are also some particular positions.of the point which it is proper to 
notice. For example, in order totexpress that a point is situated in the plane 
^ we must write that its distance from that plane is nothing, and we shall have 
for the equation of such a point 

^ zx a, y zzh, z = 0, 
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Similarly, a point situated on the axis of whose distances from the 
planes xz and xy are nothing at the same time, will have for its equation 
ar = «,y=:0, jr = 0 

and so for other points situated on the planes or on the co-ordinate axes. 

Tl^ planes parallel to the three co-ordinate planes, and which have served 
to determine the position of the point P, constitute, along with these, a rectan- 
gular parallelopipedon of which the twelve edges, which are equal, taken four 
and four, are the three (M)-ordinate8 Xy y, Zy of the point P. 

Depikitioh.— If from any point in space, a straight line be drawn perpendicu- 
lar to a given plane, tlie foot of the perpendicular is called the projection of the 
given point upon the given plane. 

In like manner, if fr«)m every point of any line in space, whether straight or 
curved, perpendiculars be drawn to any given plane, the line traced out by the 
feet of the perpendicuhirs upon the given plane, is called the projection of the 
given line upon the given plane. 

If we suppose that y = z z=z c are the equations of the point P, 


the co-ordinates of the point M are x •=. «, y ■=. by 

the co-ordinates of the point n are ar = c, ^ =z c, 

which gives for the co-ordinates of the point o y z=.b, z Cm 


From which it appears, that if the projection of a point P upon two of the co- 
ordinate planes he known, the third projection will also necessarily be known. 

When the co-ordinates are not at right 
angles to each other, in which case the axes 
AX, A V, AZ, make with each other any angle 
whatever, and are called oblique axeSy the 
equations of a point P are still 

Xz=: Uy y •=. by z c. 

But in this case, c, by c, express distances 
reckoned parallel to these axes, and the pro- 
jections of the point P are obtained by the 
straight lines PM, Fn, Fo, respectively, 
parallel to AX, AY, AZ. 

In other respects, every thing that has been said with regard to rectangular 
axes, is applicable to oblique axes also. 

In what follows we shall always suppose the axes rectangular, unless the con- 
trary is specified. 



Proposition. — To find an expression for the distance between two poinU 
spaccy whose co-ordinates are known. 

Let P and Q be the given points whose 
co-ordinates referred to the rectangular axes 
AX, AY, AZ, are respectively aK, y, sf\ and 
ir",y',«". 

From P and Q let fall PM, QN, perpendi- 
cular on the plane xy ; 

From M and N draw Mw, N/i, parallel«to 
AY; 

We then have 

Am = X Mm = y An zx x'' Nn = v". •* 

17 u 2 
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Join NM which determines a trapezium PQMN, in the plane of this trape. * 
tium draw QO parallel to MN, and in the plane xy, draw NL parallel to AX. 
The right angled triangles PQO, MNI^ give 

PQ* = P0» + QO* = PO® -i- MN2 
And MN» zz NL* + ML* = mn* + ML* 

PQ* = mn* + ML* + PO* 

But mn = x' — x", ML = y' — t/% PO == js' — 

S* or PQ» =z + (y — ^0* + 

5 = \/Cir' — ar'O* + (y'— yT + {z‘ - zy 

the expression required. 

If one of't^e given points be the origin, then 
ar" == 0 y' = 0 z" =z 0 
and the above expression becomes 

I = Vx* + y' + a*. 

The last formula may be derived directly from the figure at the beginning of the 
chapter, as follows : 

Join A, P; A, M; then from the right 
angled triangles AMP, ANM 
AP* = AM* + PM* 

AM* zz AN* + MN* 

AP* zz AN* + MN* + PM* 

But AN z= ar, NM = AO =jp, PM = s 
e*. AP* or ^* = a;* + y* + ^j* 
from which it appears, that the square of the 
diagonal of a rectangular parallelopipedon ie 
equal to the sum of the squares of the three 
edges. 

To find the equation to a straight line in space. 

The projections of a straight line on two planes is sufficient to determine iU 
position, and hence it follows>that a straight line will be determined analyti- 
cally, if we know the equations of its projections upon two of the three co-ordi- 
nate planes, We generally consider the projections of the straight line on the 
planes of xz, and yz ; and since these two planes have AZ for their common 
axis, this line is regarded in each of the planes as the axis of abscissas ; AX is, 
therefore, the axis of ordinates in the plane of arc, and AY is the axis of ordi- 
nates in the plane of yz. 

Let MN be any straight line in space, aiid 
mn, vpirL its projections on the planes xz^ yz 
then the equations of these two projections 
will be of the form 

x-rzaz^ a (1) i 

y XX bz + ^ ( 2 ) 3 

o, are constants denoting the tangents of the 
angles which mn, m’ri form with the axis AZ, 
and /3, express the distances from the ori- 
gin to the points in which these straight lines 
tut the axes AX, AY. • 

IHs to be observed that the equation 

X — — az 41 

exj^resses not only the relation* between the co-ordinates of any point in the 
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straight line mn, but also the relation between the co-ordinates of any point in 
the plane MNnm drawn through MN perpendicular to the plane ofxz* In like 
manner, the equation 

y = bz A 

beloqgs not only to the straight line mV, but likewise to all the points of the 
projecting plane mVi'NM drawn perpendicular to the plane of yz through the 
straight line MN. 

It appears then, that this system of equations holds for all the points of the 
straight line MN, which is the intersection of the two planes perpendicular to 
the planes of xz and yz, and holds good for the points of this straight line alone. 
These equations therefore are, in this sense, the equations to the straight line 
itself^ although, in the first instance, we established them separately as the 
equations of the projections. 

It follows from this, that the elimination of the variable z between these two 
equations, gives rise to a third equation between x and y, viz. 

h{x — et) = a {y — /3) 

which represents the straight line mV the projection of MN on the plane of 
xy ; or, more generally, this equation belongs to all the points of the projecting 
plane MNnW' drawn through MN perpendicular to the plane of ay. 

When the straight line passes through the origin, its projections will also 
pass through the origin, in this case the distances ^3, are nothing, and the 
straight line is represented by the system of equations 

X zz a% I 

y = 6% i 

The straight line may be situated in one of the co-ordinato planes, for exam- 
ple in the plane of xz. In this case, for all points in this straight line 
y = 0 

and the system of equations representing the straight line becomes 

X zz az-j- (z } 
y = 0 S 

that is to say, in this case we shall have 5 = 0, /3 = 0, which is evident from the 
figure, for the projection of the straight line on the plane of yz will coincide w ith 
AZ. 

When the constants a, b, ee, are given a priori^ the position of the straight 
line is completely determined. In order to obtain its different points we must 
g've a succession of particular values to one of the variables, z for example, in 
each of the equations x zz az + u, y zz bz + by means of which we shall 
obtain corresponding values for the two other variables y. Then let zzzz' then 
a: = + ct = y a known quantity, 

y = + /3 = 5 a known quantity. 

Take in AX a distance AM = p ; 

From p draw Mw parallel to AY and = q ; 

From m draw mP perpendicular to xy and 
ns'; 

The point P thus determined belongs to 
the straight lino, and in the same manner we 
may obtain all the other points. 

It may be required however, to determiue 
the constants a, b, et, ,A, conformably to 
certain conditions, which gives rise to a 
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series of problems in Analytical Geometry of three dimensions, analogous to 
those which we have already considered in reference to a straight line traced 
upon a plane* 


# 


To find the equations to a straight line in space, which passes through a 
given point. 


Let the equations to the straight line required be of the form 

X = az X (1) > 

y = ♦* + |8 (2) 5 

I^et the co-ordinates of the given point be y',*' ; 

Then since the straight line passes through this point it must satisfy the 
equations 

z= az/ + X (3) 1 

y^z=ihz) + ^ ( 4 ) \ 


And, since these equations hold good together for the straight, line required, 
subtracting (3) from (1) and (4) from (2) we have 


X — x! = a {z — z*) (6) 1 

y — y = h (« — ^) (6) S 

the equations required. 


To find the equations to a straight line passing through two given points. 


Let the co-ordinates of the given points be a?', y', x' ; of, y'\ a"; 

Let the equations of the straight line required be of the form 

X = az + X (I) I 

y = hz + ^ (2) i 

where a, b, x, ji, are quantities supposed to be unknown, and which we must 
determine from the data of the problem. 

Since the points y'\ belong by hypothesis to the straight 

line whose equations are sought, it must satisfy the two systems of equa- 
tions 


xf z=i az' + X ( 3 ) > 

y z=: hz’ + /3 (4) ) 

x" 3 = az'' + X ( 5 ) ^ 

y" ^ (6) I 

If therefore, w e eliminate a, 5, /3, between these six equations in such a 

manner as to obtain tw'o equations which involve only a?, y, and the known 
quantities xf, y\ i ; Xi'\ y"^ *" ; the problem will be solved. 

Subtracting (3) from (1), and (4) from (2) 

X — Of' 

X — xt = a (« — z') whence a = - ^ ^ 

' y — j/i 

y — ^ zz b(e — sf) whence b *= -? \ 

9 ■“* • 

Again, subtracting ^5) from (1), and (6) from (2) 
a? — ar'' 3= a (« — «") 
y — yff zz b {z d') 4 
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Substituting in these last equations the ralue of a and b, found in (7), we 
have 

* ~ 

y-y" = (*-*") (9)3 

the equations required. 


In finding the equation to a straight line drawn through one given point 
the constants a, b were left undetermined, because a straight line may be 
drawn through one point} in any dU'ection whatever. But when a straight line 
is drawn through two given points, its direction is determined, and hence, in 
this case, it became necessary to eliminate the arbitrary quantitiei nr, h. 


Through a given point without a straight line in space, to draw a straight 
line parallel to the former* 

Let of, y, a/, be the co-ordinates of the given point. 

Let the equations of the given straight line be 
a: = a + « 
y z=: bz + ^ 

The equations of the straight line required will be of the form 
X — of = A(af — »') 

n—y" = u(* — *') 

where A and B are quantities which it is required to determine. 

Since the straight lines are parallel, the planes which proje(;t them respec- 
tively upon the planes of xz and must be parallel, hence the intersection 
of these parallel planes with the co-ordinate planes must be parallel, that is to 
say, the projection of the straight lines must be parallel, hence we have neces- 
sarily the relations 

A == ff, B = ft 

which gives for the equations of the straight line required 
X — af :=z a {z — «') 
y ^y* z’) 


Given the equations to two straight lines in space, to determine the relation which 
must exist between the constants, in order that the two lines mgy inter sejct. 

Let • 

ar =: ar + (1) ) a: =z a'z -J- en,' (3) ) 

y = J* + /3 (3) $ y = y* + ,5' (4) S 

be the equations to the two given straight lines 

If these straight lines cut one another, these equations must hold good 
together at the point of intersection ; eliminating, therefore, x, y, z, we find 
the relation 

= (/3 — — oO, 

Unless this equation of condition^be satisfied, the lines do not iiHersect, if i% 
holds good, then the point of intersection has for its Co-ordinates 
« /3' — /3 ft/3' — ft'/3 

® — b —b- ^ ~ a — o'' 
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Qwm imo iirai^ tme$ in space wkkh intersect^ to find the anpU contained 

between them ^ 

Let the equations to the given straight 
tines be 

ar = fli * -J- »i ) ar = o, « + «, > 
y = ^i»-f/ 3 i> ^y = ^t»+/ 3 ,) •y/ 

liOt A be the origin of co-ordinates. y/A 

Draw thi*ough A two straight lines APj, 

AP|^ parallel to the given straight lines. "* 

Then the PiAPg {p) ^ will be the re- ^ 

qoired angle.* 

The equations to AP, and APg will be re- 
spectively 

X =z aiZ I a? = flt* > 

In APi take any point mi whose co-ordinates are x^piZi ; 

A.P • •• •• TVlg ,, ,, ,, » 

Join mi JWg ; let Ami = ri , Amg = rt 
Then 

rr r|* + r** — 8r jVg eos. p 

Also 

iRifiig* =r (ari — *tf + (Ml — yi)* + (*i — »t) ’ 

••• r,’+r,«_8r,nc<M.<> = »+»,*+*,’+ y,’+*i““2*,x,—2ya^r-2»i»t 

But 

n* = » ' + Ml + «!*, «nd s: »,• + y,* + V 

. rnm m — *•** "f" *’** 

• . cos. x ~ z 


Now, since XipiXi is a point in AP|, and is a point in APg, the folio w- 

Ing equations hold good. 


? 

ar, = a^z 7 

yi = 8i* i 

y, = 4 ,e J 

*,• = o,V 

ar,* = (7,V 

y.* = J.V 

y.* = W 

= 

A • - 


+ 9 i + »i* = »i* (1 +«i* + ^i*)> and ar,*+y,*-f- (I + aj^ + V) 

»i rg 

v/l + fli* + W* **"” v /1 + + ^ 

ttiTi • 

*** * 1 + <?i* + ^%* * • I -f- a** -f- 

*A or y, _ ^1 + a«,4. sV “ v/l + <*,•+ 4 ,* • 


• •'V I 

*A ox yi — v/l + a*,+ 6*1 


Sttbetitating the value in these equation for cos. p we have 

. rgr^i^at + rirt5,4, + r.r, 

«*. (p - r,r,v/l + o,’' + 6,*./l + a,* + 4,* 

. ^ 1 4- CiOg -}* bfit 


008 . p = 


v/i+'«i^ + ^i* • /r+ og» + ^*g 
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Given a straight Um in space, to find the angle which it malm with each of iha 

axes of C0‘ ordinates. 


L^the equations to the given straight line be 
a? = ff® -}- a ) 

y = + /3 3 

Through the origin A draw a straight lino 
AR parallel to the given straight line, then 
the equations to this line are 
ar = 
y = 

Take any point P in the straight line^ 
whose co-ordinates are ar, y, %, and let AP 


Let the angles which r makes with the 
axes AX, AY, AZ, respectively be called 
Oar), (ry), (r*> 



Then, 


But, 


X ziz r cos. {rx) 
y = r cos. {ry) 
1 = r ooa, (r%) 


r* = a,-* y* 

= «• (1 -f- a* + 5*f 

r .-= » v'M- «’ + 

/__! — IL — “• ?_ 

V*' - T — e Vi + o* + 6* ” v/1 + «’ + 6* 

_ * 

- r — » + a*+> “ x/l + o’ 


COS. (ry) : 


co«-(r») = V 


I 


y/ I rt* -f- 6* 

Cor. Since 

X =: r COS. (ra:) 

y z= r cos. (ry) . 

% zz r cos. (r*) 

ar* + y* + ** = r* {cos. * . (rx) cos. • . (ry) 4. cos. » . (r^)] 

But 

*’ + y* + <^* = 

•*. r* {cos. * -f- (rx) 4- cos. * . (ry) 4- cos. • (rj&)] = r* 

.*• cos. * (rx) 4- cos. • (ry) 4- cos. * (r») = 1 

A \ery remarkable result, which shows that the sum of the squares of tht 
cosines of the angles which a straight line in space forms with the three axes is 
cqml to unity. 


• For M zz an 

»t= 

^ 


frT.bx 
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€Hven two 8trai((ht lines in space which intersect each o*her^ to find the angte 
contained between them in terms of the angles which each of the straight lines 
makes with the axes of coordinates. 


Let the ang^les which r, makes with the 
axes AX, AY, A Z, be called {rxX\ (riy),(r,»). 

Let the angles, which r^ makes with the 
axes AX, AY, AZ, be called (r^), (r*y), (r^%). 
Now as before 

nrt coR.Jp = XiX^ + yiy* + 

But 

arj = r cos. Ir,ar^ x^ = r< cos. (r^) 
yi = r, cos. (r,y) y, = r* cos. (r^) 

», = Vi cos. (r,*) = r« cos. (r,*) 

cos, 0 = cos. (ViX) cos. (r^) + cos. (r cos. 



(r»t/) + cos. (r,z) cos. (r^z) 


To find the equation to a plane. 

Defuhtion.— A plane is a surface generated by a straight line of indefinite 
length, which moves parallel to itself along another straight line, also of indefi- 
nite length.^ 

Let BC, BD be the intersections of any plane BCDE, with the co-ordinate 
planes arz, y%. BO, BD are colled the traces of the plane BODE, on the 
planes xz^ yz. 

The plane BCDE may be conceived to be 
generated by the straight line BG, moving 
parallel to itself, along the straight line BD. 

Since the straight BC lies wholly in the 
plane of x%^ its equations will be 

y =r o, z = Ax + C (1) 

where A is the tangent of the angle which 
BC makes with the axis AX, and where C 
= AB. 

In like manner, the equation to the 
straight line BD, which lies w holly in the plane yz^ will be 

ar = 0, z = By -f C (2) 

where B is the tangent of the angle which BD makes with the axis AY. 

Now let B'C be any position of the generating line, then B'C' is parallel to 
BC, its projection on the plane xy will be parallel to AX, and its projection 
on the plane xz will be parallel to BG, hence the equations to B'CX will be 
y = «, »s=Aar-f/3 (3) 

where «, y3 are quairtities constant for all points of the same position B'G' of the 
generating line, but variable for any^other position, such as B'' C"', 

It remains for us to express analytically that the generating line BG inter* 
•eitts in all its positions the line BD.* 

In order that this may he the pase the equations (2) gnd (3) must hold good 
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at the same line ; eliminating, therefore, iT, y, *» between these four equations, 
we amve at the equation of condition : 

^ = Bflt + C (4) 


which must hold, in order that the straight lines B(', BD, may always inter* 
sect •Now the equations (3) and (4) must hold good together, for each posi- 
tion of the generating line. If, therefore, we eliminate the indeterminate 
quantities /S, between these equations, we conclude that the resulting equa- 
tion 

® = Aar 4* By + C 

is that of the plane, since ar, y, are the co-ordinates of the different points of 
the generating line in any position whatever. ^ 

The meaning of the constants in this equation is manifest from what has 
been said above. A and B are the tangents of the angles which the traces of 
the plane on the co-ordinate planes of xz, y%, make with the axes AX, AY ; 
and C, is the distance from the origin of the point in which the plane meets 
the axis AZ. 

If BD be parallel to AY, then the plane is perpendicular to the plane of 
and its equation becomes 

» = Aar 4 C 

the same as that of its trace. 


To find the equations of the projection on the coordinate planes of the inters 
sections of two given planes. 

Let the equations to the two planes be 

» = Aar -f- By 4 C, a = A'ar 4 B'y + 

Since these equations hold good together for the straight line which is their 
common intersection, if we eliminate z we shall have the equation to the pro- 
jection on the plane ay, that is 

(A — A') a: 4 (B — F)y 4 C — C' =r 0 
In like manner, eliminating x ory, we find 

( A — A') » 4 (AB' — A'B)y 4 ACT — A'C =: 0 
(B' — B) » 4 (A'B — ABO a: 4 BC' - B'O z= 0 
the equations of the projections on the planes ofyz and xt» 


To find the equation, to a plane passing through one^ two^ or three given points. 
The equation will be of the form 

» = Aar 4 By 4 C (0 

And since it passes through a point whose co-ordinates are af, y, s', it must 
satisfy the equation 

S' = Aaf 4 By 4 G (2) 

Subtracting (2) from (1) 

s — z* = A far — zf) 4 B (y — ly) the equation required. 

The constants A and B being arbitrary, the problem will be indeterminate! 
and. in point of fact, we know that any number^of planes may be drawn through 
a given point. 
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If the plane be required to pass through a second point jt", then it must 

satisfy the equation 

•" = Aar" + By" + C (3) 

and two of the constants may be eliminated between equations (1), (2), (3}) one 
however will still remain, and the problem will be indeterminate, for any num- 
ber of planes may be drawn through two given points. 

If the plane be required to pass through a third point ar"', y'", it must 
satisfy the equation 

z'" == + By" + C (4) 

the three constants may then be eliminated between equations (1), (2), (3), (4), 
and the result will be the equation of the only plane that can pass through the 
three given points. For we know that three points suffice to determine the 
position of a plane. 


To find the conditions that must hold good, in order that a straight line and a 
plane may coincide, or he parallel. 

Let the equations to the plane and the straight line be 

2 = Ar + By C 
X = a* + flfc, y = 5* -f- /3 

Substituting as ^ and bz ^ for x and y in the equation to the plane, 
we have 

(Aa -f -f C) + (Ao -h B6 — 1> = a 

If the straight line and plane have only one point in common, we should thus 
be able to determine its co-ordinates, but if the straight line be altogether situ- 
ated in the given plane, the above equation of condition must hold good v)haU 
ever may be the value of z : hence the two parts of the equation must be inde- 
pendent of each other, and we shall have 

Aa “}“ B/3 "1“ c ~ 0, Aa -f- Bb — 1 = 0 

the equations of condition required. 

If the straight line be merely parallel to the plane, if we move them in a 
direction parallel to their original position until they reach the origin, the 
plane and the straight line will coincide, hence the above equations must be 
satisfied on the supposition that a and /3 and C are each zz 0, therefore 

Aa -t- B6 — 1 = 0 

will be the equation of condition which must be satisfied, in order that a straight 
line and a plane may be parallel. 


To find the conditiom requisite in order that a straight line may he perpen- 
dicular to a plane, 

c 

If a straight line be perpendicular to a plane, the projection of the straight 
line and the trace of the plane upon any of the co-ordinate planes will be per- 
pendicular to one another. «> 
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Lei the equation to the given plane and straight line he 
S6 = Aa? + By + C 

X = az + (1) I 

^ y 1= 6» 4- /3 (2) ) 

where it must be remembered that (1) is the projection of the given straight 
line on xz^ and (2) its projection on yz. 

The trace of the plane on xz is 

1 C 

» = A* 4- C, ot, X = -J^.% — (3) 

and on y® 

1C ^ 

» = By + C, or, y = -g . » — -g (4) 

Hence the straight line (3) is perpendicular to (1), and (4) is perpendicuhir 
to (2). 

A -f- =: 0 and B -f- 6 =r 0 

which are the aquations of condition required. 


To find the equations to a straight line which passes through a given pointy 
and is perpendicular to a given plaue. 

Let the equation to the plane be 

a = Aaf 4* By + ^ 

Hie equations to the required line, since it passes through a point (a/, y, »',) 
must be of the form 

ar — a^zrflfs — 
y— y = 6(s — »)> 

and, since it is perpendicular to the plane 

a = — A, 6 = — 
and therefore the equations required are 

X — ar'+A(« — 50 = 0, y — y' + BC* — a')=:0. 

To find the distance (^) of the given pointy in the last ptoblem^frotn the plane. 
The equations to the straight line are 

x^af + A{z^s^=i0 (1) y— y + B(» — aO = 0 (2) 

and the equation to the plane is 

% Ax + Bg + 0 (3) 

which may be put under the form 

» — a' = A(a? — sO + B(y — ^4-0+ Aaf + Bi^^z’ 
or z — a' = A(« — 40 + B(y — yO + M 
where M = C + Aa'+By'— .jf 
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Now, if we suppose x, y, z, to be the. co-ordinates of the point in which the 
perpendicular meets the plane, equations (1), (2), and (3), will hold good 
together, and we shall have 

^__ M —MB MA 

1 + a» + b*»^““^~i+a*+b*’ r+ 

But the distance (r) of the two points whose co-ordinates are ar, y, si ; y', 

af, is ■ 

r = \/(* — a0’+ (y — y? + (* — *)* 

M 

* - a/1 + B” 


To find the distance (^from a point in space to a straight line* 

Let the co-ordinates of the point be y', sf,) and let the equations of the 
straight line be 

X =z a% + (1) > 

y-hz + ^ (2) \ 

The equation to a plane passing through the point a:', y,'s^, and perpendicular 
to the given straight line, will be 

(, — j5') + a{,x^af) + 5(y^y')= 0 (3) 

Now, If we suppose a?, y, z ; to be the co-ordinates of the point in which the 
plane meets the given straight line, the equations (1), (2), (3), will hold good 
together, and if we ^d values of (x — x'), (y — y'l.C* — fi oni these equa- 
tions and substitute the values thus obtained in the general expression for the ^ 
distance of two given points in space, viz. 

r = >/(» — aO’ + Uz—S/y + {« — *y 
we shall solve the problem. 

In order to effect this, let us put the equations (1) and (2) under the form 

(ar — aO = a (* — *') + ct — a^ + «*' (4) 

ty — y) = *(» — *') + /3 — y" + i»' (5) 

Substitute these values of (* — af) and (y — y") in equation (3), which will 
then become 

(* — If) (1 + 0* + i*) + a («» — *' + o*') + b y' + &f)= 0 
whence we find 

= Ti f if N = o(a!' — ») + 4(y' — /S) + *'- 

Substitute this value of z — in equations (4) and (5), and we find the oor 
responding rallies of (x — ar') and (y — y') to be 

= rxcrirxr — (*’ — «> 


jr-J< = 


J| + a» + , 


■-(y'-i*) 
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squaring these quantities and adding, we find 

^ f + (*'—)’ + (y- 

■ /3)» + xr 


= (*' — »)* + (/• 


•/3)* + »'* — 
N» 

1 + 0 * +> • 



To determine the angle between two given planes, 

JjQt the equations to the planes be ^ 

» t= A:p + By + C (1) ; » = A'ar + B'y + C' (2) 

If we let fall from the origin two straight lines perpendicular on these planes, 
the angle contained by the straight lines will be the same as the angle contained 
by the planes, let the equation to these straight lines be 

y :=z b%\ y =: b'z I 

the angle between them is known from the expression 
I + aa! + hU 

~ V(l + a* + 6*) (1 + ol! + b>*) 

But, in order that the straight lines may be perpendicular te the g^ren 
planes, we must have 

A a = 0, B + 5 = 0, A' + a' = 0, B' + = 0 

Substituting therefore, the values of «, b, cf, b% derived from these equations, 
we find that the expression of the cosine of the angle between the two planes, 

^ _ 1 + AA' + BB^ m 

cos.<p - ^ A*V B»)(l + A* + S'*) 

In order to find the angle which any plane makes with the co-ordinate planes, 
we have only to suppose that one of the above planes assumes in succession the 
position of the difierent co-ordinate planes, thus let us suppose, that (2) is the 
plane of xz, then its equation becomes 

y = b, so that, A' = 0, O' = 0 

and therefore, if we denote by the symbols (arz), (yz), (ay), the angles which the 
given plane makes with the planes xz, yz, ay, we have 

«>*-(^) = 7r+l*irBT 

•cos. 0,*) = 

F 

and have 

cos.® (xy) + cos.® (yz) -f. cos.® (xz) = 1 
and 

cos. (p = cos. (xz) cos. (afz') + cos. (xy) cos. (x'y^) + cos. (yz) cos. (y't^ 


To find the angle (0) contained by a ylam and straight line in space, 

I'he angle sought is that which the straight line makes with its projection on 
Ihe plane. If from any point in the given straight line we let fall a per|N)ndU 
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cular upon Uie plane, the angle contained between these two straight lines will 
be the complement of the required angle. 

Let the equation to the giren plane be 

» = Aa: -f By + C (1) 

The equation to the given straight line ^ 

a? = a* + (2) j 

y rr 5* + /3 (3) > 

The equations of the line let fall perpendicular on the plane will be of the 
form * • 

y = «'» -j- /S' (5) J 

But in order that this may be perpendicular to the given plan^ we must 
have 

A + of 0 B + 5' = 0 

Now, the cosine of the angle contained by the two straight lines, is 
^ ^ a^a + 

^ “ v/(l + a*+i‘) (I + «" + **) 

It appearsTrom what has been said above, that, in the present case (p = 
90® — and .*• cos. (p = sin. A Substituting therefore for o', 5', these values 
in lemis of A and B, we find 

I Aa m 

sin. I - v/(lT«* + 
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CHAPTER L 
DEFIN ITIONS. 

In considering the relations which exist between diflferent quantities, those 
which during iJlie whole of any investigation are supposed to retain the same 
value are called constant quantities^ those to which different values may be 
assigned are called variable quantities, 

ConstiAit quantities are usually represented by the first letters of the alphabet, 
fl, A, c, &c. variable quantities by the letters ?/, x, y, z, &c. 

When two or more variable quantities are connected in such a manner, that 
the value of one of them is determined by the value assigned to the other, the 
former is said to be a function of the other variables. 

Thus in the equation ^ 

7 y = Aar + Bai»+C 

where the value of y depends upon the value assigned to ar, y is said to be a 
function of x. 

In like manner if we have * 

+ Ca;® + D 

where the value of y depends upon the values assigned to x and y ^ said to 
be a function of x and ». 

The words “ function of jr,’’ are usually expressed by the symbols, f (x), 

<p (x\ yp (x), or similar abbreviations, and the above equations expressed in 
general terms would be written 

y=f^) 

If y =: / (x), and a change takes place in the value of f (a;) such that x be- 
comes ar + A, a; beipg quite indeterminate, and h any quantity whatever, either 
positive or negative, a corresponding change must take place in the value of y, 
which may then be represented by y'. If the quantity / (a; -f- h) be now deve- 
loped in a series of the form 

f(x) + Ah + B/i* + + . . . 

in which the first term is the original function / (a?;, and the other terms 
ascend regularly by positive and integral powers of h, and A, B, C, &c., are 
independent of h ;* then the co-eificient of tne simple power of h in this series is*'" 

• We aTiall, in^the mean time, take for granted that / 4- *) always be developed in a series 

the above form, (showing, however, as we advance, that this is actually the case fdr all the parti, 
ciilar functions which fall under our notice) and defer the general demonstration of this principle until 
we proceed in Chapter V. to the discussion of I'aylors theorem. 

X X 
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called the first differential coefficient of y or f (x). This is the fundamental 
definition of the differential calculus. 

Then let y be a function of x such that 

Let X become a? + A and y become y ^ 

y = a (x + A)® 

expanding = cm;® + 2aa? . A + aA® 

This we at once perceive is a series of the required form, the first term aa? 
is the original function y, and the other terms ascend by integral and positive 
powers of A; hence, according to our definition, 2«a; the co-eiiicient of tlie 
simple powd^ of A in this series is the first differential co-efficient of y or 

/w. 

Again, let 

y=za^ 

Let X become ar A and y become 

y^=(x+hr 

expanding = + 3ar® . A -f , A® + A® 

Here again wo perceive that the series is of the required form, and, there, 
fore, 3a^ the co-efficient of the simple power of A is the first differential co-effi 
cient of jr®. 


Again, let 

y:zza^ + bs^-j-cx‘i‘d 
Let X become (a; -f- A) and y become f/ 

y = a (a; +■ hf + A (a? + A)* + c (a? -f- A) -f- i 
expanding = oar® -f- 3ax^ A -f- 3axh^ + A® -f- Aar® -f- 2bxh -f- AA® -f- ca: -|- cA + d 
arranging according to powere of A 

“ =r (aa^ + Aar®4- ca; + d) -f- (3aa^ -f- 2bx c) A -f- (3 aar +b) A®+ A ’ 

a series* ef the required form, for the first term is ax^ bx^ + ca: -f- d, the 
original functtbn, and the succeeding terms ascend regularly by powers of A. 

Hence, .30^ + 3bx -f* c the co-eflicient of the simple power of A in the 
developement of y is the first differential co-efficient of y or ax^ -j- Ax'® -f* cx 

+ 4 

If* 


y =fW 

the first differential co-efficient of y is denoted by the symbol thus in the 
above examples 

y =: ax* ' 


u>y 

cS ”” 


2ax 




* In this trestlse the piinoiplet of t4ie^apge hove been almost eXclasWely 'adopted, but although 

that writer has With^^eat propriety denominated this branch of Analysis ** The Calculus of Func. 
tlons,*^ yet it has been thought expedient td retsdn in the present work the nomenclature and nots. 
tion «>f the Biflireiitlal Calculus, since L Is employed almost universally in the scientific publications 
both of this country and of the Continent. 
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y = aa:®-j-5ar*+ca;4-cf 
^ = Saa^ + ^x + c 

in lik^manner if m =z / (z) the first differential co^efficient of u or/ (z) will be 
du 

represented by-^j. 

We mig^ht obtain the first differential co-efficient of any ftinction presented 
to us by following a process analogous to that exhibited aboye, but we shall 
materially abridge the labour of our operations by establishing certain general 
rules, which will enable us at once to determine the first differential co-efficient 
of any variable quantity, without the necessity of^having recourse Ip the substi- 
tution of X -j- /i for X, and the subsequent expansion. The investigatidn of 
these will form the subject of the two following chapter?. 


Note , — Since a constant quantity is not susceptible of change, it M manifest 

dy 

that it can have no differential co-efficient, or if y = a, ^ 0. 


CHAFl'ER 11. 


ON FINDING THE FIRST DIFFERENTIAL CO-EFFICIENT OF SIMFLB 
FUNCTIONS OF ONE VARIABLE. 


1. To find the first differential co-efficient of any power of a simple 
Algdnraic quantity. 

Let y zz X* 

Let X become » + A 
f z={x + hy 
Expanding by the binomial 

_ , . . n{n — 1) . . . n (» — 1) (n — ?) , . ^ 

=:ar" + na:"-*A^ — **+ -^[7573 «*-* A> + &c 

' dx-”^ 

From this it is manifest that 


The first differential co-efficient of any power of a simple Algebraic quantity ‘ 
u found by multiplying the quantity by the index of ihe power, and then dimin- 


ishing the exponent hy unity. 

dx-^^ 

Ex. y 

8. y = 0X9 + q 


3. y zz a -f- q 


m 

4. y z= a -f. 7af“^ 



X X 2 
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8. To find the first differential coefficient of a\ 

Let y = a* 

Let X become x + h and y become y 
y = /I* + h 
sza* X 

=r a* . (1 + 1^73 + • • •) P- 

= a* + a*p.A + ««-j^A»+ . . 

whew ® j» = (a — 1) _ i (« — 1)* + i (a — 1)’ • = log. a 

dy 

••• ~ ^ 

In the System of logarithms whose base is e, p z:: L 
Ifyzze- 

dx-" 


3. To find the first differential ooeffiewU of log, x. 


Let y = log, x 
Let X become x h and y become jf 
y = log {x + h) 

— log- * (l + ■j) 

= log. * + log. (l + •j) 


I .11 

= log. «+- •-• 


^ ^ + i • 7? .)See Art.205.p.842. 


_ J .i. 

• • dx'^ p X ““ log, a X 
If the logarithms be taken in the system whose base is t ^ then pzzl 

^ — .i. 

’ * flte a; • 


4. To find the first differential coeffimnt of sin, x. 

Let y = sin. x 

Let X become a; -f- A and y become ff 
y = sin. (ar + A) 

^ sin. X cos. h -f- 8in.(A cos. x 

Substituting for sin, h and cos. h their developements as found in p. 587. 

* . A* \ . A 

- ““-'(.l” 1.3'*'l.2.3.4~ V +®o»-a\J— i.8.3+i.8i.4S 
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arranging according to powers of h 


-= sin. X + cos. X .h i — 27 ” • 


1 .! 


cos. X 

1 . 2 .3 


A» + 


^ = cos.x. 


From this it appears that the first differential co-efficient of the line of an 
angle is its cosinot 


5. To find tht first' differential co^effident of cos. x. 

Let y = cos. x. 

Let X become x h, and y become ff. 
y z= cos. {x + h) 

= cos. X cos. h — sin. x sin. h. 

Substituting for cos. h and sin. h, their developements 

/•; , h* \ ^ V 

= oo..a:(l_i^+ + 1X^5-) 

arranging according to powers of h 

= cos. a? _ sin. x. h — A* + 

dy 

Hence it appears^ that the first differential co-efficient of the cosine of an 
angle is its sine with an opposite sign. 

We may recapitulate the results of this chapter as follows ; 

If 


y = oj^ then 

^ whatever be the value of «. 

dx 

y a* 

^ =zp ,a^ z=: log. a . a* 
dx 

y = log. X 

^=1.1 
(x: p X 

y = sin. X 

dy 

f = cos. X 

dx 

y = cos. X 

II 

1 

•t 

II 

% 

dx 

y s= log., X* 

= i 

dx X 

y = sin. mx 

^ XX. m cos. mx 
dx 

y s cos. mx 

dy 

m syi. mx 
dx 


* The expression log.^ m idgniaes the log. of a the hase^. or the Napienen loe , 
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m 

6. If BXij of the preceding functions be inoreased or diminished hj a constant 
quantity, the differential coefficient will remain unchanged, because the constant 
can only appear in the first term of the expansion, and the other terms, involving 
the variable and its powers, remain unchanged. Also, if any. of these functions 
be multiplied by a constant, the differential coefficient will be miiltipUn|[ by the 
tame constant, because every term of the expanded series is multiplied by the 
constant. Hence, if 


y= 

*■ + 6 

then 

=«*■-> 

dx 


car" 

then^ = 
dx 

ncar““"^ 


a* + A 
—0 


^ = log. a . a* 
dx 

y- 

CO* 

dx 

c log. a . a 


«» + 6 


dx 

y- 

c.e* 

dyiz=, 

dx 

c.e* 

y = 

log. » 


dy_ 1 1 

dx log, a * X 

y- 

C log. X 

dx 

c 1 

log. a * X 

y= 

log.,* 

1+ 

^ = 1 
dx X 

y- 

c log., or 

II 

c 

X 

y= 

tin * 

±b 

^ ^ cos X 
dx 

y- 

c sin X 

dx 

CCOS X 

y= 

cos* 


dy 

— sin a: 
dx 

y- 

c cos X 

dx 

— c sin X 


CHAPTER U\. 


ON FINDING THE FIRST DIFFERENTIAL CO-EFFICIENTS OF COMPOUND 
FUNCTIONS OF ONE VARIABLE. 

1 . To find the first differential co^^fficient of the sum of any number of sirnnle 

functions. 

Let y^f{x) + ^{x) + ^{x)+.. 

wheTe/(«), ^ (a?), ^ (af), are all simple functions of x. 

Let X become x-\-h and y become ^ 

4 * <^ (^ + ^) + ^ (^ + ^*) + • • • • 

Let the expansion of/ {x -f h) when developed in a series ascending re^u* 
larly according to powers of h be 

/(a: + /0 = /(x) + AA -f +.... 

And in like manner 

^ (u: + A)= 4, {x) -f Mh 4 . B'A^ -b . . . . 
i,{x^h)=: + A"A + B"A2 H- .... 

Tltenya^*)+AA+BA*+ .. +<)(aO+A'A+B'A»+ ..+,(,(*) +A"A+B"A®+ •• 
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Collecting those terms which involve the simple power of A 

= {/(^^) + <> (®) + ’I' (*)} + ( A + A' + A" +...) A + PA* + 'QA» +„. 

= A + A' + A" + . . . 

(ix 

B^t on inspecting the above series it i^ill be seen that A is the first diffe- 
rential co-efficient of f (ar), K! of (p (a:), A" of tp (ar), &c. hence we conclude 
that 

The first differential co^efficient of the sum of any number of simple fiine^ 
tioiis is equal to the sum of the first differential coefficients of each of the 
functions considered separately. 

Ex. (1.) 

Let ^ = a:" -f a* -f log. a? sin a: -f cos x 



11 


,11, 

4 - • - -r cos X — sin ar 

p X 

(2.) 

y- 

ax^ 4 bx^ — 

4- 4r‘* -4 — 2x* — X 4- 1 


11 

lasf^ 4 

— 35x^ 4 IGx^ 4 9^* — 4x — 1 

(3.) 

y — 

m sin a? — 2 

cos X 4 4x“^ — 6x“^ 410 


11 

m cos X 4- 2 

sin X — 4/>ar— (P+U -j- 6gar-(q+0 


2. To find the first differential co-efficient oj the product of any number of 
simple funciions. 

Let us take, in the first [ilace, the product of two simple functions only. 

Let y =/(a:) (a:) 

Let X become a: -f- 4 and y become y' 
y =/(" + ^ (f + h) 

Let f{x + h) and <p {x -{-h) be developed in series ascending regularly by 
powers of h 

y = {/(;c) 4- A4 + B4« -f . . . } {<p{x)-{-Mh -h B'4« 4- } . 

Performing the multiplication indicated, and arranging according to powers 
of 4. 

= /(a?) ^ (a:) + {h!f[x) + A (ar) } 4 + P4^ + + . . . 

.•.^= A'/(x) + A^.(z) 
ax 

But A is the first differential co-efficient of/* (ar), and A' is the first differen- 
tial co-efficient of <p (x), hence it appears that 

To obtain the first differential coefficient of the product of any two simple 
Junctions^ we must multiply each of the functions by the first differential co^ 
efficient of the other ^ and add together the two products. 

Let us now take the product of any number of simple functions. 

Let W • • • 
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Let X become a: + A and y become.y' 

~ / (a? -f* A) (p (a? -j- A) («p 4“ ^) • • • 

Let/ (a? + A), ip (ar -f- A), (ar -f- A) . . . be developed in regular series 

Bficending according to powers of II 

= { /(i) + AA + BA« + . . U (X) + A'A + B'A>+ . . 
{,;,(x)+ A''A + B"A»+ 

Performing the multiplications indicated, and arranging the product accord 
ing to powers of A 

= /(x) <p (x) 4- Or) + { A (P (x) V' (*) . . + A’/ (») ^ (a;) . . + A'7(x)pW . . . }4 

+ PA» 4 (- QA= + , . . 

••• ^ = A (X) (x) . . , + A' / (X) ^ (X). . . + A"/ W <P (x) 

but A, A', A", are the first difierendal co-efficients of/ (ar), p (ar), (x) respec- 

tively, hence it appears, that, 


To obtain the Jirst differential co-ejfficient of the product of \ny , number of 
simple functions^ we must multiply the first differential co-efficient of each func- 
tion by aU the other functions, and add the whole of these products together. 

Ex, 1. y x”^ sin, x 

The first differential co^ffidents of af* and sin* x, are mx "^ "" * and coSb a 
respectively, 

dy 1 . , 

-f- = m™ SMI. ar + 


2. y = sin. x cos. x 


dy _ 
dx 


. sin 


= 8 cos.* X - 


1. 


3. y = c* log. X, 


/!+/>* X log. X 


£= «Mog.XT-J:'-- • - = -( 

.4, y = ar" m" a** (w and » being functions of a:) 

=: {s’* + na;'" + Aa,*” m“ g** — ^ 

dx 

,5. y = a;’’ sin. x a* 

^ = r sin. a: cos. a? a* + o* af sin. a; 


) 


a*sin.a? a:^ "* (r-4-a?cot. a: +yx) 


3. To find the first differ eniial co- efficient of a fractional function. 




Let X become x + A and «/ become »* 

/(x+7) 
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f (ar) -f- Ah -j- BA* 

— <p (sI’+Ta'T+TB'A* + . . . 

= (/(a) + AA + BA* +...)(«> (*) + A'A + FA* + . . .)-> 

^ =(/W + AA4.BA* + . . 0(^)— i^-^^ + termsmA*..) 

= ^ (J + {f^~ [p^‘} * + PA’ + Q*’ + • • • 

rfy A A' /(a) 

_ A <p (x) — A'/ (x) 

But A is the first differential co-efficient of / (a;), and A' is the first differential 
co-efficient of ^ (ar), hence it appears, that, in order to obtain the first differential 
co-efficient of a fractional function, we must 

Multiply the first differential co-effidmt of the ntmerator hy the denominator^ 
subtract frofn this the product of the first differential co-efficient of the de» 
nominator multiplied by the numerator^ and divide the whole by the square 
of the denominator. 

Ex. 1. Let y zz where u and * are functions of x 

% 

dy 3m* — 2m* % 3m* » — 2if* 


j where u and % are fiinctioni of x 


y z= tan. x 


dy cos.* X -f“ sin * x ^ 

dx ~ cos.* X 

y = cot. X 


= — cosee,* 


y = sec. X 

— ^ 
cos. X 

dy sin. x ein, op 

dx ““ cos.* X ““ 1 — 8in.*'i 
y zz cosec. x 
1 


tan. X sec. x 


sin.* X 1 


rr •— cot. X cosec. Jt 
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4. Let y = f W where %-zz^ (x), it is* required to find the first differentia] 
00 -efficient of y considered as a function of x 

When X becomes x -j- A let 2 become z + k 

,% y = / (* + A) 

= /(*) + AA + BA* + ( 1 ) 

But 

» 4- Ar = ^ (ar + A) 

— (p {X/ -f- A'/i 

A = A'A 4- B'A> -f- . . . %z2<p{x) 

Subsdtute^tliis value of k in equation ( 1 ) 

y =/(*) + A ( A'4 + B'/i* + ...) + B (A'A -f B7i* +...)’ + • 
=/(») + AA'A + PA* + QA 8 -f. . . . 

- I = *A' 

But A is the first differential 00 -efficient of y considered as a function of z, 
and A^is the first differential of % considered as a fimcdon of lienee we 
have the first differential co-e£ficient of y considered as a function of x, or 

di ““ * dx 

This theorem will be found of great use in differentiating many conipliralcd 
functions, thus, 

Ex, 1 . Let y = (oar® + Aa;* + ca? + 

Put % = aa^ -f- Aar* 4* "t* ^ 

y = 

And by the theorem just established 
^ _ dy dz 
dx'^ dz * S 

But since ^ 

^-6*» 

And since z = oa:* + ba^ 4 car + d 
J = 3«(* + 2to+c 

^ * S ~ + 26* + e) 

Substituting for z its value we have 

^ = 6 (oar* + i*» + ca: + d)* . ( W 4 - 2 ** + f) 


Ear. 2. Let y = sin." x 
Put % = sin. X .. 

, y = 

... = 

dz 


( 1 ) 
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And from (1) ~ = cos ar ,*• ^ cos Xi 

^ dx dz dx 

^ =; wz“— ' cos X = n sin““^ x cos x. 

. Jx 


« 

JS'x. 3. Let ^ = (a*) ’ = a ’ ' 

r 

Put a* = X, then y- = z\ and» therefore, we have 

^ ~ and ~ = » . a* =5 log. a . a* 

dz g dx 

r , r , ^ 

^ ^ ^ - x‘‘ log«a.a* = ~ (a*)** log.a.o* 

dx az dx q q 

=:^j2Sl£.aT. 

Ex, 4. Let y = (log. x)“. 

Put X = log. x; then y =: 

^ ^ ^ JL . i = ^ 

*'cia? dz* dx * log.a * x log.o.x 

The differential coeflSicients of many complicated functions may be found by 
first taking the Napierian logarithms of the functions. 


Ex, 5. Let y = X (a+x) (^+2x). 


Taking the logs., and putting z := log. y, We have 
X = log. y 

X = log. X + log. (a + x) + log, {b 4- 2x) 

dz 1 dy ^ dz \ \ , 

or ^ = y, and ^ -t- — Hh 
dyydz dx x a+x 


2 

Z>-|-2x 


. c/y afy _ / 1 , 1 , 2 \ 

" dx^ dz * dx ^\x a-j-x ^-l“2x/ 

=.(«+«) (i+2-)(i.+i+j^) 

= (a+x) (Z»-l“2x) -j-x (6-i-2x) +2x (a-f-x) 
= aZ>-f (4a-|-2Z>) x-f 6x^ 


5. It frequently happens that in the equation 

y=/W 

/ (x) is of such a complicated form that, in order to find its first differential 
co-efticient, it is necessary to simplify it by the substitution of two new va- 
riables, a, X, each of which is, of course, a function of x. Hence arises the 
following problem : 

If y == F (w, X,) where u = ^Jix)y x = (x) (1) 

required the first differential co-efficient of y, considered as a function of x. • 
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In order to discover this, it is manifest that we must substitute x 4 * ^ ^ 

each of the two functions ti, and z, and find the co-efficient of the simple power 
of h in the developement of the compound function F (1/, z). 

When X becomes ar A let m become m + A:, and let z become * A 


Then «' or « -j- A = <?> (x + A) 

zz: (p (x) “f- A* h B7i* 

Buttt = ^(x) A A=:A'A + B'A*+ (2) 

Again, 5J/ or z -j- I zz yj/ -f- h') 

:=:yP(x)+ A'A + B"A» + . . * 

Bati = ^P / = A"A + B"A» + (3) 


It now remains for us to substitute -}- A, a: + 1, for m and * in F (w, z), but 
it is manifest that if we make these two substitutions in succession, we shall 
obtain the same result as if we make them both at once, since u and * are con- 
sidered altogether independent of each other in these substitutions. 

Let us then, in the first instance, suppose that u becomes u -f- and that % 
remains constant in the equation y zz F (u, z). 

y or F (tt -I- A, *) = F (i/, X) -f A, A + B. A* + (4) 

Let us now suppose that % becomes S -f- ^ remains constant, then 

F (tt, z) becomes F (ti, » -f. /) = F {«, ») -f- A, / + B, 1* -f- (6) 

Since Ai k Involves », it now becomes a fhnction of z -f- /, and being ex- 
panded as a function of (A, A -f- /) 

A| A becomes =r Ai A terms in A4 kH . . . 

B, A* . . • = B, A* -j- terms in A®/, . . , 


Substitute then these values of F (u, z\ Aj A, B, k\ in (4), and we have 
or F (tt -f- A, » + 0 = F (m, x) -f A, A + A, / -f terms in A/, k\ f*, . . . 

Substitute for A and I their values from (2) and (3) 

y' zz F (w, z) -f- A|(A'A BA* -f- • ••)-!- Ag(A^A-|- B^'A'^-f- . . . • 

Arranging according to powers of h 

zz F (tt, z) “f“ (^1 A -j- Ag A^) A -j- PA* -j- QA* « 

Hence by definition 

g = A. A'+A.A" 


But it is evident from (2 ), (3), (4), (5) that 

- _ A" - - A - ^ i 
^ - dx' ^ ~ dx' - du’ ' 


dy 

dz 


dy dy ^ ^ 

**’ “dx du* dx dz" dx 

In like manner it might be proved tlvat if 
y zz f{t, II, z) where ^ = F (x), k = <p (x), x =: 4^ («> 

dy _d!f dl * 

dx ^ du' dx^ d3t ax 

Hud so for any number of functions. * 
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Hence we deduce the Mowing general oondnsion j 

Tlu first differential co^ffici^ of a ftmction composed of different oartuM. 
hr Junctions, mil be sum of the first differential co^JficierUs of each If these 

^rl'TahTTT- of each other, according to the 

rule established in the last aHicle, ^ 

P'’*®®'*™? one. wiH enable ue to deter, 
mine toe first differential co^efficients of aU functions of one variable^ however 
complicated in form. 

E>. l.Uty = {ag‘ + b;fi + cx+ rf)- (*«* + «(»+ rx% 

Let tt =r -J- iar* + cflf << 

X = e2f*+ rue^ + r^J 
y=.u* z* 
du „ , 

;^ = 3fi«r» + 2&« + c 

* dz 

dy 


dz 


=: I 


n..t ^A — ^y rf* 

dc du' dx dx' dx 

c 1 . ”*“T' + ®) + + 5nx* + 7r«*) 

Substituting for u and z their values 

= m (ax^ + Jx! .j. car djm-i (e*< J- iuf» 4 . r*7)» (Sox* + ibx+e) 

+n{ex*+niii‘+rx’Y-\ax>+b3fi-rcx+df'{ier'+Snx*+1rs» 
Exe S. Let y = sin,* x cos," z 
Let u = sin. or 


2 = (!OS. X 
y = W™ 

du 

dy 




But ^ ^ ^ j. ^ 

dx du' ^ dz' dx 


— »»«“-• s» cos. » _ n*'-> B" sin. *• 

— m sin.“ ' X cos." x cos. r — n cos."-* x sin.™ x sin. .r 
= m sin.’-’ X cos.-f»* x _ „ cos."-* x sin. ™+ ' x 
a=sin.— *xcos."-' x (m cos.* x _ n sin.* 


Er. 3. Utg = 
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Let tt = a r- 

y^X 

X =z t/c» — ic* 

y = Ca + s)^ 

^ I 5^ ^ 

diC * dar * d? * dr 



^ V"— 

By dint of practice , however, the student will be able to obtain the first 
differential co-efficients of all functions without actually performing the process 
of substitution. 


On finding the differential co-efijicients of equations, * 


We have hitherto supposed the function x to be given under the form 

y =/(*) 

but it frequently happens that y is given only by an equation between x and y 
of the form 

F (r, y) = e 

The resolution indeed of this equation for y would give us y under the form 

y=/(a^) 

but this solution is selcloni possible, and wholly unnecessary for our present 
purpose. 

If the equation, then be of the form 

F (x, y) = 0 

and if we suppose y =r / (a?) to be the value of y, which would be obtained 
from the solution of the equation, it is manifest that if we substitute this value 
for y in the proposed equation, we shall arrive at an identical equation 

« or F {a, / (a-)J = 0 

whatever may be the value of 2 , and hence, if we substitute x + h for x^ the 
equation will still be identically = 0, whatever may be the value of h. 
Substituting x + h for h 

iz: 11 Ah -f- B7i* "f* . • , 

whatever be the value of h, hence necessarily each individual term must be 
= 0, and K z= 0, AA = 0, B/i* = 0 . . . . 

But since 


« = F (ar, y) 
We have by article (5) chap. IIL 
du du , du 
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Kx. 1. Take the equation 

a:* ^ — 2ra? =s f* 

or u = — 2rx r* =3 0 . 

du 

V E = 2*-2r 

du 


■K‘) 


But “2 = _ 


dy dx 

dx du 

dy 
r — X 


du 

In equation (1^ the differential co-efficient ^ was found upon the supposition 

du 

that X was variable and y constant, and then the differential co-efficient was 

taken upon the*supposition that y was variable and x constant, hence ^ 

are called Partial Dijferential Co~efficients. 

Ex» % Let tlie proposed equation be 
X* + 2aar*y = 

or = a?* + 2axry — = 0 

^ + Amy 

du 


But 


- 


dx 

"3ii 

dy 

4V + 4ajy 
’ 2a«* — 3ay* 


CHAPTER IV. 


ON FINDING THE SUCCESSIVE DIFFERENTIAL CO-EFFICIENTS OF 
FUNCTIONS OF ONE VARIABLE. 


The iirst differential coefficient of any function is itself a new function o 
the variable, and consequently its differential co-efficient tnay he found accord- 
ing to principles already explained. This differential co-efficient of a diffe- 
rential co-efficient is called the second differential co-tJffcieTd of the original 

(HyJ 

function, and if the first differential co-efficient be expressed by the symbol 


d*y 

the second differential co-efficient is represented by ^ 
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In like manner this second differential co-efficient is itself a new function 
of the yariable and its differential co-efficient may be found, this is called the 
third differential co-efficient of the original function, and is represented by the 

.ymbol^ 

Proceeding in the same manner, the differential co-efficient of is called 

the fourth differential coefficient of the original function, and is written 

dPy cPy 

•o abo we shall have and so on to any extent. 

Thus if 

€ 

Ex. 1. y r= aac* < 4 - 6ar* -|- caf* dx^ eX* + gx m 
The first differential co-efficient is 

-^ = Cox* + 6is‘ + icx^ + 3df + 2.x + g (1) 

In order to find the second differential co-efficient of y, wef must teke the 
first differential co-efficient of this new function (1), which will be 

h,Q.ax^+ A, bhx^+Z.A^ + ^,'^dx + 1.2. e 

dPu 

^ =: b.b .ax/^+A.bbx^+^.Acii^+2.3.dx+ \ .^.e...\2) 


Taking the first differential co-efficient of thb new function (2), we shall 
have 


= 4 . 5 . 6 . eaf + 3 . 4.6 5a:* + 2.3.4.car4-1.2.3d 


In like manner 


^4 = 3,4.6.6.aa,^ + .8.3.4.6^ar-f-1.2.3.4.c 
d*y 

^=2.3.4.6.6,aa:+1.2.3 

2 ? = 1.2 . 3. 4. 6. 6. a 


JQe. 2. Let y 

dy 


m jr"“— t 


3? = 1)*— * 

5 = m(m — 1) fm — 2) *«•-» 
ct^v 

=: m(tn— 1) (in— *2) (w — 3)x ““■* 


^ = in (w — J) 5a — 2) (« — 3) . . . . — p + 1) x“-' 
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Ex, 3 . y a* 

. «*, where p = log. , 

— „2 

Cl\ ^ * 

2 F = ^-«‘ 


105 


^ = »" a* 
iia:“ 

£r. 4 b 2 / == * 

%_JL 1 __£ 

yj* m p ^ 

^ _ Ij-S 

dj? 

- V-3^.9 

5 x^ ” p 


^ 1 . 2 . 3 , 4 >« . {n -^ 1 ) ^ 

rf.r" " p 

)\liere Uie sign will be -f or «- according ns ft is odd or e%«J4 

Ex, 5 . ^ = sin. x 
dy 

d}? 

d^y _ 

dP 

^^=«n.x 


= — Sin. ? 


dx^ 

d^y 

dx^ 


cos, X 


n — 1 


1 . 


If Jt 1)0 an odd nun.bor 

d^tj ,v . .« . 

= 4 ” cos, x, + when is eren, — ^ when — is odd. 

If n be an even number 

^ = 4 “ sin. Xf 4 * when is even^ — when ~ is odd. 

In like manner, if 

y = cos. X 
If n be an odd number 

d^y A — 1 n 1 , 

=r 4 “ sin. X, 4 " when is odd, — wlieii — ^ — is even 

If n be an even number 

= + cos. X 4 - when -H is evjn, — when is edd. 
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CHAPTER V. 


On Invbrse Functions. 


In the preceding trigonometrical expressions, the sines, cosines, &c., have 
been considered as functions of the arcs; but we shall now treat of the inverse 
JunctionSf and consider the arcs as functions of the sine, cosine, &c., and 
investigate t^eir differential coefficients. 

A peculiar notation has been adopted to distinguish inverse functions. 

The arc whose sine is a?, is represented by the symbol .... sin 


the arc whose cosine is x cos— 

the arc whose tangent is x tan — 

the number whose log is 4 ; log 

Ex. 1 . Let y = sin 


Here the direct junction is ^ = sin y; and, therefore. 


ax / y— ~5 

^ = cosy = V I — sin*y = >v 1— ^ 
.dy_ 1 

dx Vit— 


(!•) 


Ex. 2. Let y = cos -^x. 
Then x 


dx 


cos y, and ^ :j: — sin y = — Vl — cos ®y == — ./I— or* 


** dx a/\ 


( 2 .) 


Ex* 8. Let y = tan —* 4 ?. 

'fhon X = tan y, and ^ = sec *y = l+tan*y = 1 

. dy _ \ 



Ex. 4. Let y = cot-^or. 


( 3 .) 


Then a? = cot y ^ — cosec * y = — (1 +cot *y) = — (1 +d?*) 

dy 

. dy_ _ 1 

dx 1 


(40 


Ex.h. Lety = sec-^r. 


Then x = sec y, and ^ = tan y sec y = sec y^/sec^y — I = xVx^^l 


. dy_ 1 
“ 3x 

Ex, 6 Let y = cosec 

dx 3- 

Then x = coeec ^ V ^ srvF— 1 


(5.) 


.. dy_ ^ 

* cte arVx*— 1 


( 6 .) 
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Bx. 7, Let y = vers — ’x. 


dx 


Then x = vcrs^/ ^ = siny = -/l— cos^y = Vl — (i— vers"^ 
= -v^2 vers y — vers 2x — x* 

dy _ 1 


"dx V‘2x— X* 

Ex, 8. Let y = chd — *x. 


(7.) 




Than j? = chd ^ = 2sin^^ = cos = \/l-~ sin*^^ 


. ^ 1 1 2 

c?a; V I — sin V 1 — a:^ V4— a:^ 


< ( 8 -; 


lu the preceding expressions the radius of the arc is unity ; but they may 
bo readily adapted to radius r, by considering that ^ and ^ are numbers; 

therefore the numerator and denominator of each differential coefficient must 
be of the samb dimensions. Hence, to radius r the formulas now investigated 
are as under. 


y = sin —^x 

. 

dx 

r 

y = cot— *x 


r» 

a/ 

dx 


y = cos — 'x 


r 

y = sec — *x 

dy 

r» 

dx 


dx 

X ^ X*— -r* 

y = vers—^x 

dy 

r 

y = cosec — *x 

^.i=. 


dx 

V 2rx — x^ 


dx 


y = tan —‘x 


r* 

y = chd — *x 


2r 

dx 

r^-|-x* 

dx 

V^4r^--a^ 


We may now investigate the differential coefficients of a few of the more 
complicated inverse functions, as in the following examples ; 

£x, 1. Lety = cosec — ^ 

X 

Put = z; then y = cosec —^z, or r = cosec y. 

X 

. ^ dy dz 1 i _ 1 

**dx dz* dx z's/z ^ — 


2. Let y : 




tan- 


/l+^\ 
\ y 


Put * = theny = -^ tan • 


*. 

dx 


2 1 


2 _ 4 1 . 

;7ir 8 'h?' 


i+S+F- 


VtfS 
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1 


& 


5 . 


4 . 




6 . 


7. 


a 


& 


la 
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Example9 for practice on the above rujk$» 
y ^ + ca;“-* + c 

^ = nax *•-* — (n — 1) + (n — S) ca-- • 

F = (« + 

^ = n6 (a + bxf-^ 

y == (a + 5a:)* (a' + 5'a:)* 

^ =s 25 (a + 5a:) (a' + ya;)> + Siy (a + 5ar)* (a' + Aa:)* 


^ ^ 

rfar “ (1 + 


_ ar 

^ - (i+»)“ 

dy ^ na;°-“* 

3S "" (I 


F = 


a + X 
b + X 


dy __ a — 5 
dx ^ (b + xf 


dy (q + 5) (g5 — jr* ) 

^ x)i (5 — ar)i v/ (a + ») (5 -f x) 


^ ^ ^ 1 — a:* 

^ “ v/r+r^— 

^ 2x 

dx^ \/l — ar* (1— . v/1 — fl**) 


F = log. 


1 + a:* 

nrj 


5 ^? _ 

fiCv 


2 


y sw log. 


j/l !g* 

flc— \ 7 r^*v 


*dfy 2 


Wt tttfpose the logariUMM (• *• iBhea m ttie Bjetra wliere ji s l« 
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y + lofr - ^ - , 

dy 

dx i\/ a* + 3^ 

12 y — log. a,** 

^ ^ 

dx X log. ar ‘ 

13. 3 / = log^" ^• 

dy , ._ 

dx X log. re log® X log. * ar . . . . Iog.*-"» s 
e* 

14. y = rqrj 

fiS - (i + xy 
e*_l 

16. y = log- ;r;:jri 

S - 1 

y “ » + v^* +V m -♦- 

‘fy = -f - ;JL » 

d» — V 4 x+l 

17, y = (^cosec, x, 

dy cosL X 

2 siii.^ X 


18 . 



19 . 




= 2 » \/ — 1 


• 1 

y = sin.-‘ j-qr? 

^y _ ^ f 

Sa: 1 + ^ 


20 . 



f 


• This signifies log. log. j:, or the logarithm of die logarfthm of ^ !* * ^ * 

'^hc logarithm of the logarithm of the logarithm jr. Any generally og. x—. t . 


« terms, x 
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CHAPTER VI. 

ON THE GENERAL FORM OF THE DEVELOFEMENT OF f (r 

If f{x) be any function of x, and if we substitute a: + A for z, where A ii 
any indeterminate quantity ; and if we develope /’(x -f- A) in a series according 
to powers of A ; then, so long as no particular value is assigned to x, 

1, The series can contain no negative or fractional powers of A. 

2. The series will be of the form 

/(a; + A) = /a; + P . A + Q . A® + R . A“ + . . . 

where P, Q, R, &c. are functions of x only. 

Let /(X + A) = AA- + BA'* + CA^ + . . . 

1. The exponents y, . . . . must be positive , 

For, if any term such as TA~^ could enter the expansion, then on the siippo 
siiiun that A = 0. 


/(a.) = oc 



Hence x has some determinate value which renders = 0 which is coii- 
irary to tlie hypothetis. 

The exponents must be IntegTah 

X X 

For, if any term, such as TA^ could enter the expansion, siii<‘e A^ is suscep- 
tible of fi values, we imist have ^ v.'ilues of {x -f- A) ; but whi'c x' remains inde- 
terminate, ^ (x) must contain the same radicals as f (z + A) ; and / (x) must 
have ^ values : substituting the ^ values of f{x) successively in the values of 
/'(x -f- A), we shall have in the whole values of f{x + A). Thus / (x -j- A) 
when developed will have v»alues, and when not developed it can only liave 
the same number of values as / (x), i. e. ^ values which is impossible, except 
for particular values of x. 

Next, to ascertain the form of the developement of / (x A) 

If we wish to ascertain what part of this function is independent of A, we 
have only to make A = 0, which reduces it to / (z), so that/ (x A) :=zf(x) 
+ a quantity which disappears when A =r 0, and which must be multiplied 
by some positive power of A, and since no fractional power of A can enter, this 
quantity must be of the form AA, A being a function of A and z, which does 
not become infinite when A = 0, thus we have 

f{x + h) =f(x) + A . ft 
+ A) — / (x) = ^ . A, and divisible by A 

A _/(^ + A)^/(z) 

.. A- ^ 

But since A is a new functioif of z and A, we may in like manner separate 
the part which is independent ot A. 
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Ijet P be what A beci)mos when A 0, then P is a function of x alone^ and 
rsasoning as above we prove 

A = P + BA 

BA being the part of A which = 0 when A =s 0 
• .% A — P = BA 



and proceeding as before to separate the parts of this iiaw function of x, we 
hud 

B = Q + CA 

Then we have 

f (x h) = / (x) + Ah 
A = P + BA 

••• / (a? + A) = fix) + P . A + BA» 

B = Q + CA 

^ /(ar + A)=/(x)+P.A+ Q.A*+CA» 

when P, Q are functions of x alone, and proceeding in this manner, we get 
/ (ar A) tleveloped in the required form. 


PROP, 

If the variable of a function be supposed to consist of two partSy the diffe- 
rential co-efficient will be the same to whichever part the variation be ascribed. 


Let y = /(») where » = a; ^ 

Then it is required to prove that the dihTerential co-eittcient will be the 
same when we consider x variable and A constant, as it ivill be when we coo* 
lidrr A variable and x constant 


1. If we consider x variable, then by art. 4. cap. III. 
dp dp dz 

dx^ dz* dx 


2. If we consider h variable and x constant, tlion 

^ ^ 

dh dz * dh 

But since * 


z = X + h 

Upon the first supposition 



Upon the second supposition 



Hence, comparing (1) (2) 
dp _ ap 


(1) 

( 2 ) 
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Having fully proved that if y =. / {x)y and that if x become x -f- A, so long 
B8 X remains indeterminate we shall have 

f{x+h)^f{x) + Vh + Qh^+Rh^+ (1) 

where P, Q, R, . . • are functions of x and do not involve h 

T/et us take the first differential co-efficient of f (x* + h) upon the supposi. 
tion that x is constant and h variable 

^ + (2) 

Again, take the first differential co-eflicient of / (a; + h) upon the siipposi- 
tion tiint X is variable and h constant 

f. 


df{x+h)__df{^) , dP 


dQ 


({R 


+ + ( 3 ) 


dx dx 

But by the last article 

d f(x + h) _ df (x + h) 
dh dx 

comparing therefore the homologous terms in the identical series^ (2) and (3) 

P = rf/i£)or-? 

dx dx 

n-i'LP- ,. i!!? 

^ * dt 1.2,3dx* 


8ubiititutitt^ these values of P, Q, R, . 


in (1) 


/. r . T^ ^ . dy h , (Pt/ IP <Py /i“ 

•^ (“^ + *> = /(*) + S • T + Z? • m + ^ • TTaTs + ■ 

^ , dy h ^ d^ , d'y A® 

or y i' rf-^T + ai 5 T 73 + ^- nT 73 + ' 


j^hicli is the series known by the name of Taylor’s Theorem, perhaps the 
most important in the whole range of pure mathematics. 

dy (Py (Py 

Sometimes for the sake of brevity the differential co-efficients 

are represented byp, 5 , r, • . • respectively, in which case Uie series may bo 
written 

h? fd 

yorf{x + h)=y +ph + y. y— ^ + r . 77573 +. • • • 


According to the notation of Lagrange, the first differential co-efficient of 
f (x), or as he designates it, the first derived function . of f (x) is represented 
by f' (^), the second differential co-efficieHt hy f’' (x), the third by /" (x*), and 
60 on, in his works, therefore, the above sejrjes appears under the form 


/(ar +h) = fix) + / (X) y + f'ix) + /" (x) y-f-j + 
If h be negative, substituting • 

/(x-A}=y-2n-y+3p 


h for + A, the series will becjonie 
Id cPy A® 

IT2 dx® ■ 1 . 2 . 3 + • 


ill which the terms are alternately positive and negative. 
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TAYLOR^S THEOREM AND MACLAURIN’S THEOREM. 


- k^t y be a tunction of ar, which it is possible to develop in a series of pofi 
tivc ascending powers of that variable, and let us suppose that 

^ = A 4" Ba? + Ca?® + + Ea:'* + • (1) 

and w hen x becomes .r + /i, let y becoms y'; then we have 

= A -h B (a: 4- /i) 4- C (ar 4- -1- D (a; + /i)3 4- . . . . 

= A 4“ Ba? 4" Ca:^ 4“ Dar* 4- Y 

4“ BA 4“ 2Ca?^ 4" 3DarVi 4*«»»*»^ 

4- C/i^ 4- 3DarA^ 4- ( 

4- B/I^ 4- ) 

But by cq. (1) wo have the first, second, &c. differential co-efficients, as 

follows: — 


^ = B + •2Cx + 
clx 



A = 

tlx' 


&c. 


3Da;“ + 4E*® +. 

2-3Da + 3-4-Ex* +. 

1-2-3D + 2-8-4EX +, 

&c. 



( 3 ) 


hence by multiplying these differential co-cfficients respectively by 



I -‘i-d’ 


&c. and substituting the results in equation (2) wo have finally 




fy 

dx^ ' 1-2 


iPy , d ^y 

d^ ’ B2'3 dx"^ 


¥ 

1-2-3-4 


+ 


(A) 


Again, since the co-officicrits A, B, C, D, &c. in (1) do not involve a?, they 
will remain unchanged whatever value be assigned to x. Let then the parti- 
cular values of y, and its successive differential co-efficients, be expressed by 
means of brackets, and when a? ~0, we shall have by (1) and (3) 


(,) = A 

(1) = “ 

(») = -■■<’ = -4 ( 



(g) = 2 .SD ... n = ^ ( 

:3)'- 


Hence by substitution in (1) wo have 




) «•’ -f 

. . r. (B) 


Tile former of these equations (A) is Taylor’s theorem, and the latter (B) 
js Maclaurin’s theorem; and the demonstrations we have given of these most 
iniportant theorems w ill be readily comprehended by the student. We regret 
room will not permit us to exemplify the latter of these theorems. 
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Cases in which Taylor'^s Theorem fails. 

In the preceding demonstration of Taylor’s theorem, we have supposed with 
regard W f ( 3 :) "^at x remains indeterminate, and that /’(a:) has as many 
vsilites as Bnt when we assign particular values to x, the above 

reasonings will »oLa 1 ways hold good, and we shall notin all cases obtain the 
true expansibj ol^ /(^ + • • • • 


1 Letf (x) = X when x = a, then the expansion of f(x + h) must con- 
tain negativ# powers of fu 

For St%ill be determined from the equation 


f(x) -- oc 

(.r 




1 

/w 


^ (^) 


n being any positive whole number whatever, and ^ («) some function of d: which 
does ni,t become 0 or « when x zn a 

(*> . 

•• J — {x — af 


Then, putting (a -f- h) for x 

/(«+« = 


(p(a + k) 


= Tf + • • • -1 

which contains negative powers of h. 


3, Let f(x) contain a radical which disappears when x = a. 

In this case, either the radical itself must vanish when j: = u, or its co-efH- 
cient must vanish. 

m 

If the rjidi cal itself vanish iii^(x’) w hen xzz it must be of the ferm {x — o)^’ 
mand n being whole numbers ; \\ei\cef(x-^h) will contain the coiTesponding radical 
-2 -!I1 

(a; — a n* which, on making x zz: a becomes ^ so that the developement 

m 

of y (a -J- h) according to powers of h may contain the radical fin and its 
powers. 

If the co-efficients of the radical vanish when x zz a, then this co-efficient 
must be of the form (x aif , n being a whole number, in this case the radi- 
cal will disappear in the differential co-efficients f* (o), (a) . , ; 

but will be found in those of higher orders. In geneml the following l)ropo- 
sition will hold good : 


When we assign a particular value to x in the developement of f{x -|- //),(/ 
a term appear containing a fractional power of h which lies between hP and 
>, thtn Taylor's theorem will hold good for the first n terms only. 

Lot 

t{a + h) = A+ B4-f. W+I)AH • . . + M/i"+-NA'>+4+I7." + ' + . .. 
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Take the differential civeffieients rogardinjr h as the variable, and let us 
denote the suc<u‘ssive co-efficiente by /'(a + h), /"(« + //), &c. 

f (fl + A) = B + 2CA + 30*^“+ . . . + M'A-' + N A" + i-i +L'A» 4. . . . 

r'(a -{•*)= 1.2.C + 2.3.DA ^ + M''A'-*+ N7t"+7-»+VA^+ . . 

/■”(« + A) = + M, -f Ii05^ 4 lA + . . . 

Making A = 0, we fiivd t 

f{a) =z \ f (a) = B, /-(a) = 1 . 2 . C 


The (;o-cfficients A, B. C, , . . . are the values which / (it) and its differen- 
tial co-efficients assume when x zz precisely as in the series of faylor. But 
at each differentiation the first term disappears because it is constant^ WTien 
ue arrive at the differential co-efficient, on the supjiosition that A z= 0> 

/'•(«) 1= M, 


but for the (n + 1)‘^ co-efficient 

/" + i(a + A) = 

and, since t is -dl I 


/"+J(5[ + A) 



and therefore tlie supposition A z= 0, gitreg 


/”+H‘a) = at 

and all the succeeding differential co-efficients will, in like manner, be infinite. 


It only now leinnins for us to show how we can obtain the developement of 
f {x -j- A) when Ta)lor’s theoreni 

If, then, we wish to obtain the developement of f (a; -f- A) when a: = fl, we 
must calculate the terms of the series 

/V ^ I A* 

/ (a) + S ‘ 


hut if, in edecling this calculation, we find that one of the differential co- 
(‘fiic.itMits becomes infinite upon the supposition that x = a, we must emtdoy 
tile following process. 


Siihsiiijde (x + A) for x in f (,r) ; then the ietui irhich contains x — a in 
the denomiauiory will now contain x — a + A, and will no lontjer bveorne in- 
ft it Li uIkh X — «, but will btcoina a tain involviny a fractional ] owe > if A. 


1 or example, lot 


/ (x) = 2ax — + as/ ^ 

du , ax 


dfu d^y 

Substitute this value and the values of ^ , &c. in Taylor’s theorem, wo 
shall then find • 

/ (a; + A) = 2ax — ar* -f a v/ a* — | 2 (a — a;) + | • • 

But, when a: = a the term multiplied by A becomes infinite, hence Taylor^ 
theorem fails and the developement is no longer possibly 
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But in the above case, Wnce 


/ (.r) =: 2 aa; — + a — a* 

According to the rule just given, substitute x + ^ for x, then / (x + A) is 
2ax + 2aA — x* — 2xA — A* + a v/ x* + 2xA + A* — a* which, upjn tho 
supposition that x = a becomes 

/ jC® + A} = o* — A* + c 2aA -J- A* 

=: a* — A* + ah^ t/2a -f- A 

Expanding \/2a 4^ A by the binomial, and representing the co<eflfidents by 

A, B, C* 

\/&+T=f2a+A)i = A + BA + CA*+DA‘+. . • 

Substituting 

/ (a + A) == a* — A* -j- aAA^ -j- aBA® -|- ®C7ii + . . • 

a series which gives the true developement of / (a + A) but which does not 
proceed by integral powers of A. 


CHAPTER VII. 

APPLICATIONS OF 'IHK DIFFERENTIAL CALCULUS. 
ON THE THEORY OF VANISHING FRAtJTIONS. 


When a fraction q- both of whose terms are functions of x becomes ^ when a 
particular value is assigned to the variable as x = a, it shows that (x — d) is a 
common factor both of numerator and denominator, and in order to find the 
real value of the fraction, we must make this factor disappear from one or both 
terms, 

T t. 


/ (x) = F (x) (x — a)"* 

^ (x) = (x) (x — c)" 

Let X become a 4- A 

/ (® + A) _ F (« 4- A) A»" 

•• ^ (a + A) "~^(a 4 - A)A“ 


Hence if m ti, = 0 
(p (a) 




F(«) 

4/(0) 


f 

- Now, when Taylor’s Uieerem can be applkd to efpand/(a -f- A) 
^ (a 4* A), we have 
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/ (g + A) _ / (g) + /' (a) 4 + /^ (fl) + . . . 

<> (g + A) ^ (a) + ?^ (o) • Y + <?* (“J + . . . 

/(«) + /"(«) 1^3 + .. 

= i (sinoe/te)=:0, and ^ (a)= 0i 

?>'(«) + 9"(a)j72+.. 

/(«)_/'(«) 

• (p (a) Ip' (a) 

If /' (a) = 0, <p' (o) =: 0, then, and 

Hence the rule to find the value of a vanishing fraction. 


Differentiate both terms of the fraction the sume nKmher of iimes^ until one 
or other ceases to become 0, on the supposition that x a. Then substitute a 
for X in both terms of the fraction^ and the result will he the value requited. 


Ex, 1. The fraction I ' Ic.r becomes when x = c, 

^Jhe first difiercntial co-efficient 
dp ax — ac , . 0 , 


Hut the second differential co-efficient 

^ =r ^ the true value of the fraction. 

It Is necessary to take the second differential co-efficient, because the common 
factor of the two terms of the original fraction is {x — c)\ 

„ ^ x^ — ax^ — gV + a® , 0 

Ex, 2. j — = becomes -rr when x a. 


rfy _ 3a:* . 
dx 


ar — a’ 

• Qax — 


2x 


• a* , . , 0 

— which = — when a; = a 


therefore the true value of tlie fraction is 0, the factor of the numerator is 
— g)*, that of the denominator is (x — a), 

— 2a®a: -f- 2aa;^ — a?* 0 x — a 


dy 


2x 


dx — 2a^ + 6ax* — "iP 
Ex, 4. When a: = 0 

0 , tt 

a:~ = o’ = 7 


= — = X the true value of the fraction. 


Ex, 5. When x =: a 

\/ 2a^x — — a y/ (fx __ 0^^ 16<» 

« — Y 'o^ — 0 9 

fir, 6. When x = 1 

1 — X + log. X 0 • ^ 

J .. v/3x ^ I ' 
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Kx- 7. When a: rz 1 

a:* — ar __ 0 _ 
I — ar + log. X 0 


If Taylor’s theorem fails to g^ve the expansions of / {a -f- 70, ^ + 7^, uliich 

will happen wherever/ (a:), or (p (x) contains a radical which vanishes for^* =: a, 
we must obtain the expansion by some other method. 

Substitute (« + h) for x in both terms of the fraction^ and developing by 
binomial theorem, we shall have 

/(<* 4“ + CA^ *+•••• 

~^(a + h) ■“ aW+^W + Oky'^. . . 

* _ A/i— ' + BA»— ' + . . . 

“ A'+ B'A''— '+ . . . 


Dividing both the numerator and denominator by the lowest power of k 
Now make A = 0 


if 


__ ' - 


/(«) _ ^ 
?T5) - A' 







Ex, 1. Wlien x £= a 



at 


(a* — . _ 0 


It is useless to take the differential oo-efficienls of the terms In this case, be- 
cause they become inhnite. Making ar 5= a + for A s= 0 

(2ah + A«)y _ + A)^ _ { 




JEr. 2L When x :=z a 

\/x — y/g + y/a; — a _ 0 

Miske X = a -f- /i, we have 


(a 4" A)^ — -f- A^ A^ 4" 4 ^ A -4- 


nomial theorem 


(2oA + 


(2a + A)^ 


v/ 2a 


when A =: 0 


JSc. 3. When ar = c 
(j? — c) \/ X — b + y/g — c 
\/2c — i/x + c + \/ X — c 


developing by bi« 


We may here employ Taylor’s theorem to determine those teniis of the 
series for which it holds good, we shall thus obtain upon substituiii^ c ^ h 

for X 
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dividing by y/A and then making A = 0 we find I for the true value of Uie 

fraction. 

Ear. 4. When a? = a 


(1+x — a)^ — 1 0 


: substituting a+h for i 


- 3/1 + SA* + . . . ” 

= ^ making A ~ 0 

When ar = a gives a product f (x) X i-be form 0 X ct » 

Then / (a:) X W = 0 X QC • 

1 


~ which may be treated by the rule. 


Thus when x»=: I 


(I — ar) tan. = 0 X « 

.^0 

,fir 


Lf4 /W 

>(a:) 


JL^-L 
<P(^) Jl^’) 0 


~ which may be treated by the nile. 


ar* 

'l'hnsif/(®)=ton.~, and <p (ir) = ^ (;t. JL lji)! becomes 

on the supposition that x = a, but by the above process we shall have 
fl (a^ ^ a^) _ 0 _ 8fl* _ jj[ 

Trar ““ 0 ^ 

*• cot. ^ 

Lastly, let 

/W -<>(») = ® - “ = 

1 i_ 

/(j)_ 0-0 -0 
1 0X0 0 

/(jt) X ((.(») 

Thus, if j: =: ■? or 90“. 

« • 


ll' hence 


X tan. X — I % sec. ar = QC cr 

ar si n, x — ^ 'x 9 

cos. X J) 

— '! 

Sr — *in* X — - “ “ * 
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CHAPTER VJir, 

ON THE THEORY OF MAXIMA AND MINIMA, 

0 

Whkn the variable upon which any proposed function depends passes succes, 
sively through all degrees of magnitude, the different values of the function 
may form first an increasing and then a decreasing series, or vice versa, and inaj 
go on increasing or decreasing repeatedly, and vice versa. 

That value at which an increase of the function ends, and a decrease begins, 
is called a maximum, and that at which a diminution ends, and an increase 
begins, is cafied a minimum. 

The essential characteristic of a maximum consists in its being greater than 
each of the values of the function which immediately precede and follow it; 
and that of a minimum in being less than both these values. 

Let y be any function of x in which this variable has attained a valuo 
which constitutes it either a maximum or a minimum. Then if x be increased 
and diminished by an indefinitely small quantity 7/, the developements of 
(x + h) and {x — h) will exhibit the values of x, immediately adjacent on 
each side to that value w hich renders y a maximum or minimum. Hence 
it follows from our definition, that the values of y (corresponding to (a; -f- h) 
and {x — Ji) will in the one case be both less than the maximum, and in the 
other both greater than tlie minimum. 

Let y=f (x) 

y =/(■»• + *)=y+i>A + 9. + — 

i»i =/(# — A) = y — + — . 

y — y = y' + 9 -YTa + >■•— 57“ 3 + (1) 

y. _y = + g . j- ^ - r . + (2) 

Now, in order that^ may be a maximum or minimum, the values of and 
which immediately precede and follow it must be both less or both greater 
than y. 

When y is a maximum or minimum, {if — y) and {y^ y) must both 

have the same sign. 

But when h is assumed infinitely small, the whole of the expansions (]) and 
(2) will have the same signs as their first terms. 

Hence, (i/i — y') and (y' — y) cannot have the same sign, unless^ vanishes, 

in order thaty may be a maximum or a minimum, the condition requisite 

is that, 

'-s=« 

If the same value of * which rendera ^ = 0 renders g = 0 also, then 
y;-y = r^'i-^3+ . . . 



DlFPEaaENTIAL CALCULUS. 


721 


And in order that y may be a maximum ot minimum, we must bate ^ = 0; 

and generally y cannot be a maximum or minimum unless the first differentlA 
co-efficient, which does not vanish for a particular value of x be of an even 
order. ^ 

Upon inspecting the series ( 1 ) and ( 2 ) it will be seen that, 


y' — •!/ > are both negative, then since in this case y is greater than 
^ — yj y\ yn y ™*ist be a maximum ; and since the whole 

d^y 

expansions are in this case negative, will have a negative sign. The re- 
verse takes place when y is a minimum^ and in this case is positfve. 

Cou. — If the equation == 0 has (w — 1) equal roots each = a, then ^ 

li.is {m — 2) of th#So roots, has (m — 3) of them, and so on ; till we come to 

Avliich is the first differential co-efficient which does not contain the root, and 
in this case, the Values y\ corresponding to (ar -f- //), and {x — h\ are 
. , d^'t/ h'^ 


y' = y±d^ 




The sign of tlie second term in this last expansion being + or — ncrording 
as m is oven or odd. Hence (y — 5^), and — y) cannot have the same sign 
if w be odd, and in this case y is neither a maximum nor minimum. Ihit if m 
Ite even, then (1/ — y) and (yx — y) will have the same sign, and ^ is a maximum 
d'^y . . . 

or a minimum according as is positive or negative. 


it'ar. 1. Let y = v/ 2mx 

l?equired to determine the value of x which will render y a maximum or 
•lilniimim. 

rly m 

dx ^ ^mx 


Since we should obtain no result by equating this quantity to 0, it appears 
y is not susceptible of a maximum or mininuuu value. 

2. y z= b {x — af 

= - — a) = 0 ■. X x: a 



I fence it appears that 1/ is a maximum when x xz a. 
iy.c. 3 . y zz b + (x — «)* 

lfenc«‘, in this <.ase, y is a minimum when x = a* 
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Ex 4. 



dx 


1 ■ 

(1 + x^y 


. = 0 




Tlie equation = 0 gives in this case x = + I and .'.y r= + | and 



Hence the value a; = 4- 1 gives -f- 5 as the maximum value of y. 
xn — 1 gives — 5 as the minimum value of 5 f. 


Ex, 5. + a;® — a® == 0 

da; y — «u? 

Putting = 0 we have my = and eliminating x and y by the original 
equation, we have 

_ + _ +Q dV _ 

^ v/ i — ^ — fw^ a v / 1 — w* 

4- , 

Hence y = a maxnmm. 

v/ 1 — m* 

— « 

y ~ -7 =:r:r:r:=^ R 

v/ I — */r 


6 , To divide a given number a into two partSy so that the product of the 
power of the one multiplied by the w*** power of the other y shall he the. 
greatest possible. 


Let X be one of the parts, and let y be the product of the two parts ; then it 
is required to find the value of x which will render the quantity 

y = a;" (a — xf a maximum. 

We have ^ = a;*"”' (a — j:)"-* \ma — a: (w + w)J 
d®y 


da:® 


ar"* — * (a — a:)"~* ^{m + « — 1 ) (»2 -{- w) a:® - 


dy 


Putting gj = 0 we have ar = 0, x =r a, a; = 

maximum which is w™ n" i — 7 — V . 

Vwj ^ n/ 


this last root gives the 


The two other roots correspond to the minima when m and n are equal. 

A great number of interesting geometrical problems may be solved by 
application of these principles. The following are a few examples. 
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Mx* i. To inscribe the greatest rectangle in a triangl^^ 


CP = a;, AB = c, CD = 

,% PD = (p — x) 

CD 8 CP : ; AB : MM' = 

___ cx 

“■y 

y = MM' X PD 
cx 

= y X (p — x) 

^ 

““ P 

dy cp — 2cx 

'dx \ ^ 



G 



Kx, 2. Given the base andpcrpen Ucular of a triangle^ to describe it so that 
the vertical cmgle may be a maximum^ 


AB = c 


DC=;> 


AD = ar 


DB=:c — a; 


AD 

X 

DO = = 

7 

DB 

c — X 

DC ■“ ^ ^ 

p 


c 



4 I , N Iciii, oc - 4 ~ t<in. /3 

tan. angle C = tan. (« -f (i) = ] ; — - 

- P 


X {c — x) 


cp^ 


— ca: + 7 . 

.. y ^ jT* — car 4"^* = minitmm, 

1= 2 ^_c = 0 • 


7 a maxipmn 


c 



•*. the triai3gle is isosceles 
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Exm 3. To find the point D in the straight line CE, from which AB subtends 
the greatest angle^ 


KG ^ a 
CB = 6 
CD = a: 

tan. ADB = tan. (ADM — BDM) 
AM BM 
_ MT5 MD 
e ““ , . AMTMB 

^ + "“MD^ 
(AM — BM) MD 
- MD* + AM . BM 
MD = X sin. 4 
AM z= a — X eos. S 
BM = 5 — X eos. ^ 


\ 




L 


(a — 5) X stn. ^ 

• • *“"• * = ■+ (a — * cos. tf) (bz^r^rr 

g = ar* sin.* ^ + (a ^ x cos, 6) (b ^ x cos, fi) 


(a — b) X sin. 9 


a minimum. 


- 0 


a: z= + y ab 


Ex. 4w To find the least parabola which shall circumscribe a given eirck. 


Since the parabola and the circle touch 
at P 

• CP is a normal to the parabola 
and CM is the subnormal =r J latus rectum. 
Ut CM = z 

equation to the parabola is 

g^ = 2z.a; ( 1 ) 

PM* 

= . AM 


AM^ = 


.2J» 


2z 


AD = AM + MC + CD 


2z 

( r+^y 


+ z + r 


A 



Now area EAF# = « AD . DE and DE = / 3«Tlir 
* o 


Thu will be proved afterwards bj Iks Intem'Al 
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/. area E AF = | . AD . >/2«.AD = 

D O Z 


hence f = fci^(3r-r-^) = 0 
dz ^ 

3z — r — z =0, and 2 =3: T. = semi-parameter. 

2 


AD = ^-^=^^.and DE = v^FTaD = + 5 


Ex. 5, To divide an angle 2<p into two partSf such that the mth power of 
the sine of one part by the nth power of the sine of the other part may be the 
greatest possible* 

Let -f 0 be the one part, then ^ — a is the other; hence 
sin*” (<f) 4 - d) siir* (</> — 0 ) = maximum 
y = m log. sin (<p -f 4- log. sin ((^ — = maximum 

du m cos 4- 0) n cos (a — 0) . / , ^ rk 

de sm(<p'j-0) sin {(ji'—O) ^ J kh' / 

7n cot 4-^) = » cot {<p — 0), or m tan {(p — a) = w tan 4- 
m ; w : : tan -j- a) ; tan {tp — 0) 

/. m 4 - w i — ni i tan {(p 0) -h tan {<p — 0) : tan (</> + 0) — tan {p — 0) 

It sin 2<p : sin 20 

sin 20 = sin 2d>; hence the two parts are known. 

m-\-n ‘ 

Ex. T). The four edges of a rectangular piece of lead^ a inches in lengthy 
and b inches in breadth^ are to be turned up perpendicularly y so as to form a 
vessel that shall hold the greatest quantity of water; how much of the edge 
must be turned up ? 

Let X = breadth of edge turned up; then 

X {a — 2a) (i» — 2ar) = maximum 
y = abx — 2 (a 4* b) x^ 4- 4a4.= maximum 

^ zz: ab — 4 (a 4* A’ 4- = 0 

dx 

® ” — 4 (a + *) + 24a; 

Hence 12a?^ — ^ {a ■{- h)x -|- = 0, and therefore 

X z.t — ^ ! 

6 


and j: = ^ {a 4" ^ — \/a^ — a5 


gives the maximum vessel* 


Examples in Maxima and Minima, 


(L) Of all triangles on the same base, having the same given perimeter, to 
fil'd that whose surface is the greatest. 

(2.) Given the hypothenuse of a right-angled triangle, to determine the 
other sides, when the surface is the greatest possible. 

fA) The whole surface of a pylinder being»given = to find its base and 
^titudo, when the volume of the cylinder is a maximum* 
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(4.) The volume of a cylinder = find its base and altitude^ when its 
whole surface is a minimum. 

(5.) Of all the squares inscribed in a given square, find that which is the 
least. 

(6.) Cut the greatest parabola from a given cone. 

(7.) Inscribe the greatest rectangle in a given ellipse. 

(8.) Find the longest straight pole that can be put up a chimney, when 
the height from the fioor to the mantel = a, and the depth from front to 
back = b. 

(9.) AB is the diameter of a given semicircle; it is required to draw a chord 
PQ parallel to AB; so that if AQ and BP be joined intersecting in R, the 
triangle P^SR may be a maximum. 

(10.) Inscribe the greatest cone in a sphere whose radius is a. 


ON THE METHOD OF LEAST SQUARES. 

r 

In astronomical and physical researches, it is frequently required to deter- 
mine the values of several quantities from a number of simple equations, and 
when the number of these equations is greater than the number of unknown 
quantities, they may be combined in a variety of ways, and each mode of com- 
bination will produce a different value of the unknowm quantities. Hence it 
is a question of the highest importance to determine in what manner these 
equations are to bo combined so as to give the values of the unknowns affected 
with the smallest probable errors, or in what way the values of these unknowns 
are to be found, so that each of the given equations may be satisfied with the 
greatest accuracy. Thus, for example, if from observation we have the four 


equations 

3-. 4.-1- y — 2z=0 (1.) 

5 — 3^ — 2y -f = 0 (2.) 

21 — — y — 4z = 0 (3.) 

14 + ^ — 8^ — 3^r = 0 (4.) 


and it is required to find the values of x^y^z^ we may pursue various methods 
and obtain various results for these unknowns. If the coefficient of x be 
made the greatest possible, w'hile those of y and z are the smallest possible, 
w'e shall evidently have the most accurate value of x\ because the value of x 
depends on those of y and r, and w hen their coefficients are the smallest pos- 
sible, the terms in which y and z appear will then have the smallest influence 
on the value of x. In order, therefore, to obtain the most accurate value 
of a, we must change the signs of all the terms in eq. (4), and then by addition 
we get 

15 — -f ^ -f 2xr = 0 (5.) 

To make the coefficient of ^ a maximum, change the signs in eq. (1) and 
add,, then we have 

87 — 5^ — 7y = 0 (6.) 

Slmilaxly for change the sigqs of eq. (2) and add, then we have 
83 — jr—y -^14^ = 0 (7.) 
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Honce from (5\ (6), (7), wo have by the usual mode of ellmmatioa 
jf = 2*4853, y = 8*5104, z = 1*9289. 

This method is practised tn astronomy; but in point of accuracy it yields to 
the method of least squares^ invented by Gauss, and to which modern astro- 
nomf owes much of its precision. 

Suppose then that e, e\ .... are the errors of a series of observations, 
and that we have the equations 

e + €ix hy +C2r -f 

= A' + a' X -h 5'y dz 

e" = h" + d^z + 

e"' = A'" -b + h^’^y + d”z + &c. ^ 

to determine the values of 4 r, y, xr, , . . so that the errors e\ d\ e'", in refer- 
ence to the w hole of the observations shall be the least possible. Now if we 
were to take simply the sum of these errors, and put the differential coefficient 
of each of the variables equal to zero, we could not obtain an equation for the 
determination of the unknown quantity; but if we square each of the equa- 
tions, we should have 

• .)+22>{nA-fa7/+ ... .. .) 

+a'(5'y+c'-3r-h . ,)^a’Wy^d'z+ . . .)} +A^+A'«4- . . . 

where the terms involving y and z are not written down, being exactly oi the 
same form as the terms involving x* Let then, for the sake of brevity, 

w = e" -f e'2 ^ e"* + d”^ + = + 2Bx + C + 

and, therefore, putting the first differential coefficient of this equation equal 
to zero, w'e have, considering x alone as the variable, 

5^ = 2A# + 2B=0 Aj; + B = 0 

ax 

hence x (a®-f-a'®4-...)+«A+a^A'+,..o(Ay4-czH-...)+a'(5'^+c'2r-f &c.=0 

or a {h-\-ax-\-by-\-cz)-\-o!{h^-\-a’x-\'yy-\-dz)-\‘ =0 

and therefore to form an equation that gives a minimum for any one of the 
unknown quantities, as x, w'c must multiply each equation of condition by the 
coefficient of the unknown quantity in that equation, taken with its proper 
sign, and equate the sum to zero. Proceed in the same manner fory, z, . . . 
and we shall have as many equations of the first degree as there are unknow n 
quantities, which may then be obtained by the usual mode of elimination. 
To apply this method to the preceding example, we have these equations:— 

(1.) X — 1 gives — 3+ X — 3^-f-2z = () 

(2.) X — 3 . . . . — 15.+ 9x ^ ^y — \5z = 0 

(3.) X — 4 , . . . — 84 -f 16 j? -b 4^ -h IbiT = 0 

(4.) X I 14 -f a? — 3^ — 3z = 0 

and putting the sum of these equations = 0, we obtain 

274? + — 88 = 0 (8.) 

Proceeding in a similar manner for y and z, we derive the equations 

64* -h ^ (^*) 

y + 644: = 107 (10.) 

•nd from these three equations, (8), (9), (10), w e have 

w = 2*4702, y = 3*5507, = 1*9157. 
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The preceding example is from Gauss (^Theoria SiEotus^ where he has 
proved that the Method of Minimum Squares gives the most probable values 
of the unknown quantities. For a more detailed accouirt of this method, the 
student may consult Galloway’s ‘‘ Treatise on Probability ” (1839.) We shall 
add only one example by way of exercise. ^ 

Ex. Suppose that by observation the four following equations have been 
formed, viz.: — 

^ + -Xy = — a ".2 (10 

a, _ -93^ = — 12''.0 (20 

Or + -62^ = - 14''.8 (30 

a; _ -85^ = + l5".0 (40 

it is require to find the most probable values of s and y, by the method of 
least squares. Ans. a? = — G".14, and y = - 7".86 


CHAPTER IX, 


TO CHANGE THE INDEPENDENT VARIABLE. 

If we Teduce an equation between x and y to the form 

X is called the independent variable and y the dependent variable^ 

Let it be required to change the differential co-elficients found on the sup- 
position that y = / (a?) into others where xxz (p ; that is, where y is the 
independent variable. 

Let h and k be the contemporaneous increments of x and y. 

mv ... dy d^y d^y 

Then If g, r . . . represent, ^ 


And p\ q', r' 


^ d^x 
dy' dy^^ "3y^* 


We have by Taylor’s theorem 

/(y + ^) — / (iP) or A: = / (:r -f A) — /a: 

r A* . 43 

= pA + g • fTa + TT a T a + 

And similarly A = jo'A + q' . -f r’ -YTWTh 

Substituting the value of k found in (1) in this last equation 

A = y>' (pA + g . + . . .)+ G* + g • 

= P'M + (fTa + • 


And comparing co-efficients on both sides 

* pp'=i .•.v=^- 
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p'q + p‘ q - _ 

1 . a ' 

&c. 


= 

pi pi 


&C. 


& 0 , 


Let us now take a more general Ctise. 

Lot y:=zf(x) n> 

And X — (p{t) (9) 

= (3) 

The form of the function -tp (t) being unknown. 

It is required to change a difFerentiul expression found on thcls supposition 
that y is a function of or, ii»to another in which both x and are considered 
functions of a tliird variable t. 

Let the contemporaneous increments of re, t, be /• k, L 


By (^) h = p , I + g 


1 . 2 


+ r 


P 


•12.3 


(fx 

where p =j^,q = ... 


(3)*=/'' •^ + 9'- A +'•'•17773+ ^ = >9' = -- 

(1) k=f .h+ + ;/ = J, s"= . . 

Substitute for h in this last equation its value from 1st series. 
k = p"(j)i+q. + • • • ) 

+ -n^G’^+wr72 + '‘ ■) 


Compare this with value of k (3) and equating similar powers of L 

<y 

£ 

p __ 

(it 

qY+p"q= q' 




(Aj 


n" = 9' —fq 
r 

•Py 

epy dt '^ dx ' dP 



(ft* 


.(B) 


If 


y = /(*) 

a: = <p (0 

Then hy (A), we have 

dt/ dy dx 

dl Sx dt 


d^y ^ d^y f 
dV ~ rfit* ■ ft? 


% (B) 
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If 

X - (pitj) 


And we wish to change some differential expression, fdund on the supposition 
that y = / (a?), into others where ^ ^ (y), ^ = y in the equations (A) an^(B), 

whence 

^ — JL 

dy dy 
dx 


— dx^ . <Py 

(^x dar* * dy" dyi^ 

dy^ ~ § 

dx 


d"v 

But since y is the independent variable = 0 


dy* 


d*y 


dx^ 



CHAPTER X. 

ON TliE APPLICATION OF THE DIFFERENTIAL CA.; . JLL» TO 
THE THEORY OF CURVES. 


To draw a tangent to an^ curve at a given point. 


Let P P' P" be any curve whose equation 

i»f(x,y) = o 

... P be any point whose co-ordinates are 

x,y, 

... AM = ar, MM' = MM" z= A 
... P T be a tangent at P. 

... P P" T" a secant through P P". 

... F p r p P'. 



Then the angles d, <p are in the order of their magnitude. The form of 
equation to tangent will be 


Y — y = tan. « (X — ar) 


where X and Y are the variable co-ordinates of the straight line, and x and y 
those of the point of contact. 


Now, 


tan. 



/ (a) — f (x — A) 
5 


tan. te = tan. m 


ian. 


P'P _ f ix + fl) — f (J!, 
‘Po ~ "" 



DIFPEKENTIAL CALCULUa 


tan. d = 


^ ^ A 

* dl** * 1 , S 
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( 1 ) 


tan. et = tan. et , 


I*) 


tan.9 = $' + . 

^ lie ^ djr" 1 . 3 r • • 


(3) 


Which three series must be in the order of magnitude, wnatever be the raltM 
of A, their first terms must be in the order of magnitude. 


Hence equation to tangent is 


V 



(X_,) 


Hence it appears 
« 

1®. fcince tan. =: -r 
ax 


cos. et = 


/>+(!)■ 

dx 


2®. The normal PG makes with the axis 
of a;’s, the angle PGT, but 

tan. PGT z= — cot. PTG 

__ 2^ 
dy 

Hence the equation to the normal is 


Y-y = -^(x-^) 

dx 


dy 


^ (Y--y) + X-a; = 0 




T A mo 


3». Making Y = 0 in the equations to the tangent and normal we find the 
values of AT and AM, the abscissas of the points in which the tangent and not- 
mal cut the axis of x\ hence we find 

y 

X — X or subtangent MT z= ^ 
dx 

subnormal MG = y 

dx » 
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Since FMT and PMG are right angles 
Tangent FT = \/PM* + MT^ 


— \/ y' + 

\dx) 

= i ■ 

Sx 

Normal PG = ^/P^* + MG* 

- Jy' + y* 

= y/i + (& 


Ex. 1. To find the suhtanyent in *he parabola. 


I he e<]iiation to the parabola is 
z= Amx 


But 

In this case 


dy 2 m 

dx y 

MT = 

dij 

— -?1 
2m 

= 2x 


X and y are the co-ordinates of ary point in the curve ; if a’ y be the ortli- 
iiates of the point of contact in the present instance ; we have of couree, 

MT = 2x^ a known quantity. 


Ex. 2. To find the svhnormal in the tUipse, 

The equation to the ellipse referred to its centre aa origrin is 

a^if + V = a%^ 

. ^ 4- - n 

• • dx^ = 

Suhstitutingf this value of in the equation 

"® = s'i 

We liave subnormal of ellipse = — ^ x\ x' and y> being the co-ordinates 
fif the point of contact. ^ 
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Ex* 3. 7^0 find the svLtangent in the Cissotd 


The equation to the cissoid, is"* 


the subtangent =: 


2x* (a — x") 
. 3a — 


Ex, 4*. To find the suhtangent in the conchoid. 

liie equation to tlie conchoid, isf 

a:* = (a + a;)* (&* — a;*) 


Hence the subtangent = — 


X (a + x) (b* — .r*) 

a:" 4: Q p 


• To find the equation to ttke Cissoid. 
AQB is a semicircle, C its centre. 

Take any equal parts CM, CN, and draw the ordinates MR, NQ 
Join AQ cutting MR in P. 

The locus of the point P is the curve called the cissoid. 

Let A be the origin to co-ordinates. 

... AB = <t, AM = 4 r, MP = y. 


PM* : AM* : 
y* : s*: 



ON* : AN* . 

AN. NB : AN* / 

NB AN / 

' =<“-'> A 

which is the equation required. 


• To find the Polar equation. 

Let A be the pole j join QB, let AP = r, angle QAB = and AB = 8 a. 
'I'hen AQ 2a cos. • 

AO — — AM _ r COB. < 

nd A ^ 9 gjj, ^ tan. ♦ |in. • tun. » tin. 9 

Equating ( 1 ) and ( 2 ) 

r cos. it . ^ 

j — . = 2a cos. • 

tan. • SID. • 

r = the equation required, 

cos. 9 

f To find the equation to the Conchoid. 

C is a given point, and AY a straight line given in position. g 

Draw CB at right angles to AY, and draw CP, CPi • . • making QP, 

Qi Pi . . • . always equal to AB. 

The locus of the point P Is the curv^called the conchoid. 

Let A be the origin of co-ordinates. A 

. . . CA =: o, AB = ft, AM = jr, MP =y. 

Then CM* : NP* : : PM* 1 NQ* 

(a + a:)* j ar* : : y* : ft* — ar* 

•* J, y* = (rt + jr)* (ft* — a?*) which is the equation required C 
To find the Polar equation, 

C be the pole, CP sc r, angle BCP = • 

AC ss CQ eosL • ^ 

=s (r — ft) cos. « the equation required, 




784 


DlFFERENTIAti CAliCtJLUa 


Ex, 5. T/ie tangent to a cycloid at my point is parallel to the corresponding 
chord of the generating circle. 

The general expression for the normal, is 


The equation to the cycloid referred to its extremity as origin, is* 
X == versin.*“'y — \/^(iy — 


dy _ / ^a — y ^ 

dx V y Vde/ ^ y 



Let P be a point in a cycloid, and CP the position of the generating circle. 
Draw PQ pq parallel to AB, join P, C ; P, D ; /), c ; /), d / 

Then by the property of the circle CPD is a right angle. 




Let AZ be a straight line. 

CVI> a circle. 

If the circle CVD be supposed to 
roll along the straight line AZ, the 
rurve traced out by any fixed point 
P in the circumference of the circle 
is called a cycloid. 

Let ACZ be a cycloid. 

AZ is called the base of the cycloid. 

Let C be the position of the fixed 
point when the circle begins to roll 
along AZ. 

Tlien C is called the vertex of the cycloid, and CD the axis. 

1. Let the origin be at A, the extremity of the curve* 

Iiet QPN be any position of the rolling circle, and P the fixed point. 
... AM=rx, MP = y, QNor CD =r^r, arc NP * B 
Then x = AM 

= AN — NM 

= s — sin. • • 

= versin.— t y — V^ry --~y^ 

f. Let the origin be at the vertex ^ 

CM = JP, MP =:y 
p=MQ + QP 
r= MO + arc QC 
= sin. QC versin. — l MC 

s= versin.— 1 a* -f- V' 2rjr — jrt 
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V QD : PD PO : DU 
PD* = DC . Q13 

= 2fl! . y 

0 .% PD = and is therefore by (1) a normal to the curve at P ; 

and since CPD is a ri^^ht angle, CP is perpendicular to PD, and is a tan- 
gent at P. 

And since the triangles CPQ, cpq, are equal and similar, CP is parallel 
to cp. 

Hence the construction to draw a tangent geometrically is obvious. 

Asymptotes, 

Let the equations to two plane curves which have infinite branches be 
/ (x, y) = 0 (p (rr, y') = 0 

y and y' being the values of y in the two curves corresponding to the same 
values of a:. * The dist*ance between the two curves measured in a direction 
parallel to the axis of y’s is (y — y'). Then, if as x increases without limit 
either positively or negatively, the distance (y — yO diminishes without limit, 
but vanishes only when x becomes infinite, the infinite branch of the one curve 
is said to be an asymptote to the other. 

In order that this may be the case, it is necessary that the quantity (y — y^) 
whan developed, should contain negative powers only of x ; if it contained a 
positive power, then (y — y') would be rendered infinite by x becoming infi- 
nite, and if it contained any term independent of or, it would be finite when x 
was infinite. 

Hence the developeinent of (y — y') must have the form 
y — y’ = aar~* + bxr^ + . . . 

The exponents being supposed to descend. 

It follows, that if the developement of y by descending powers of x con- 
tain any positive powers of x, or a term independent of x, all these terms must 
be common to the developement of y, in order that they may disappear by 
subtraction. Hence, if the developement ofy be 

y =r ax- -f- ftx'’ . . . r + cfar"*' + + . . . 

The developement of t/ must be 

y' = ax“ + bx^ -f- . . . r +• . . . 

The terms which succeed r, or which involve the negative powers of x being 
unrestricted. 

Since the terms of the developement which succeed r are arbitrary, it follows 
that there may be an infinite number of asymptotes to the same curve, and 
that each of these will be asymptotes to each other. The most simple asymp- 
tote of which the curve admits, at least that whose developement is most simple^ 
is the curve represented by the equation 
y' = cx* + bxP + . . . r* 

The curve represented by equation 

y" z= ar» -j- + . . . + r -J- •' 

is also an asymptote, and approaches closer to the curve than the former, alnce 
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by increasing ar it ip manifest that y" approaches nearer to an equality with y 
than y does. In like manner tlie curve represented by 
^ = , . .+r + a'ar'*' -f- 

Jins an asymptotism of a still higher order with the given curve. 

Thus it appears that there are orders of asymptotism in some degree (ftalo, 
goiis to the orders of contact, as explained in the following article. Curves 
which admit of asymptotes are sometimes divided into hyper\>olic and parabolic. 
Hyperbolic are tliose which admit of a rectilinear asymptote. Parabolic those 
which do not . 

All hyperbolic curves . •. must be involved in the class 
= Ax B + aar-* + + . . . 

The equation to the asymptote being 

y' = A® + B 

Whatever has been said with regard to tlie dijfference y — y', is equally ap- 
plicable to the difference (a; — x') for the same ordinate y. 

Examples^ 

I. Ut y = -f j (a*— 

,h ^ba , 

* =± +•• • • 

Hence the curve has two I'ectilinear asymptotes represented by the equa- 
tions 

b 

y=± a * 

a. Let xy = c* 

y = «»*-> 
a; = c* y ~ * 

Hence the asymptotes are the axes of co-ordinates themselves. 

R y*(a:* — a») = A* 

y = + -f. . . . . 

* = + « + A . — I/"’ 

Hence the axis of x is an asymptote, and there are two other asymptotes 
parallel to the axis of y represented by. 

a: = + a 

There are also two hyperbolas, ay = -f- 6* which are asymptotes. 

4. y*x — px' — a* = 0 

y® = yx -|- a® x~ ' 

Hence the asymptote to this curve is the common parabola. 

i 

Tied ilinear Asymptotes 

Besides the general method alieady given for deteriiiininff the asymptotes 
to a curve, there is another method of determining whether the ciir\e admits 
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of a rectiriiieai* asymptote, founded on the consideration that, q tangent to a 
curvCy when the point of contact is removed to an infinite distance, becomes an 

asymptote* 

Let be a tangent to the curve SZ at any point t 

p, ^Aose co-ordinates are (x' y)* 

Let AB the distance of the point B where cuts 
Ay = Y. 

Let AT the distance of the point T where cuts 

^x r= X. 


_ X = AT = MT — AM T AM 




Y = AB = AQ — BQ = AQ 1*Q tan. P TA 




.( 2 ) 


We must obtain the values of X and Y from the equation to the proposed 
curve in terms of x, and wq must suppose x increased without limit, tlien 

1. If the limits of X and Y are finite, they determine a rectilinear asymp- 
tote. 


2. If X have a limit, and Y bo infinite, then thero is an asymptote pnrnllel 
to the axis Ay, at the distance X from origin. 

3. If Y have a limit, and X none, there is an asymptote parallel to the axis 
Ax, at the distance Y from origin. 


4 If both X and Y are infinite, the curve does not admit of a rectilinear 
asymptote, and the same if the values he impossible* 

5. If X = 0, Y = 0, the asyinpt(»te passes through the origin, ajjd its di- 
rection is found by determining the values of ^ when x becomes iiiiinite. 


On the Principles of Contact, 


bet PP', PP", pp/// be three curves related to the 
same axes and passing through the point P whose 
co-ordinates are x\ y, 

bet their equations be generally 

(xO, y^f (^)» y — p {x\. 

Then for the point P, [x’\ — J (x'), == 

Let x' become a/ -f- taking MM' = and 
draw the ordinate M' P' P" F". 



Tljen. M'F =$,(*' + /,) = ^ 


1 + 


dx^ 




MF' zr + h) = fiH) + 
M'JT' = F (y + A) = F(a:') + 


dJiztf) h <mx') A* 

; T + l.*2+ — 

rtyXx') ^ • tPP(x') K‘ 

fir' • 1 + ■1.9+’ 
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Now, if all the teritis in each of these developements are equal to the coi| 
responding terms in the others, then the curves will be identical ; if the first 
terms only be equal, the curves will have but one common point ; if besides the 
. , , d0{3f) df{x') dF{a/) 

first term we have also, Uie curves will approach 
more nearly than before, and the greater numbor of terms which are equal in 
tlie developements, the greater will be tlie intimacy of tlie curves. 

“ dip (x^') 

If, in the above expansions, p {x') = f (x') = F (x') and also — — = 

df (x') 

— j then the two curves, PP' and PP" will have a common rectilineal tan- 

dx ’ 

gent at P, an^ the curve PP'" which does not fulfil this condition, must be 
altogether on the same'^ide of the two curves which have the coinnion tangent, 
and cannot pass between them. In general it may be proved that it’ two (-urves 
have n differential co-efficients equal, no curve w hich has (n — 1) or a smaller 
number of its coefficients equal to those of the other two can pass between the 
proposed curves, but must lie altogether without them. 

Generally when two curves have the tw3 first terms of their developements 
equal, they are said to osculate and to have a contact of the first order, when 
the second differential co-efficients are equal in eacii, they have a contact of 
the second order, and when n dififerential co-efficients are equal in each, they 
are said to have a contact of the 7ith order. 

If it be required t<J find the highest order of contact which any curve 
1 / = p {x) cfin have with any other curve, y '=■ f (ar), we can determine this by 
the number of constants contained in the equation y '=■ p (x), for if there be n 
coiistants in this equation, if both equations be differentiated {n — 1) limes, 
tlie values of the constants ii\ y:=z p (x) will be determined by elimination he- 
, . , di/ dy^ f^y dj^(/ d'^-^y 

t«eeii the equations, ^ ^ ^ anil 

these values substituted in the original equation y’=.p {x) will give the equa- 
tion to the osculating curve required. The n constants satisfy tlieso condi- 
tions, and the contact will be of the in — ly'' order, but it cannot be of a 
higher order, since n constants can fulh] only n equations. 

We may further observe, that if in the figure we take M w =r M M', but 

measured in the opposite direction, and = — /i, and if we develope, p {x* h), 

1 {xf — /i), F — A) as before, and the three curves be supposed to have a 
contact of the first order, then the relative magnitm^c of ?.V P', IM' P', M' P", 

d} f(x') d^F(x') , , 

will depend upon the sign of — — , ^^2 , since h may be as- 

sumed so small that these terms shall be greater than the sum of those which 
follow : now, in this case, in both developements, the signs of these terms are 
^positive, the relative magnitude of M' 1% M' P'', M' P'", are the same for -f /* 
and — 7i. 

But if the curves be supposed to have a contact of the second order, then the 
relative value, of these ordinates will depend upon . . . and since the 

signs of these terms is different in the two developements, the order of -the 
magnitude of M' P', M' P", M' P'" will be inverted, and the curves will 
intersect in and so on for the succeeding orders of contact. 

e 

hVom this it follows that contact of an odd order is contact only, but that 
oouiact of an even order is both contact and intersection. 



DIFFERENTIAL CALCULUS, 7 ^ 

Ui 

y, = ^ {x) 

be the equations of two curves which intersect, then at the point of intersection 
we shall have, the ordinates in each curve equal for the same value of abscissa. 
*Let ift now consider the course of the curves beyond tliis poini^ and for this 
purpose, substitute ar -f- A for ar. 

y, =/ (^O+p^-j + g-i .-3 + r . 172-73 
A A^ 

y, ='P(^) + P-T+Q.,.2 + H.i .3 3. .. 

Let S = distantje between the two curves, then since J" {pc) = (p (x) 

h = (/j ^ ) y "t" (9 — Q) 12 “I" yy 2.3"^* * * 

Now if the value of x which renders yi = y*, render also /> =: P 
A- 

; 3+.. . 

and our two curves approach more closely fo each other than any other curve 
which, passing- through the same point does not fulfil this condition also. For 
let tiie equation to this curve be 

y» =4^ {x) 

Then if A be tlie distance between the points of this curve and of the first, 
whose abscissa is (x + h) 

k A' 

A = (p — ;A) Y+ {q — 9 ’) j ^ 2 + • • • 

Now the values t)f B and A are of the form 

S ~ -f- -f- . • , A ~ gA "y* AA^ -J- . . • 

/. A — 5 = «A + (A — B) +. (c — 0) A3 + . . . 

And, since wc may assume A so small that the sign of the first tenn shall be 

the sign of the whole scries, it follow^ that A 7 


Osculating Circks* 

The general equation to the circle is 

(y — yT + {x^xfxzn^ 

in which a?', y', are the co-ordinates of the centre, and R is the radius* « 

Since the equation contains three arbitrary constants, the circle will have 
a contact of the second order w ith any proposed curve, whose equation is 

f (x,y) = 0 

At the point of cx>ntact the co-ordiiiate^of the circle and the proposed ci^tf 
will be identical, or pi is the same for each. 

Also, since the osculation is of the second order, the first and* second diffe* 
rential co-efficients, obtained by differentiating the equations to Uie curve, and 
^ circle will be identical. 


A A A 2 
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If/, we eliminate a/, y, from the above equation to the curve, we shall ob- 
tain a general value of R, which in that case will be the radius of the osculaU 
iUg circle to the proposed curve at any point (ar, y). 

The radius of the osculating circle at any point of a proposed curve is iSallec 
the ** Radius of Curvature.’* 


To find the radim of curvature in any curve. 


The general equation to a circle is 

R* = (y — y)* + (* — y)* (I) 

dy d^y 

Differentiating' and putting =z q 

0 = p(y_y') + (*-*') (2) 

Again 0 =(y— y)j+p*+l (S) 

1 4- P* 

From (3), y — y = — ^ 

From (2), ar — x' =: — p (y — y) 

_ L±jf 


Sabslituting these values of (x — x') and (y — y) in (1^ we hnw 
R - —^+ ^ 

_(l+p«)( l + p»)« 

~ «* 


B 


0+j 

_ j.(L+?5! 

— 9 


(A) 


We must take the negative sign when the curve is concave towards the avis 
of abscissas, and the positive sign when it is convex. Fur it will be proved that 

the sign of ^ will depend on these circumstaucea. 


To apply this to any curve we have only to find the value of />* and q from 
^ equation to curve, and these when substituted in A will give the value of F 
^required. 


Ejs, 1* Tkf find the value of'R in the ellipse* 
The equation to the ellipse is 

dy h t 

dx a *v^a* — ar* 
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€Py ^ 
Ac* 


ah 

(d* — ar*)* 


K = 
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JSc* a To find the value of R in the Ciseoid* 
Tlie equation to the oissoid is 





dx 

(a — 


3a* 

dj^ ^ 

4ar^ (a — x)^ 

R = 

(4« — 3ar)* 

6 (a —ary 


Ex» a To find the value of R in the Cycloids 


The equation to the cycloid, the extremity of the cum being the oilgin, b 

» = reniii,'^* y + \/%ry-^^ 

. ^ _ /ir^y 

• • dx- V -f- 

5? — r 

^ 

/. R = 2\/§ry 

Now, generally in any curve 

Normal = y 




Normal in cycloid xz y yf 

= \/^ 


Hence It appears, that 

The radius of curvature at any point of the cycloid is equal to twice the 
nonnaL 


Evolutes, 

The evolute of a curve is the locus of the centres of the radii of curvature. 
The general equation to a circle is 

(y««yy + (ar_a:^)2-.R*=r.O •..(!) 

^ which, y, are the co-ordinates of the centre, and R the radius. 
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Now, if a aeries of circles be described osculating' a corre whose equation is 
/(»,y) = 0 in every point, it is manifest that as we pass from one point to 
another, R will continually vary, and (r' y') will be the vtiriable co ordinates 
of any point in the evolute. To obtain the equation to the evolutb of any 
curve, we must eliminate (a:, y) the co-ordinates of any point in the cunii and 
the osculating circle at that point, and in this manner obtain a relation between 
(y, yO alone. 

Now, if we suppose the circle (1) to be an osculating circle to a curve y) = o 

at a point whose co-ordinates are x and y, we shall have for this point ihc 
X, y of the curve and the circle identical, and also the first and second dif- 
ferential co-efticients derived from the equation to curve identical with the same 

dy ePu 

functions derived from the equation to the circle. Substituting y, 
obtained from the equation to curve, for the same quantities ohtaineff from the 


equation to the circle, we shall obtain two equations containing only x, a/, y', 
and eliminating x betw'een these two equations, we shall arrive at a relation 
between af y\ which will be the equation to the evolute of the proposed curve. 

The general equation to the circle is 


(y — 1/? + (X _ o')'— - 0 

0) 

DifTerentiating (y — yO T + (^ — ^ =0 

(2) 

Again, (y _ y*) 9 +1 =0 

(3) 

From (3) y_y':=;_-^ - 


y = y + — ^ - 

(A) 

By (2) X — of = — p fy — y') 


-P-- 9 

1 + P* 

r' — X p , ^ 

' Q 

(B) 


The quantities y, are the variable co-ordinates of any point in the evolute, 
substituting in (A) and (B), the values of y, p, given by equation to curve 
f (Xf y) = 0, the two equations (A) and (B) will involve x, y\ x', alone, and 
eliminating x between these equations, ive arrive at the sought for relation 
between (ar' y'). 


To find the Evolute the common parabola. 


]f y\ bo the co-ordinates to nqy point in evolute we have shown that 


y' = y + 


I+P- 

q — • 

1+P* • 


(A) 

(B) 
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].«t tho eqnntion to the curve be 

= 2mx (1^ 

2^ • ^ = 2/» 

* ^ dx 

# 

m m j 

• P = y ^ VT. '2) 

. . , , w** 2mrc + 7w* 2x + m 

- = 2^ =-2>- P) 

r/jr> r«* 

y^ 

• < • 

, m* mr 

^ (2mx)^ (2x)i 

y = y + 

1 ^x -f- m (2x)i 
(2mx)i — . — — 

^ ^ ^ ^X ffij 

yn i^x ) J — ( 2x)i — m (2.r)'i 

ml 

{2x)\ |/il 

= - .% ^ = + tt fC) 

mi 

A f 1 + P* 

and X =: X — p. — — ^ 

1 9 

— I ^ (%)'T 

(2£C)‘i P25 

« . ^ 

= 3 a; + wi % a; = — ^ — (O') 

Equalirijv the values of x found in (C) and (D), we have 

_^x' — VI 
2 ~ ~ 

, ^ _ 8 {x^ — mf 
^ 27m 

vliic h is the equation to the evolute. 


-4/ the points of greatest and least curvature the contact of the circle of cur^ ‘ 
nature is of the third order. 

The points of greatest and least curvature will manifestly be the points at 
which the radius of curvature is a minimum and a maximum^ and to find these 
points we must differentiate the radius of curvature, and put the result — 0. 
Now 

(I +pT m 

— (1 + ;»’) r = 0 
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ror^--^^ 


(A) 


Now take the equation to the circle and difierentiate three times 

(y — V’f + (.x — — R’ = 0 

(y — y')P + i^ — a:*) =0 

(y— y')9 +f'+i =o.-.y— i^'= 

(y —y')r + Spq = 0 

^y ^PQ 


— ^ pg 

“i±p! 

9 

_ _5P9* 

~ 1 +"? “ 


1 + P* 


..... (B) 


('ompariiifif (A) and (B) ilicy will be found identical, i, e. the third differeiv 
tial co-efficient derived from curve, is, at the points of greatest and least curva- 
ture, identical with the third dittereniial co-efficient derived from equation to 
circle, lienee at these points the circle has a contact of the third older. 


A Curve is convex or conceive tou'ftvds the axis of the abscissas^ according (u 
d^y 

^ %s posWvc or n< gutivc. 




If BZ be any plane curve, it is manifest that if a tangent be drawn at any 
point 1’, and if two points P', P", be taken very near to P on opposite sides ot 
it, then if the curve be convex both the ordinates M'P', M"P'' to the curve, w ill 
be greater than the corresponding ordinates to the tangent M'Q', M"Q'', and i* 
the curve be concave they will both be less than these. 


AM =: X, MM' = MM" = 7i, MP =/(a:), M'F = / (ar + A), M"F' =/fa:— A) 
dy A ^ . <Py 


=: y + 
M"P" = y 


4- ^ 

dx' 1 ^ ■ 1 . 2 


+ ^ 

^ cTr® • 1 . 2 . 3 


dy^ dy dy A« 

dx* I cfer» * 1 . 2 " 5? ‘1.2.3'^ 
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/ / dy h'\ 

^ ^ hx if *.• the tangent has an osculation of 


* 1SV2' — M'Q[ = ^. 


+ 

1.3^ 


M"P" — 31" Q" 


M . 3 


Now, these quantities will be positive or negative according as tlie curve is 
convex or concave towards the axis of abscissas. 

The curves will be convex or concave to the axes, according as ^ is 
positive or negative, since by assuming^ sufficiently small the sign of the whole 
series may be made to depend on the signs of these terms. 


At a point of contrary flextaref 


dit^ 


0 or = 


a 


Or generally, there cannot be a point of contrary flexure unless the first 
differential, which does not tnnish for a particular value of the abscissa be oi 
an odd order. 


At a point of contrary flexure a curve firom being convex to the axis of 
abscissas, becomes concave, or vice versa. 


The contiguous ordinates oi a convex ‘Curve 
are both greater, and of a concave curve both 
less than the corresponding ordinates to the 
tangent, but at a point of contrary flexure the 
ordinates to two points in the curve being near 
the point of inflexion on each side of it, must 
lie one gr eater and the other less than the cor- 
responding ordinates to the tangent. 


7 


\ 

P' 

P C 


Q 


1 






~ A 


M' M 


Let RZ be a plane cune, P a point of inflexion, Tf a tangent at P 
Ay[ = x, MM' = MM' = A, MP = /(a-), M' F=/(ar + h), M'' P'' =if(x^h) 


^ ^ - y+ dx' 1 + • 172 + 17273 + 


M" P" = ^ — 


dij h d*y 


A» 




dx 1 ^ da;* *1.2 " 1 , 2 . 3 


+ • • 


m'Q- = »+2 

M- »• = ,_£ 


W P" _ M" 0" = ^ 


Id (Py hi 

1.2 ’dir* * 1 . 2 . 3 + 



DIFFERENTIAL CALCULU& 


m 

Bnl at a point of contrary flexure these diflTerences must have a contrary 
which cannot be unless ^ =: 0 or x, and if the same value of x which makes 

vanish, makes ^ vanish also, then in order that there may be a point of 
inflexion, ^ must vanish also, and so on. 


At a multiple p(Mt in a curve 


_ 0 

dx 0 


A multiplejioint is a point in which two or more branches of the curve inter- 
sect or touch each other, and is called a double, a triple, &c. point, according 
to the number of these branches. 

Let (A) / (ar, y) = 0, be the equation to curve divested of radicals 
liCt (B) M.p N = 0, the first derived equation, then 

(1). If the branches of the curve cut one another at the point, there will be 
several tangents at that point ; and for the value of x and y which belongs t(i 

this point, will have as many values .*is there are branches. Suppose thnfc 
there are only two branches, and let the two values of p corres^mnding to these 
be a, A Then by equation (B), we must have * 

Mw + N = 0 
M/3 + N = 0 
and M (« — A) = ^ 

•*. Since « and /3 are supposed to be unequal, we mnst have M = 0, and 
,% N = 0, hence by equation (B) 

- N 

^ M 

0 

= -Tr 


(2). If the branches of' the curve touch with a contact of the first order, 
there will be only one value of but there will be several of q or and in 

general if the contact he of the n*^ order, the first n difierential co-efficients 
will have but one value, hut the (n + will have several, we shall in that 
case have 


M 


dx* 


+ L = 


0 


where M is the same as in equation (B), and L is a rational function of x, y> 
and the first n diflerential co-efficients. Hence it may be shown as before, 
that M = 0, N = 0, and .% 


+ ’y 0 

cto* ■“ 0 


The converse, however, does not hhld, for it does not follow lhat these values 
d.y 0 

of X which render ^ ~ necessarily belong to a multiple point. 

Points of tiio second species where branches of the curve trncli are some- 
times by way of distinction called osculating points. 
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^0 find the first differential co-efficient of the Arc of a Curve considered as a 
function of the abscissa, 

Lei equation to curve AZ bo R 

Let ai'C AP = .V = (p (jr) p 

am = ar MP = y, = A. N 

Then it is manifest that the increment PQ of the arc / 
must always be “7^ chord PQ and (PR + RQ), what- f 
ever be the values of A. AM M 

Now chord PQ = \/ + \t + h) — f x)\* 

= A v/r + y + QA + 0) 

Arc PQ =: (ar + A) — <P (x) 

• ds cPs A* 

= dJ • * + ^ • ITa + 

PR + RQ = A+ {p-t + 9 t^+----F 

= h s/T+Yirwr+ (3) 

Now, series (1), (2), (3) are in the order of their magnitude, whatever be tli§ 
rallies of A; their first terms are in the order of magnitude, and these are 

A i/r+is 

_ ds 

h v/r+"F 

^ = \/ 1 + p’ 


To find the first differential co-efficient of the Area of a Curve considered as a 
Junction of the abscissa. 

Equation to curve I B I 

Area APM = A = (?) (ar) N 

AM = ar, MP z= y, MM' = A yf 

Now, it is manifest that MPQ the increment of / 
the area is always "7^ parallelogram MPNM' and f 

^ parallelogram MRQM' whatever be the value . , 

of A A M M 

Now, parallelogram PM' = y , h, ! (1) 

AreaMPQM'=^4 •f + ^ ’ lT7+ 

Parallelogram KM' =:A(V+PT*i“9' •.TTa * ’ *) 
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And series (1), (2), (3), are In the order of their magnitude^ whatever be the 
value of 4, and their first terms are So ; hence 

dx ^ 


To find the first differential co-efficient of the surface of a solid of Revolution^ 
considered as a function of the abscissa of the generating curve. 


Let the surface be generated by the revolution of 
curve AZ whoso equation, is 

y = / (x) 

round AX as an axis. 

Let surface generated by arc AP (= s) bo S, and 
let PQ the increment of arc s be A, S = ^ (x) 

AM zz a:, MP z= y, MM' = A 
Tlien it is manifest that the increment of the sur- 
face generated by PQ, is always less than the surface generated by PQ stretched 
out perpendicular to M'Q from Q, and always greater than the surface gene- 
rated by PQ stretched out perpendicular to MP from P. 

f. c. The surface generated by PQ surface of cylinder rad. = MP, height = k 
rad. = M^Q, heiglit k 



Now, surface of 1st cylinder =; Qvy . h 



( 1 ) 


o X dS ^ , d»S 

Surface generated by PQ = ^ . 


1 . 2 ^ 


( 2 ) 


Surface of 2nd cylinder =: 25r (y+jt?. ^+q. • •) • J +• 


^ ds h 


And series (1), (2), (3), are in the order of magnitude, whatever be the value 
of 4, and their first terms are in order of magnitude; hence 
dS ds 

= 2?iy /! + y* 


To find the first differential co-efficient of the volume of a solid of Revolution ^ 
considered as a function of the abscissa of the generating curve. 

Let the solid be generated by the revolution of a curve whoso equation 
is y = /W round the axis of x, and its volume = V =r ^ (x). 

Then every section of the solid made by a plane perpendicular to the axis of 
a^.wiJl be a circle. 

Let the area of circular plane whose abscissas Is a; = A* 

« + A = A'. 

Then the increment of solid is manifestly always than solid generated 
by plane A moving parallel to itself through A, and zl than the solid generated 
by A' moving*parallel to itself tlyrough h, 

(1). Now, h'rst solid or AA =: -sry® A 
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, , ifV ^ , cTV A* 

(«), Increment of volume = • T + ’ HI “1 

(3). Second solid or A7i + p . y + gf . ^ 

Ami these three series are in the order of their magnitude, whatever be the 
value of A, and their first terms are so ; hence we have 



METHOD OF LIMITS. 

Proposition. — If there be an equation of the form 
A + a: =: B -f- y 

where A and B are constant quantities^ and x and y are susceptible of all 
grees of magnitude^ then A = B, and x =z y. 

For if A he not equal to B, let their difference be represented by P 
A — B = + P 
w hence y — a: ~ P 

that is, the variables y and x have a coiistant difference P, and therefore cannot 
be made less than P, wliich is contrary to tlie hypothesis. 

This principle is the foundation of the methdd of limitSj which is used ex- 
tensively in the investigations of the higher geometry, and has been employed 
by many writers to establish the doctrines of llie diflcreutial calculus. 

Definition. — When a variable quantity by being continually increased or 
Continually diminishedy approaches towards a certain fixed quantity y and ap^ 
proaches nearer to this quantity than any assignable differenccy but never actu- 
ally reaches or becomes equal to it, then that fixed quaniily is called the Limit 
of the variable quantity. 

Thus a circle is the limit of the area of the inscribed and circumscribed 
polygons. For by continually increasing the number of sides in the polygon, 
its area will approach nearer to the area of the circle than by any assignable 
difference, but the sides of the polygon being straight lines, can never actually 
coincide with the curved perimeter of the polygon, so that the figures should 

equal, and, therefore, by the above definition, the circle is the limit of the 
inscribed and circumscribed polygons. 

In like manner if w'e can make a variable magnitude A — » approach 
another magnitude A which is fixed, so as to render their difference » less 
than any assignable magnitude, but without their ever becoming actually 
equal, then the fixed magnitude A is the limit of the variable magnitude A — io^ 

Let us now consider the differential calculus with reference to these princi 
pies. Let y be a function of x, such that • 


y = a" 


( 1 ) 



750 PIFFERENTIAL CALCULUS. 

Let X become a? + A, aad let the corresponding change in tlie value of y b« 
denoted by y' 

y=(x + Ar 

= + 3x/i^ -}- A® 

Subtract from this equation (1), then 

y' — y =z 3x^/t + 3xh^ + A’ 

Divide both sides of the equation by A 

= 3a* +3xi + A^ ( 2 ) 

Here y' — y represents the increment which y receives when .r becomes 
a: -J- A, and A is the increment of X. 

Hence the expression ^ is the ratio of the contemporaneous increments 

of y and x : it is manifest from considering the second member of equation (2) 
that this ratio will diminish os A diminishes, and when A becomes = 0 the ratio 
becomes = 3x*. , 

y' y 

This term 3x^ is therefore the limit to which the ratio ^ — tends, as we 

iliminish A, and the quantity to which it becomes equal when A = 0. 

But Sx® is the first ditierential co-efficient of or y, heiuie we perceive that 
in this case the iii’st differential co-efficient of y may be considered as t/ie 
limit of the ratio of the increment of the fumtivn to the increment of the 
variable. 

It mast be remarked, that upon the supposition h = 0, Uie increment of y 
becomes also nothing, and consequently Ute expression ^ reduced to 

0 • 

the form ^ and equation (2) assumes the form 



This equation involves no absurdity, because Algebra teaches us that 'g may 
represent every description of quantity. 

Generally, let 

y =/(^) U) 

Let X become ar + A and y be<3oiue f 

Let (a? + A) be developed in a series iu>ct*iidlng regularly by powei^ of A, 
•o that 

y' = / (a; + A) 

= / (a:) + AA + BA® + W + ( 2) 

Subtracting (1) from (2) 

y — y .-= AA -f BA® + CA® + , . . 

Divide both sides of the equation ky A 

= A+Bh + Ch*+... 

which represents the ratio of tho^iiici’ement of the function to the increment o/ 
the variable ; it is manifest that this ikiUo w ill diminish as A diniinishes. 
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To find the limit of this ratio make k 


h~ 


A, or ^ = A 


= 0 


but according to the principles which we have already explained at the com- 
luencement of the treatise, A is the first differential co-efficient of y or / (a;), 
hence it appears that 


Jf y be a function of the first differential co-efficient of y may be considered 
as the limit of the ratio of the increrneni of the function to the increment oj 
the variable. 

In all extensive treatises upon the difterential olculus, the niai\per in which 
the differential co-efiicients of all algebraic, transcendental, and circular func- 
tions may be obtained by the doctrine of limits, and the different rules established, 
^vill be I'ouiul fully detailed. What has been s/iid above will suffice to give thu 
student a general idea of the nature of this method. 


The infinitesimal method. 

The ideas which we onteriain with regard to an infinite magnitude may be 
rinliicod to the following proposition ; A qmintity is not infinite when it is 
susceptible of increase, conse^j Jy, if we have a quantity x -f- a, and if we 
sii|)pnse X to become infinite, we must supprctss a, otherwise we should suppose 
that X was increased by which is contrary to our definition. 

Tliis may perhaps be made more evident in the following manner. Let 

+ (') 

deducing x a z=. (2) 

Now, if we suppose that x becoiheo infinite, the term in equation (I) must 
disappear or be = 0, hence the equation assumes the form 

IM z= - 

a 

yubstituting this value in (2) 

X + a z= X 

which shows that when x is infinite a; -f- a is equivalent to x. 

The ((uantity a, in comparison with whirh x is infinite is calied an infiuiU^i^ 
niul^ or infinitely small quantity, in reference to x. 

‘'im;e we are now considering the relative values only of quantities, the 
preceding demonstration will hold good even when x has a finite vaUie, pro- 
'^ided only that a be infinitely small in comparison with x. TJie theory of 
fractions will enable us to make ihis truth mure manifest For if we compare 

^ * 
the finite quantity h with the fraction - ,’it is clear that in proportion as the 

denominator % becomes greater the fra<i.ion itself will become less, scr that 
when % becomes infinite the fraction will become 0, and as such,^ must be su[>- 

uressed with reference to 5, and tbas b will be infinite relatively to 
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' Although two quantities be infinitely, small, it does not follow that tlieir ratio 
will be nothing, for 



Hence if we represent two infinitely small quantities by dy and drf their 
dy 

ratio ^ may represent any quantity whatever, a result the same as that which 
we obtained by the consideration of limits. 

When a quantity ae is infinitely small relatively to a finite magnitude a, the 
square of x or a:* is infinitely small relatively to x» For the proportion 
• 1 : X ; : ar : a;® 

shows that is involved in x as often as x is involved in unity, that is to say, 
an infinite number of times. We may demonstrate in the same manner by tlie 
proportion 

X : a? :: X® : X® 

that if X* is infinitely small relatively to x, the term x® must be infinitely small 
relatively to x®. According to this view, infinitesimals are divided into diffe- 
rent orders, thus, in the preceding examples, x is an infinitesimal of the first 
order, is an infinitesimal of the second order, x^ is an infinitesimal of tlie 
third order, and so on. 

We may remark, that if x is infinitely small relatively to c, it will like\>iso 
be infinitely small when multiplied by a finite quantity h. In fact, since x 
may be considered as a fraction whose denominator is infinity, we may repre- 
sent X by hut whether we have ^ or these quantities will equally be 
nothing relatively to a. 

Since an infinitesimal of the first order must be disregarded when connected 
with a finite quantity, which it cannot incre.ase, so, in like manner, an infinite- 
timal of the second order must be disregarded when connected with an infinite- 
simal of the first order, and so on. 

The product of two infinitesimals x and p, of the first order, is an infinite- 
simal of the second order ; for from the product ocy we derive the proportion 

\ \ y IX X \ xy 

which shows, that since y is infinitely small relatively to unity, acy will be infi- 
nitely small relatively to x ; that is to say, xy will be an infinitesimal of tbe 
second order. 

In like manner, we might prove that the product of three infinitesimals of 
the first order, is an infinitesimal of the third order. 

The differential calculus may be deduced from the iheoi’y of infinitesimals. 
This method of considering the subject is less philosophical than either of the 
preceding but the results are precisely the same, and as the principles employed 
wifi greatly abbreviate many of the processes of the integral calculus, we shall 
briefly explain their application. « 

Let ^ be a function of x, such that 

^ y ^ ax (1) 

Let X be increased by an infinitely sina\} quantity which we shall represent 
by dx, and let the corresponding infinitely small increment of y be represented 
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by dy* Hence when x becomes x + dx, y will become y + dy^ and we shall 
have from the above equation 

y dy zz a C® + dx) 
rz: aa? + adx 

... fiy^l) dif = adx (2) 

The quantity dy is called the differentiai of y^ and the quantity dx is called 
the differential of r. 

If we divide both sides of equation (2) by dx^ we shall have 



But we know that a is the differential co-efficient of ax ; hence it appears, in 
the present case, that the first differential co-efficient is the same thing as the 
ratio of the infinitely small increment of y to the infinitely small increment of 
X, and that the differential of^ is equal to its first differential co-efficient mul- 
tiplied by the differential of x» 

• 

Again, let it be required to find the differential of a function of such 
as ax^. 

Let y = (1) 

Let X become x +, dx^ and let the corresponding change in y be represented 
by y + dy. 

y + dy = a (x + dx)* 

:= car® + Sax* dx + Sax (dx)* + (dx)* 
dy = Saar* dx + Saar (dx)* + a (dx)* (2) 


But a (dx)* being an infinitesimal of the third order, winnot augment 
3fl (da*)®, and may therefore he rejected, and in like manner Sa (dx)* being an 
infinitesimal of the second order, cannot augment Saar* dx, and may therefore 
he rejected, so that equation (2) is reduced to 
dy = Sax'^ dx 

dividing both sides of the equation by dx we have 


dy 

dx 


= Scar* 


hut 3aar* is the differential co-efficient of aar*, so that in this case also the dif- 
ferential co-efficient is the same as the ratio of the infinitely small increments 
.V and ar, and the differential of y is equal to its first differential co-efiicicnt 
*niilti plied by the differential of ar. 


Generally, let 

y = / (i ) 

X become a: + dar and y become y dy 
y + dy = / (x + dx) 


= / (^) + + G (dx)* -f . . . 


dy z=: Adx + B (dxf -f-fC (dx)* + . . . 


But (dx)\ (dxf, . , , being infinitesimals of the second, third, . , . orders, .* 
<''3«inot augment Adx, and may therefore he rejected, hence the above equation 
hecorries 


dy = Adx 
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Whence = A 

dx 

but accordinf^ to the principles which we have already explained, A is the first 
differential co-efficient of y or / (^), hence it appears that 

€ 

If y he a function of ar, the first differential co-efficieiU of y may he con^ 
sidered as the ratio of the differentials^ or infinitely small incremetUs of y and 
X ; and the differential of y is always equal to the first differential coefficient 
of y, multiplied by the differential of x. 


In order to find the differential of the produc.t of two variables u and z, each 
of which i#a function of x, we shall suppose that when x becomes x -j- dx,u 
hecomes u du, and z becomes z + dz. 

Let y = / (x) 

=r uz 

y -f dy = (m -f du) {z + dz) 

== uz -j- udz + zdu + du * dz 
. ♦ dy zr udz -f- zdu -j- du , dz 

Rut du dz being an infinitesimal of the second order, may be neglected, 
dy = udz + zdu 

which agrees with the result already found by a different process. 

, To find the differential of sin. x according to this method, 
y = sin. X 

y + dy zz sin. {x + dx) 

= sin. X coi. dx + sin. dx cos. x 

but (he arc dx being infinitely small 

sin. da: = dx, cos. dx zz \ 
y -f- dy zr sin. x + cos. xdx 
dy zr cos. xdx 

dy ' 

or dj ~ before. 

Let us now show how we may resolve tlie problem of tangents by llie method 
of infinitesimals. 


Let Zz be a curve, PM, P'M' two ordi- 
nates infinitely near to each other. 

Let PQ be drawn parallel to AX, and let 
PT be a tangent to the curve at P. 

The tangent PT may be considered as a 
production of P'P the element of tlie curve 
Zz, because this element or infinitely small 
portion of the curve may be considered as a 
straight line. 

Let AM z= x^ PM zz y 



P'Q \^ich is the infinitely small increment of y will be represented 6y dy 
P<i = MM' . . . . . X . . . . dx 


X 
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The infinitely small triangle P' Q P being similar to tb^ triangle P M T, 
we have, 

FQ : PQ : : PM : MT 
or, dy i dz II y i MT 

• ••• MT = ir| 

The subtangent MT being thus known, we can immediately determine the 
normal and tangent, and the equation to these lines. 

To differential of an arc of a curve, we may consider the infinitely 

small included between the ordinates 

PM, PW, as a straight line, and calling the 
whole aroof the curve s, the infinitely small 
portion PP' will be represented by ds. 

The right-angled triangle PP'Q gives 
PP'2 = PQ2 + F Q2 

or ds® =r dx^ -f- dy^ 



. .% • ds = \/ dx^ -J- dy® 

ds __ r dy® 

S ~ V i “S before. 

To find the differential of the area comprised between two ordinates PM, 
P' M' of a curve which are infinitely near ^3 each other, neglecting the urea 
PP'Q, if we call the whole area A, the area of the rectangle PM' may be taken 
for dA 

dA zz PM X PQ 

=r ydx 


Polar Curve9, 

In applying the differential calculus to the theoiy of curves, we have hitherto 
i'onsidered only such as are referred to rectangular co-ordinates. The various 
propositions which we have demonstrated may, however, be applied to polar 
curves also, either directly by Taylors theorem, or, by adapting the expressions 
already deduced, by aid of the chapters on the transformation of co-ordinates 
and the change of the independent variable. 

The principles of the infinitesimal calculus may also be employed with much 
elegance in these investigations. Thus, for example. 

To find the angle under the radius vector and a tangent at any point of a 
polar curve. 

Let LZ be a curve referred to Polar Co-ordi- 
nates. 

Let S be the pole and SZ the straight line 
from which the angles are measured. 

Take any point P, and draw a tangent PT. 

Let SP = r, angle ZSP z: 6, 

Take a point Q infinitely near to P, then the 
arc PQ may be considered ultimately as coin- 
ciding with tangent and angle PSQ = d§, 
draw QR perpendicular to SP, anc^^SY perpen- 
dicular on tangent, 

^ - R B B 2 
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tangient SPY = jpg. 

= by similar triangles* 
— 

““ dr 


(fl 


Through 8 draw TSG perpendicular to 
SP, meeting tibe tangent at P in T, and the 
normal at F in G. 


Then ST is the Polar Subtangent 

SG y Subnormal 

ST = SP tan. SPY. 
— 

dr 

SG ! SP :: PY : SY 
PY 

SG = gY . SP 


( 2 ) 


= cotan. SPY . SP 

— 1 

~ ^ 

uV 



( 3 ) 


The following expressions are much employed in the InTestlgations of physi* 
cal astronomy. 


1. Let ds = aW! PQ 

PQ* = QR* + PR* 
or ds^ =r + dr* 

• • de - isw 

2. PR ; QR : : PY : SY 

or dr : rdd : : .j/r* — p* s p 
dr r \/ r* — 

di - J 

.3. Let area of sector 

PSQ = dA 
dA = 4 SP.QR 
= ir«d^ 
dA r® 

'W' = T 
SY : SP QR ; PQ 
pi T XI rdd t \/dt^ + 

PQ : PR : ; SP : PY 
di • dr :: r ; \/r» - 

\ a 

" dr 




DIFFERENTIAL CALCULUS, 


757 


To find the radius and chord of curvature in polar curves* 


Let ZR be a polar curve, S the pole, P any 
poin^ Q a point inlinitely near to P. 

Draw normal# at P and Q intersecting in O, 
O is the centre of curvature. 

Produce PO and draw SN perpendicular on 
it. 

SY=/?, SP=:r, OP = g- 

Now while the arc of curve receives the in- 
crement PO, and SP varies from. SP to SQ; 
the point O remains fixed, and OP and SO 
remain constant. But 



SO® =: SP® -p PO® — 2PO . PN 

= + e® — 

diderentiatlng o = rdr — dp ^ ^ 
dr 

e= ; (0 

To find the chord of curvature through S, produce PS and PO to meet the 
circle of curvature in V and L, 

Then since the angle at V is a right angle being in a semicircle, the triangles 
PVL, PSN are similar, 

PV : PL PN i PS 


PV 


P 


rdr 

dp 


= ^ •;■■■•<'> 

We shall conclude by showing how the first of the above propositions may be 

established by the transformation of co-ordinates. 


To find the angle under the radius vector and tangent, in a spiral curve* 


Let RZ be a spiral curve whose pole is 
S and equation 

r = / M 

PT is a tangent at point P. Z 

r and & are polar co ordinates of the pomt 

P. 

X and^ ... rectangular 

SM z= X, MP =r y, 
tan. <p ~ tan. — 6) 

tan. dy — tan. 0 

1 -p tan. & tan d/ 



X 
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dx 


X 


X dx 


If we wish to transform this expression into anotlier in which r is the^indc- 
pendent variable, we shall ha\e 

dr y 

dx X 

dr ... 

^tan.<p = lO 

1 + -?- — 

X dx 


Now 


dr 

y zn r sin. d, x = r cos. A 
dy ... dd dx , fU 

Tr = ^ ^ • dr' dT= ^ - ’■ ^ ■ dr 


SuhsllUi liner UK'se values in (1), we have 

. , ^ d^ 

3UU ^ -)•- r o^s. i 

I'd 


COS. ^ — r sin. 6 


sin. 0 

C<)S. & 


tar. J = 


dr 


3J 

. s;n, ^ -4- r cos. 6 -r- 
sin. 0 ^ dr 

^ CO.S. ? 


rov. 4 


— :~7??r 

r fit., i -;■ 


at 


d4 

3r 

■• 4 “ 
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CHAPTER I. 

The object of the Integral Calculus is to discover the primitive function from 
which a given ditferential co-efllcient has been derived. 

« 

This primitive function is called the integral of the proposed differential co- 
efficient, and is obtained by the application of the different prin(;iples established 
in finding differential co-eflicients and by various transfornmlions. In order 
to avoid the embarrassment which would arise from the perpetual changes of 
the independent variable, which it would be necessary to effect if we restricted 
ourselves to the use of differential co-efficienU alone, we shall generally employ 
differentials according to the infinitesimal method explained in the preceding 
(chapter. 

When we wish to indicate that we are to take the integral of a function we 
prefix the symbol yT Thus, if 
tj = ax* 

We know that dg =: dx 

If then, the quantity dx he given in the course of any calculation, and 
w'e are desirous to indicate that the primitive function from ^\hich it has been 
derived is we express this by writing 

dx = ax^ 

When constant quantities are combined with variable quantities by the signs 
-j- or — we know that they disappear in taking the differential co-efficients, 
and therefore they must be restored in taking the integral. 

Thus, if g =: + b 

or, g 

or, g zz aa^ 

In each of the three cases equally 
dy = dx 

Hence in taking the integral of any function it is proper always jib add'f 
constant quantity, which is usually represented by the symbol •€. Thus, if : 
be required to find the integral ofiia quantity such ns 
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dy = 3a®* dx 
y = J* dx 

= aot^ + 0 

where C may be either positive, nej^ative, or 0. We cannot delerrukiP the 
value of C in an abstract example, but when particular preblems are submitted 
to our investigation, they usually contain conditions by whllsli the value of 0 
can be ascertained. This wdll be clearly seen when we treat of the applications 
of the integral calculus. 

By reversing the principal rules established for finding the differential co- 
efficients, or ^fterentials of functions, w-e shall obtain an equal number of 
rules for ascending to the integrals from the derived functions. Bccuning 
therefore to these we shall perceive that 

I. 7V(e integral of the sum of any number of functions is equal to the sum of 

the integrals of the individual terms^ each term retaining the sign of its co-tffi^ 
dent Thus, if « 

dy = 4ax^ dx -f- dx — 2hx dx + dx 
a = 'he fh Jx 2 dx -f- J* dx + 0 

II. Since, if 

y aiT 

dy ^ maz'** - ^ dBi 

it is manifest that 

The integral of a function raised to any power is o \tained by adding unity 
to the exponent of the function, and dividing the function by the exponent so 
increased, and by the differential of tfie function.. 


Ex, 1. 


dy = a®" dx 


y = 


n + I 


+ 0 


Ex, 2. 


Ex. 3. 


(If/ = — dx 
a;'‘ 

ax~ " dx 


axr 


in — 1) 


- (n - 1) 

a 


dy = (a ^ a:)" dx 
{a + * 


y = 


n + I 
1 


it 0 


dx. 


(a -f- 

c 

~ (a -f- 
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^ ~ (n — 1) (a + 

This rule applies to all functions of the form 
^ n (fl -f- dx 

for these can all he reduced to the form az”* dz. Thus, 
Let a + iic” = ar 
, . nbaf^ ~ * dx zr, dz 


cx^ ~ * C&; : 


••• y =/(« + ^ = y*^ 


- ni • m + 1 

+ ^ 

n,b * «i -f I ^ 

Tins formula is very extensive in its application, since >vc have all integrals 
of tlie form (<p(ir))” c?.<p(a‘) amiposed of two factors, where the one is the dide- 
rential of the other which is within the bracket. 


a = a®, = 1, w = 2, m == — c i= 1 

y = s/cT-fW -f G 

xdx 

y=: — \/a' — 


(a' + xY 

!/ = -(a‘ + x*)-Uc 

, 3'dx 

dy = 7 

(a* - /)• 

y ^ C 

A 

dy zz (adx — xdx) {2<ac — 

2ax ^x* zz % ,% adx — xdx ^ dz 

I 

{<wir — xdxy{2ax — x^) = — ^ 5 — 
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y = ^%^ = ' g-^- + C 

10. rfy=4'^±iff. 

\/2ax + X* 

Let ^ax + a:* =r « adx + ar/Z-r zz ^ dz 

* ® ~ ^ ^ d% 

(adx + a^cfx) (2flar + ^ = — c~ 

y=z^=z (2ax + x'^f + C 

#• 

_ - , . \/ 2aar — a.-* . dx 

Ex, 11. dy zz 7 

X.2 

zz sj^a — . dx 

y = — I (2« — a-)’ + C 

Ex, 12. oTj/ z= (r’ + (Gar* (far + dy -'j/' 

Let :c^ + y* = * .*. Sx’ dx + ^y dy ^/ 2 r .*. Gx' dx + 4y rfy zr 2d% 

+ 4y ^y) — 

i' = -J = jC»* + y‘/*+ C 


III. The above rule fails when « =: — 1, since in thi,t case we should Gnd 
A’ dz = a , but this arises from the drcumstanee that the integral Iieloiigs 
to another Icind of function. 

We know that J * ~ zz log'. « + c ; and, in iike innnner ^ -rr 

log. (a + 55) + c, hence, 

integral of every fraction whose numerator is the differential of iis deno-^ 
minator^ is the logarithm of the denomirmtin^ 

IV. The integral of every fraction whose denominator is a radical of the 
second degree, and whose numerator is the differential of the qtiantity under the 
radical sign, is equal to twice that radical. Thus, 

dx 

dy = .*. y zz 2 Y/ar + C 

V. A most important process is that which is (railed Integration by parts ; it 
depends on the following consideration, if y be a function of x 

d (ry) zz xdy + ydx 
.% ary zz JT xdy + jf ydx 
J' xdy zz xy^J'ydx 

hence it appefflrs, that ^ 

K, 

Having resolved a differential into two factors, one of which can be imme* 
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iliately integrated^ toe may take this integral regarding the other factor as 
constant; we must then differentiate the result thus obtained^ upon the suppo- 
sition that the factor which we considered constant is the only variable^ and 
then subtract the integral of this differential from the first result 

Tifiis, in order to obtain the integral of log. x dx, let us consider this diffe- 
rential as competed of two factors, log. x and dx. The integral of dx is x\ 
and therefore, considering log. a: as constant, the integral of log. x dx will be x 
log. a?; now differentiate this result upon the supposition that log. x alone is 

variable, and we have a? . subtract the integral of this differential from the 

X 

integral first obtained, and we shall have the whole integral required. 


log. X dx ^ X log. X ^ 
= X log. X — y* : 


dx 

X 


dx 

= X log. X — a? + C 
Numerous examples of the application of this principle will occur in what 
follows. • 


VI. From the operations performed in the differential calculus, W'C know' by 


reverting the fundamental processes, that since 


dx^ 

= mx^'^dx 

, J* x'^^dx 

= i- . x” -f. c 

m 

d a* 

=: log. a.d^dx 

0* dx 

= J_ . + c 

lug. a 

de^ 

= e^dx 

J* dx 

= €* + C 

d]og. X 

1 dx 

log. a ’ X 

J X 

= log. a log. a’ + C 

d log. , X 

dx 

X 

f% 

= log., r + C 

d sin. X 

= cos. xdx 

J* cos. xdx 

= sin. a -j- C 

d cos. X 

= — sin. xdx 

J' sin. xdx 

= — cos. a -f C 

d tan. X 

= sec.® xdx 

J* sec.® xdx 

= tan. a -j-C 

d cot. X 

= — cosec*® xdx 

J* oosec.® xdx 

= — cot. a -f C 

d sec. X 

= tan. X sec. xdx 

J tan. X sec. xdx 

= sec. a C 

d cosec. X 

= — cot. X cosec. xdat 

’ J* cot. X coscc. X dx 

= — cosec. a + C 

d vers. X 

= sin. xdx 

J* sin. xdx 

= vers, a -}- C . 

d sin mx 

= m cos, mxdx 

cos. mxdx 

sin. mx ^ ^ 

m 

d cos. mx 

= — m sin. mxdx 

J* rin. mxdx 

cos. mx 1 p 

m 

d sin." x 

= n 9in.®~* X cos, xdx 

J* X cos. xdx 

— -f. c 

» 
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And in a similar manner, from the chapter on Inverse Functions, we have 



ar + C 


= vers, + C 


y * — dx 

/i/2x — 


^2x 


= covers, ^^x + C 


/ dx 


>v/a2-6V 

y » — 

y * dx 


sin. 


a 

a 


► — dx 


J*a^-{-bV 

dx 

x^h'-x^—c^ 


/. 

f: 


-dx 


x\/b-x - — 
dx 
a/ci^x — 
— dx 


= Y COS. 

0 

=: JL tan. x 
ab a 

_ Jl^ 
ah 
_ 1 
a 

_ 1 
a 

1 


. -1 

cot. ' — X 


-1 

sec. X 


— - COSOC. ' — X 


_ \t*rs. ^ — X 
h (r 


y * — (IX 

/v/ d^x — frx^ 


1 


cqvcrs. 




In all these integrals the radius of the arcs is unity, and the arbilraiy con- 
stant is not annexed to the integrals in the right hand column, for want 
of breadth of page. As it is frequently desirable to integrate dift'erentiaU in 
which the radius is a instead of unity, we shall exhibit a few of those which 
most frequently occur to that radius. In the left hand column of th(? above 

differentials, write - for x^ and we have 'o radius a. 


(• adx 

= sin. ~^x -f C 

/» — adx 


-h 

\/d^ — x^ 

11 

I'v 

(‘OS. 

f^a^dx 

d^-{-x^ 

= tan. ~^x + C 

II 

cot. ^x 

+ C 

^ c^dx 

= sec. ~^x -j- C 

/• — a^^dx 


U- -f C 

Xa/~x"^—~(P- 

J x^x^ — (jd 

cosec. 

C adx 

== vers, ^^x + C 

p — adx 

covers. 

~^x -{- C 

\/^2ax—a^ 

J \/2ax — x^ 


These are the elementary forms to which every differential whose integral 
IS required must be decomposed; and the reduction of expressions to one or 
more of these fundamental formulae is the object of almost every process in 
tne Integral Calculus. The following arc a few examples. 

mdx 


(1.) Let it be required to integrate du = 
mdx Idx 


a~\-bx^ 


Here du = 


a-\-bx^ 

. P dx 

u=mj- 


™ tan.-’®^/* + C 


(2.) Let it be required to integrate du = 

Here u = 


mdx 


— bx^ 


a/qP- — bx^ 

sin. + C 

a 


m 
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(S.) du 
(4.)du 

du 
(6.) du 
(7.) du 
(B.) du : 
(0.) du ' 

(10.) du 
(11.) du 
(12.) du : 

(13.) du = 


= aaJ^dx 

= + X ^dx 

dx 


X ^^lax — x^ 

= sin. cos, xdx 

= (tan.-^x -1 tai. Vi^fx 

= 

44 
mdx 


/v/l — 
s*n. ^xdx 
•Sx^+-2x+l 


x''^ 4 -x* 4 -x 4 -l 

Sdx 


dx 


14 - 4 x 2 


... K = “I* + C 

ti = ax 4- 2x'^ 4- C 

D 

u=- 4-0 

avx 

n 

w = 1 tan. ®x 4 C 

t* • 

M = tan. 4 C 
2 

M = sin. “%x4 C 

« = sin. ^x 4 G 

u = log. (x^ 4 ^ 4 1) + G 


M = - tan. “^2x 4 G 
2 ^ 


On the Integration cp Binomial Diffebsktialb. 

Let it bo required to integrate 

du = X***— ^ (a4^^") ’ dx. 

This function can always be rendered rational, whenever 2. is an integer, or 

n 

when ^ 4 - is an integer, or zero. 

n q 

I. Let a 4 = u**— « 

m ™ J? a JS. I 

^ " x'" = — a)^ x”‘~Wx = ^ (v'^'^ge) " dv 

n 

c/m= ^ (u'^—a)" '”Vr; 

nh~ 

an expression which is easily integrated when ^ is an integer. 

II. Let a 4 = v** x" x" = a {v^—hY^ 

m m 

x™ = " 

» („' 1 _J)T + ' 

and (ge 4^^") ** = (i^'’ ^") ’ = • (v*^— ^>) •» 

"* 4 -i i 

j ^.a“ ' <> wP-t-*!— * 

A du = — ^ -jrrxT* 

« („q_Jjr+f+* 

which is rational, when ~4 — is an integei, or zero. 

n q 
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Examples. 

M.) Let du = (a*+ar=)”‘<fe. 

Here = -^ = 3, an integer . 
n 2 

Put •*« 

a?® = v® — «^4- 3v* a** — a* 

.*. dx = (w® — 2a® i;^ + a^ v) dv 

ffA /I y —1 

__ ^ ax _ / 3_ 2 a 2 r + ) dv 

.•, a = J v^ dv — ’lcP-J'vdo-\-a^J ^ 

® 4 

= ^ — a® t?® 4* o'* log. V 

= log. « 

4 


(a®+.^) (.r®— 3 a 2 ) 


(2.) Let du'=- 

A 


A — . 1 ?® 


(a® — a:®) ‘^efr 


P a^ log. + 


Here ~ = 2, and the differential can easily be integralea. 

Pul a® — x^ == r® .*. a*® =r: 

.*. a?'* = — 2a® y® -f- v* 

dx •=■ — a®v f/u -p dta 

■- — a® de + V* dv 

Va*^ — a;® 

M = — a®y-i-~ m ^ (— . 8 a®-|-r®) 

2a®-f-a'^ 


(3.) Let r/?/ : 


3 

dx 


a?S/a®— a?® 


->v/rt 2 _«a'® 4 C * 
ar-4 (a2— 


m . 3 7? I m . p ^ . , 

Hero _ = * — ±.=. — — -|- = — 2, an integei. 

n 2 q 2 n q 

Put = va: a® — a® = v^x-^ and a—® = - V . !^ L 

a—'* = and, since a’ = a (1 4t;®)~^ 

,*. dx = — a (l+v®) dv 

... du = (i±^ X -L X — 


= (1 4 v®) ffi7, for a = a (l 4^*") ^ 


* In thli mannex acfirtaic class ofi, Integrals may be very elegantly obtained. 
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CHAPTER II. 


Rational Fractions. 

It is readily proved, by the theory of equations, that every rational fraction 
P 

of the form ^ may be decomposed into others, which must have one of the 

followings forms : 

A A 


Aa?-}-B Aa?-f B 


(0 


x-~d {x—aY x^-^rpx-i-q 

where the quantities A, B, p, w, . . , . are constants, and the factors of the 
expression x‘^-^px-\‘q are imaginary. 

Put a: = 2 :— and, by substitution, we have 

xHpx+q= (z~LyJrp(z-^')+q 

= z^^q-rl = if « = 

Henue the last two of the forms in (1) are reduced to 

A£±B'a„d Az+B'_ 

I. Let it be required to integrate dxt = 

cr — X* 


Assume 


“T7 ^ ^ “X — ^ * whence wo havfi 


d — {(L-{-x){a — x) a-{-x a—x* 

1 = A (a~ic)-f-B (a+a^)* 


Let X == 


a I = 2aB B = 


ar = — a 1 = 2aA /. A = ^ 

2a 

hence, du = dx( -f -5-^ “ ^ C ““ ) 

\a-f^ « — 2a \a-fa; a—x/ 

... « = I fJL. +1 fJl- 

2a J a+x 2a J a — x 

— iT (“+*) ~ («— •»^) +'°g- ^ - 

2a 2a a 


a-f-x 

~ « 

‘X 


c^dx 

II. Let it be required to integrate du = 

Here du^ A (x — a)—^dx\ therefore, by integration, wt have 

« = a/ 

£x. Let du = dx, 

x^—2x^-i-x « 

Here x* — =■. x = j; (ir+l/ — 1)®» 
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and, therefore, \re assume 


*3-|.aS-|-2 


0^ — 2d^-\-x X (a; 4-1)^ (^+0 (^— 1)^ (x — 

which, reduced to a common denominator, gives the equation 
^+^‘®+2 = A {x^—lf 4 Bx (x—iy +Ca: (a:4'l) (^—1)^ +I>x (3:4- 
Ear (a:4-l)^ — !)• 

Let X = 0; then 2 = A 

X = 1 ; then 4 = 4 D D = 1 

® = — 1; then 2 = — 4 B B = — -L 

Substitute these values of A, B, D, in the above equation, and we have 

ar’* 4 - 0:242 = 2 (a: 2 _i )2 _ ^ ^ _ 1 )2 I y 2 ^ Car (a? 4 1 ) (a: — 1)2 + 

* Ea?(x4i)M^— 1). 

or, ~2a?2 (a:2-l)4 j,x (a:^— 1) = Car (ar 41 ) (a:-l)2 4Ea: (ar41)* (jr— 1) 
and, dividing both sides by a: (ar 41 ) (^— *1)» we have 

-Hx+l = C (^:-l)+E (*+l). 


+ + 


Let a: = 1 ; then — ~ = 


:r = — 1 ; then ~ = — 2C 


E = - 

4 

C = -l. 

4 

5 dx ^ dx 
T * ^41 (ar—I) 


... a = 2 \og.x+ ~ - 1 - f (^-1)+C. 

IIL Let it be required to integrate 

ar4a^ 

Hero dll = 4 -T-r^» therefore, wo have 

A Z’ xdx I ry dx 

“= V + Vot 


= log. (x=+«=')+ - tan.-'l +C. 
2 a a 


Ex, Let du : 


ar^ — 1 (or — 1) (a:24a?41) 


, and, therefore, we must assume 
A , Bar4C 


(ar— I) (ar 4 a 741 ) a:— 1 a' 24 a *41 

a: = A (a?24a?41) + Bar (ar— 1)4C (ar— -I) 

= (A4B) ar24(A.:-. B4C) a:4 A— C; 

hence, by the method of undetermined coefficients, we have 

A4 B = 0 
A-B4C=1 
A— C = 0 

A ry i 3T> A i 


from which A = C 


and B = — A 


. _ 1 rf* _• (a:— !)<& 

• T «-i 3 ?+i+y 


„ — I / * dx 1 P xdx I 1 /* dx 

3 V a?— 1 "SJ 0:^40:41 2J ar4a:- 
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Now, «®+a+l s= = (•*•+7)’'+^ 

and, if a!+i=y. or * = y— i; then we have xdx = ydy-~\dy. 
. „ — , r dx , r ydy f dy 


= i log (^— 1) — -J- log (^’+4)+^ J3 ^ 


= 4- log (jv— 1) — 4 log v'ar’+x+l + ^tan— > 


2x+l 

v's 


= 4 I log (a: — 1) — log V i>?+x + 1 + -v/3 tan — ' | +C. 

IV. Lot it be required to integrate du = dx. * 

(a:-+a‘)" 


Here du 


Kxdx 


+ 


'Qdx 


and K = — 


A 


2 (w — 1) 


+ B 


^ p dx 


To obtain the integral of the differential 


dx 


we may assume 

/ dx Hx , p Kdx ^ 

Tx^^ (x^+ci^y-^ V ^ 


{x^+dY~^ 'J {:r-\-c^) 

Differentiate this equation, and reduce to a common denominator; then, 
1 = {(H+K) — 2 1) H}:i:2+(H + K)«^ 

(II-fK)a2=l, and2(«-l)H = H+K; 

1 


whence H ; 


2a^ (?i — 1) 

/ dx X 


o« 3 

, and K = -^-^—1.-, and eq. (1) becomes 


2a2(n— 1) 
2n- 


(x'+a®)” ■ ‘2a« (»—l) (itH 5ia*(« 

a formula which, by successive operations, diminishes the exponent w, ann 

dx 

finally reduces the differential to — ^ -y whose integral is known. 


P ( \\ 

:—i)J (a;“+«-j''-* ' •' 


Ex. Let du : 


-i_ 51 . 


dx. 


Cx+D 


H 


qqPTy ^ (a-+l)2 ^ x^ + 1 

x^+Qx-’+ax'+a = Ax4-B+ (Cx+D)(x=+1) + H(x^+1)®. 
Lot x*^4"l = 0, or x^ = — 1; then wc have 1 — 2x = Ax+B; 
hence cq. (1) becomes by substituting for Ax+B its value — 2x+l 
x‘+2x='+3x=+2x+2 = (Cx+D)(x^+I) + H(xM-l)* 
or (x'+l)(a*‘+2x+2) = (Cx+D) (xH l) + H (x“+ If 

x=+2x+2 = Cx+D+H (x2+l) 

Let x®+l = 0; then, as before, we have 2x+l = Cx+D; 
and this, substituted in (2), gives x®+I = H (x-4-1), or H = 1. 


0) 


( 2 ) 


( — 2x+l) dx , (2x+l)<ir , dar 

q2+Tf~ (ar*+lf x“+l 
- 2x rfx 2x dx j_ dx , dx 


, dx 
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By formula (A) wo have, making n. = 3, and n 2^ , 
dx . „ K I. ^ 

dx X , } /* dx 


A 

A 


+ - /*- 
^ ay a-* 


(«*+))'■* 2 (a:*+l) ' ay a-Hi 

/ 2:c</2r , p2xdx a? ,7 a? , 16 ^ < 

(aH ] fV (a-^+ IJ^ '^■4(a»+ If '*'8 ' a“+ 1 


« 

dx 


1 


__ a:+2 , 


^ 

4 l)‘^ 


1 7 a I 15,. _. 
^8 a;2+l ^ 8 


7a?— 8 I^taii-^aj-f C. 

8^ 


Examples in Rational Feactionb. 


(10 

du 

a;S_I+ 1 

t = 

1 

dx 

a;^+a?‘^-f-^-l- 1* 

a-^+8a:— 4’ ^ 

(3) 

du 


II 

tj3 

1 

dx 

— (jx‘-^-^\ la;— 6 


(5.) 

du 

8a; 4-2 

(30 S = 

X 

dx 

(a-l)(a+2) (a-3)’ 

a:^-l-6a:^-f 6a;-f4* 

(70 

du 

a+bx 

fS 1 = 

x'^+x'^-\-x'^-{-x 

dx 

(a;— 1) (^a’‘‘^-f-a;4-l)’ 


x^ — 7a;-f6 

(90 

du 

a;*-' 

s = 

1 

dx 

(^“h I**-* 

a:'' + iy + 5*^ 4- 44 -J- 4 

(110 

du 

1 

(120 £ = 

ar’+l 

dx 


a’-*— a— r 

(130 

du 



a-^—Ga'^' -1-407 — \ 

dx 

x^ — a®* 

x^ — 8ar -H 7 a; -u 6 


Answers. 


a.) |logr(a:+l)-l log(a’‘+l)-.^ tan-*a + C. 

(2.) ilog (a-l)-llog(a^+a+,)-^-^^ +^’- 

(3.) — I log(a— l)+9log(a— 2)— log (a— 3)+C. 

(*•) ^ log (*+!)— j log (a~+l)+Ltan— 'a+C. 


(5-) — I log (*— 1)— ^ log (•J;+2)+ log (a— 3)+C. 


15 

+c, 


(8.)J+^+logl^r^^?+C. 


+ 


26— aq 
O-v/S 


tan- 


^ 2ar+l 

•✓3 


+C. 
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(»•) ( 5 ^* • sii “* ^ («+ft)+c. 

“ r iT2 + A («+2)-4 log (»*+!)+ i- tan-^x+C. 


(12.) ^ log (ar— 1)— l.log (ar+ 1 ) + ^ log (a;*+ 1) + C = log c 

4 4 4 a?-j"l 


2x — a 




•ftan- 


i2ar-f a 

aV^ 


)|+c 


CHAPTER III. 


ON THE INTEGRATION OF IURA' 1 i 6 nAL FUNCTIONS* 

The first class of integrals which we shall consider are comprehended undei 
the general form 

0 ^" (a* -f- dx 

The integi als belonging to this c2as8 are, for the most part, obtained by the 
method of parts. Let us first take those of the form 

07“ dx 


Let du = 


\/x ±a^ 
dx 

\/x^ ±d^ 


Let 


y = 07 + 


y — X = l/ 

y* — 2a:y -f- j7* = 07* + a* 
y* — 2xy = 4; a* 

— 2xdy — 2ydx = 0 
(y — x) dy = t/dx 
dy ^ dx 
y “y — a: 

ttx 


0 ) 

( 2 ) 


•• / 


dx 




v/ x'* jf a' 

_ 

~ ' y 


fl>y(2) 


* The limits and nature of the present work will not permit ns to enter at any length^upon a M»b- 
Ject so extensive and intricate us the Integral Cateulus. We sitail therefore merely indicate ii»e 
process by which some of tiie most useful integrals may be found, and refer the^etudeut who wishes 
to prosecute this subject to the uasttrly wcf k of LacroiJt 

c c c 2 
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2. Let 


3. Let 


4. Let 


5. Let 


= log.y+ C 

= log. (x+ ya^±o^)+ C 

, xdx 

au :=:2. ^ 

\/ ± 

tt rr v/a^ ;t + C, by 11. Chap. I. JEx, 5, 


du = 


l/a?* + fl* 


, integrating by parts, we have 
X dx 


u- /a:. 

= a; V* ^ dx \/ x^ + 

(x^ ^ a-) multiplying numerator and 
\/ x^ + denominator by i/ x^ ± 

P dx p x'^ dx 

- * + - f 7^=1 

= xV^‘±a^ + a^J 

^ p dx 

<Zu = x \/3?±a^ + h7 

« = + a-/ v/?Ta‘" 

= ^ v/ic* ± ^ log, (a; + /it* t: *^0 + U 


d? dx 

\/ ± 


xdx 


* /ir* +, a* 

= a:* \/aF’±^ — 2 J* xdx v^ar* + a* 


+ «*) 


=z^\/ 3? + + 2a* f — . — 2j< 

■“ V ^ ± 

a?® - 

= -g- v/iP® ± -f- C 

a?^ da; 


du = 


Va.*® + a* 


arda; 


~ a:® + a® — 3 f ^ dx\/ a® 



INTEGRAL CALCULUS. 


773 


= a? + o* + Za^f 


3? dx 


\/ ± 

aF’ dx 


.3i( 


— ^ / y . .j 3fl® y» a^’ dx f, ^ 

= ~^V^±a‘^ -^/ 7715-7^/“') 


But by example (3) 


a' = -^ v/a;^ + o'* + .jJog. (a: 4- s/i? + c“) 


,_ 3 . 1 . a* . a: 


3. l.a*, 


“ = 4 ± -I -47aTr i i 


(x + /x* + < 2 ») + c 

= t/x* + x|j: ^^^‘° Iog.(x4-v'g^ j:^^C 


Similarly 

r, r ^ ^ f rt-* _ 4 . ^ ^.2 4 . 2 . ^ 

± 1 5"+-^- ± 67^1 S + ^ 

7 r ^ dx 6 . «* . 3*® , 6 . 3 . fl* . a’ 7 , 5 . 3 . 1 • 

' /x^T^'" ± 16+ Z .l - i 6.4.2 Si“^4T'2 

log-, (a: + ±a^ + C 

P dx ,-- _ra"-«6.i.ar* , eS.4.fl!*.ac® — 6.4.2.a®^ , _ 

JVT^^ = v/ar^ + 7-+ ± -tTBT^ + tTsTTH 

And generally, if 


du rr: 

When m is even 


a:"’ uar 
y X'^ -h or 


(w — \){m — 3) . . . 3 . 1 ^ 

iJ)T7; 472 3 

(ya— 1) (/a — 3 ) ... 5 . 3 . 1 .oT 


_('//? — 1 )./ (w — 1) {in — 3)ar"’“®a*«. 

in in (;in — 2) m {in — 2 } {ni — 4 ) 4 - ‘ • * 


tn {pi — 2) 


-I c> r~^ ^ log. (ar -|- i/x^±a^)+ C 

— m , {m — 2) ... 4 . 2 ^ v i — ✓ • 

When w is odd 

^ a:"’- * _ ( ra — 1 ^ {m. — 1 ) {jn — 3)a:“'"®a 

« - x/x^±a^ 11;;:+ m{m—l) ^a7c^a~2) (ai — 4) + 

j (m-— 1) (m — 3). .,4. 

m{m — IM^ — 4). ..5. 3. 13*^ 

Next, to integrate 


a ?" c/x 

v/ — a*® * 


dx 

1. Let du = r then by VI. Chap. I. 

Va- — 

u = sin."“^ “ + C, the radius being unity, 
;; tlien u = '— + Cl. 


2. Let du = 


xdx 
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3. Let 


du = 
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3 ^ dx 

V'o* — 
xdx 


= _a;v'a*— ? + fdx\/<r — aA 

. y. rf* (g* — a*) 

= _a: v/"* — + y — a? 

^ rfar 

= _ ® — ** + “V v/g* " 

A -7 . 




r /% 

2^ 




ji 

2 


- ar® + sin 


~i i + C 
a * 


4. Let rfM = 




v/fl^ — a.-* 

/• o 


= — v^a* — 3^ + J ;^/^nrp 

^ -. 2a* /• 

= _|v«?— x/ 




fi* . 2a»> , ,. 

= _ /o* — l3 +'3 5 + ^ 


5. Let *< = 


cc* c?a; 

\/a® — ^ 
/* « 


-. _ a* v/?"^ + 3 v'a* — "^ 

a^dx 


= a*v/a®-— a;® + ' 

, 3«* /• 

= _£v/«»-^+t/ 


3^dx 


.3*1 


v/fl* — rc* 


M 


But by example (3) 


IT or 


^ X* dx ^ 
*•' \/a* — a? 


-Iv/S^ 


2 


sin. 






3a* » X jf I 

477'/“^^ + 

. *3a* . ar> . 3 


3.1, 


4.2 




4.2 

l.a^ 


sin. 


4.2 
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Similarly, 
flf* dx 


a + 5.3 + ^TTfI 

a' rfi ^ C , 5 a* a* , 5 . 3 . <7‘ a> 

5/;/3rr? =‘"v'«*-a*t 6 +'674'+ (i.4.a J 
. 5 . 3 . 1 . a" 


6 . 4 i .2 


• sin + C 


Generally, 

^ a;s«+i (fa? _ 

J \/a^ -1"? ““ + I ^ 1) 

Sm (2m — 2) a?-"’-'* i — 2) ... 4 . 2 . «2"» 

+ ^+l)(2m— l)(-3m_3) ■^•••‘^ (2 ot— l)(2//i— 2)... 3. 1 ^ 

a?®™ da? ^ (2m~l)aV^ ^ (2m— l)(2m— 

2m ( 2m — 2) (2m — 4) * 


^ re* da? ^ y ar* ^ (2m— l)q^ar* ^ 

i ^ v/tt*— a.-^ J 2^ 2m (2m — 2) ^ 


(9m — 1) (2m ■— 3 ) (2m — 5) . .^3. 1 . 
2m (2m — 2) (2m — 4) ... 4 . 2 


'I 


(2ot — 1) (2m — 3) 3 . ] ■ 


2to (2m — 2) ... 4 . 2 


sin,“ 


r + c 


To intejrrate 


da? 


aD"" V"? + ar* 


Jn f <z*fw where the index of x t> negative^ ftssurm y ::i 
dx 

1. Let dtt = 

Let y = 


I 


dx 


.•. — ^and— — =: - 


dy\^ftx 

y 


du — 


— j ^y 

y y«' +-p 

— 


+ 1 

i ^ 

a * / 1 

y„T+y« 


“ = — s (y + y^* +■?) 


2. Let dtt r= 


= --^.l0S- (j+v'^P+i*) 

= -l.,o,.( 

dx 


era? 


a,** \/ 4“ a<^ 


Let 




» dx • 

..._rfy=^- 
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da 


- 


/“■+P 

—v^y 

v/a*i^+ 1 


i( = — ^ •V'oV+"l 

= -^ v/a^X^ + l 
— y/ 


:^. I.ct du = 


a* j? 
dx 


^Vl+ir* 


l.et 




<Cit 


4 ? ~ and - y»diy = 


_ — 3 ^ 1 ^ 


Integrating' by parts. 


r a 


Vi + i/* 

= -v'nF7{^ - 172 1 - liiog. :> + v'TTl^ 
= -^H:Tafi--|-aio,(L±4S) 


To integrate 


(fa; 


The process is precisely analogous to that employed in the last case 

ti^ 

1 . Let du — 




Let 


y X 


dx dx 

— c?^ = ^ and — 1/2 ^ 


du = • 


-y’<^y 


Vy*— I 

Integrating by parts 


y<^y 


1 

= -v?r:T|ftl} + <= 


dx 


^ ^ ** = **7t^ 
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" = — { i' + jtI} + )+G 

= - ^/nrp + _2^^|+ 

In like matiner all integrals of the form 
dx 

ajm ^a:3 — 

may be determined. 

To integrate 

ar"* rfx x/a® + ar dx \/ 2 :“ dx \/ — o*- 

1 du :=z X? dx \/ 

integrating by parts 

u = yi, rccfa? \/ 

= (a* + a?^ ^ 1* yctc {fi^ + x^) ^ 

= -f- (a* + ^ ^ J'dx (u* -f- a,'^) / 

= ^ — '^ Jdx\/cd 2^ — y tt 

^ 4 \/ or x^ 4< */ ya*-|.. 

which are both knoxvn forms. 

= f ^ -f log, < 0 . + J 

^ Y -f a;2 — y ' log. (.f + y «^ + I + 

= v/a' + !•“ + ItII - £-3 log. (!■ + v/^+~ c®) + c 

The preceding integral may be found in a manner somewhat different 
du'=zx? dx \/a* + X? 

Multiply both numerator and denominator by ; 

— ^ 

x/ + ar® ^ 

„ y» x^ dx . ^ dx 

••• •‘=“Vv/5^+/7^ 

which are both known forms. 

3, du :=z a? dx 
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— ** ' 

\/ a* — JB* 

^ dx gm dx 

••• ” = 

Which are known forms, and may be found by the method of parts. 


3. duxz ix^ dx \/ ~ 

x^ dx — fl*) 


f' 




/ — £-J^£-. 



which are known forms. 

And similarly all integrals belonging to this class may be found 
To integrate 

ar"" dx y/x^ 

And ar”“ dx 


1. 

I>et 


du = 


_dxy/cr+a[^ 

I 




to = — dy (a2 + pV 
= — yVy* -fa 

u= r-pEfL^-a> r 

^ \/y^ + ' y \/Y^ td 


which are known forms. 


These integrals may in general bo found more conveniently by multiplying 
both numerator and denominator by the irrational part 

Thus, 

^ _ dx y/a^ + 

2. du= — 

dx (a^ + ^ 

i/a^ + a-* 

— 2 f I /* 

u ay v/ v/ a* + ** 


which are known. 
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u = n* f - ^ i» 

J ^ \/a* — a* y * v^a* — ** 

The fiist is known, the second may be found as foilowa. 

4. dtt= ^ a* 

dr (0 ^ flrg ) 

tt® 

/ gfa j ^ dx 

^ \/ 3^ J 3^^ \/ — • ft* 

which are both known. 

We have thus found ail the integrals included under the general forms 
f 1. ar±® dxis^ a2)+5 
. I aj-t™ dr (ft* + ar2)±i 

Let us now proceed to integrate 

C 1. /r±!“ dx (3^ + fl*)±; 

a. dir(a» — ar")+5 

where w is any odd number. 

The principles are exactly the same as in the more simple cases, and there 
fore a very few examples will siTilice. 


Uj U/X 

du = r 

(ft + 

u =: /* , xdx (ft + * 

^ ^ I 2 r 

^ Va -f- bJ 
1 . 2 


V^ti -f- 




* + !2 ^ 

~ 1 6 ^ 6>^ 5 


X? (a + hx^)^ 

1 


— y^dy 

""(ft/ +5)^ 

=y* — 3/* • ydy {ay^ -f* M * 

_Sf 1 ^ _ 

=— • / - i - 

“ v'ay+d “* V y I 
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" -f. 5 e 3 

i rj^ . 

" + hd^ tax^’l^S 


ar^ (1 + 

1 




(1 

( = y*— . y<2y (1 + yS)“5 

= »’<' + »’)'*-='/7fv? 


=•*'"• i >°J?Cv+ v/i'+y^l+C 

= “TT^ {t + IJ + '->• + v/rT7) + C 

=-7Ti:4i^+ll-l>o.(^^0+c 

. , ** cte 

«•. aa = -, 

(a* — a.V 

« = (a* — »■*)”* 

— _3 i , r 

~ • y v/a^^a^ 

= ^ • T^b? “ 3 f- 1 b"--’ 5 1 + c 

? ( 3? 3a®x> &a?- . , Of . „ 

- I 2 - - T*'"- a + 

The next class of integrals which we shall consider is comprised under the 
gen end forms 


1. “ d:t; (x^± 2ax)^ ^ 

2. a;±” </a;(2aar — a;2)±! 


To integrate 


a:® da: 
\/a-^ -f 2a jr 


1. dtt = — _ 

Va-* i 2aa; 

Let V =r a: 4- a 

$/^ = + 2ax + a* 

2ax 

p dx /» * 

*/ v'ajs+^aa; \/i/* c* 
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= log- {y+\/y‘ — + c 

= log. (a: + a + \/ 2a*) 


\/ ^ + Hax 

scdx adx __ adx 

\/ + ^Zax '^ \/ + 2 ax 


/ xdx + adx __ p 

TFTS^ + V 


d \/ + 2ax “ d y/ 

= V^as* + ^ i. ® + 2aaf) • 


nt< 

\/2ax -{- \/2a -j- X 

/® L 

x^ . (2a + x) - dx 

= 2x^ \/2a + X — 3 J xidx V2a + x 

.1 

• m- /* ^‘-1 /TV 

= 2*^A/2a + x-3.2.a/^^^^^- 3„ 

8 

a;^ .. — /• /rfCa? 

= ^\/2a + ^— f v^jp*+ 2^“^ log* (®+^4“V'^ a?^+2cu’)J 

= «! v'^aF+l ? — ^2 log.(a;+ a + \/ a'^+Sox) 

/;:: : b C* 3a'i , 3fl* _ , , , /cT ' . i ^ i r» 


= \/3a^ + a;* ^2 ’ (^+^+ v/2aj7+^+C 


4. Similarly if 


u =z v/i®-— 2ax|^|-+|^+ y|+^~log.(J^--a+V^a7^— 


Next to integrate 


A'™ dx 

\/ 2ax — 


1, du = 


\/2a^ 


u = - versin." * ;f to radius a 
a 


y/ 2ax — afi 

adx — xdx ^ 

\^ 2 ax — i/ 2 qa» •** 
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/ tido! — nodx ^ da 

\/ 2aa} — ^ \/ ^ 

= — \/ 2aa? — versin. - ’ j? to radius a -f* C* 

da 

Uu ~ — 

V'Stta- — ^ 

z= da ('2a — ^ 

ii j::z: J* • (2a — a) ^ da 
— — ^ + 3 J* da v/2o — # 

= — \/2a — x + 3.2.0/* - — 8m 

v/2ajp — «* 

= — ^ v/ 2a — a ^ ^ — v/ 2tt> + a ?ersin.-^^^+C 

, 3a> .So* . r * . 

= — v/2a.i‘ 4^2 |- + ^ j+^versM* ~ a ^ 


Next to integrate 


v/ + 23 j; 


’ a \/«* + 2(ur 


1 

y — j 


v/1 + 8oy 

u = —J\\^9anyi*y 

= “a” V'r+^aV 
= — 


t = ; a y — ^ Let y — :r 

«*\/2air+af* ^ 

— f 

^ J \/2ay + 1 

«— /y.( 2fly + i)“^rfy 
= — j v/Say + 1 + ^ v/2ay+ l.<ty 

=-; 

=» — ^ v/8ay+ 1 + Jr v/2oy+ 1 + C 

= -v/a«*+«'|^r-i| + C 
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5, Similarly if 
du = 


u = 





(2a* — 2» + 8) + C 


By a process au.ilogous to the above we can find the integrakef 
dx 


‘ \/ 2ax- 


Next to integrate 

a^t"* dx 


2 . 


a 


du =: dx /^ax -f ^ 




x^ dx 


du = a:<ia? \/ 2ax -{- 
u = 2a / — ; 

J s/^ax 4 - «* 


f — p^=^==r known furiiia* 
J \/2aa?4-ar* 


du ^ dx \/v^ — 2ax 

, 

v/i^ 


u sr — Sa /* -- known tonns. 

J \/«» — 2aa? •/ / 


Next to integrate 


1, du=zdx\/2ax — a:* 

xdx 


3^ dx 


^'—^^Jy.2ux — J \/2ax — x 

and so on for the rest. 


W^lien VI is negative, the integral may always be found by assuming y — - . 


To integrate 


du = 


dx 


y u, 4” 4“ 

1 dx 


:= —T • ,— . - ' - ■ -- 1 utUng » = -, aas I 

v/c v/<» + /3* + a* c’ • 


y = » + | ••• dyzxdx 

J^ = «* + ^+j •> 


1 a 6 
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)=»' + / 3 »+ « 

, 1 dy 

rf« = — . 7 . 


^ Putting, (a — ^) = + i’ or — 


y/c +. 

cording as is or ^ 

=-J- . log. (y + 

f 

= . log.(a+ I + v/if® + /ir + «) 

i 1 — “ 


Vc‘ 

= ;rc • ^ 

= {log. (2cx + 6 + 2 ^/c Va~+6M-^) — log. 2e} 


-2+ -X+-) 


1 ^ dy dx 

, —dy _ 

tin = — , - . ~ 

y/o + j;+'^ 

v/ + ^2/ + <? 

1 

=: ^ The siiue :'oi m as the laat. 

v/a + (3y + « 


dx 

1 

Let y = a: + ^ dy x=: dx 
y>=:i(*+x + j 

' ^+l=l + * + il^ 


= log.(V + t/V+|X 




i. 


Let 


du = 
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*+ 5+ v/r+ST+l?) 

I6g.(2x log: t 

« 

dx 


4 

5 

4‘ 


%/ 1 -f-ar— j? 

I . 

y — a: ^ d^ s=z dx 

y* = a:* — * 

7^ — X 

1 4“ * — ** 


y-l= 


-y»: 

= 


s= , iin."* * y to faiL 


T 


Let 




<£r 




a/I — jT 
■ ^ 4" p • 


' ssdlr 


y* = 


y»-T = 


1 

4‘ 

£ 

4 


■y* = 


a?* + a; + ^ 

X + 

— X — «* 

1 ar — X’- 


u XX , fin.-* * y to rad ^~ 

® +^-J) to ra4i ^ 

D D D 


7S 
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On Exponential Functions. 

1®. If X = / (a*), tlien the function Xd5r, if we make = w wfL become 
/ («) du 
log. a 


For example, 

a* dx 


du 


v/ 1 + a"* log. a I + a* 


ifX 

2®. Differentiating Xc* , we have e* dx^X-f so that every exponential 

function in which the factor ofe*<2r is composed of two parts, one of which is 
the first differential co-efficient of the other, will he easily integrated. For 
example 

y e' dx (3x^ + a:® _ 1) r= (rc3 — 1) 


In like manner, if we make 1 a: = z, we shall find 


/ e^ xdx __ ^ ~ ^ . 

(I -f- a:)* J e A t z* J ez 1 


-f ^ 


+ L 


In every other case, however, we rnosa have recourse to the method of inte- 
gration by parts. 


Ex. 


du zn dx , ^ 


/ a^ dx . and oonsidenng in »jie nrst msuince 
os constant. 

_ -JL- fa^x^^dx 
“ log.o log. o J “ * 

Treating a* X*^^ dr, &c. in the same manner, we shall finally have 
__ x^ na:"—* n(n — 1.2.3.. 

^ I log.a log.®a * log.® a ’ * ’ — log." fl3 

It is manifest that the same method is applicable to Xa* dx, where X is any 
entire algebraical function of x. 

But if the exponent n be negative, it is manifest that the exponent of x must 
go on increasing ; and therefore, in the integration by ports we must consider 
a' as constant in the first instance, in this manner, if 
fl* dx 


du =i 


:= f^.a- 

J an 


log, a ^ci* dx 


— g * log, q f 

(n — 1) a;*^' n — iJ 


Integrating in the same manner, we shall finally have 

/ fl* dSr — a* c l log. a , log.< c , 

*» ~ B _ 1 ti»-‘ {n_2)a--« (»_2)(»_3)?=* + *. 

;(A— S’)®] 


, Iqg.'^ a f ^ log."-* a p te i» 

’ ' * ■® i.s4.a7. ;(ji— i.ais ..(b— iv' • 
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We cannot, however, proceed with our calculation beyond this point, because 
we should obtain a result = a 


dx 

— — has not yet been discovered by analysts. 


We can, however, approximate to it in the following manner 


X 


log.^ a 


log.^ a 


-=- + log. a + - ^ . . 


Multiplying by dx and integrating each term 

/ a*dx . . , X' log.® a , log.® ol , 

— = log.^r + a:log.a+ 


j-r. 


If n is fractional, one or other of the above methods will enable us to re- 
duce the exponent of x until its value lies between 0 and 1, or — 1, and we 
shell then be enabled to approximate to the required integral by series. 


On Logarithmic Functions, 


liCt it be required to integrate 

log.° X 

where X is any algebraic function of a:. 

If n is a positive whole number we iisay integrate by the method of parts, 
regarding log." x as constant in the first instance. We shall then have 

J*Xdx log." x = log," xJ^Xdx^nJ* (^log,"-' x ^ J'x dx^ 

and since J^Xdx is supposed to be known by the principles already establish.- 
ed, we perceive that the integration of the proposed function is reduced to that 
of one whose form is the same, and in which the exponent of the logarithm is 
reduced by unity. The same process is applicable to this new function, and thus 
the integration will be completed step by step. 

Thus, 

fx" dx log.’ * = log.’ ar — ** 

liut 

J* x“dx log."-* X = ~fri ^ a? ^ 

&c. &c. &c. 


Adding the successive results obtained in this manner, we find. 


But if n be integral and negative, we perceive that, as in the case of ej^po- 
nential functions, in performing the integration by parts of log*" ^ '' o 

must in the first instance suppose X cpnstant. •• 

D D D 2 
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Since 


dx . loff > + * X 

» ® « 4 - 1 


dx , 


ve shall divide X log." x dx into the two factors X a: , log.* ar, heno| 

/ = -(n-l) ® + si./' 

4 formula \\hioh manifestly attains the object in view. 


In order, however, to understand the difficulties which occur, let us apply 

, . ^ , x^ dx 

this to the^quantity 

/ y"* dx — a:"-!-* m + I /* x'^ dx 

log." X (n — 1) log.”“^ 


n— 1 J 


log."- 


repeating the calculation for this Inst term, and performing the successive opet. 
^tions in the same manner, we shall find upon adding the different results to- 
gether ^ 


/ 


ar " dx _ x"'+^c 1 . yw+1 I (m-j- iy 

log." X ‘ n — I ? log."~* X n — 2 * log."-*x"^(n — 2)[n — 3} 

1 ? O- " f“ 1)"”"' /* a**" dx 

’ log."~*x » • *y * 1 . i? , 3 . . . (fi — 1 ) J log. X 


We cannot, however, proceed w''th our calculation beyond this point, because 
our result would become = a 


Let us, however, assume 


Wlience 


j.m +1 ^ j (m + \) dx xz d% 


g"* dx dz 
log. X ““ log. * 


e" du 



putting u =. log. % 


In this manner we reduce the proposed quantity to the function already 
treated of in the chapter on Exponential Functions, which can be integrated 
by approximation only. 

When n is a fraction either positive or negative, one or other of the above 
methods will enable us to reduce the integral of X dx log." x, to that of a 
function of the same form, in which the value of n lies between + 1 
We must then a^'oroximate to the value of the required integral by serieeu 


* On Circular Functions, 

These may always be reduced to algebraic functions by assuming sin. d or 
ooe. 0 = z,.but with a few exceptions we shall obtain the integrals of these 
quantities by the method of partsb ^ 

To integrate 

d0 
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^ cos. i = 3 

Bin. td6= — dy 

/ dt __ /> --dy 
^ ■ Bill. ) ~ J sin.* i 

— r — 


_ I , i-f 

= 2 . log. 

_ I , 1 — COS. S 

- l-f- COS.V 

^ /l __ (m i 

= '«s- / rM5T/ 

= log. tan, ~r 


To integrate* 


sm. ^ y 
cos. ^ =z dy 
dS _ 

cos. $ co.« ‘ } 
- 

- -I ...y 


- 1 1 1 -f y 

— a-iog-i^ 

__ 1 l-f MU. V 

2 ' — sin. i 

, /l 4- sin. $ 

\/ I — jjjji ^ 

= log. tan. (^ + 1) 


To integrate 

(8) 




(/<? COS, $ 


The numerator is the differential of the denominator 
/* d6 cos. ^ p d§ p 

• J ihirT = y ta.n = 0 = ‘“8- *>»• » 

To integrate 

«) .= r^' . 


/ an 811 
cos. 


The numerator is as before the differential of the denominator 

/l^r =/^ '>1- < = 
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Hence adding the forms (3) and (4) 

/ d§ , sin. 6 , ^ ^ 

— = loff. ^ =: log. tan. § 

8 in. 0 cos. 0 ^ cos. 0 ® 


To integrate 


du = d0 sill." 0 cos.* 0 


u :=z J* d0 sin. 0 sin.™~' 0 coa* 0 


Proceeding by the method of parts, and supposing sin.™—* 0 constant in the 
^irst instance. 

^ tt = — ;-4rT cos.'‘+* 0 sin.*^* 0 4- ^ ~ 7 ! 

w 4" t 71 4“ t 

J* sin.™”®^ cos. 0 d0 008 ."+* 0 

1 ^ ^ * 

~ — . — J — - COS. H‘ 0 sin. 0 -4 r-r- 

71 -f- 1 ' 7i 4- 1 

^sin.™“* § cos." ^ (1 — sin.^ 0) d0 • 

= — — ~-7 C08."+* 0 sin. ™-* 0 4 - — 7 —! 

n 4* 1 * 71 4 " t 

172 •— * I 

/"sin.*”'® 0 COS" 0 d0 ; — ^ u 

/ 71 4" t 

1 ... — • 

« == — - C08."+* 0 Sin.™-* 0 4 - - 

72 4" ^ ' 7« 4” ^ 


J* d0 sin. 0 coff." 0 , 


Similarly, if we integrate for the cosine in the same manner as we hare done 
for the sine, we shall have 

f d0 sin.*" 0 cos. " 0 = — 7 — sin.™+* 0 cos."”' 0 4- ^ v 
' 771 4“ W ' 172 4" ** 

J" d0 sin." 0 cos."""* 0 (9) 


These integrals will by successive reduction become d0 cos." 0, d0 sin." 0 
%r d0 sin. 0 cos." 0^ d0 cos. 0 sin.” 0^ according as m or 71 are odd or even. 

We have found 
^ d0 sin.*" 0 cos.** 0 = — 

integrating for the sine, and 

/*</^sin.”^ CO 8 .V . sin.«>+*^ cos,"”*^ + <f^sin.”^os."-*^. . (2) 

integraHing for cosine. 

Now, suppose 7W, or a, to be negative, making 71 negative in (1) 

/ d^ sin.” ^ 1 sin.®-* ^ j m-^l r d^sin.®”*^ . 

cos." 0 ’ cos.^”* 0 * m — tr cosin. 
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and the integral will at length depend upon that of — ^ or — ao. 

cos* ff cos* ff 

cording as m is odd or even. 

Tjj^e formula (2) making n negative^ and integrating for the cosine gives 

/ c?^sin.®rf^ m — n-^~2 /• sin.® ^ 

cos," B n — I * cos.“-*^ »— i J 008.“-* 0 


( 4 ) 


And the integral will then be reduced to dd sin.® ^ or to ^ 

cos. 0 

If both m and n are negative, the integral becomes 
d0 

f • Multiply both numerator and denominator by slR.® ^ 4- cos.* § 

»/ sin. 9 cos. (j 

/ dd ^ d0 p d0 

sin.“ 0 cos." 6 ^ J sin.®~^ 6 cos." 0 *J sin.“ $ cos."""^ 0 


And by continuing the process the first of these fractions will be freed 
from the sine* and the second from the cosine, and the integral will be re- 
duced to finding that of 


d 0 

cos." 0* 


d 0 

sin.® 


dt 


d 0 


sin. 0 cos." 0 ' cos. 0 sin.* 0 


according as m and n are odd 


or even. 


If m and n be equal as in sin. x cos. x =r ^sin. 2s?, making 2x zz z, the 
fraction becomes 


/ 


d 0 

cos." 0 sin." 0 


= 2"-*/ 


d% 

sin.* s 


We have no\v seen that in integrating the formula 
j* d0 sin.'tl” 0 cos*'t.” 0^ we ultimately reduce it to one of the following forms. 


J* sin.® 0 d 0 O') \ 

J cos," 0 d 0 (2') ^ 



/c-Sl 


y* sin.-# cos. 0d0 

J* cos." 0 sin. 0 dB 

/ d 0 cos, e 
sin.® 0 

/ d 0 sin. 0 
cos." 0 


Now we may find the first form of these by making m and n — 0 in the foiN 
inulai (1), (2), (3), (4), of last page, which will then give 


f d6 

sin.® 0 = 

1 

m 

. cos. 

0 sin.®^^ 


1 r gin,n»— S 0 

m J 

f di 

II 

1 

n 

• sin. 

0 cos,"~' 

^ + 5- 

/ cos."-* B dB 
n e/ 

r 

d0 _ 


1 

cos. 0 

-1- — 

^2 p d0 

J 

sin.® 0 

m 

— 1 • 

sin.®-‘ 0 

+ m- 

— i J 8iri>-* i . 

c 

d0 _ 


1 


4- 2-= 

-2 p dS 

J 


n 

— i ‘ 

cos."-* 

+ n- 

~ 1 t/ COS.^ 0 • 
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And these again will ultimately be reduced to one of the form 


d0 


d6 

cos. 


d0 sin. i dd cos. 6 


d^ 


sin. cos. cos. d * sin. ^ * sin. ^ (;o8. 6 

which have been already found, and there remains now only the integral 
sin.®+' ^ 


sin.™ 6 cos. 6 d6 z:z 
J* cos.* 6 sin. 6 d& zz. — 


/ cos. ^ d6 
^in“ i 
d& sin. 6 
cos.“ ^ 


TO + i 
cos. 0 
n + F 
1 


/ 


(in — 1)810®-* i 

i 

■ (n — 1) co8.““* < 


In practice when Integrati 
any of these forms it will be 
found convenient if any of tlie 
quantities are in the denomina- 
tor, to reduce the expression to 
a binomial algebraic integi al, 
1 1 

by assuming 
as may happen. 


.orz=- 

sin. 6 o 8.j 


We may here give the integrals of one or two remarkable functions belong 
ing to this class. 


To integrate 


du 




a + b cos. d 


A a 

Assume cos. § =s | ji 

••• = r +^+v 

1— «)■.*«= 


(») 


sin. i rr 


From (1) cos. $ =r 


(1 + 

2x 

rnr ?) 

1 — a» 

1 +a* 




. . . o(l + «^ + i(l — 

a + S CO*. < = ^ ^ ^ (9) 


Again, 

. 1 — ** 

CO*. « = 

coi. t + X* cos. ^ 1 — ar* 

«• (1 + cos. ^) = 1 — cos. I 


““ V 1 + cos. { 


=r ton. 


Since 


9 * 

1 — 




* = nr ? 



IJPTEGfiAL CALCULUS. 

7Sii 


dt _ I 

= 4a;<fe jj. ^ 

(1 + ic^» ^ gj— from equation (8^ 

_ 2(& 

“T^F^ 

_ Soi; 

« + i cos."# nrjt X -75- — ^ + ^ 

^ ® '* + »T+T(nri^ from equation (J|) 

— ^ 


(«• 
rr 

- 2 


8 _ . y 

\/^" n * tan.-’ ten. i r 
V —6^ g from equation (4J 


To integrate 




rf«=: gL^ 

^ “h ^ tan, ^ 


v'tsCry 


^ ^ tan. ^ X 

•‘* « + i ten. (ei -f z) ... 
since d tan. p=rz 
h 

’ coiTi ^ 

== ^ 
h 


1 

= r 


J. c?z 
^ * l”+~tan77 
dx 





0) 




»+ u 


B»+C 
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1 = A . »* + ,A . 6* 

+ B . JB® + Bflr • » 

C • t 

A+B =0 Az= — B 

C+Ba = 0 C = Ao 

I 

A^+Ca = l A=:^-^, = -.B 

C- — ^ 

rfB 1 dz l adz — %d% 

(» + «) (»* + **) ““ a* + 6® * JB + a H- 

■ ■/* (* + «)(** + A*) ~ ■^+3* aH^y A?+*2 ~ a’+i*y A*+*« 

= a* ^ (»+") + J ‘a"."' y 

-o* + A* (»*+*■”) 

•■• / M- ftan. = ^>g-(*+“>+a4i*- 

= ^ log* (« + ft tan* ^) + qS ^ 52* tan*~' (tan. 

b 

- log-ftWB** 


The integral of ^ ^ ^ ^ obtained very simply by an algebraic 

artibce. 

r - ^ /• 

/ a-+ 6 cos."/ d a + 6 (cos.‘-i- sw> f) 


(a b) cos.* -g- + (a — «n.* -g— 



8 , 
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On Integration by Series. 

When the integral of a proposed function cannot be exarily determined, we 
muA hare recourse to approximations. Thus in order to find 

f\dx 

where X is a function of x, we must develope X in a series according^ to as- 
cending or descending pOw'ers of x, and then multiplying each term by dx 
integrate them in succession. For example, we know that 
dx , 

But if w'c devfiope (1 -f- a:®)~'wehave 
fir 

X? . 

Whence ^n.-' x •=. x — 3 "+X — 7 + • •• • 


Again, 


/ dx , 

-rrrr=L. ZZ 8in.~ ‘ J 

V\ — .r* 


But 

f 


dx 


v/l — it® 


= Jr (1 - 2^“- 

— dr 0 “J 274 f- • • •) 


.% sin.-’ X zz x+ Y 7 W 7 S "f* 


3 . a** , 3 . 5 . a:’ 


2.4. 5^2.4. 6-7 


On the detennination of Arbitrary Constants. 


Let P be the integral of X cZar a function of r, and C the arbitrary constant 
which we must add in order to render the result perfectly general, we have 
"X da: = P 4 - C 


P 


So long as this calculation is altogether abstract, C may have any value 
whatever ; but when we wish to apply this integral to the solution of some given 
problem the constant C ceases to be arbitrary an^ must answer certain condh 
tions. 

Thus, for example, if it be required to deter- 
mine the area PP' M'M = A included between the 
oidinates MP, M'F, which correspond respec- 
tively to the abscissas a and 6, since we have 

dA 


dx 


= y 


A = fydx 
= ?+ C* 



M M' 
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• But since the required area P + C commences when « = AM = a» A ought 
to be = 0 when we make x == a in P 4* C, or 
Q + C = 0 

Q being the value which the function of x represented by P assumes wh(»n 
X = a, hence we find ® 

C = -Q 

whence the area A = P — Q. 

It only now remains to substitute b for and vre shall have tne area included 
within the prescribed limits. We shall have several examples in what follows 


CHAPTER IV. 

APPIJCATION OF THE INTEGRAL CALCULUS TO FINDING THE LENGTHS 
AND AREAS OF CURVES, AND THE SURFACES AND VOLUMES OP SOLIDS 
OF REVOLUTION. 


I. The Rectification op Cueves. 


We have seen in p. 747 of the differential calculus, that if s represent the arc 
of a curve, 

* = rfx^l + Vrf/ + dx* 

and we shall now apply this formula to a few examples. 

(1.) To find the length of the arc of the common parabola. 

The equation is = 4»ix, where 4m is the parameter. 

... yrfy = 2mdx... ^ = 

dx y 

... * = ^1+' 






= + 4m* + m log {y + v^* + 4m®) + C 

If we suppose the arc to be measured from the vertex; then when y=0, 
and 0 s= 0 4 m log 2m + C .% C = — m log 2m, and therefore 

_ yv>'yH4>n* . , y+V?+4m« 

4» ^ * 2»i 

(2.) To rectify the circle. 

By the differential calculus we know that 


d tan X = 


dx 




; (1 « ar* 4 x^ — «* 4 . . . .) tfx 


ss=tan->x = x— Lx> 4 | ^ ar? 4 

^01 




• »* 


(A) 
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Awume now tan (a + b) =1.^ /. a + i =: tau * 


e 

t&n « = ? 

y 

tan 6 ^ 


a = tan ”*' ? 

y 

h = tan ~ 

y 


tan L = tan 4" tan ^ 

e y ¥ 

But tana = tan (a + 6 - i) = 

1 + tan h tan (a + b) 

I _ ^ 


X 


V 

ey' 

Uti = l, and !^ = |jthen f = Lfl = 1 by eq. (C.) 


t an b 

Vh) 

(C) . 


,etl 

e 


tan ”M or ^ = tan “' ? 4. tan - 

,4 3 ^ 5 

and ^ = 1; then ? = I-Zli = ~ 

^ y 5* y l+iV 17 

tan*^^ ? = tan -L -j- tan i, by eq. (B) 

3 17 5 

/. 5 = 2 tan “** 1 4- tan 

4 5 17 

I =1. and f! = ^ • then ? = i 

7^17* 1+^ 92 46 

tan ^ = tan i + tan “* ^ by eq. (B) 
17 5 40 

7 = 3 tan i 4- tan ^ 

4 5 


1=1; and <=i; then = 
g 46 y 5 " 


46 

— 4 

5 y 1 4“ Tlir 

-1 ^ - tan J- 


. 

239 


, 1 
”239’ 


...^ = 4 tan-^ 5 
and 1;. = ^ then? 


IT 

‘4 


: 4 tan ”* - - 
5 


239 

■hr- tV >69 

I +Trhnr 16731 


M 9 


(B) 


( 1 ) 


(*) 


(«) 


( 4 ) 


'99 


similar manner we mig 


: 2 tan “* 1 

: 2 tan i 
3 

: tan->* 

.sm-^ 


+ tan-» i 

= 3 tan -' i, ■ 
T 

+ tan-* 1 

+ 2 tan -• 1 


+ tan-'l 

sk 

■*■ ‘“""'239 




99 


+ 2 tan -> ^ 


tan-i 


.(5) 
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We may use any of these results, for the rectification of the circle; but 
those are to be selected which are best adapted for facility of computation. 
We shall take the result in equation (5), and therefore by equation (A) we 
have 


I 1.1 1 _1 1 4.1 ^ 

4 3*5® "^5*5^ 


}• 


/J^ _ 1 * 4- i 

"** 1 70 3 * ' e * nn6 ' 


70® 


(99 


+ L.-L 

' 5 99» 


1 

8 7t? 

1 1 

(99 3 ■ 9 ^ 

= •7S95822394 — •0142847423 + -0101096665 = •7853981634 
X = 3* 1415926536 = semicircumference to radius unity. 

Hence the*circumference of a circle whose diameter is unity is 3*14159265d6» 
which is true as far as nine decimal places. 

(3.) To find the length of the arc of a cycloid. 

Here y = V 2ra: — a? ^ -h vers ~^Xy is the equation of the curve. 

^ ^ _ /2r -^x 

js/2rx — y\/2rx — A/ 


j^2rx — ap- 

••• * = t&^i + g = 


^x 

= VSr j* ^dx = 2 \/2rar + C 

When = 0, 5 = 0 C = 0, and when x = 2r; then 
semicycloidal arc = 2v^4r* — 4r 

and the whole length of the cycloid is = 8r = 4 times the diameter of tne 
generating circle. 

(4.) To find the length of the arc of an ellipse. 

Here + 5V = whence, if = 1 — ^ = e* 

a* 

y' = (a« — a') = (e’ - 1 ) (** — o’) 


... 1 ... ds = dx./\+ 

dx Var'-a’ “ V ^ *’-a* 

.-. ds = - , = adv , . where *=:ai>. 

-v/a* — ar® /v/l — v* 

The numerator must now be developed by the binomial theorem, and the 
several terms of the series being multiplied by dv, divided by \/T— r*, and 
integrated between any proposed limits, will give the length of the elliptic arc 
required. 

II. Areas of Curves. 

(1.) To find the area of a parabola. 

Here y^ = 4jwa? ydy = 2mdx. 

But c?A = ydx by the differential calculus, p. 748. 


••• 


1 Q 

— . 4mar. V = 

6llt ^ f 


+ c 
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When z = 0, A = 0 C = 0, and 

2 2 

/. area of parabola = ^ ary = g. of circumscribing rectangle. 

(2.) To find the area of a circle, 

Thf equation is -f = a® = a* — ar* 

A = y * ydx = Jdx^flflZ 

^ ^ p dx f x^dx' 

^ — ar* J 

= a*sin-'5 + I 

fl 2 2 a 

= 2!sm-f +?^ + C. • 

Wh^ X = 0, A = 0 C =0 , and when x a, ^ = 0 

area of a quadrant = ^ , Z = ^ 

area of a circle =: tto-, 

0 

(8.) To find the area of an ellipse, 

A = J* ydx = - J* dx x^ 

♦ area of a quadrant = , Zsz\ valif 

^ 2 2 4 

area of ellipse = vab, 

(4.) To find the area of the cycloid. 

When the origin is at the vertex, the equation is 
y r= vers— V2ra^— 

area ^ yx — j* xdy = yx dx'^^rx--^ 
p xdx p x*^dx 

= y® + ’'era -»a: — 

1 1 
+ ~ vers ~-^x 

= vers— ~^^'V^2?*r — or^-fC. 

When a? =0 , A = 0 C = 0, and when x = 2r, 
semi-cycloidal area = 

cycloid = Sirr* = 3 times area of generating circle. 

(5.) To find the area of the curve, whose equation is 
oM/--**') + = 0. 

In order to transform this equation from rectangular to polar co-ordinatiif, 
we must put y = r sin 6, and x = r cos d; then, by substitution in the pro- 
posed equation, we have 
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a*r* (sin *0 — cos* = 0 
‘ r* = a* (cos — sin *9) 

= a* cos 20, ihe poiar equation. 

Again; lei A' denote the polar area, or space between the ra4iu0 rector and 
toe curve; then 

A'= A-f=/,*_K 

rfA' = yde — 

2 2 

^ (r* sin cos *0) <f0 1 ^5 ^ 

2 2 

••• A' = 

= 1 a*y* cos 20 d9 

= a* sin 20+C. , 

4 

And between the limits r ‘=^ a and r = 0, or between 0 = 0 and 0 = j, 

area of curve = • a^\ 

4 

and if r make a complete revolution, ♦he entire area will be = a\ 


m. SuBFacrt ff SoLini. 

(1.) To find the surjace of a sphere, 

r« /A »- 1 i — o* o* 

Herei,= , ^ S? “ 255=5? = ^ 

, S = ^f J\f ~ f = 2r OiT + C 

•% 0 = O-^G C = 0 

•\ surface of spherical segment = 2irojr = circumf. X height of segment 
Burfaee of sphere = 2a = 4ird^ = circumf X diameter. 

(SL) To find the surface of a paraboloid. 

Here ^ 4mx, ^ = 1^’ = 2 

dx y dx^ If s: 


.% S = 2ir ^'s/mx .dx 
= dw’v'isj^ cfo/v/a;-|“W 
= lirv^nt (47-4-m)^-f C 


0 = C ns — ® irWl% 

8 e d 

Sorfaoe = | w^m | (or +m)^— | . 
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( 8 .) To find the sufface of a cone, and also the surface of a conic frustum 

Vut d = height of whole cone; r = radius' of base of frustum; *=c 
ft = height of top cone; r'= radius of top of frustum; 

and^taking the vertex as the origin of co-ordinates, we have y the 

equation of the line generating the surface; whence 

a2 

When = a; surface of whole cone = irry^a^+r^ = vre • 

Sim. we have surface of top cone = = irrV 

surface of frustum of cone = t (re — rV) 

^ =: T (rc — re'+r'e — r'c'), since rd = r'c 

= IT (r+r') (c— d) 

• = (n-r-j-TTr') (c — d). 


IV. Volumes of Solids. 


(1.) To find the content of a cone, and also that of a conic frtistum. 
Let a = altitude of whole cone; r = radius of base of frustum 
ft = altitude of top cone; d = radius of top of frustum 
a I b II r i d 

y = !1 . a?, and if V be the volume of the solid; then 
a 

V = 

When ^ = a; then V = ~ ar® = ^ • ^r* 

o V * 

,= 6ithenV = |.J,.fi»=|.irr« ' , 


volume of frustum = ^ (ar^—ftr'^) 

== “^(^d-^-ard — ftr^+ar^— ftr/ — 
since ad = ftr, or ard = br\ and ar^ = hrd; whence 

volume of frustum = ^ |(<i — &) rr'ir(a— ft)r^ | 

= 2:^ (TT/^+arr'+irr^) 

= {d+rd+d^), 

3 • 

(2.) To find the volume of a sphere, 

Herey* = 2aa? — ** ••• jfdx = 2airdx — ddx 
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V = » J j^dar = 2oir J* xdx — ■nj’ 




e iror* 

segment = ^ (6<2 — 2x) ^ (3c?— 2ar) !*’(/=- 2a . 

sphere = 1 . cP, by making = d 
6 


(3.) Fine? Me volume of the paraboloid. 

Here = 4m^, is the equation to the generating parabola. 

/. V = J* \fdx = Am-K j* xdx 

Amrs^ 

2 ^ 

But Tty^x = volume of a cylinder, whose base = iry* and height = x 
volume of paraboloid = ^ volume of circumscribing cylinder. 


(4.) Vind the content of the prolate spheroid formed by the revolution qf 
a semi-ellipse round its major axis. 

lA 

Here y^ = — ^ (a*— a:®) is the equation of the ellipse. 


V = [a^dx — x^dx) = vb'^x — 

= i irah^t integrating from a; = — a, and a:=+a. 


(5.) Find the content qfthe oblate spheroid formed by the revolution of a 
semi-ellipse round its minor axis. 

Interchanging x and y, we have y^ = p (ft* — a?*) 


.% ^ (ft* — dx = Tra^x — ^ jr® 


= S va% integrating from a? = — fttoa? = +ft. 
3 


Hence prolate spheroid : oblate spheroid : : aft* : a*ft : : ft : a 

•. sphere on major axis : prolate spheroid : : ^ tto® : i iraft* : : a* : ft* 

3 3 

•. oblate spheroid : sptiere on minor axis ; ; |ira*ft: - irft® : ; a* : ft*. 
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DEFINITIONS AND FUNDAMENTAL NOTIONS. 

1. Mcdianics is the science which treats of the laws of rest and motion of 
bodies, wiiether solid or fluid, and is usually divided into the four following 
branches: — 

(I.) Statics, which treats of the laws of forces in equilibrium. 

(2.) Dynamics, which treats of the law's of motion of solid bodies. 

(3.) Hydrostatics, of the laws of the equilibrium of fluid bodies, 

(4.) Hydrodynamics, of the laws of motion of fluid bodies. 

2. Force or power is the cause which produces, or tends to produce, motion 
in a body, or which changes, or tends to change, motion. 

•/. A body is a portion of matter limited in every direction, and is therefore 
of a determinate form and volume. 

4. All bodies have a tendency to fall to the earth; and the force which they 
exert in consequence of this tendency is called their weight, 

5. When forces are applied simultaneously to a body, and produce rest, 
tliey balance each other, or destroy each other’s effects; and therefore such 
forces are said to be in equilibrium, 

6. The measure of a force, in statics, is the weight which that force w ould 
support. 

7 The quantity of matter of a body is proportional to its weight. 

8. The density of a body is measured by the quantity of matter contained 
in a given space. 

9. Gravity is that force by which a body endeavours to fall downwards, 

10. Specific gravity is the relation of the weights of different bodies o\ 
equal magnitude, and is tficrefore proportional to the density of the body. 


STATICS. 

THE COMPOSITION AND EQUILIBRIUM OP FORCES ACTING ON A 
MATERIAL ^PARTICLE. 

U. Def The resw/Za/if of any number of forces is that single force w;hich 
IS equally effective with, or equivalent to, all the forces, and these forces are 
termed component or constituent forcc?(. * 

• .k * 

£ JC £ 2 
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PKOP. I. 

1‘2. To find the resultant of a given number offerees acting on a pariide 
in the same straight line. ® 

The resultant of two or more forces acting on a particle in the same direc- 
tion is equal to their sum, and acts in the same direction; hut the resultant of 
two forces acting in opposite directions is equal to their difference, and acts 
in the direction of the greater component. Also, if several forces act in one 
direction, and others in a contrary direction, the resultant of all these forces 
will be equal to the excess of the sum of the forces acting in one direction, 
above the stm of those acting in the contrary direction, and it will act in the 
direction of the greater of these sums. 

PROP. II. 

13. To find the resultant of two forces acting on a particle not in the same 
stt 'aight line. 

1. To find the direction of the resultant of two forces acting on a point. 

When the forces are equal, it is obvious that the direction of the resultant 
will bisect the angle between the directions of the forces; or if the two forces 
be represented in magnitude and direction by two lines drawn from the point 
where they act, the diagonal of the rhombus described on these equal lines 
will be the direction of the resultant. 

Assuming that the diagonal of a parallelogram described on the two lines 
representing the forces in magnitude and direction is the direction of the 
resultant; then if/?, 7?i be any two unequal forces, and />, /?2 also two unequal 
forces, w'e can j>rove that the direction of the resultant of the two forces /? 
and px +/?2 is the diagonal of the parallelogram whose adjacent sides are/? 
and /?, + p.^. 

Let A he the point on which two forces p and 
Pi act; AB, AC, their directions and proportional to 
them in magnitude. Complete the parallelogram BC, 
and draw the diagonal AD; then, by hypothesis, the 
resultant of/? and/?i acts in the direction of AD. 

Again, produce AC to E, and take CE a fourth 
proportional to pupa, and AC; that is, make /?i . /? 2 : : AC : CE. Now, since 
the point of application of a force may be transferred to any point of its direc- 
tion, without disturbing the equilibrium, so long as the two points of application 
are invariably connected, we may suppose the force p^ to act at A or C, and 
therefore the forces/?, /?,, in the lines AB, AC, CE, are the same as/? and 
P\ + Pit the lines AB and AE. 

Now replace p and pi by their resultant, and transfer its point of applica- 
tion from A to D; then resolve this force at D into two, parallel to AB and 
AC; these resolved parts must evidently be p and/?i, where p acts in the 
direction DF and pi in the direction DG. Transfer these two forces p to O 
and Pi to G; but by the hypothesis j? andpa acting at C have a resultant in 
the direction CG; let, therefore, p andp^ be replaced by their resultant, and 
transfer its point of application to G. But pi acts at G, and therefore by this 
process we have, without disturbing the equilibrium, removed the forces p and 
and Pi -b pa, which acted at A tq the point G; hence the resultant of p and 
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acts in the direction of the diagonal AG, provided our assumption is 
correct. Now the hypothesis is correct for equal forces asjt>, p, and there- 
fore it is true for forces/), 2/); c< nsequently for jt?, 3/?, and thus it is true for 
p, mp. Again, if it be true for p, mp, and p, mp, it is is also true for 2j9, mp\ 
also^or rnp, and thus it is true for np^ mp, where n and m are positive 
integers. 

We have now to show that the proposition is true for incommensiir” 
able forces. Let AB, AC represent two such forces, and complete the paral- 
lelogram BC. Then if their resultant do not act 
along AD, suppose it to act along AE, and draw 
EF parallel to BD. Divide AB into a . number 
of equal parts, each less than DE; divide CD into 
parts equal to these, and let G be the last point 
of division of the former, which will obviously fall between B and F. Draw 
GK parallel to BD; then two forces represented by AC, AG, have a resultant 
in the direction AK, because they are commensurable; but this is nearer to 
AG than the resultant of the forces represented by AC, AB, which is absurd, 
since AB is greater than AG. In the same manner we may show that ewery 
direction besides AD leads to an absurdity, and therefore the resultant must 
act in the direction AD, whether the forces bo commensurable or incom- 
mensurable. 

2. To find the magnitude of the resultant. 

Let AB, AC be the direction of the given forces, AD that of 35y 
their resultant; take AE in the prolongation of DA, and of such 
a length as to represent the magnitude of the resultant; then 
the forces represented by AB, AC, AE balance each other. 

Complete the parallelogram BE, and therefore AF is in the 
same straight lino with AC, since the forces AB, AC, AE, ba- 
lance each other; hence FD is a jtarallelogram, and therefore 
AI)= FB = AE; that is, the resultant is represented in mag- 
nitude as well as in direction by the diagonal of the parallelo- 
gram.* » 

Cor, 1. The forces in the directions AB, AC, AD, arc respectively pro- 
portional to the lines AB, AC, AD, and in these directions. 

Cor, 2. The two obUqiic forces AB, AC, are equiva- 
lent to the single direct force AD, which may be com- 
pounded of these two, by drawing the diagonal of the 
parallelogram. Or, they me equivalent to the double of 
AE draw’n to the middle of the line BC. 

And thus any force may be coinpounded of tw'o or 
more other forces; which is the meaning of the expression, composition of 
forces. 

Example, — Suppose it w'ere required to com- 
pound the three forces AB, AC, AD; or to 
find the direction and quantity of one single 
force, which shall be equivalent to, and have 
the same effect as if a body at A were acted on 

hy three forces in the direction AB, AC, AD, 

• 

* The preceding demonstration of the parallelogram of forces is diie to M. Puch.iyla, nnd la 
exceedingly simple and beautiful. Analytical denion«ittat.o!,.s of this iunilamcnl.il property ha’te 
bei'n given by Laplace, Pontecoulant, Poisson, and other.s j but want of room prevents us from 
giving them here. » 
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and proportional to these three lines. First, reduce the two, AC, AD, to one 
AE, by completing the parallelogram ADEC. Then reduce the two, AE, AB, 
to one AF, by the parallelogram AEFB. So shall the single force AF be the 
direction, and as the quantity, which shall of itself produce the same effect, as 
if all the throe, AB, AC, AD, acted together. ft 

Cor, 3. Any single direct force AD may be re- 
solved into two oblique forces, whose quantities 
and directions are AB, AC, having the same 
effect, by describing any parallel oirratii whose dia- 
gonal may be AD; and this is called the resolu- 
tion of forces. So the force AD may be resolved 
into the t wq& A B, A C, by th e paral lelogram A B C D ; 
or into the two AE, AF, by the parallelogram 
AEDF; and so on for any other two. And each of these may bo resolved 
again into as many others as we please. 

mop. III. , 

14. If three forecast A, B, C, acting together^ keep one another in equilU 
hriOf they tvill he proportional to the three sides DE, CE, CD, q/’a triangle^ 
which are drawn parallel to the directions of thefwces AD, DB, CD. 

Produce AD, BD, and draw CF, CE, parallel to 
them. Then the force in CD is equivalent to the two 
AD, BD, by the supposition; but the force CD is 
equivalent to the two, ED and CE or FD; therefore, 
if CD represent the force C, ED will represent its 
opposite force A, and CE or FD its opposite force 
B; consequently, the three forces A, B, C, are pro- 
portional to DE, CE, CD, the three lines parallel to 
the directions in which they act. 

Cor, 1. Because the three sides CD, CE, DE, are proportional to the sines 
of their opposite angles E, D ,C, therefore, the three forces, when in equili- 
brir. are proportional to the sines of the angles of tlie triangle made of their 
line** of direction; namely, each force proportional to the sine of the angle 
made by the directions of the other two. 

Cor* 2. The three forces, acting against, and keeping one another in equi- 
librio, are also proportional to the sides of a triangle made by drawing lines 
cither perpendicular to the directions of the forces, or forming any given angle 
with those directions. For, such a triangle is always similar to the form(‘r, 
which is made by drawing lines parallel to the directions; and therefore their 
sides are in the same proportion to one another. 

Cor, 3. If any number of forces be kej)t in equilibrio by their actions 
against one another, they may be all reduced to two equal and opposite ones. 
For, by Cor. 2, Prop. II., any two of the forces may be reduced to one 
force acting in the same plane; then this last force and another may be like- 
wise reduced to another force aeleng in their plane? and so on, till at last 
they be all reduced to the action of only tvro opposite forces, which will be 
equal, as well as opposite, because the, who’e are in cqnilibrio by the sup- 
position. , 
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Cor. 4. If ono of the forces, as C, be a 
weight, which is sustained by two strings draw- 
ing in the directions DA, DB; then the force 
or tension of the string AD is to the weight 
C, jr tension of the string DC, as DE to 
DU; and the force or tension of the string 
BD is to the weight C. or tension of CD, as 
CE to CD. 

Cor. 5. Let/an(i / be t\i'o forces acting si- 
multaneously in directions making an angle </>; then in the triangle DEC wa 
have 

DE = /; EC =/» angle D1S,C =: tt ^ <p; 
hence by the principles of trigonometry, we have « 

DC2= DE2 + EC2~2DE.EC cos DEC; 
and therefore the magnitude of the resultant R is found frotn the equation 
R= +/i* — 2y/i cos (» — ^>) =-v//'*+/i*+2y/, cos ip. 


PROP. IT. 

1 5. To find the resultant of several forces concurring in a point, ana 
situated in the same plane. 

Let forces acting on the point P, through whi.’h 

draw the axes of co-ordinates PX, PY 
at right angles to each other. Let P^^i 
represent the magnitude and direction 
of the force px, and draw px B, px A pa- 
rallel to the axes XX’ and YY^ Then 
putting angle PX = ai, we have the 
two rectangular forces PA, PB, equi- 
valent to the given force px\ but by 
trigonometry PA = Vpx cos APj»j = 

Px cos ai, and PB = px sin aj. In like 

manner, if Og, Og, a^ bo the angles which ^ 
the direction of the forces p^, p^, 
make with PX, we shall have each of 
the proposed forces resolved into two 
others acting in the directions of the 
two axes, and therefore the sum, X, of 
all the component forces in direction 
PX, gives 

X =/>i cos ai COS cos 03 4- JO4 cos (1) 

and the sum, Y, of all the other component forces in direction PY, gives 

Y = j?, sin oi + sin 02 “f iK>3 rin og -f ^^4 sin (2) 

Hence the single force X, in direction PX, and the single force Y, in direction 
P V, may be substituted for the four given forces, and the resultant of the two 
forces X, Y, w'ill be the resultant of the four forces px^pi^pz^p^* But X 
and Y are two forces acting at right angles to each other, and their result- 
ant, R, is the diagonal of the rectangle XY; hence we have 

R = 
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Lot R make an angle (p with the axis of X; then we have 
Y X V 

tan (^ = ; cos </) = — ; sin ^ (4); 

and any one of these three equations will give the position of the resultant. 

In precisely the same manner may the magnitude and direction o^any 
number of forces in the same plane be found. 


Cqt, 1. By means of a series of parallelograms the resultant of any number 
of forces may be found geometrically. For the diagonal of a parallelogram 
whose sides represent the first two forces will be their resultant, and this 
diagonal may be made the side of another parallelogram, having the third 
force for the other side, and so on. Or describe a polygon, whose sides be- 
ginning fro8l the point, are successively equal and parallel to the given forces, 
and in the same direction; then the straight line which joins the point and 
the extremity of the last side completes the polygon, and represents the mag- 
nitude and direction of the resultant of the proposed forces. 

Cor, 2. If three forces act on the same point in different places, and if the 
parallelepiped, whose adjacent edges represent these forces, be completed, 
its diagonal will represent their resultant both in magnitude and direction. 

Cor, S, Let J9j, ps, 79^, .... be any forces, and let each of these forces 
be resolved into three other forces in reference to three rectangular axes; 
then, collecting into one sum the component forces which act in the same 
axis, we can find the resultant of the three components thus obtained in the 
following manner : 

Let ai, /3i, 7, be the angles which pi makes with the three axes 


®2 j 02 * 72 •••••••••••••• jP2 

«3, ^3, Ta P3 

74 •••••••••••••• Pa 

&C. &C. 


Then each of the given forces may be resolved into three others; 

Pi into the three forces 79, cos a,, 7?, cos ^^^pi cos 71 

P2 into the three forces pi cos cos ^21 Pi cos 72, and so on; 

hence X = 7^1 cos a,+ Pi cos aad- 79.1 cos a3-f ^>4 cos -j- 

Y Pi COS ^i + Pi cos ^2+ p.s cos ^2+ P4 cos 34 + 

Z =79, cos 7i f p-i cos 7.,+ 793 cos 7 j + 79, cos 74 +. . . 


hence R— = magnitude of resultant. 

And if 0, i3, 7, be the angles which R makes with each axis, w'e have 
X _ . _ Y _ Z 


cos a = cos = 


R’ 


cos 7 = 


R- 


Examples for Practice. 

16. Ex, 1. Let the four forces 7?,, 79.2, 79,, 79,, concurring in a point P, and 
iituated in the same plane, be respectively denoted by the numbers 4, 6, 12, 
10, and let the angles included by their directions be 

p , P792 = 15 ^ 79.2 P 7>3 = 80 ° 793 P794 = 60 °; 
required the magnitude and direction of the resultant of these forces. 

We might assume any two rectangular axes whatever, PX, PY; but the 
•oliition will be simplified by taking one of the axes in the direction of one of 
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ihe given forces; let, therefore, the axis of X coincide with the direction o» 
the* force px\ then we have 

n, PX = 16°, cos 16° = and siii 16° = 

I 4 4 

jftPX= ,5 , c/)s 46° = i ^2 sin 45° = -J- ^2 

p. PX= 105°, cos 105° = — ... sin 105 = 

Hence X = jOj-}- J »3 cos 15®+ cos 45®+ cos 105° 

= 4+1 v'6+ 1 ^/2+6v'2 — I ^6+ I a/2 = 4 +10^2— a/B. 

Y =^2 sin 15°+|?3 sin 45®+ p, sin 105® 

= 2 a/6 - I a/2+G a/2+ I v'6+ 1 a/2 = 7a/2+4a4^. 

•. R = a/X^-FF^ _ {(4+10^2— a/G)2 + {7v'2+4v'6)«}^ , 

= 25*184297 = magnitude of the resultant. 

Also, tan RPX = X = J? = 1-2552028; and hence 

X 15-69204G3 

angle RPX 5:= 51® 27' 22'^ = angle included by force px and the resultant. 

Ex. 2. Two forces, represented by 7 and 5, act at an angle of 60®; find 
their resultant, and the angle it makes with the less force, 

Ans. R == 10*4403065, and 0 = 35® 30'. 

Ea, 0. The resultant of two forces is 24, and the angles it makes with 
them are 30® and 45®; find the component forces. 

Ex, 4. Resolve a given force into two others, such that 

(1.) Their sum shall be given, and act at a given angle. 

(2.) Their difference shall be given, and act at a given angle. 

Ex, 5. If a stream flows at the rate of tw'o miles an hour, find the course 
which a boat, row'cd at the rate of four miles an hour, must pursue, that it 
may pass directly across the stream. 

Ex, 6. Two chords AH, AC of a circle, represent two forces; one of them, 
AH, is given; find the position of the other, when the resultant is a maximum. 

Ex, 7. Three forces represented by 13, 14, 15, acting at a point, keep 
each other in equilibrium; find the angles which their directions make with 
each other. Ans. 112® 38', 120®30', and 126® 52'. 

Ex, 8. Three forces act upon a given point and keep it at re.st; 

given the magnitude and direction of px^ the magnitude of j5»3, and the di- 
rection of fo fi*^d the magnitude of p^y and the direction of jOa. 

Ex, 9. A string 15 inches in length is attached at its extremities to two 
tacks, in the same horizontal line, at the distance of 10 inches from each 
other; a w*eight of 12lbs. is suspended betw een the tacks, by means of a string 
attached to the first, at the distance of 7 inches from one of its extremities; 
find the strain upon each tack. 

Exn 10. A cord PABQ passes over two small pulleys A, B, whose distance 
AB is 6 feet, and two weights of 4 and 3!bs., suspended at the extremities 
P and Q respectively, support a third weight W of 5lbs. ; find the position of 
the point C to which the weight W is attached, when AB is inclined to the 
horizon at an angle of 80®. 

Ex, ll. P and Q are two equal an^ given weights suspended by a string 
passing over three fixed points, A, R, C, given in position; find the actual 
pressure, and also the horizontal and vertical pressures on each of the^threc 
points A, B, C. Also, compare the pressures on A, B, C, when the angles 
at A, B; C are 150® 90®, 120® r^sj.ectivelj^ 
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ON THE MECHANICAL POWERS. 

W-tiiGHT and Power, \\hen opposed to each other, signify the body to he 
inoved, and the body that moves it; or the patient and agent. The powe^is the 
agent, which moves, or endeavours to move, the patient or weight. 

18 . A Machine, or Engine, is any mechanical instrument contrived to move 
bodies; and it is composed of the mechanical powers. 

19. Mechanical Powers are certain simple machines, which arc commonly 
employed for raising greater weights, or overcoming greater resistances, than 
could be effected by the natural strength without them. These are nsuallv 
accounted six in number; namely, the Lever, the Pulley, the Wheel and Axle, 
the Wedge, fte Inclined Plane, and the Screw. 

20. Centre of Motion, is the fixed point about which a body moves. And tho 
Axis of Motion, is the fixed line about which it moves. 

21. Centre of Gravity, is a certain point, upon which a body being freely 
suspended, it will rest in any position. 


OF THE LEVEil. 

22. A Ijever is any inflexible rod, bar, or beam which serves to raise 
'vei;;hts, while it is supported at a point by a fulcrum or pn)p, which is the cen- 


tre of motion. The lever is supposed to 
the demonstrations easier and simpler. 

23. A Ijever of the First Kind has 
the prop C between the weight W and 
the power P. And of this kind are ba- 
lances, sc;iles, crows, hand-spikes, scis- 
so s, pincers, &c. 


24. A Lever of the Seconl Kind 
has the weight between the power 
and the prop. Such as oars, rudders, 
cutting knives that are fixed at one 
end, &c. 


25. A Lever of the Tliird Kind has 
the power between the weight and the 
prop. Such as tongs, the bones and 
muscles of animals, a man rearing a 
ladder, 3rn. 


be void of gravity or weight, to render 
There are three kinds of levers. 


l C 12 3 4 




THE LEVER. 


20. A Fiiurth Kind is sometimes added, 
culled tlie Beiidotl I^ever. As a hammer 
drawiii^ a nail. . 



27. In all these machines, the power may be represented by a weight, which 
is its most natural measure, acting downwards ; but having its direction changed, 
when necessary, by means of a fixed pulley. 


PROP. V. 

23 . When the Weight and Power keep the Lever in equilibrio, theg are to each 
other rccAprocally as the Distances of their Lines of Direction from the Prop, 
That is, P ; W : CD : CE; ivhere CD and CE are perpendicular to WO 
and AO, which are the Directions of the two Weights, or the Weight and 
Power W and P 

Por, draw CF parallel to AO, and CB parallel to 
WO: Also, join CO, which will be the direction of the 
pressure on the prop C; for there cannot be an equili- 
brium unless the directions of the three forces all meet 
in, or tend to, the same point as 0. Then, because 
these three forces keep each other in equilibrio, they 
are pro])ortional to the sides of the triangle CBO or 
CKO, which are drawn in the direction of those forces; 

therefore, - - - P : W : : CF : FO or CB. 

Put, because of the parallels, the 
two triangles CDF, CEB are 
equiangular, therefore - CD : CE : : CF : CB, 

Hence, by equality, - P : W : : CD : CE. 

That is, each force is reciprocally proportional to the distance of its direction 
from the fulcrum. 

And it will be found that this demonstration will serve for all the other kinds 
of levers, by drawing the lines as directed. 

Corollary, 1. When the two forces act perpendicularly on the lever, as two 
weights, &C.; then, in case of an equilibrium, D coincides with W, and E with 
V ; consequently then the above proportion becomes P : W : : CW : CP, or 
the distances of the two forces from the fulcrum, taken on the lever, are reci- 
procally proportional to those forces. 

Corollary, 2. If any force P be applied to a lever at A ; its effect on the 
le\ er, to turn it about the centre of motion C, is as the length of the lever CA, 
and the sine of the angle of dire^ion CAE, Por the perp. CE is as (JA 
X sine of angle at A. 

Corollary, 3. Because the product of the extremes is equal to the product 
of the means, therefore the product of the power by the distance of its direction, 
is equal to the product of the weight by the distance of its direction. 

That is, P X CE = W X CD. 

Corollary, 4. If the lever, with the weight and power fixed to it, be ;tiadc 16 
move about the centre C ; the momentum of the power wijl be equal to the 
momentum of the weight ; and their velocities will be in reciprocal proportion 
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to each other. For the weiglit and power will describe circles whose radii are 
the distances CD, CE; and since the circumferences, or spaces described, are 
as the radii, and also as the velocities, therefore the velocities are as the radii 
CD, CE; and the momenta, wliidi are as the masses and velocities, are ^ ilio 
momenta and radii ; tlnat is, as P X CE and W X CD, which are equal by 
enrol 3. 

Corollary In a straight lever, kept in equilibrio by a weight and power 
acting perpendicularly; then, of these three, the power, weight, and pressure 
on the piiop, any one is as the distance of the other two. 

Corollary 6. If several weights, ^ 

P, Q, R, S, »:t on a straight lever, r 
and keep it in equilibrio, then the 
sum of the products on one side of 
the prop, will be equal to the sum 
on the other, made by multiplying p 
each weight by its distance ; namely, 

P X AC + Q X BG = K X i>C + S X EC. 

For, the effect of each weight to turn the lever, is as the weight multiplied oy 
its distance; and in the case of an equilibrium, the sums ol the eflects, or of 
the (iroducts on both sides, are equal. 


CoroUaty 7. Because, when two weights 
Q anti R are in equilibrio, 

Q ; R : ; CD i CB ; 

therefore, by composition, Q R : Q ; : 13D : CD, 
and, Q -f- R ; R : : BD : CB. 

That is, the sum of the weights is to either of them, as the sum of their dis- 
tances is to tire distance of the other. 

29. Scholium. — Upon the foregoing 
prim'iplcs depends the nature of scales and 
beams, for weighing all sorts of commodi- 
ties. For, if the weights be equal, then w ill 
the distances be equal also, which gi\es 
Uie construction of the common scales, 
which ought to have these properties : 

The points of suspension of the 
scales and the centre of motion of tlie 
beam, ABC, must be in a straigitt 
line ; 2df The arms AB, BG must be of an equal length : Sd, That the centre 
#>f gravity be in the centre of motion B ; 4^4, That they be in equilibrio when 
empty : 5/4, That there be as little friction as possible at the centre B. A de- 
fect in any of these properties, malces the scales either imperfect or false. But 
it often happens that the one side of the beam is made shorter than the other, 
and defect covered by malting that scale the heavier, by which means the 
scales hang in ^quilibro when en^pty ; but ^vhen they are charged with any 
weights, so as to Im still in eouilibrio, those weights are not equal ; but liie de- 
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THE LEVER. 




ceit will be shown by changing the weights to the contrary sides, for then the 
equilibrium will be immediately destroyed. 

80, To hod the true weight of any body by such a false balance : — First, 
weigluthe body in one scale, and afterwards weigh it in the other ; then the 
mean proportional between these two weights, will be the true weight required 
For, if any body b weigh W pounds or ounces in the scale D, and only w 
pouiuls or ounces in the scale E ; then we have these two equations; 
namely, AB . b =: BC , W, 

and, BC . b = AB , w; 

the product of the two is AB . BC. b* = AB . BC • Ww; 

hence, then - - - - = Ww, 

and - - - - 6 = y/VIw, 

the mean pioportional, which is the true weight of the body b, 

3J. The Homan IStatera, or Steelyard, is also a lever, but of unequal brachia 

or arms, so contrived that one weight only may serve to weigh a great many, 

by slitlinji' it backwards and forwards to different distances on the longer arm 
of the lever ; £«id it is thus constructed : 


Let AB be the 
steelyard, and C its 
centre of motion, 
from whence tlic 
divisions must coiu- 
nieiuje, if the two 
arms just balance 
each other : if not, 
slide tlie constant 
moveable weight 1 
along from B to- 
wards C, till it just 
balance the other 
end without a 
weight, and there 

make a notch in the beam, marking it with a cypher 0, Then tiang on at A 
a weight W equal to I, and slide 1 back towards B till they balance each other; 
there notch the beam, and mark it with I, Then raalie the weight W double 
of I, and sliding I back to balance it, and there mark it with 2. Do the same 
at 3, 4-, 5, &c., by making W equal to 3, 4, 5, &c. times I ; and the beam is 
finished. Then, to find tlie weight of any body b by the steelyard ; take off 
the weight W, and hang on the body 5 at A ; then slide the w eight I backwards 
and forwards till it just balance the body b, which suppose to be at the number 
b ; then is h equal to 5 times the weight of 1. So, if 1 be 1 pound, then 6 i^ 5 
[munds ; but if I be 2 pounds, then b is 10 pounds ; and so on. 



OF THE WHEEL AND AXLK 

PROP. VI. 

82. In the Wheel and Axle ; the Weight and Power wilt be tn»equitibrio, when 
the Power P is to the Weight W, reciprocally as the Radii qf the Circlee 
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where they acti that w, as the Radius of the Axle OA, where the M ^yht 
hangs, to the Radius of the Wheel CB, where the Power axis. That u, 
F: W :: CA; CB. 

Here the cord, by which the power P acts, ji^ocs about 
the circumference of the wheel, while that of the 
weight W goes round its axle, or another smaller 
wheel, attached to the larger, and having the same 
centre C, So that BA is a lever moveable about the 
point C, the power P acting always at the distance 
BC, and the weight W at the distance CA ; therefore 
P: W :: CA: CB. 

Corollary. 1. If the wheel be put in motion ; then 
the spaces moved being as the circumferences, or as 
the radii, the velocity of W will be to the velocity 
of P, as CA to CB ; that is, the weight is moved as 
much slower, as it is heavier than the power; so that what is gained in power, is 
lost in time. And this is the universal property of all machines* and engines. 

Corollary. 2. If the power do not act at right angles to the radius Cb, but 
obliquely ; draw CD perp. to the direction of the power ; then, by the natiiro 
of the lever, P ; W : ; CA ; CD. 



SCHOLIUM. 

88. To this power belong all turn- 
ing or wheel machines, of ditFerent 
radii. Thus, in the roller turning on 
the axis or spindle CE, by the handle 
CBD ; the power applied at B is to 
the weight W on the roller, as the ra- 
dius of the roller is to tlie radius CB 
of the handle. 

84. And the same for all cranes, 
capstans, windlasses, and such like; 
the power being to the weight, always as the radius or lever at which the 
weight acts, to that at which the power acts ; so that they are always in the 
reciprocal ratio of their velocities. And to the same principle may be referred 
the gimblet and augur for boring holes. 

85. But all this, however, is on supposition that the ropes or cords, sustain- 
ing the weights, are of no sensible thickness. For, if the thickness be consid- 
erable, or if there be several folds of them, over one another, on the roller or 
barrel ; then we must measure to the middle of the outermost rope, for the ra- 
dius of the roller ; or, to the radius of the roller and half the thickness of tlie 
cord, when there is but one fold. 

c 

86. The w'heel-and-axle has a great advantage over the simple lever, in 
point of convenience. For a weight can be raised only a little way by the 
lever. But, by the continual turning of the wheel and roller, the weight may 
be raised to anv beiirht, or from i&y deptlu*^ 
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37. By increas- 
ing the number of 
wheels too, the 

powe^iay be mul- 
tiplied to any ex- 
tent, making al- 
ways the less wheels 
to turn greater 
ones, as far as we 
please ; and this is 
commonly called 
Tooth and Pin- 
ion, the teeth of 
one circumference 
working in the 
rounds or Pinions 
of another, to 4urn 

the wheel And then, in case of an equilibrium, the power is to the w'eight, as 
the continual product of the radii of all the axles, to that of all the wheels. 
So, if the power P turn the wheel Q, and this turn the small wheel or axle K, 
and this turn the wheel S, and this turn the axle T, and this turn the wheel V, 
and this turn the axle X, which raises the weight W ; then 

P : W : : CB . DE . FG : AC . BD . EF. 

And in the same proportion is the velocity of W slower than that of P, Thus, 
if each wheel be to its axle, as 10 to 1 ; then P : W P ; 10** or as 1 to 1000, 
So that a power of one pound will balance a weight of 1000 pounds ; but then 
when put in motion, the power will move 1000 times faster than the weight, 

88. If ropes are used for the action of the power and weight, w'C must con- 
sider the forces applied to the axes of the ropes. Hence if R, r denote the 
radii of the wheel and axle, and T, t half the thickness of the ropes, we liave 
P ; W :: : R-fT. 



OF THE PULLEY. 

39, A Pulley is a small wheel, commonly made of w'ood or brass, which 
turns about an iron axis passing through the centre, and fixed in a block, by 
means of a cord passed round its circumference, which serves to draw up any 
weight. The pulley is either single, or combined together, to increase ^ the 
power. It is also either fixed or moveable, according as it is fixed to one place 
or moves up and down with the weight and power. 

When a power sustains a weight by means of a fixed pulley, the power and 
weight are obviously equal; for if through the centre of the pulley a horizont^ 
line be drawn, it will represent a lever of ^ the first kind, whose prop or fulcrum Js 
the fixed centre; hence the points where ‘'the power and weight act, are equally 
distant from the centre, and therefore the pow'er must be equal to the w^eight. 
No mechanical advantage, however, is gained by the fixed pulley, though it is 
still of great utility in the raising of weights, both by changing the direction of 
tue force, and also by enabling several persoris to exert their united forces. 
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TROP. VII. 


40 In the single moveable pulley^ and the strings parallel, the power « to 
the weight 1 : 2; but if the strings produced make an angle then 

P : W ; : 1 : 2 cos 

Through the centre of the pulley draw the vertical p ^ 

line WAC, and take AC to represent the weight W, 
where A is the point of intellection of the strings pro- 
duced. Draw CB parallel to AH; then since the 
string is equally stretched throughout, we have 
AB = BC and angle BAG = <^; whence 

P : W : : AB : A C : : sin : sin 2^ : : 1 : 2 cos 
and when the strings are parallel P:W: ;1;2, for<^=0. 

Cor, 1. \f ti? = weight of the moveable block, then 
2P = W ri- ic. 

Cor. 2. In the system where there are two blocks 
of pulleys, the one fixed and the other moveable, and 
the same rope passing round all the pulleys, then we 
have simply a combination of the preceding case; and therefore, 

»P= W + to 

where n = number of strings at the moveable block and w, its weight. If the 
strings are not parallel, the cosine of the angle made with the vertical in each 
case must be introduced, as above. 

Cor. 3. In the system where each pulley hangs by a separate string, we 
have merely a repetition of the single moveable pulley; and the strings being 
parallel, we get 

2‘'P = W + to, + 2 t 0 a + 2*103 + . . . . 2“'"^to. 
where n is the number of moveable pulleys, and to,, t 02 , tOg, the weights of the 
pulleys including the blocks respectively. 

For weight at to, = W -j- to, 

weight at w, = — ~ 1 -f lo. 




t03 = 


YL 4.^ 
22 22 


+ ^ + IV, 


hence weight at = 


4. 

2n —1 2“~^ 




P = 


1 weight at to„ 
W 


= + 


2 “ 

2"P = W 
When to, = fOa = tOg 

2“P = W 


Ei 4 
2*» ^ 


4- 


2 


22 


+ to, 4 2 t 02 4 2*103 
= &c.; then 
4 to, (2“— 1) 


+ w. 


+ ^ 
^ 2 


2“~^io. 


PROP. VIII, 

41. Bi the system of pulleys, where each string is attached to the weight, 
and the strings parallel,we haVe P : W ; ; 1 1 2“— 1, where n is the number of 


Let Wi, tOs, tOa, &c« be the weights of the pulleys, and let the strings passing 
over the pulleys to,, to^, to-., &c. lie attached to the weight at the points 
Ph p» p,f &C‘j then we have 



THE INCLINED PLANE. 61? 

tension of string at p, = weight supported at p, = P 

P2 = /?2 = 2P 4- .Wi 

• • Ps = » • Pa = 2®P -f 2wi 4- w* 

and so on. Hence, if n be the number of pulleys, the whole weight sup* 


poilid is 

W = (l-f24-22 4-23 4- 2«-i) P 

4- (1 + 2 4- 22 4- 2*^ 4- 2«-3) 


4- (I + 2) 

4- 

= {2“-l) P 4- (2"-i-^l)wi 4- (2"-2~l) w, 4- . . 

Cor. If the weights of the pulleys be neglected, we have W = (2" — 1) P; 
nciice it is manifest that the weights of the pulleys increase the weight sup- 
ported, and the advantage is therefore on the side of the power. 


ON THE INCLINED PLANE. 

42. The inclined plane assists by its reaction in sustaining a heavy body. 

PROP. IX. 

4;3. Let a weight W he supported on the 
inclined plane AB, by a power P acting in 
the direction WP; and let angle BAC=a, 
and angle BWP=i8; then 

P : W : : stw a : cos fi. 

Draw WH perpendicular to the horizon, 

WK perpendicular to the plane AB, and 
HK parallel to WP; then the weight W is 
kept at rest by three forces, viz. the power 
P in direction HK, gravity in direction WH, and the reaction of the plane 
AB in direction WK; hence if WH be taken to represent the weight, wo 
have 

P ; W : ; HK : HW : ; sin KWH : sin HKW 
; ; sin BAG : sin KWP : : sin a ; cos P; 
because sin KWP = cos PWB, since BWK is a right angle. 

Cor. 1. If JO represent the pressure on the plane; then we have 
P :p : : HK : KW : : sin a : sin HWP : : sin b : sin j | _ (« + ^) | 

i : sin a ; cos (a 4“ 

Hence W : P : Jt? : ; cos )8 ; sin a : cos (o 4- /8) 

W __ cos j8 W __ cos . P _ sin a 
P sin a p cos (a 4* p cos (a 4- jS) 

Cor. 2. When WP is parallel to the plane, 3 = 0; hence we have 
W _ AJ. W _ 

P BC’ p AC’ p AC 
or W = P cosec A = p sec A. 

Cor. 3. The power or relative weight tlFat urges a body W down the in- 
clined plane, is = 5^ X W, or the force with w'hich it descends, or endea* 
AB 

vours to descend, is as the sine of the angle A of inclination. 
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Cor, 4. Hence, if there bo two planes of the same height, and two bodies 


be laid upon them proportional to the lengths of the 
planes, they will have equal tendencies to descend 
down the planes; and, consequently, they will mu- 
tually sustain each other if they be connected by a 
string acting parallel to the planes. 



OF THE WEDGE. 

44. Tqp Wedge is a body of wood or metal, in form 
of a prism. AF or RG is the breadth of its back ; CE 
its height; GC, BC its sides, and its end GBC is com- 
posed of two equal inclined planes, GCE, BCE 


PROI>. X. 



45. When a wedge is in equilihrio\ the power acting against the hacli^ is to the 
force acting perpendicularly against either side^ as the breadth of the bach 
AB, is to the length of the side AC or BC* 


For, any three forces, which sustain one another in 
cqiiilibrio, are as the corresponding sides of a triangle 
drawn perpendicular to the directions in which they 
act. But AB is perpendicular to the force acting on 
the back, to urge the wedge forward ; and the sides 
AC, BC are perpendicular to the forces acting upon 
them therefore the three forces are as AB, A(', BC. 


Corollary, The force on the back, j 
Its effect in direct, perp. to AC, 
And its effect parallel to AB, 

Are as the three lines, { 


”AB, 

which are perp. 
to them. 



And therefore the thinner a wedge is, the greater is its eTFect, in splitting 
any body, or in overcoming any resistance against the sides of ihe wedge, 

46. Scholium. — But it must be observed, that the resistance, or the forces above 
mentioned, respect one side of the wedge only. For if those against both sides be 
taken in, then, in the foregoing proportions, we must take only half the back AD, 
or else we must take double the lines AC and DC. In the wedge, the friction 
against the sides is very great, at least equal to the force to be overcome, be- 
cause the wedge retains any position to which it is driven ; and therefore the 
resistance is doubled by the friction. But then the wedge has a great advan- 
tage over all the other |>o were, arisin|; from the force of percussion or blow with 
whidi the back is strudc, wliich is a force incomparably greater than any dead 
weight or pressure, such as is employed in other machines. And accordingly* 
we find it pit>duces effects vastly superior to those of any other power ; such as 
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the eplittuig and raising the largest and hardest rocks, the raising and lifting 
the largest ship, by driving a wedge below it, which a man can do by the blow 
of a mallet ; and thus it appears that the small blow of a hammer, Ai the 
back of a wedge, is incomparably greater than any mere pressure, and will 
overcAne it. 


OF THE SCREW. 

47, The Screw is one of the six mechanical powers, chiefly used in pressing 
or squeezing bodies close, though sometimes also in raising weights. 

The screw is a spiral thread or groove cut round a cylinder, and everywhere 
making the same angle with the length of it. So that if the surface of the 
cylinder, with this spiral thread on it, were unfolded and stretched into a plane, 
the spiral thread would form a straight inclined pLine, whose length would be 
to its height, as the circumference of the cylinder is to the distance between 
two threads of the screw; as is evident by considering, that, in making one 
round, the spiral rises along the cylinder the distam^e between the two threads. 


mop. XI. 

48. The force of a power applied to turn a Screw round , is to the force with 
which it presses upwards or downwards, setting aMde the friction, as the dis- 
timce between two threads is to the circumference where the power is applied, 

Thr screw being an inclined plane, or half wedge, whose height is the distance 
between two threads, and its base the said circumference ; and the force in the 
horizontal direction, being to that in the vertical one, as the lines perpendiculai* 
to them, namely, as the height of the plane, or distance of the two threads, 
is to the base of tlie plane, or circumference at the place where the power is 
applied ; therefore the pouer is to the pressure, as the distance of two threads 
is to that circumference. 

Corollary, When the screw is put in motion ; then the power is to the 
weight which would keep it in equilibrio, as the velocity of the latter is to that 
of the former ; and hence their two momenta are equal, which are produced by 
multiplying each weight or power by its own velocity. So that this is a general 
property in all the mechanical powers, namely, that the momentum of a power 
is equal to that of the weight which would balance it in equilibrio: or. that each 
of them is reciprocally proportional to its velocity. 

49. Scholium. — Hence we can easily compute the force of any machine turned* 
by a screw*. Let the ^nnened figure represent a press driven by a screw, whose 
threads are each a quarter of an inch asunder ; and that the screw is turned 
by a handle of 4 feet long from A to B; then, if the natural force of a 
>uan, by which he can lift, pull, or draw, be 150 pounds; ^nd it be re- 
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quired to detcfrnii'ne with what force the 
screw will press on the board at D, when 
. thelhan turns the handle at A and B with 
his whole force. The diameter AB of 
the power bein^ 4 feet or 48 inches, its 
circumference is 48 X 3T416 or 150| 
nearly ; and the distance of the threads 
being i of an inch ; therefore the power 
is to the pressure, as I to 603^ : but the 
power is equal to 150 lb.; therefore as 
1 ; 603^ : : 150 : 90,480; and conse* 
qiiently the jiressure at D is equal to a weight of 90,480 pounds, independent 
of iriction. 

50* Again, if the endless screw 
AB be turned by a handle AC of 20 
inches, the threads of the screw being 
distant half an inch each ; and the 
screw turn a toothed wheel E, whose 
pinion L turns another wheel F, and the 
pinion M of this another wheel G, to 
the pinion or barrel of which is hung a 
weight W ; it is required to determine 
what weight the man will be able to 
raise, working at the handle C; sup* 
posing the diameters of the wheels to 
be 1 8 inches, and those of the pinions 
and barrel 2 inches ; the teeth and pin- 
ions being all of a size. 


Here 20 X 3-1416 X 2 =z 125-664, 
is the circumference of the power. 

And 125-664 to or 251-328 to 1, 
is the force of the screw alone. 

Also, 18 to 2, or 9 to 1 being the 
proportion of the wheels to the pinions; 
and as there are three of them, there- 
fore 9* to 1, or 729 to 1 is the power 
gained by the wheels. 

Consequently 251-326 X '*29 to I, or 183218^ to 1 nearly, is the ratio of the 
power to the weight, arising from the advantage of both the screw and the 
wheels. 

But the power is 150 pounds; and therefore 150 X 18321 8J, or 27482716 
pounds, is the weight the man can sustain, which is equal to 12269 tons 
weight 

But the power has to overcome, not only the weight, but also the friction of 
the screw, which is very great, in some*cases equal to the ;|^eight itself, since it 
is sometimes sufficient to sustain the aeigiu, when the power is taken off. 
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EXAMPLES ON THE PRINCIPLES OF THE MECHANICAL 

POWERS. 


On the Lever, 


51. Ex. 1. The arms of a bent lever are to each other as 4 to 5, ana arc* 
inclined at an angle of 135®. The lever rests upon a f^ulcrum at its angular 
point, and weights are suspended from the extremities of the tw(f arms, such 
that the shorter arm rests in a horizontal position; what is the ratio of the 
\\ eights ? Ans. 8 : 5^/2 or 1 : *8838835. 


Ex. 2. The dilference of the lengths of the arms of a lever is {a) inches; 
the same w'eight w^eighs (w) pounds at one end, and (w) ounces at the other; 
find the lengtRs of the arms. . a , 4a 


Ans. - 
3 


and 


Ex. 3. A lever three feet in length weighs 61b.; what w'eight on the 
shorter arm will balance 121b, on the longer, the fulcrum being one foot from 
the end ? Ans, 27lb. 


Ex. 4. The compound lever DK is composed of three levers of the first 
kind, DA, AB, BK, acting upon one another. The arms DC, CA of the 
first lever are respectively 8 and 6 inches; those of the second, AO, OB, are 
12 and 2, and those of the third, BH, HK are 16 and 3; find the ratio df P, 
the power at D, to W, the weight suspended at K. 

Ans, P: W;:3;128. 


Ex. 5. Suppose AB is a squared beam, or lever of oak, 30 feet long, each 
end being one foot square; what w*eight W at the end A would keep it in a 
horizontal position on a fulcrum C, 3 feet from that end, each cubic foot of the 
beam weighing 54lb. ? Ans. 64801b. 


Ex. 6, AB is a uniform straight lever, 20 feet in length, and weighing 
40lb.; and HBK, a flexible chain of the same length, and weight 1301b., is laid 
upon the lever in such a manner that it is kept in equilibrium on a fulcrum C, 
which is five feet from the end B; how much of the chain overhangs the 


end B ? 


30 


Ans. 20 — or 8 • 283032 feet. 


On the Wheel and Axle. 

52. Ex. 1 . In a combination of four wheels and axles, each of the radii of the 
wheels is to each of the radii of the axles as 5 to 1 ; what power will balance 
a weight of 1875 pounds? Ans. 3 pounds. 

. Ex. 2. A power of 6lb. keeps in equilibrium a weight of 240lb., by means 
of a wheel and axle; the diameter of the axle is 6 inchesi what is the radius 
of the wheel ? Ans. 10 feeU 
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Ex, 8 . In a combination of wheels and pinions, the circumference of each 
pinion is applied to the circumference of the next wheel, and the ratios ot the 
radii of the wheels and pinions are 2 : 1, 2*^ : 1; 2® : 1, and so on. Find the 
number of wheels, when the power is to the weight as 1 ; w. 

Ans. The number of wheels may be found from the quadratic eqjttion 

Q ]qo* 

-|- a: = — 2 — , where x = number of wheels, 

log 2 


On the Pulley. 

53. Ear. 1. What power will sustain 40 pounds over five moveable pulleys! 

• Ans. Ulb. 

Etl, 2. In a system of pulleys, wdiere each pulley has a separate string 
passing over it, and fastened to the weight, P : W ; : 1 : C3; what is the num- 
ber of moveable pulleys V Ans. 5. 

Ex, 8. In the same system, the number of moveable pulleys is 3, and the 
weight of each pulley 2lb.; what weight will a pow’er of 60lb, support? 

Ans. 9221b. 


On the Inclined Plane. 

54. Ex, 1 . A power of 11b. acting parallel to a p.aiie supports a weight of 

21b.; what is the inclination of the plane ? Ans. 30°. 

Ex, 2. Two w eights are fastened to the ends of a thread w hich moves freely 
over a pulley, and the thread makes angles ^tt and jS with the horizon w hen 
at rest; also one of the w'eights which is on a smooth plane is double of tiie 
other which hangs vertically; what is the inclination of the plane ? 

Ans. cot ^ = 2 sec — tan iS, w here (p = angle of inclination. 

Ex. 3. A weight of 40 pounds acting parallel to the length, sustains another 
of 56 pounds on an inclined plane whose base is 340 feet; find the height and 
length of the plane. 

Ans. Height = feet, and length = feet, 

o 3 

Of the Sceew. 

55. Ear. 1. The distance between two contiguous threads of a screw is 2 

inches, and the arm to which P is applied is 20 inches; find the ratio of P to 
W when there is an equilibrium. Ans, P : W : ; 1 ; 62'832. 

Ex, 2. What must be the distance between the threads in a screw, that a 
roan exerting a force of 50lb. at the end of an arm 18 inches in length, may 
press with a force of ten tons ? ^ Ans, *25245 inches, or ^in., neaily. 
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OF THE CENTRE OF GRAVITY. 


56, The Centre of Gravity of a body, is a certain point within it, upon 
vhich the body bein|^ freely suspended, it will rest in any position ; and it will 
descend to the lowest place to which it can get, in other positions. 


PROI*. XTl. 


57. // CL perpendicular to the horizon^ ft'om the centre of gravity of any body, 
fall within the base of the body, it will rest in that position ; but if the per- 
pendicular fflll without the base, the body will not rest in that position, but 
will tumble down. 

For, if CH be the perp. from the cen- 
tre of gravity C, within the base ; then 
the body cannot fall over towards A; 
beiiause, in turning on the point A, the 
(‘/mtre of gravity 0 would describe an 
arc AUiich would rise from C to E; con- 
trav) to the nature of that centre, which 
only rests when in the lowest place* 

For tiie same reason, the body will not 
fall towards D. And therefore will 
stand in that position. 

Rut if the perp. fall without the base, as Cb\ then the bddy wdll tumble over 
on that side; because, in turning on the point a, the centre C descends by de- 
scribing the centre arc Cc. 

Corollary. 1. If a perpendicular, drawn from the centre of gravity, fall just 
on the extremity of the base, the body may stand; but any the least force will 
cause it to fall that way. And the nearer the perpendicular is to any side, or 
the narrower tlie base is, the easier it w ill be made to fall, or be pushed over 
that way ; because the centre of gravity has the less height to rise: which is the 
veason that a globe is made to roll on a smooth plane by any the least force. 
But the nearer the perpendicular is to the middle of the base, or the broader 

the base is, the firmer it stands. 

% 

Corollary. 2. Hence, if the centre of gravity of a body be supported, the 
whole body is supported. And the plac^of the centre of gravity must be ao' 
counted the place of the body; for into that point the whole matter of the body 
w>ay be supposed to be collected, and therefore all the force witli whiefi it 
endeavours to descend. 
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Corollary 3, From the property which the centre 
of gravity has, of always descending to the lowest 
point, is derived an easy mechanical method of finding 
that centre. 

For if the body be hung up by any point A, and a 
plumb line AB be hung by the same point, it will pass 
through the centre of gravity ; because that centre is 
not in the lowest point till it fall in the plumb line. 

Mark the line AB upon it. Then hang the body up 
by any other point D, with a plumb line DE, which 
will also pass through the centre of gravity, for the 
same reosgn as before; and therefore that centre 
must be ,at C where the two plumb lines cross each 
other. 

Or, if the body be suspended by two or more 
cords, GF, GH, &c., then a plumb line from the point 
G will cut the body in its centre of gravity C. 

58. Likewise, because a body rests when its centre 
of gtigvity is supported, but not else ; we hence derive 
another easy method of finding that centre mechanical- 
ly. For, if the body be laid on the edge of a prism, 
and moved backwards and forwards till it rest, or ba- 
lance itself ; Uien is the centre of gravity just over tlie 
line of the edge. And if the body be then shifted into another position, and 
balanced on the edge again, this line will also pass by the centre of gravity, 
and consequently the intersection of the two will give the centre itself. 


PROP. XIII, 

59. The common centre of gravity C of any two bodies A, B, divides the line 
joining their centres^ into two parts^ which are reciprocally as the bodies* 

That is, AC: BC B : A. 

For, if the centre of gravity C be supported, 
tlie two bodies A and B will be supported, and 

will rest in equilibrio. But, by the nature of the ^ ^ E 

lever; when two bodies are in equilibrio about a 

fixed point C, they are reciprocally as their distances from that point ; there- 
fore A : B ; : CB ; CA. 

Corollary 1, Hence AB : AC : : A -f- B : B ; or, the whole distance be- 
tween tliS two bodies, is to the distance of either of them from the common 
centre, as the sum of the bodies is to the other body. 

Corollary 2. Hence also, CA . A = CB . B ; or, the tw’O products are 
equal, which are made by multiplying each body by its distance from the cen- 
tre of gravity. 

Corollary 3, As the centre C is pressed with a force equal to both the 
weights A awd B, while the points A and B are each pressed with the rcspec- 
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tive weights A and B, Therefore, if the two botlies be both united in their 
common centre C, and only the ends^ A and B of the line AB be supported^ 
each will still bear, or be pressed by the same weights A and B as before. So 
thati if a weight of 100 lb. be laid on a bar at C, supported by two men at A 
andlR, distant from C, the one four feet, and the other 6 feet ; then the nearer 
will bear the w^eight of 60 lb., and the farther only 40 lb. weight. 

Corollary 4. Since the effect of any 
body to turn a lever about the fixed point — v 
C, is as that body and its distance froml^^^ q \) 
that point ; therefore, if (7 be the com- tT " ® 

mon centre of gravity of all the bodies 

A, B, D, E, F, placed in the straight line AF; then is CA . A -j- CB . B 
zz CD . D -J- CE • E -f- CF . F ; or, the sum of the producti on one side, 
equal to the sum of the products on the other, made by multiplying each body 
by its distance from that centre. And if several bodies be in equilibrium upon 
any straight lever, then the prop is in the cenU'e of gravity. 

Corollary And although the bodies 
be not situafhd in a straight line, but scat- 
tered about in any promiscuous m«anner, the 
same property as in the last corollary still 
holds true, if perpendiculars to any line 
whatever of be drawn through the several 
bodies and their common centre of gravity, 
namely, that C« . A -f- . B zr C^i? . D -f- Ce . E -f- C/*. F. For the bodies 

have the same effect on the line af^ to turn it about the point G, wlietber they 
are placed at the points h, J, e, f, or in any part of the perpendiculars A a, 
hb, l)d, Ee, Ef. 
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PROP. XIV. 

60. If there be three or more bodies, and, if a line he drawn from any one 
’ body D to the centre of gravity of the rest G ; then the common centre of gra- 
vity E of all the bodies, divides the line CD into two parts in E, which are 
reciprocally proportional as the body D to the sum of all the other bodies. 

That is, GE:ED :: D: A + B, &c. 

For, suppose the bodies A and B to be collected 
into their cx)mmon centre of gravity C, and let 
their sum be called S. Then, by the last prop.* 

GE : ED : : D ; S or A + B, &c. 

Corollary Hence we have a method of finding the common centre of gra- 
vity of any number of bodies ; namely, by first finding the ('.entre of any two 
of them, then the centre of that centre and a third, and so on for a fourth, or 

fifth, &C. 



61. /jf there he taken any point P, in the line passing through the centres of 
two bodies ; then the sum of the two products of each hody^ multiplied by its 
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distance from that pointy is equal to the product of the sum of ike bodies fnultv 

plied by the distance of their common centre of gravity C from the same point P* 

That is, PA . A + PB . B = PC . A + B. 

For, by the 38th, CA , A r= CB . B, that is, ft 

PA _ PC . A = PC _ PP. ll, therefoie, ^ J, r 1 u 

by adding ^ opbi- 

PA . A + PB . B = PC . A+B. 

• 

Corollary, 1 . Hence, the two bodies A and B have the §ame force to tarn 
tlie lever about the point P, as if they were both placed in G, their common 
centre of gravity. 

Or, if the line, with the bodies, move about the point P; the sum of the mo- 
menta of A and B, is equal to the momentum of the sum S or A -f- B placed 
at tlio centre C. 

Corollary. 2 . The same is also true of any number of bodies, whatever, as 
will appear by cor. 4, prop. 38, namely, PA , A -f- PB . B + PD . D, &c 
=: PC . A + Ji -}*» D, &c., where P is any point whatever in the line AC. 

And, by cor. 5 , prop. 38, the same thing is true when the bodies are not 
placed in that line, but any where in the perpendiculars passing throngl' 
the points A, B, D, &c.; namely, Pa . A + P^ . B -f- Pd . D, &t*,, =r PC X 
A + a + D, &c 

Corollary. 3 . And if a plane pass through the point P perpendicul.ir to the 
line CP ; then the distance of the common centre of gravity from that plane, is 

Pa , A -f- P 6 . B -j- Pd . D, &c, .i . . 1 4 . r n #1 r 

PC z= A Ti— — 5 - that IS, equal to the sum of all tln*for(;es 

A -p B -f- 13, &c. ^ 

divided by the sum of all the bodies. Or, if A, B, D, &c., be the several parti- 
cles of one mass or compound body; then the distance of the centre of gravity 
of the body, below any given point P, is equal to the forces of all the particles 
divided by the whole mass or body, that is, equal to all the Pa- A, P 6 . B, 
Pd . D, &c, divided by the body or sum of the pai tides A, B, D, &c. 

PROP. XVI. 

62. To find the centre of gravity of a triangle. 

From any two of the angles draw lines AD, CE, to 
bisect the opposite sides; so will their intersection G 
be the centre of gravity of the triangle. 

For, because AD bisects BC, it bisects also all its 
parallels, namely, ^ the parallel sections of the figure ; 
therefore AD passes through the centres of gravity of 
all the parallel sections or component parts of the 
figure; and consequently the centre of gravity of the 
whole figure lies in the line AIX For the same rea- 
son, it lies also in the line CF. And coriNequently it is in their common pohit 
of intersection (/. ^ , 
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Corollary, The distance of the point G, is AG = f AD, and CG =r f CE; 
or AG = 2GD, and CG = 2GE. 

For, draw BF parallel to AD, and produce CE to meet it in F. Then the 
triangles AEG,' BEF are similar, and also equal, because AE = BE; conse- 
quent^ AG = BF. But the triangles CDG, CBP are also equiangular, and 
CB being ~ 2CD, therefore BF =: 2GD. But BF is also =: AG ; consequently 
AG = 2GD or |AD. In like manner, CG = 2GE or ®CE, 


PROP. XVII. 

63. To find the centre of gravity of a trapezium. 

Divide the trapezium ABCD into two triangles, by 
the diagonal BD, and find E, F, the centres of gra- 
vity of these two triangles; then shall the centre of 
gravity of the trapezium lie in the line EF connect- 
ing them. And therefore if EF be divided, in G, 
in the alternate ratio of the two triangles, namely, 

EG : GF : : triangle BCD : triangle ABD, then G 
will be the centre of gravity of the trapezium, 

64. Or, having found the two points E, F, if the trapezium be divided into 
two other triangles BAC, DAC, by the other diagonal AC, and the centres of 
gravity H and I of these two triangles be also found ; then the centre of gra- 
vity of the trapezium will also lie in the line HI. 

8o that, lying in both the lines, EF, HI, it must necessarily lie in their in- 
tersection G. 

65, And thus we are to proceed for a figure of any greater number of sides, 
finding the centres of their component ti'iangles and trapeziums, and then 
finding the common centre of every two of these, till they be all reduced into 
one only. 



PROP. XVIII. 

66 . To find the centre of gravity of a triangular pyramid. 

Let ABCD be a triangular pyramid, and to the 
point of bisection of DC draw AH, BH. Take 
HK = ^HA and HI = iHB; then K and I will 
be the centres of gravity of the surfaces ACD and 
BCD respectively. Join Kl, Al, BK. Now if 
the pyramid be resolved into elements, by means 
of planes parallel to BCD, it is evident that the 
iine A I must pass through the centre of gravity of 
the pyramid, since I is the centre of gravity of 
BCD. For the same reason, the centre of gravity 
of the pyramid is in the line BK, and because 
Al and BK are in one plane, the centre of gravity of the pyramid ABCD must 
he at G, the point of intersection of Al and BK. 

By similar triangles AGB and KGI, we have 

AG : GI . : AB ; KI : : AH ; KH ; ; 3 : 1 

AG : Al : : 3 ; 4 or AG = 4 Al. 

♦ * 
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Cor- 1. Bisect AB in P and join HG and GP; then if PQ be drawn parallel 
to AI, we have BQ=QI=IH; but AI=2PQ and AI=4GI; hence PQ=2GI 
and therefore HI : HQ ; : IG : PQ; whence HGP is a straight line. 

Cor, 2. Hence the centre of gravity of a triangular pyramid is the irnddle of 
the line joining the points of bisection of any two edges that do not meet. 

Cor. 3. A solid bounded by plane surfaces may be divided by planes into 
a number of triangular pyramids; and if a plane be drawn parallel to the base, at 
a distance equal to 4 of the altitude of the pyramid, then the centre of gravity of 
the whole pyramid must be in this plane, for that of each of the triangular pyra- 
mids is in this plane. Hence, the line joining the vertex of the pyramid and tli (3 
centre of gravity of its base will cut the plane in the centre of gravity of the 
whole pyrawid. 


PROP. XIX. 

07. To find the centre of gravity of any body^ or system of bodies, 

Let Vj, Va, Vji &c., denote the volumes of the material particl(‘s which compose 
the body or volume V; and zr, x^.yi, &c.; their co-ordinates in refei- 

cnec to three rectangular axes; then if X, Y, Z denote the co-ordinates of the 
centre of gravity, wc have (by Prop. XV., Cor. 3.) 

V 
V" 

7 _ V^z^ 4- -f V 4 Z 4 + . . . 

V 

But to adapt these expressions to computation, we shall introduce the prin- 
ciples of the Differential and Integral Calculus, and then the preceding expres- 
sions will take the form 

Y fvdv ^ Y 7 — fzdo 

fdv^ 

where y, z denote the distances of the centre of gravity of dv from the three 
rectangular planes. 

By means of these three equations, the determination of the centre of gravity 
may be effected; and when the figure is a plane surface, two of these equations 
are only required, since the centre of gravity is in the plane. 

1. When the figure is a plane curve. 

Here dv = differential of the arc = ^dx^ -f dy^ = ds 

i * $ 

and if the arc be symmetrical on each side of the axis of x, we have ^ = 0, ana 
then we have simply 

s 

. II. When the figure is a plane surface. 

Hero dv = differential of the area == ydx', hence 

X 

Jydx^ 


fyrdx 

jydx 
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And if the area is symmetrical on each side of the axis of x, we need oidy 
one equation, viz. 

X — 

fydx 

lU. For a surface of revolution round the axis of a?. 

I^re one equation only is necessary; and since dv = differential of the 
surface = ^ryds^ we have 

X 

/yds' 

IV, For a solid of revolution round the axis of x. 

Here dv = differential of the volume = vy^dx^ and hence 

X 

fy^dx' 

We shall now apply these formulae to a few examples. 

Examples. 

68. Mx, 1. To find the centre of gravity of a circular arc. 

Here the dhrve is symmetrical on each side of the axis of a?, and the equa- 
tion is y^ = ^ax — hence we have 


X = 


fxds fx^dy^-\~djr 

s s 

xdx 


a /* xdx a / _,a? 

= _ . i—z=^ = — ( a vers ^ ^/'2ax — x^ ) 

s J ^'lax—x‘^ s \ a / 


U f 




that is, the distance of the centre of gravity of a circular arc from the vert('x 
is = flr — ^52^, and therefore the distance of the centre of gravity from the 


centre = 

8 

Ex, 2. To find the centre of gravity of a cone. 

Let 37,, a’a represent any two parts of the axis of the cone, measuring from 
the vertex, and the radii of the circular sections of the cone correspond- 
ing to the altitudes Xi, x^', then, if x denote any variable part of the axis, and 
y the radius of the corresponding circular section, we have 

X I x^ : \ y ' yy y'^ = where Xy,yy are constants; hence 

X = ^ y-i, />rf* 

y^dx x?J ar,V 

j — f^^dx ^x* _ 


f! = Sar=: 


distance from vertex. 


X = 


Jx'^dx . 4 4 

But integrating between the limits Xy and we have 

i{Xy^ — ^ {x;^ -f x ,^) (2,2 -- 

^(x;-^ — x/} 4' (Xy — X.,) {x;^ + XyX., -f x7) 

_ 3 (Xy^ -}- x.2^) (ar, -f- x.,) _ 3 Xy^ -f x;% + XyX^^ + X./ 

4 ’ a?,« -i- XyX^ + 4 ‘ Xy^ XyX^ + a-? 

y _ 3 + Xy% + XyX^^ + x/ 

' 4 • + + 

_ (;r, — ’/a) Xy^ 4- ^XyX^ -f- 3X2^ 
i'" * -f XyX^ -I- X^^ * 
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This expression gives the distance of the centre of gravity of the frustum 
of a cone from the greater end; hence, if R, r represent the radii of the 
greater and less ends of the frustum, and h its altitude, we have the distance 

h 1^2 J_ ORr 4- 

of the centre of gravity = - • ^rrr^ — vr-“T — when r = 0, we have 
^ 4 K* + Rr + | 

the distance of the centre of gravity of a cone from its base = - = one- 
fourth of the altitude as found above. 


JEx, 3. Four bodies, whose weights are Wi^ pounds, are placed at 

the successive angles of a square whose side is 2fl inches; required the posi- 
tion of their common centi-e of gravity, the square being considered without 
weight. ^ 

Take 0, the centre of the square, as the origin of co-ordinate reference, and 
the two rectangular axes parallel and perpendicular to the sides; then we have 
X = + — ^ w,-\^w^ , — w, — w, ^ 

-f 

Thus if = 2/;2=4, w; 3=:5,«;4 = 6; and 2a= 12 inches; 


X = 0 and ^ . 6 = • 


-I » = OG = distance of 


centre of gravity below O on the axis of y. 





& 


Problemb for Exercise. 

69. Ex. 1. Find the centres of gravity of 

(1.) The common parabola and the paraboloid. 

(2.) A semicircle, and the segment of a circle. 

(3.) A hemispheroid, and a hemisphere. 

(4.) The sector of a circle, and a spheric sector. 

(5.) The surface of a spheric segment, and that of a cone. 

Ex. 2. Two cones are placed with their equal bases in contact, and the 
altitude of the one is three times that of the other; find the position of their 
common centre of gravity. 

Ex. 3. The surface generated by a plane line or curve revolving about an 
axis in the plane of the figure, is equal to the product of the generating line or 
curve, and the path described by its centre of gravity. 

Ex. 4. The volume of the solid generated by the revolution of a plane 
figure about an axis in the plane of the figure, is equal to the product of the 
generating surface, and the path described by its centre of gravity. 

Ex. 5. From a given rectangle A BCD of uniform thickness, to cut off a 
triangle CDO, so that the remainder, ABCO when suspended at 0, shall hang 
with AB in a vertical position. 




EQUILIBRIUM OF TERRACES, 


70. To determine the horizontal thrust 
of the tei race, whose vertical section is 
BCHK, against the wall whose section 
is A BCD, and the momentum of the 
thrust to overturn the wall about the 
angle A, 

If it be required to support a terrace 
by a vertical wall, it must be constructed 
so as to counteract the horizontal thrust 
of the prismatic; mass of earth which lies above the surface of a bank that 
would be itself supported. But this prismatic mass is partly supported by 
friction, aitd we must therefore ascertain how much of the horizontal thrust is 
counteracted by friction. 

Suppose a w’cight W to be placed on a plane, inclined 4o the vertical at an 
angle i\ and let H be the horizontal force, which, with the friction, just 
sustains the weight W. Resolve each of the forces 
W, H into two others, the one parallel and the <>tli r 
perpendicular to the plane; and those parallel to the 
plane act in opposite directions, while those perpen- 
dicular to the plane concur in direction; hence we 
have 

force parallel to the plane = W cos i — FI sin t 
force perpendicular to the plane = W sin t + H cos L 
And the first of these forces must be precisely equal to the friction; that is, 
equal to a force that will just support the weight u])on the plane; hence 
W cos f — H sin i = / W sin f cos i 

H = c os i — /sin i ^ _ I — /tan i ^ 
sin i q-^ cos i tan i -\r f 

If then the weight W were sustained by a wall, the horizontal thrust of 

the weiufht W aerainst the wall would be -5 . W. 

® ® tan ^ -f / 

Now to apply this to the investigation of the horizontal thrust of the prism 
BCH, we shall put BC = a, a variable part Cb = x, bh^=:dx, and s the 
specific gravity of the earth. Then the area of bl/hh^ = xdx tan t, and its 
weiglit = sxdx tan i; hence the horizontal thrust against bb' will be 

\ , sxdx tan i = \ . sxdx = sUxdx 

tan t 1 / cot i 

where M = ^ hence, integrating, we have 

1 + /cot t 

f°sMxdx = ^ahM. = whole horizontal thrust of triangle BCH. 

Again, the length of the lever BbzzzjJi, ~ x, and the moment* of the thrust 
of the element bUhN = ^x)dx = asMxdx — sMx^dx’, hence 

• If lines be expressed numerically, the product of a force actinjf on a lever, and the perpendlcu* 
lar from the axis of motion on its direction is called the moment of that force. 
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f^asMxdx — — ^hM = ^ahM. = momeHt of the whoh 

horizonal thrust. 

The expression ^ - ZZ/ / will vanish when tan i = 0, or tan i = i; and 
l+/coti / 

between these limits there is a value which gives both the horizontal thrillt 
and its moment a maximum. Let then 

u = Lm /*— * = maximum, and differentiatins: we have 
1 -f / cot « ® 

du — f sec^ i (1 -fycot t) -f/* cosec* i (1 — y’tan t) 

di (1 -i-/coti)* 

sec* i (1 +/cot t) = cosec* i (1 —/tan i) 
tan i = —/+ VI -hP 

Hence M = ! ~ . = tan* / = ( — /-f a/I +/*/ 

I -f / cot t cosec* 1 \ j i 'V I j j 

horizontal thrust = 4a*5( —/ + \/l -f tan* i. 

and moment of thrust = -^ah( — f -f Vl tan* i. 

71. The angle whose tangent is — / -f VI is just half of tjiat whose 

tan, ii y, or tan"*^ ( ~/ + Vi -^.P) = ^ tan y. For since tan 2i = 


2 tan i 

i — tan^ V 


therefore 


- 2(-/+ VI +/*: 


1 - ( “/ 4- VI 2/( -/+ vTTJ*) 

1., and tan ^is the angle of the slope which the earth would naturally assume 
if unsustained by any wall. 

For if i be the inclination of a plane to the vertical, and g the accelerating 
force of gravity; then the force g resolved into two, parallel and perpendicu- 
lar to the plane, gives g cos i and g sin i\ hence the friction =fg sin f, and 
being counteracted by the force g cos t, we must have 

g cos i =^fg sin i, or tan i = ^, or/= cot i. 

Flence if BK be the natural slope of loose earth, und BH bisect the angle 
KBC; then the prismatic mass CBH will exert the greatest force against the 
vertical wall BC. 


72. In loose earth the natural slope is about 60® from the vertical, 
and in tenacious earth this angle is about 54®; hence in the former case 
I = 30; tan t = tan 30® = Vt = iv/3. and in the latter i = 27®, tan i = tan 
27® = Vh nearlf = Therefore, for loose.earth, the horizontal thrust = 

and its moment = tenacious earth, the horizontal thrust is 

and its moment = -^ah. Now put AB the breadth of the wall = ^, BC = «, 
and the specific gravity = S; then the moment of the resistance of the wall 
is = ^aa:*S, which, in the case of equilibrium, must be equal to the moment of 
the horizontal thrust; hence, for tenacious earth we have 



Ex. L Let S = 2520, and s = 1600; then we have 
^ - 1 1 1 /To_ 9 , 

« - 6 V S ~ 6 V&r §V 21 - ■ = 40 

0 g 

hence jr . a = ~ of the height of the rectangular wall ; 
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2. Let the wall be triangular, as in the annexed figure, and let ir = \u 
jreadth; then the moment of the resistance will be = |.ar X i aa:S = 
nence we must have 




I ax^S - 
3 24 


X _ 1 

5 *“ 4 V S' 


and S, s remaining as above, we have 



= 1*/- = \ f- = .282 nearly = 
4 V 63 V 63 ^ 

n 

= — of the height of the triangular wall. 


7 

25 ' 


PROP XXI. ♦ 

78. To determine the thickness of a pier necessary to support a given arch 


Let ABCD be half the arch, and DEFG 
the pier. From the centre of gravity K 
of the arch draw KL perpendicular to the 
horizon. Then the weight of the arch in 
direction KL will be to the horizontal 
push at A, in direction LA, as KL to LA 
For the weight of the arch in direction 
KL, the horizontal push or lateral pres- 
sure in direction LA, and the push in 
direction KA, will be as the three sides 



LA 


KL, LA, KA. So that, if A denote the weight or area of the arch ; then . A 


will be its force at A in the direction LA; and 


GA , A its effect o#' 


the lever GA to overset the pier, or to turn it about the point F. 

Again, the weight or area of the pier, is as EF . FG ; and therefore* 
FF. FG , iF'G, or JEF. FG*, is its effect on the lever |FG, to prevent the pier 
from being overset; supposing the length of the pier, from point to point, to bo 
no more than the thickness of the arch. 

But that the pier and arch be in equilibrio, these two effects must be equal. 


LA 


Therefore we have 5EF . FG * z= gj 


G A . A, and consequently the tliickness 


f.v • • 2GA • AL 

of the pier is FG = v/ eF ’" KL ^ ^ 


Example 1. Suppose the arc ABN to be a semicircle ; and that DC or AO 
= 45, BC = 6, and GA = 18 feet Then KL will be found = 40, AL = 15 
nearly, and EF = 69 ; also, the area ABCD or A = 704|. Therefore FG = 

. A is = v'H’m • nearlyi which is the thickness 

of the pier. 

Example 2. Suppose, .in the segment ABN, AN = 100, OB,= 41 J, BCzr 6J, 
and AG = 10. Then EF = 58, KLt= 35, AL = 16 nearly, and ABCD or 

A = 842. Therefore FG = • A = .^842 = 11* 

liearly, the thickness of the pier in this case. , 
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DYNAMICS. 

Definitions and Peinciples. 

1. A body is said to be iri motion when it is continually changing its position 
in space. 

2. Motion is said to be uniform when the spaces described in equal successive 
intervals of tiffie are equal, and variable when these spaces are unequal. 

3. The velocity of a body is the space it would describe iu a unit of time, were 
the motion to become uniform at the commencement of that unit. 

4. Motion is said to be accelerated whom the velocity continually increases, and 
retarded when it continually decreases; aiid an accelerating or retarding force is 
said to he uniform or variable, according as the increments or decrements of 
velocity in equal times are equal or U7iequuL 

,% The momentum or quantity of motion of a body is the sum of the motions 
of all its particles; and, as the motion of a particle is measured by its velocity, 
and the number of particles in a body coustilutes its 7nass; hence the momentum 
will be equal to the product of the mass and velocity, when all the particles move 
with the same velocity. 

G. Inertia is the opposition offered by a body to a change of state, cither of 
rest or of motion, by the action of a force impressed upon it. 

7. If a system of particles, m, wij, . . . revolve round an axis, and r, r\ r'',. .. 
be their respective distances from that axis; then mr^ -j- mf^ -f ... or 

ai(iwr^) is called the moment of inertia of the system. 


ON THE COLLISION OF SPHERICAL BODIES. 

PROP. I. 

8. If a spherical body strike or act obliquely on a plane surface, the force 
or energy of the stroke or action, is as the sine of the angle of incidende. 

Or, the force on the surface is to the same if it hud acted perpendicularly, as 
the sine of incidence is to radius. 

Let AB express the direction and the absolute 
quantity of the oblique force on the plane DE; or let 
a given body A, moving with a certain velocity, im- 
phige on the plane at B; then its forc^wli be to the 
uciiun on the plauei as radius to the »ne .of the angle 
A ilD, or as AB to &C» drawing BC perpendicular, 
and AC parallel to Dfi* 
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For, by Prop, ii., the force AB is equivalent to the two forces AC, CB ; of 
which the former AC does not act on the plane, because it is parallel to it. The 
plane is therefore only acted on by the direct force CB, which is to AB as the 
sine of the angle BAC, or ABD, to radius. 

C<i0Uary. 1. If a body act on another, in any direction, and by any kind of 
force, the action of that force on the second body, is made only in a direction 
perpendicular to the surface on which it acts. 

For, the force in AB acts, on DE only by the force CB, and in that direction. 
Corollary. 2. If the plane DE be not absolutely fixed, it will move after the 
stroke, in the direction perpendicular to its surface. For it is in that direction 
that the force i's exerted. 


PROP. II. 

9. If one body A strike another body B, which is either at rest or moving 
towards the body A, or moving from it^ but with a less velocity than that of A ; 
then the momenta.^ or quantities of motion of the two bodies^ estimated in any one 
direction^ wdl fc the very same after the stroke that they were before it • 

l or, because action and re-ariioii are always equal, and in contrary directions, 
whatever nioinenlutn tlie one body gains one way by the stroke, the other must 
just lose .as much in that same direction; and tlierel'ore the qu.antity of motion 
in Uiat direction, re>ulting' i’roiu the motions of both the bodies, remains still the 
same as it wtis before tiie sU’(»ke. 

I'lius, if A witli a momentum of 10, strike 

B At rest, and communicate to it a momentum of ^ g , 

4*, io the direction AB. Tlien A will have only ^ * 

a momentum of 0 in lhat direction; which, t<»ge«her with the momentum of B, 
viz. 4, make up still tlw) same momentum between them as before, namely, 10. 

If B were in moti<ui before the sir kc, witli a momentum of 5, in th» 
same direction, and receive freun A an additional moiuentuni of 2; then ih^ 
motion of A after the stroke will be 8, and that of B, 7, wdiich between Uieiii 
make 15, the same .as 10 and 5, the motions before the stroke. 

Lastly, if the bodies move in opposite directions, and meet one .another, 
namely, A with a motion of 10, and B, of ,5; .and A communicate to B a motion 
of (5 in the direction AB of its motion, Tlieu, before the stroke, the whole mo- 
tion from both, in the direction of AB, is 10 — 5 or 5; hut after the stroke, the 
motion of A is '4 in the direction AB, and the motion of B is 6 — 5 or 1 in the 
same direction AB; therefore, the sum 4 d" I, or 5, is still tlie s.ame motion 
from both as it was before. 


PROP. 111. 

10. The motion of bodies included in a given space, is the same, with regard to 
each other, whether that space be at rest, or move uniformly in a right line. 

For, if any force be equally impressed both on the body and the line in which 
it moves, this w ill cause no change il^ the motion of the body along the riglit , 
line. For the same reason, the motions of all the other bodies, in their several, 
directions, will still remain the same, (consequently, their motions •among 
themselves will continue the same, whether the including space be at test, or be 
inAved uniformly forward ; and tlievefore, their mutual actions on one another 
must also remain the same in hotii ^asea. * 

0 0 0 2 
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PROP. IV. 

If a hard or fixed plane be sttuck by either a soft or a hard uiielasiic body^ 
the body will adhere to it; but if the plane be struck by a perfectly elastic body^ 
it will rebound from it again with the same velocity with which it stuck the j^ane. 

For, as the parts which are struck of the elastic body suddenly yield and 
give way by the force of the blow, and as suddenly restore themselves again 
with a force equal to the for('-e which impressed them, by the definition of elastic 
bodies; the intensity of the action of that restoring force on the plane, will be 
equal to the force or momentum with which the body struck the plane. And, 
as action and re-action are equal and contrary, the plane will act with the same 
force on the body, and so cause it to rebound or move back again with the same 
Yclmiity as it had before the stroke. 

But hard or soft bodies, being devoid of elasticity, by the definition, having 
no restoring force to throw tliom off again, they must necessarily adhere to the 
plane struck. 

CoroUary 1, The effect of the blow of the elastic body on the plane, is 
double to that of the uiielasiic one, the velocity and mass being equal in each. 

For the force of the blo>v from the unelastic body, is as its mass and velocity, 
which is only destroyed by the resistance of the plane ; but in the elastic body, 
that force is not only destroyed and sustained by the plane, but another also 
equiil to it is sustained by the plane, in consequence of the restoring force, and 
by virtue of which the body is thrown back again with an equal velocity ; and, 
therefore, the intensity of the blow is doubled. 

Corollary 2. Hence, unehistic bodies lose, by their collision, only half Ibe 
motion lost by elastic bodies, their mass and velocities being equal ; for the 
latter communicate double Ibe motion of the former. 


PROP. V. 

12« If an elastic body A impinge on a firm plane DE at the point B, it will 
rebound from it in an angle equal to that in which it stuck it ; or the angle of 
incidence will be equal to the angle of reflection; namely, the angle AliD equal 
to the angle FBE. 

Let AB express the force of the body A in the 
direction AB ; which let be resolved into the two 
AO, CB, parallel and perpendicular to the plane. 

Take BE and OF equal to AC, and draw BF. 

Now, action and re-action, being equal, the plane 
will resist the direct force CB by another BC equal 
to it, and in a contrary direction; Whereas, the other AC, being parallel to the 
plane, is not acted on nor diminished by it, but still continues as before. The 
body is therefore reflected from the plane by two forces BC, BE, perpendicular 
and parallel to the plane, and therefore moves in the diagonal BF by compo- 
sition. But, because AC is equal to BE or CF, and BC is common, the two 
triangles BCA, BCP, are mutually siinito and equal ; and consequently the 
angles at A and F are equal, as also their equal alternate angles ABD, FBE, 
which ate the angles of incidence and reflection. 
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1 3. Let B and b be tioo spherical bodies moving in the same direction with 
the ^ocities V and v; it is required to find the velocities ofVt and b after B has 
impinged on b* 

(1.) If the bodies are inelastic, it is obvious that the bodies g ^ 

will move on together after impact, because there is no o -o 

elastic force to separate them. Let C be their common velocity after impact; 
then BV + bv is the momentum of the system, and since it must remain un- 
changed after impact, we must have 

(B + 6)C = BV + C = 

Velocity lost by B = V — C = 

^ ^ B -f ^ 

velocity gained by = C — v — — 

^ B-|“Z>:Z»::V — v \ velocity lost by B, 

and B -h ^ J B : : V — v \ velocity gained by b» 

(2.) If the bodies B and b are perfectly elastic, the velocity lost by B and 
gained by b will be the same as we have found above during the compression of 
tln ir figures; but after the compression ceases, elasticity begins to act, and thi 
bo lies se[)arate with exactly the same velocity as that with w^hich they were com- 
picssedi therefore B vill lose and b will gain as mucli velocity by the recoverv 
of their figures as by their compression; 

ft(V — v) b{Y ~ _ 2h{Y ~ v) 

“iV-f b h + F B -f r~ 

B(V — v), B(V — v)_ 2B(V — V) 

I I • "i i ; 


hence velocity lost by B = 
velocity gained by b = 


h-^b 


B -b 6 B + // 

Or w'hen the bodies are perfectly elastic, we have 

B + b : 2b : : V — V : velocity lost by B. 

B -p fy ; oB : ; V — : velocity gained by b, 

(3.) If the bodies are not perfectly elastic, which is usually the case, then 
when elasticity begins to act, it produces effects proportionally less than perfect 
elasticity does. Let e denote the common elasticity of the bodies; then in con- 
sequence of the restoring force, B and b will be repelled with the velocities cV 
and ev respectively; hence 

l,e.{V -v) ^ (1 + e)h[N 
B + b 


velocity lost by B 


b(Y - v) 


B d- 6 


+ 


B b 

• * 


V.10.U, g.taod b, i = + “'f, - '1 = + 

•. velocity of B after impact = V - 


+ b 
(1 -\~e)b{Y- 
"B d- b 


B d- ^ 

?;) B V -f bv — be{V v) 


B -j- b 


-o) 


1 nr c • . , (1 -P ^)B(V — v) _ BVd-/^ad-B6(V- 

velocity of b after impact = u -h B^pTi b Jp T }) — 

The relative velocity of* the bodies after impact is the difference of these velo- 
cities, and is hence = e(V — i;). - 

Cor. If the bodies are moving in coritrary directions before impact, attention 
to the signs of the velocities will preserve the truth of the fornmlm above dccUiced, 
i^nd if the body b be at rest, its velocity will be zero, and the formula may bo 
readily modified to this or any other case* ^ 
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ExAMPLre, 

(1.) An inelastic body B impinges directly on anothe’r inelastic body 5. At rc£t, 
irith a velocity of 10 iect per second; find the velocity after impact* when 
B = 6 and b = 4 ounces. 

. Here « = 0, and therefore we have, by the first case, 

V 1 0 

C = j = — ^ — - = 6 feet per second, the velocity after impact. 

B -f- 6 G -f- 4 

Or, thus: — 

Let X = q^mmon velocity after impact; then 

the velocity and momentum lost by B are 10 — x and 6(10 — x) 
the velocity and momentum gained by C are x and 4x, 

6(10 — x) = 4xy and hence a; = 6 , as above. 

(2.) B = 101b. is moving with a velocity 20; with what velocity must b = Gib 
meet B, that their common velocity after impact may be 10 in the«, direction of //s 
motion ? Ans. u = GO feet. 

(3.) A sphere whose diameter is 2 inches impinges directly with a velocity of 
0 feet per second on another sphere at rest, whose diameter is 4 inches; how 
will they move after impact ? 

(I) When the spheres are perfectly elastic. 

. (2) When their common elasticity is denoted by 

Ans. The two-inch sphere moves backward with a velocity = feet, 
while the other moves forward with a velocity = 2^ feet. And when 
iheir elasticity is the velocities are respectively 7| and 2|^ in tlie 
same directions as in the first case. 


14. If a body B impinge on b at rest, and b on b' at rest ; the velocity corn* 
municated to b' will be a maximum, when b is a mean proportional between 
B and b'. 

For the velocity communicated to 

B -j" ^ 

and the velocity by to &' = 


(1 + efm 


( B + 6 ) (6 + 6' ) 


: maxirnimi. 


... (l+J M^+^0 ^B+6' + 6 + g^^ 

o h 

B6' 

we have w = 6 + — = minimum. * 
0 

, du . B6' ^ 

•% 6* *s B6' and h =s 
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PEOP. VIII. 

Jf bodies strike one another obliquely^ it is proposed to determine tk^.ir 
motions after the stroke, 

1,1^ the two bodies B, 6, move in the oblique 
di/ejtions BA, Z»A, and strike each other at A 
with velocities which are in proportion to the 
lines BA, ft A; to find their motions after the 
impact. Let CAH represent the plane in 
which the bodies touch in the point of con- 
course; to w'hich draw the perpendiculars BC, 
hDf and complete the rectangles CE, DF. 

Then the motion in BA is resolved into the two 
BC, CA; and the motion in 6 A is resolved into the two DA; of which the 
antecedents BC, 6D, are the velocities with which they directly meet, and the 
consequents CA, DA are parallel; therefore, by these the bodies do not impinge 
on each other, and consequently the motions, according to these directions, will 
not be changc^rl by the impulse; so that the velocities wdth which the bodies meet, 
are as BC and ^D, or their equals EA and FA. 'I'he motions, therefore, of the 
bodies B, b, directly striking each other with the velocities EA, FA, will bo 
dotcnnined by Prop, vi. p. 8‘17, according as the bodies are elastic or non- 
elastic; which being done, let AG be the velocity, so determined, of one of them, 
as A; and since there remains also in the body a force moving in the direction 
parallel to BE, with a velocity as BE; make AH equal to BE, and complete the 
rectangle GH; then the two motions in AH and AG, or HI; are compounded 
into the diagonal A I, which therefore will be the path and velocity of the body 
B after the stroke. And after the same manner is the motion of tho other body 
6 determined after the impact. 



FUNDAMENTAL EQUATIONS OF MOTION. 

PROP. IX. 

16. In uniform motion^ the space s described with a velocity v in time t is 

s = tv. 

For V is the space described in each unit of time, and t is the i\umber of umtu 
of time; therefore the whole space described is 

8'=ztv ( 1 ) 


PROP. X. 

17. In uniformly accelerated or retarded motion^ the velocity \ generated by 
the force f in time t is s 

V —ft. 

For the velocity generated in each second is/, and hence in t seconds, it is /?, 
and therefore 

V = ^ * (2) 

Cor. If ti := velocity when ^ = 0, the velocity at the end of the time fis 
a = tt i A tlie + being used when the force is accelerating, and the — When it 
is retarding. 
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PROP. XX. 


1®. The space described fiom reM'oy 5 body ^ acted on by a uniformly accele* 
rating force is s = ^vt. 

1 ct s = space described, in the time ty by the action of the uniformly *cele* 
Toting forced and v == velocity acquired in time L Divide t into n equal inter- 


t V 

vals, and therefore each = then velocity acquired in each interval = — , and 

the space described in time t with the velocity at the end of each interval conti- 
nued uniform during that interval is 

_ vt . 2vt . Qvt , nvt _ vt 

+ 1 ? + + 1?-1 0 + n ) 

and the space^escribed in the time t with the velocity at the beginning of each 
interval continued uniform during that interval is 

= « + "4 + 2^+ = 

n* 2 \ n/ 

Now 8 manifestly lies between these two spaces, being described with veloci- 
ties intermediate to the velocities with which these are described*. Increase n, 
the number of intervals without limit, and we have 

* = f (3) 

Cor. \ . By Prop. x. v ft ^ (4) 

and vt = 2^ v^t = 2fstt or = ^fs (6) 

C§r, 2. The space described in t seconds = 

. («-l) =-5/(i-l)' 

the space described in the second =: — 1) (G) 

Cor. 3. Hence the spaces described in equal successive portions of time are 
as the odd numbers, 1, 3, 5, 7, 


Scholium , — If the body, instead of beginning to move from rest, be projected 
with velocity u\ then the space described in time / is 

5 = 

the -f applying when the force accelerates, and the — when it retards the 
motion. 

For ut is the space described with the velocity of projection alone, and there- 
fore the space described from both causes is « = Hh (7) 


19. If the accelerating or retarding force be variable^ then ds = vdt. 

Let Si and s^ be the spaces described in the times r, and where ti = t — (f, 
and ta = ^ -h then whatever is the nature of the motion, the space will be • 
function of the time; and hence by Taylor’s theorem 


— o ds ,(Ps , 


1.2.3 


+ 


dt ^ df^ 


\ space in preceding time 0 = s — =' 

space in succeeding time 6 *= S 9 — s = 


L2 d? ’ 

\is 

di ’ 
ds . 
di ‘ 


1.2.3 

* 

o+'i 

dt 


,d^8 


1.2.3 


.2.8 
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Hut the space described with the uniform velocity v in the time B is 
which is always intermediate to the spaces s — Si and $2 — s, however small 6 
may be; therefore we have 

I ■ = = (8) 

Cor, 1. In the same manner it is proved, that* if /be the accelerating force at 
the end :jf the time t; then 

■ w 

Co7\ *2. Hence, since v = ^ by (8) and dv =^fdt by (9); therefore 

vdv zzzfds (10) 

Cor. 3. Again, B = ^ ^ or/= ^ ? (11) 

dt dt dt^ dt ^ ' 


20. In variable motion w^o have therefore the general equations 

do ^fdt (a) vdv =:fds (c) 

ds ^ vdt (b) /= ^ . . . . (rf) 

which are applicable either to the case of the motion being accelerated or 
retarded; but in the latter case, dv is a negative quantity. 


THE LAWS OF GRAVITY; THE DESCENT OF HEAVY BODIES; 
AND THE MOTION OF PROJECTILES IN FREE SPACE. 

PROP. XIII. 

21. All the properties of motion delivered in Proposition its corollaries 
and scholium, for constant forces, are true in the motions of bodies freely descend- 
ing by their own gravity; namely, that the velocities are as the times, a7id the 
spaces as the squares of the times, or as the squares of the velocities. 

For, since the force of gravity is uniform, and constantly the same, at all 
places near the earth^s surface, or at nearly the same distance from the centre of 
the earth, and that this is the force by which bodies descend to the surface; they 
therefore descend by a force which acts constantly and equally; consequently, 
all the motions freely produced by gravity, arc as above specified by that propo- 
sition, &c. 

22. Scholium. — Now it has been found, by numberless experiments, that 
gravity is a force of such a nature that all bodies, whether light or heavy, fall 
perpendicularly through equal spaces in the same time, abstracting from them the 
resistance of the air — as lead or gold and a feather, which in an exhausted 
receiver fall from the top to the bottom in the same time. It is also found, that 
the velocities acquired by descending are in the exact proportion of the times 
of descent; and farther, that the spaces descended are proportional to the 
squares of the times, and therefore to the squares of the velocities. And hence 
it follows that the w'cights, or gravities of bodies near the surface of the ear^h, 
we proportional to the quantities of matter contained in them; and^that .the 
•paces, times, and velocities generated by gravity, have the relations contained 
^ iho preposition to which we have above referred. Moreovef, as it is found, 
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by accnrate experiments, that a body, fa the latitude of London, falls nearly 

feet in the Srst second of time, and consequently that at the end of that time ii 
lias acquired a velocity double, or of 82^ feet; Jience it is obvious, if ^ denote 
16 tV ^eet, the space fatten through in one second of time, or p the velocity genu- 
rated in that time; then, because the velocities are directly proportional^o the 
times, and the spaces to the squSires of the times, 

therefore, 1" : =: v, the velocity, 

and 1* ; ^ sss #, the space. 

And hence, for the descents of gravity we have the^ general equations, namely, 

j( =s =s sr ^tp. 

^ V — gt — — — ^%gs. 


9 = 


V 

9 

V 

1 


= 

V v 7* 


Hence, because the times are as the velocities, and the spaces as \he squares ot 
either, therefore 

If the times be as tho numbers 1, 2, 3, 4, 5, &c. 

The velocities will also be as 1, 2, 3, 4, 5, &c. 

And the spaces as their squares 1, 4, 9, 1C, 25, &c. 

^ And the space for each time as 1,3,5, 7, 9, &c.; 

namely, as the series of the odd numbers, which are the differences of tno squares 
denoting the whole spaces. So that, if the first series of natural numbers be 
seconds of time, namely, 

The times in seconds I", 2", 8", 4'', &c. 

The velocity in feet will be 82^., G4^, 96^, 128g, &c. 

The spaces in the whole times IC-jV. 64j» 1444, 257-^, &c. 

And the space for each second IC^V* 484, 1 12-i2jr, &c. 

These relations may be aptly represented by the 
abscisses and ordinates of a parabola. Thus, if PQ ^ 
be a parabola, Pll its axis, and IIQ its ordinate; and ^ 

Pa, P5, Pc, &c., parallel to RQ, represent the times 
from the beginning, or the velocities, then ae, bf eg, k 
Ac. parallel to the axis PR, will represent the apucos 
described by a falling body in those times; for, in a ^ 
parabola, the abscisses PA, Pz, PA, &c., or ae, bf, eg, 

Ac., which are the spaces described, are as the squares of the ordinates, he, if, hg, 
Ac., or Pa, PA, Pc, &c., which represent the times or velocities. 

23. And because the laws for the destruction of motion are the same as those 
for the generation of it, by equal forces, but acting in a contrary direction; 
therefore, 

A bpdy thrown directly upwards, with any velocity, will lose equal velo- 
cities in equal times. ^ 

2«rf. If a body be projected upwWds, with the velocity it acquired in any time 
by descending freely, it will lose all its velocity in an equal time, and will 
ascend just to the same height from, wheoce it fell, and will describe equal spaces 
in equal times, both in rising and falling, but in an inverse order; and it will 
have equal velocities at any one and the same point of the line described, both 
in ascending indjiieidending;* 
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8r<I. If bodies be projected upwards, with any velocitjeil, the height ascended 
to, will be as the squares of those velocities, or as the squares bf the times of 
ascending, till they lose all their velocities. 

24 .^hcn the body, instead of being permitted to fall from rest, is projected 
upwards or downwards with a given velocity u; then by Art, 17 and the scholium 
to Prop. XI. we have 

V tu + 

where the — must be employed when the projection is vertically upwards, and 
the + when the projection is vertically downwards. 


PKor. XIV. 


25. Let two weights W and w hang over a fixed pulley^ to determine their 
motion^ neglecting the inertia of the pulley^ and the weight of the string^ 

Here the moving force of W is W^, and that of to = — wg\ also the mass 

resisting motion k W + w; hence the accelerating force on W = 

W + to ' 

and therefore we have 


W- 


W 


w , , W 

— . gt . and s = 


W to 




Examples. 

(1.) Find the space descended by a body in 7 seconds of time, and the velo- 
city acquired. 

s :=:^gf = 16tV X 7* = IG^V X 49 = 7SQ-^t = space descended, 
t = = 32^ X 7 = = 225 ^fL = velocity acquired, 

(2.) A body is projected vertically from the bottom of a tower 200 feet in 
height, with a velocity of 120 feet per second; in what time will it reach the top, 
and what will be its velocity at that time ? Also, to what height above the lop 
ot the tower will it rise ? 

•Here 200 = = 120 f 

1 0-iV I ^tV 

t = 2-513" or 4-948", 

the former of these values of t is the time at which the body in its ascent passes 
the lo]) of the tower; and the latter, the time at which the body in its descent 
passes the top. 

Again, = m — = 120 — 32^ X 2-513" = 89*1615 feet per second, the 

velocity of the body at the top of the tower. 

When = 0; then gt =: w, or r lud-thei^efore we have 

, = H (« _ i«) = I = = 223 83 feet. 

Hence height above top *23 83 — » 23 88 fet^u 
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(f^.) Find the lime of generating a velocity* of 100 feet per second, and the 
M hole space descended. Ans. time, 155x^3- ft* space. 

(4.) Find the time of descending 400 feet, and the velocity at the end of that 
time. Alls. 4ff" time, lOOff velocity. 

(5.) A body is projected downwards with a velocity of 30 feet perlbcoiul; 
what space will it describe in 6 seconds? Ans. 759 feet. 

(6.) A body is projected upwards from the top of a tower 200 feet in height, 
with a velocity of 40 feet per second, at the same time that another is projected 
upwards from the bottom of the tower with the velocity of 90 feet per second; 
where will they meet? Ans. 97^ feet below' the top of the tower. 

(7.) Two weights W and w w'eighing 8 and 5 pounds respectively, hang freely 
over a pulley; how far will W descend after the commencement of motion in 2 
seconds ? Ans. 14^ feet. 

(8.) Two weights W and w hang over a pulley, and W = 2 w; find the space 
through w'hich a body will descend by tho force of gravity, whilst W descends 
2 feet. Ans. 6 feet. 

(9.) The space described by a heavy body in the 4th second, is to the space 
described in the last second except 4, as 1 to 3 ; find the w'hole space described. 

Ans. 3618 feet 9 inches. 

(10.) A body has fallen from A to B, w'hen another body is let fall from C ; 
•low far will the latter body descend before it is overtaken by tho former ? 

Ans. If. AB = a, and AC = b ; then space descended 

Ub - o f 

4 a 


PROP. XY. 

26. If 0 , body be projected in free space, either parallel to the horizon, or in tm 
oblique direction, by the force of gun-powder, or any other impulse; it will, 
this motion, in conjunction with the action of gravity, describe the curve lint if a 
’parabola. 



Let the body be projected from the point A, in the direction Al), with any 
uniform velocity ; then, in any equal portions of time, it would, therefore, 
describe the equal spaces AB, BC, CD, &c., in the line AD, if it were not drawn 
continually doivn below that line by the action of gravity. Draw BE, CF, DC, 
&c., in the direction of gravity, or perpendicular to the horizon, and equal to 
the spaces through which the body would descend by its gravity, in the same 
times in which it would uniformly pass over the corresponding spaces AB, AO, 
AD, &C., by the projectile motion. Then, since by these tw'o motions, the body 
is carried over the space AB. in tho same time ns over tho space BE, and tho 
space AG in the same time as the space CF, and the space AD in the same time ns 
the spac.e DG,,&c. ; therefore, by the composition of motions, at the end of those 
times, the body ^iH lie fi end respectiv«dy in the points E, F, G, &c. ; and con 
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seqiiently the renl path the projectile will be the curve line AEl'G, &c. But 
tlie spaces AB, AC, AD, &c., described by uniform motion, are as the times of 
<lescriptioii; and tlie spaces Bli^ CF, DO, &c., described in the same times by 
the accelerating force of gravity, are as the squares of the times; consequently, 
the pe||)endicular des<;eiits ai’e as the squares of tlie spaces in AD, that is BE, 
CF, DG, &c., are respectively proportional to AB“, AC*', AD®, &c. ; which is the 
property of the parabola. Therefore, the path of the })rojectile is the parabolic 
line AEFG, &c., to which AD is a tangent at the point A. 

Carol. 1. The horizontal velocity of a projectile is always the same con- 
stant quantity, in every point of the cur\e ; because the horizontal motion is in a 
constant ratio to the motion in AD, which is the uniform projectile motion. 
And the constant horizontal velocity, is in proportion to the projectile velocity, 
as radius to the cosine of the angle DAH, or angle of elevation or Hepression of 
the piece above or below the horizontal line AH. 

Carol. 2. The velocity of the projectile in the direction of the (;iirve, or of 
its tfangent at any point A, is as the secant of its angle BAI of direction above 
the horizon. I ’or the motion in the horizontfil direction A I is (jonstaiit, and AI 
is to AB, as rah i us to the secant of the angle A ; therefore, Hie motion at A in 
AB, is every Avhere as the secant of the angle A. 

CoroL 3, The velocity in the direction DCi of gravity, or perpendicular 
to the horizon at any point G of the curve, is to the lirsi uniform projectile 
velocity at A, or point of contact of a tangent, as 2GD to AD. For, tlie times 
in AD and D(t being equal, and the velocity acquired by freely descending 
tlirough DG being such as would carry the body uniformly over twice J)(j in an 
equal time, and the spaces described with uniform motions being as the velocities., 
therefore the space AD is to the space 2DG, .ns the projectile velocity .nt A, to 
the perpendicular velocity at G. 



raoF. XVI. 

27. 7Vie velocity in the direction of the curve^ at any point of it, as A, is equal 
to that which is generated by gravity in freely descendmg through a space which 
is equal to one fourth of the paranuter of the dianotcr of the paiahola at that 
point. 

Let PA or AB be the height due to the velocity 
of the 'projectile at any point A, in the direction of 
the curve or tangent AC, or the velocity acquired by 
falling through that height; and complete the par<nl- 
lelogram ACDB. Then is Cl) = AB or AP, the 
height due to the velocity in tlie <nir\e at A; and 
CD is also the height due to the perpendicular velo- 
city at D, which must be equal to the former : but, by the last corol., the velocity 
at A is to the perpendicular velocity at D, as AC to 2 Cl); and as these velocities 
.nre equal, therefore AC or BD is equal to 2CD, or 2 AB ; and hence AB or AP 
is equal to ^BD, or ^ of the parameter of the diameter AB. 

Carol. 1. Hence it appe.ars, if from the direc- 
trix of the pcorabola which is the path of the projec- 
tile, several lines HE be drawn perpendicular to the 
directrix, or parallel to the axis ; that the velocity 
of the projectile in the direction of the curve, at any 
point E, is always equal to the velocity acquired by a 
hodyfalling freely through the oei^i>endiculaii*liiie HF*- 


w H H H H 
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CoroL 2. If a body after falling through the height PA (last fig. but one) 
which is equal to AB, and when it arrives at A, have its course changed, by 
reflection from a firm plane AI, or otiicrwiso, into any direction AC, without 
altering the velocity; and if AC be token == 2AP or 2AB, aiid tlie Paral- 
lelogram be completed; the body will describe the parabola passing tiJough 
the point D. 

CoroLS, Because AC == 2AB or 2CD or 2AP, therefore AC* zz 
2AP X 2CD or AP.4CD; and because all the perpendiculars EF, CD, Oil, 
are as AE*, AC*, AG*, therefore also AP.4EF = AE*, and AP. 4GH 2 = AC*, 
&c. ; and, because the rectangle of the extremes is equal to the rectangle 0 / 
the means of four proportionals, therefore, always 

It is AP : AE AE : 4EF, 

And AP : AC AC : 4Cn, 

And AP : AC AC : 4 Cl, 

And so on. 


PROP. XVII. 


128. Having given the direction^ and the impetus^ or altitude due h 
velocity of a projectile ; to determine the greatest height to which it will 
the random or horizontal range. 

Let AP be the height due to the projectile velocity 
at A, AG the direction, and AH the horiion. Upon 
AG let fall the perpendicular PQ, and on AP tlie 
perpendicular QR; so shall AR be equal to the 
greatest altitude CV, and 4 QR equal to the horizontal 
range AH, Or, having drawn PQ perpendicular to 
AG, take AG = 4AQ, and draw GH perpendicular 
to AH ; then AH is the range. 

For, by the last corollary, AP : AC ; 

And, by similar triangles, AP : AG ; : AQ : CH, 

Or, . AP : AC :: 4AQ : 4CH; 


Me first 
rise^ and 



therefore AG = 4AQ; and, by similar triangles, AH = 4QR. 

Also, if V be tlie vertex of the parabola, then AB or JAG = 2AQ, or AQ = 
QB ; consequently, AR = BV, which is = CV by the property of tlie parabola. 

Carol, 1. Because the angle Q is a right 
angle, which is the angle in a semicircle, therefore, 
if upon AP, as a diameter, a semic rcle be described, 
it will pass through the point Q. 

Carol, 2. If the horizontal range and the 
projectile velocity be given, the direction of the 
piece, so as to hit the object H, will be thus easily 
iound : Take AD= JAH, draw DQ perpendicular 
to AH, meeting the semicircle described on the 
diameter AP, in Q and q ; then AQ or Kq will be the direction of the piece. 
And henc4 it appears, that there are two directions AB, A6, which, with the 
same projectile velocity, give the very same horizontal range AH. And these 
two directions make equal angles ^AD, QAP, with AH and AP, because die ai’C 
PQ s the arc Kq, . 

CoroL 3. <)r, if the range AH, and direction AB, be given; to find toe 
altitude and velocity or impetus, 'Dike AD db JAH, and mrect the porpen^ 
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eniar DQ, meeting AB in Q ; so shall DQ be equal to the gi:eatest altitude GV 
Also, erect AP perpendicular to AH, and QP to AQ; so shall AP be the 
height due to the velocity. 

XoroL 4. When the body is projected with the same velocity, but in dif- 
ferenrdirections ; the horizontal ranges AH will be as the sines of double the 
angles of elevation. Or, which is the same, as the rectangle of the sine and co- 
sine of elevation; for AD or RQ, which is |AH, is the sine of the arc AQ, 
which measures double the angle QAD of elevation. 

And when the direction is the same, but the velocities different, the horizontal 
ranges are as the square of the velocities, or as the height AP, which is as the 
square of the velocity ; for the sine AD or RQ or ^AH is as thd radius, or as 
the diameter AP. 

Therefore, when both are different, the ranges are in the comj^und ratio of 
the squares of the velorjties, and the sines of double the angles of elevation. 

Coroh 6. The greatest range is when the angle of elevation is 45", or half 
a right angle ; for the double of 4 5 is 90, which has the greatest sine. Or the 
radius OS, which is \ of the range, is the gi’eatest sine. 

And hence the greatest range, or that at an elevation of 4-5®, is just double the 
ahiiiide AP which is due to the velocity, or equal to 4 VC. And consequently, 
ill that case, C is the focus of the parabola, and AH its parameter. Also, the 
ranges are equal, at angles equally above and below 45‘\ 

CoroL 6. Wlien the elevation is 15", the double of which, or 30", has i ts 
sine equal to half the radius; consequently, then its range will be equal to AP, 
or half the greatest range at the elevation of 45"; that is, the range at 15", is 
equal to the impetus or height due to the projectile velocity. 

CoroL 7. The greatest altitude CV, being equal to AH, is as the versed 
sine of double the angle of elevation, and also as AP or the square of the velocity. 
Or as the square of the sine of elevation, and the square of the velocity ; for the 
square of the sine is as the ver^.ed sine of the double angle. 

CoroL 8, The time of tlight of the projectile, which is equal to the time of 
a body, falling freely through OH or 40V, four times the altitude, is therefore 
as the square root of the altitude, or as the projectile velocity and sine of the 
elevation. 

92. Scholium. — From the last proposition and its corollaries, may be deduced 
the following set of theorems, for linding all the circumstances of projectiles on 
horizontal planes, having any two of them given. Thus, let e denote the eleva- 
tion, K the horizontal range, t the time of flight, v the projectile velocity; A, the 
greatest height of the projectile; r/ = 32^ feet, and a the impetus or altitude 
due to the velocity v; then 


R = 2a sin 2e = ~ sin 2e 


9 


= cot e = 4A cot e 
V = \^’2ag z=. a/ gr cosec 2e = \gt cosec e = cosec e^/2gh 

A a sin* e = 4a vers 2e =s tan e = = ^gf’, 

2g 


Am from any of these, in© angk of direction may be found. Also, in those 
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theorems, may in many cases be taken = 16, without the small traction 
which will be near enough for common use. 


PBOP. XVIII, 

80. To determine the range on an oblique plane^ having given the impetus or 

velocity i and the angle of directionm 

Let AE be the oblique plane, at“a given 
angle, either above or below the horizontal 
plane AH ; AG the direction of the piece, 
and AP the qjtitude due to the projectile 
velocity at A. 

By the last proposition, find the hori- 
zontal range AH to the given velocity &nd 
dir4*ction ; draw HE perpendicular to AH, 
meeting the oblique plane in E ; draw EF 
parallel to AG, and FI parallel to HE; so 
shall the projectile pass through I, and the range on the oblique plane will be 
Al. For if AH, AI, be any two lines terminated at the curve, and IF\ HE, 
parallel to the axis; then is £F parallel to the tangent Atj. 

81. Other wisBy without the horizontal range. Draw PQ perpendicular tc 
AG, and QD perpendicular to the horizontal plane AF, meeting the inclined 
plane in K; take AE = 4AK, draw EF parallel to AG, and FI parallel to AP 
or l)Q; so shall Al be the range on the oblique plane. For AH =: 4AD, 
ihevelore EH is parallel to FI, and so on, as above. 

OTUERWISE. 

82. Draw Vq making (he angle APq = the angle GAI; then take AG = 
4A^, and draw (il perpendicular to AH, Or, draw qh perpendiculi’u: to AH, 
and take AI 4A/i. Also, hq will be equal to cu, the greatest height abeve 
the plane. 

For, by corol. 2, Prop. XVI. AP : AG :: AG : 4GI; 

and, by similar triangles, AP : AG Aq : GI, 

or AP : AG ::4A(7 : 4G1; 

therefore A(y = 4A^ ; and, by similar triangles, Al = 4AA. 

Also, qky or ^Gi, is = to ci\ 



CoroL 1. If AO be drawn perpendicular to the plane AI, and AP be 
bisected by the pibrpendicular feTO ; then with the centre 0 describing a circie 
Uirougli A and P, the same will also*^ pass tlirough because the angle GjU, 
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f'jnnod by the tangent AI and AG, is equal to the .angle APy,, which will there- 
fore stand on the same arc Aq. 

Cor. 2. If there be given the range and velocity, or the impetus, the direction 
wilLh^ce be easily found, thus: Take Ak = ^AI, draw kq perpendicular to 
AH, rSeting the circle described with the radius AO in two points q and q; then 
Aq or Aq uill be the direction of the piece. And hence it appears, that there 
are two directions, which, with the same impetus, give the very same range AI. 
And these tw o directions' make equal angles with AI and AP, because the arc 
Pq is equal the arc Aq. They also make angles with a line drawn from A 
through S, because the arc is equal to the arc Sq, 

Cor. 3. Or, if there be given the range A I, and the direction Aq; to find the 
velocity or impetus. Take Ak = 4^AI, and erect kq perpendicular |p AH, meet* 
iug tlm line ofdirtjction in q; then draw' making the angle A^P = angle Akq; 
so shall AP be the impetus, or the altitude due to the projectile velocity. 

Cor. 4. The range on an oblique plane, with a given elevation, is directly as 
the rectangle of the cosine of the direction of the piece above the horizon, and 
Uie sine of the direction above the oblique plane, and reciprotally as the square 
of the cosine of the angle of the plane above or below the horizon. For in the 
tiiangles AP^ and Akq we have 

AP : Aq : : sin A^'P : sin AP^ : : sin Akq : sin ^'AI 

: : sin Akd : sin ^^AI : : cos HAI : sin ^'AI 

and Aq i Ak : i sin Akq : sin Aqk ; ; sin Akd ; sin PA^' 

: : cos HAI : cos ^AH 

.-. AP : Ak : : cos ‘'^HAI ; cos ^AH sin qAl 

AI = 4A/e = 4AP. = range on oblique plane. 

83. The range is the greatest when Ak is the greatest; that is, when kq 
touches the circle in the middle point S; and then the line of direction passes 
through S, and bisects the angle fornred by the oblique plane and the vertex. 
Also, the ranges are equal at equal angles above and below this direction for the 
maximum. 

Cur, j. The greatest height cv or kq of the projectile above the plane is 

= AP . = AP sin^ ffAI see' lAH. 

COS* lAH 

For AP : A <7 : sin A^-P : sin AP^ : : cos HAI : sin qAl, 

and Aq : kq : sin Akq : sin ^^Al : • cos HAI ; sin qAl. 

AP : kq : cos* HAI : sin* j/AI. 

. kq = AP sin* ^AI sec* HAI, 

Cor. 6. The time of flight in the curve AvI = f a . For the 

cos HAI g 

time of describing the curve is equal to the time of falling freely through GI or 

Akq = 4AP . hence by the laws of gravity, the time of flight 

cos Jl i* 44 

= /2s _ 2 sin ^AI /^AF # 

g cos HAI V 

34. Scholium.— From the foregoing corollaries may be collected the follow'- 
hig t.heorems, in which i denotes the inclination of the plane to the horizon, c the 

H tl H 
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^ angle of elevation above the horizon, and the other letters as in the formei 
equations. 

^ cos e sin {e — t) _ sin (2e — t) — sin i _ cos e sin (e — 
g cos* *. g * cos* i cos* im 


= . 


sin {e — i) 


8in(e — i) 


= a. — «) = jf . sin^ je—i) _ , r . ein (e - 1 ) _ ^ j 
COS* i ^Ig cos* i ^ * cos c ^ 


t - ^tag - cos z Y 2 '^;^ siir(7^) "" ’ sin (e-i) ^ sin ( e~z) 

^ ^ sin (e — i ) _ 2i; sin {e — i) __ /2R . {e — z) 

CCS z V ^ <7 * cos z \ g ' ""coTz \/ g * 

Also sin (2e — i) = ^ cos* z + sin t; whence e may be found. 


2 sin (e — z 


• sin (e — z) /57i 
</ * cos z V ^ * 


Also sin (2e — i) = ^ cos* z + sin i; whence e may be found. 

35. The principal properties of a projectile in a non-resisting medium, may be 
very elegantly deduced, by the method adopted in the following proposition. 


PROP. XIX. 


36. A body i$ projected from a point A, with ^ 

a velocity v, in the direction AT, making an angle 
ewith the horizon; it is required to find where it 
vnll strike the plane AI, passing through the point 
of projection, and making an angle i with the hori- 
zontal plane A H. 1 

Let ^=time of flight, or the time in which the body ^ at s 

describes the path AVI. 

R = AI, the range on the oblique plane AI. 
g = 32^ feet, the accelerating force of gravity. 

••• tv = AT = space described in t seconds by velocity of projection, 
\gf = TI = space described by force of gravity in t seconds. 

Tj AT__ sin AIT _ sin AIK _ cos I AK _ cos t 

® JT sin ATI cos TAH cosTAH cose 

tv _ cos t f V 

H - cor. 

A.. : . AT _ cos lAK _ cos i 

TT - sirTAT - 8¥(ri^ 

, 2^p _ cos i 

gt^ sin (c — i ) ^ ^ 

From equations (a) and (5) we have 

R=h.. 92if 


/ = ?^ — l) 

g cos I 
• • R = ^ 8in (e ■*> t ) ^ 

g cos* t f 

s= • wn (2g--t)^abtT 

f * tXMf i ) 
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If a = altitude through which a body must fall from rest to acquire the velocity 
of projection; then v* = 2a^, and 


R = 4a . e sin {e — i) _ ^ sin (2g — Q — sint 

cos^ i cos*-* i 

t = sin (e — t) _ /2^ 2 sin (e — t) 

g * cos i 'V ^7 * cos I 


( 4 ) 


,(5) 


Cor. 1. When the plane AI is horizontal; then t = 0, and we have 
2o* . 

R = — . cos c sin € = — sin 2c = 2a sin 2c (6) 

9 

, =^f.2sm« (7) 


e 


Cor, 2. If AK = X and KI =; y; then wc have 
y = KT — TI = a; tan e — [gf. 

But X = AK = AT cos TAK = tv cos c, and eliminating t by these two 
equations we have 


y = a: tan c • 


gn^ 


2a?2 cos*-* e 

'A c 


: X tan e — 


4 a cos‘^ e 


:= a: tan c — . x^ sec H = x tan e — ~ . s? sec ®c. . (8) 

. 4 a ^ ' 


This is the equation to the curve, and is of great advantage in the solution of 
equations in reference to projectiles. 


niACTlCAL EULES IN PE0JECTILE8. 


I. The velocity varies nearly as the square root of the charge, when the shot 
are the same ; that is, if V and v are the velocities, and C and c the charges ; then 

V v'C , 

— z=-2i~ nearly. 

V a/c 

II. With equal charges, the velocity varies inversely, as the square root of the 
weight ; that is, if B and h are the weights of tw o shots; then 

V ^/b , 

nearly. 

III. When unequal shot are projected with unequal charges, then 

y a/C Vb , 

7=^- 

IV. If the charges are proportional to the weight of the shot; then the velocities 
will be the same for all shot. For let C = m B and C’=s,mb\ then we have 

y ^ a/C yb A/b _ j 

V a/c ‘ a/\S ^/mb ' y/B 


. V = r. 


^ V. It has been found by experiment, that if the charge be 4 of the weight of 
the shot ; then the velocity is 1600 feet per second nearly. 


Let c= and v =1600; then we have 
V _ a/c A/b ^ a/c A/b _ 

% a/c a/S /ib a/ii 

U H u 2 


/3C 

V B 


V= 1600 




’3C 

F" 
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Yl« With the same elevation, the range varies as the charge ; that is, if R and 
111 are the ranges, then 

111 c 

Vll. When the plane is horizontal, and the velocity the same, the range varies 
as the sine of twice the elevation; that is, if e and Cj are the elevations, then 
11 : Ri ; ; sin 2 e ; sin 2 Ci. 


EXAMPLE IN PROJECTILES. 

Find the velocity and angle of elevation, that the projectile may pass through 
the two givej^ points I, V ; supposing AK =: 300, AK' = 400, KI = 60, and 
K'F = 40 feet. 

Here we have v = ^ tan e — — „ . sec^ e 

^2v“ ^ ' 

y, = X tan x°- sec*' e (2) 

= -f, ’..(3) 

= 

... = 

XX, (x, — x) 

_ 400*.60 — 300^.40 _ , 

300.400. rOO 

... e = tan = 26° 33' 54" = angle of elevation. 

From (1) t; = X sec e * / = SSv'tt = 141.79 feet, the velocity. 

' X tan e — y ■' 

Also, if in equation (1) we makc^ = 0, we have the range 

AH = ar = ~ sill 2e = 625 sin 2e = 500 feet, 

9 

To determine the greatest height of the projectile above the horizontal plane, 
we must find the maximum value of ^ from equation (1); hence by differentiating 
the equation 

y = a? tan e — x* sec *c 

we have ^ = tan e = ^ ar sec® c = 0 (5) 

dx 

a: = ~ cos® c tan « = 2 a sin c cos e = a sin 2 c . . (6) 
9 

which is evidently half the whole range; therefore putting this value for x in the 
equation of the curve we have for y 

y =• 2a sin® e — a sin® c = a sin® (7) 

= ^ , sin® e = 5?^ sin® e = 62*5 feet. 

2g 2 

ADOlTlONAL EXAMPLES FOR EXERCISE. 

r.x AMPLE K If a hall of lib. acquire a velocity of 1600 feet per second, 
when fired with 64 ounces of pow^der; it h ]|^quired to find with what velocity 
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enrli of the several Iclnds of shells will be tlischar/red by the full rhar^es 
powder, fiz. 


Nature of the shells in inches ... LS 

THeir weight in lbs 196 

Charge of the pow der in lbs. ... 9 

10 

90 

4 

8 

48 

2 

5J 

.16 

1 

8 

i 

Ans. Ihe velocities in lbs. 594 , 584 

1 • 1 

.595 

1 

693 

(.93 


Exam. 2. — If a slu ll l»e found to ranj^e 1000 yards, when discharg-ed at 
an elevation of 45“ ; how far will it range when the elevation is 30“ IG', the charge 
of powder being the same? Ans. 2G12 feet, or 871 yards. 

Exam. 3.— Tlie range of a shell at 45® elevation, being fouril to be 3750 
feet; at what elevation must the piece be set, to strike an object at the distance 
of 2810 feet, with the same charge of powder ? Ans. at 24® 16', or at 65® 44/. 

E.xam. 4. — With wliat impetus, velocity, and charge of powder, must a 
13 inch shell be fired at an elevation of 32® 12', to strike an object at the distance 
of 3250 feet? ' Ans. impetus 180*2, velocity 340, charge 2*95 lb. 

lilxAM, 5, — A shell being found to range 3[>00 feet, when discharge<l at 
an elevation of 25® 12" ; how far then will it range at an elevation of 36® 15', 
with the same charge of powder? Ans. 4332 feet. 

Exam. 6, — If, with a charge of 9 lbs. of powder, a shell range 4000 feet; 
what charge will suffic>o to throw it 3000 feet, the elevation being 45" in both 
c ises ? Ans. GJ lbs. of powder. 

Exam. 7. — What will be the time of flight for any given range, at the 
elevation of 45" ? 

Ans. The time in seconds is -j the square root of the range in feet. 

Exam. 8. — In what time will a shell i*ange 3250 feet at an elevation of 
32®? Ans. 1 1 1 seconds, nearly. 

Exam. 9.— How far will a shot range on a plane which ascends 8® 15', 
and another whicJi descends 8* 15'; tlie impetus being 3000 feet, and the 
elevation of the piece 32® 30'? 

7 \iis. 4241 fe(‘t on the ascent, and 6745 feet on the descent 

Exam. 10. How imicli powder wjH throw a 13 inch sliell 4244 feet on an 

inclined plane w inch ascends 8® 15', the elevation of the mortar being .32“ 30'? 

Arjs. 4-92535 lb. or 4 lb. 15 oz. nearly. 

Exam. 11,— At what elevation must a 13 inch mortar be pointed, to 
range 6745 feet, on a plane nliidi descends 8° 15'; tlie charge being 4; J lb. of 
■powder? Ans. 32° 8'. 

I’-XAM. 12 In what time will a 13 inch shell strike a plane whidi rises 

8’ SO*, when elevated 45", and disdi.irged with an impetus of 2;i04 feet ? . 

Ans. sen nds. 

37. Suppose in ricochet firing A K=: 1600 feet, KI=12 feet, and KI1==200 feet, 
required the elevation and velocity, that the projectile mav fust clear I aul 
Hit H, 
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liESCENTS ON INCLINED PLANES. 



PEOP. XX. 

88. Let i = inclination of a plane to the horizon; then f thejbrce accelerating 
down the plane is a uniform force, and f = g sin i. 

Let A B be the inclined plane, and angle BAG = t. 

Draw CD a? right angles to AB; then if the force of 
gravity be represented by BC, the eifective part of it 
which iccelerates the body down the plane is BD; 
hence we have 

f = BD = BC sin BCD = BC sin A = </ sin i. * '■ 

Cor. 1. Let I — length of plane AB, and h = height BCf then we have 

f g sin i = g. and if this value of f be substituted for g in the several 

expressions deduced in Prop. xm. for bodies falling freely, we shall have 

s = ^gt^ sin i = — — : = ^tv (1) 

2g sm i 

; . 2h 

v = sm * = y = Vllgl §in i (2) 

t = -4—. = - = A / -4^ (8) 

g sin % V 'V sin I 

Cor. 2. Let u = velocity with which a body is projected up or down the 
plane; then we have as before 

5 = X sin I = . ~ 4~ T (4) 

^ ^ ^g sin f ^ ^ 

u = w Ir 9 I sin i • • (5) 

Cor. 3. If i = 0 , and E = constant resistance to motion ; then 

s = = (G) 

V = tt — Rt (7) 

When the motion ceases i; = 0 , and ^ « -i- R. 


PROP, XXI, 

39. The velocity acquired by a body descending freely down an inclined 
plane AB, is to the velocity acquired by a body falling perpendicularly, in the 
same time, as the height of the plane BC is to its length AB. 

For by Cor. 1, Prop. xx. w o have v gt sin i, and if the body fall vertically, 

then = gt; hence we have 

V i Vi : : gt sin t : gt : : sin i : 1 

: : : 1 : : BC : BA : : A ; 

Cor, 1. Hence it is very evident that the velocities are as the times of descend- 
ing from rest ; that the spaces descended are as the squares of the velocities, or 
squares of thejtimea ; and that if a body be throw n up an inclined plane, with 
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the velocity it acquired in descending, it will lose all its motion, and ascend 
to the same height, in the same time, and will repass any point of the plane 
with the same velocity as it passed it in descending. 

Co^2. Hence also, the space descended down an inclined plane, is to the 
sjjacewcscended perpendicularly, in the same time, as the height of the plane 
Cll, to its length AB, or as the sine of inclination to radius. For the spaces de- 
scribed by any forces, in the same time, are as the forces, or as the velocities. 

Cor, 3. Consequently, the velocities and spaces descended, by bodies down 
different inclined planes, are as the sines of elevation of the })lancs. 

Cor, 4. If CD be drawn perpendicular to AB ; then while a body falls freely 
through the perpendicular space BC, another body will in the same time descend 
down the part of the plane BD. For, by similar triangles BC : BD : ; BA : BC, 
tiiat is, as the spaces descended by cor. 2. 

Or, in any right-angled triangle BDC, having its hypo- 
tenuse BC perpendicular to the horizon, a body will 
descend dow n any of its three sides BD, BC, DC, in the 
same time, ^nd therefore, if upon the diameter BC a ^ 
circle be described, the times of descending down any 
chords, BD, BE, BF, DC, EC, FC, &c. wall be all equal, 
and each equal to the time of falling freely through the 
perpendicular diameter BC. 

PROP. XXII. 

40. The time of descending down the inclined plane BA, is to the time of 
falling through the height of the plane BC, as the length BA to the height BC. 



For by Cor. 1. Prop. xx. we have ^ = a / — 

^ V sin i 

d when the body falls vertically, ti r= he'nce 




we have 


a/— = a/- •• = ■ v'* 

g sin I V g V sin I 




Vh 


I 


h. 


Cor, 1. If t, = inclination of another plane of the same height BC, and A its 
length; then if be the time of descending down this plane, we have 

V V 


t,t, 


: Sin ii : sin i 

: t : 


^ sin z g sm ti 

. .A 

” I, ' I 

that is, the times of descending down different planes of jthe same height, are to 
one another as the lengths of the planes. 


PROP. XXIII. 

41. ^ bodg acquires the same velocity in descending down any inclined ftlanm 
BA, as by falling perpendicularly through the height of the plane BC. 


oA * 

For by Cor. I, Prop. xx. w’e have’i; = *•, and by the fonnulte fof descents 
by gravity we get v =: hence the velocities acquired are equaL 
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Cor. 1. Hence, the velocities acquired by bodies descending down any planes, 
from the same height to the same horizontal lino, are equal. 

Cor, 2. If the velocities be equal, at any two equal altitudes D, E ; they will 
be equal, at all other equal altitudes A, C. ^ 

Cor, 8. Hence, also, the velocities acquired by descending down any planes, 
ere as the square roots of the heights. 

PROP. XXIV. 

42. To find the plane of quickest descent from a point within a vertical circle^ 
to its circumference. 

Let P be given point, O the centre of the given circle, 
and OA Vertical. Jqjn AP and produce it to meet the given 
circle in Q ; then PQ is the plane of quickest descent. For 
join QCi and draw PR parallel to AO. Then since AO = OQ ; 
therefore PR= RQ, and a circle described from centre R with 
radius RP or RQ^ will pass through P, and touch internally 
tho given circle at Q ; hence the time down the plane PQ will 
be less than that down any other plane, from P to the circumference of the given 
circle ; because every plane from P to the circumference of the circle, whose 
centre is 0, except PQ, w'ill fall partly without the circle, whose centre is R. 

PROP. XXV. 

48. If a body descend down any number of contiguous planes AB, BC, CD, 
it will at last acquire the same velocity as a body falling perpendicularly through 
the same height ED, supposing the velocity not altered by changing from one 
plane to another. 

Produce the planes DC, CB, to meet the hori- 
zontalline EA produced in F and G. Then by 
Prop. XXIII. the velocity at B is the same, w hether 
the body descend through AB or FB. And there- 
fore the velocity at C will be the same, whether 
the body descend through ABC or through FC, 
which is also again, by Prop, xxiii. the same as by descending through GC. 
Consequently, it will have the same velocity at D, by descending through the 
planes AB, BC, CD, as by descending through the plane GD ; supposing no ob- 
struction to the motion by the body impinging on the planes at B and C ; and 
this again is the same velocity as by descending through the same perpendicular 
height ED. 

Cor, 1. If the lines ABCD, Ac., be supposed indefinitely small, they will form 
a curve line, which will be the path of the body : from which it appears that a 
body acquires also the same velocity in descending along any curve, as in falling 
perpendicularly through the same height. 

Cor, 2. Hence, also, bodies acquire the same velocity by descending from the 
same height, whether they descend perpendicularly, or down any planes, or dow n 
any curve or curves. And if their velocities be equal, at any one height, they 
will be equal at all other equal heights. Therefore, the velocity acquired by 
descending down any lines or curves, are as the square roots of the perpendicular 
heights, ^ 
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Corel. 3. And a body, after its descent throujs^b any curve, v ill acquire a 
velocity which will carry it to the same height through an equ.ii curve, or 
tlirough any other curve, ei‘her by running up the smooth concave side, or by 
bcinjl retained in the curve by a string, and vibrating like a pendulum : also, 
the *locities will be equal, at all equal altitudes ; and the ascent and descent 
will be performed in the same time, if the ourves be the same. 


PROP. XX vi. 


44. The times in nhich bodies descend throngh similar parts of simitar 
airves ABC, abc, placed (dike, art as the square roots of the ir lengths. 

That is, the time in AC is to the time in ac, as ^ 

1 or, as the curves arc similar, they may be cH>nsidered 
as made up of an equal number of corresponding parts, 
ubich are every where, e ch to each, proportional to 
the whole ; ^and as they are placed alike, the corre" 
spoiuling small similar parts will also be parallel to each 
other. But the time of describing each of these pairs 
of corresponding parallel parts, by arti(de TiO, are as 
the square roots of their lengths, which, by the supposi- 
tion, are as ^ AC to \/ac, the roots of the whole curves. Tlierefoie, the whole 
times are in the same ratio of ^AO to 

Corol. 1. Because the axes DC, Dc, of similar curves, are as the lengths 
of the similar parts A(', ac, therefore the times of descent in the curves AC, ac, 
are as y/DC to Dc, the square roots of their axes. 

Corot. 2. As it is the same tiling, whether the bodies run down the 
smooth concave side of the curves, or be made to describe tbo>e curves by 
vibrating like a pendulum, the lengths being DC, 1).*; tborefore, tbe times ot 
the vibration of pendulums, in similar nre^ of any curves, are as the square 
roots of the lengths of the pendulums. • 




45. Sciunariu. — Having, in the last corollary, mentioned the pencliiluin, it 
may not be improper here to add some remarks concerning it. 

A pendulum consists of a ball, or any other 
heavy body B, bung by a fine string or thread, 
moveable about a (centre A, and descTibing tlio 
arc CBD ; by which vibration the same motion 
happens to this heavy body, as would happen 
to any body descending by its gravity along tbe 
spherical superficies CBD, if that superficies was 
perfectly hard and smooth. If the pendulum be 
carried to tbe situation Ai\ and then let fall, the 

ball in descending uill describe tlie ;:rc ('B, and in the point B it will have that 
velocity whii'.h is acquired by descending through CB, or by a body falling freely 
ibfough EB. This velofdty will be suflicient to cause the ball to ascend tbreiigh 
an equal arc BD, to the same heiglit I) from whence it fell at C: having (herb 
lost all its motion, it will again begin to descend by its own gravity f and hi 
tbe lowest point B it will acquire the same velocity as before, which will cause 
it to reascend to C ; and thus, by ascending and descending, it w'ill perform 
c(mtinual vibrations in tbe circumference CBD. And if the «iotion8 of pendu. 

ms met with no resistance frohi ilie air.*nrd If there were no friction at the 
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centre of motion A, the vibrations of pendulums would never cease. But from 
tliose obstructions, tboii£»b sjimll, it happens, that the velocity of the balHn tbe 
point B is a little diminished in every vibration ; and, consequently, it does not 
return precisely to the same points C or 1), but the arcs described contil|||Mally 
become shorter and shorter, till at length they grow insensible ; unless the mo- 
tion be assisted by a mcc.banical contrivance, as in clocks, called a maintaining 
power. 

4G. If the circumference 
of a circle be rolled on a 
right line, bq^inning at any 
point A, and continued till 
the same point A arrive at 
the line a^aiii, making just 
one revolution, and thereby 
measuring out a str^iight line 
ABA equal to the circumference of the circle, while the point A in the circum- 
ference traces out a curve line AC AG A : then this curve is called a cycloid ; 
and some of its properties are contained in the following lemma : 

LEMMA. 

47. If the generating or revolving circle be placed in the middle of the 
cy<*l()id, its diameter coinciding with the axis AB, and from any point there be 
drawn the tangent OF, the ordinate CDE perpendicular to the axis, and the 
cJjord'of the circle AD ; then the chief properties are these : 

The right line CD z=: the circular arc AD ; 

The cycloidal arc AC = double the chord AD ; 

The semi-cycloid ACA = double the diameter AB, and 
The tangent CF is parallel to the chord AD. 


DEFINITION. 



rEor..xxvii. 

48. When a pendulum vibrates' in a cycloid^ the time of one vibration, is to 
the time in which a body falls through half the length of the pendulum, as the 
circumference of a circle is to its diameter. 

Let ABa be the cycloid ; DB its axis, 
or the diameter of the generating semi- 
circle DEB ; CB = 2DB the length of 
the pendulum, or radius of curvature at 
B. Let the ball descend from F, and, 
in vibrating describe the arc F^ 

Divide FB into innumerable small parts, 
one of which is Qg ; draw FEL, GM, 
gm, perpendicular to DB. On LB de- 
scribe tbe semicircle LMB, whose centre 
is 0; draw MP parallel to DB; also 
draw the chords BE, BH, EH, and the radius OM. 

Now, the triangles BEH, BHK, are simila r; tjierefore, BK : BH :: BH : BE, 
»r BH» == BK . BE, or BH = v/ Bk . BE. Also, the similar triangle MmPf 


c 
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MON, give Mp ! Mw : : MN : MO. And, by the nature ef the cycloid, llh is 
equal and parallel to Gr/. 

If another body descend down the chord EB, it will have. the same velofity as 
theAall in the cycloid has at the same height. 8o that KA and Gr/ are passed 
over with the same velocity, and (.onsequentiy the time in passing them >\ill be 
ns their lengths G^, K/i, or as HA to KA, or Bll to BK by similar triangles, or 
y/'BK . be BK, or y/BE to y^BK, or as y/BL to y/BN by similar tri- 


angles. 

That is, the time in : time in KA : : y^BL : y'BN. 

Again, the time of describing any space with a uniform motion, is directly ^ 
the space, and reciprocally as the velocity ; also, the velocity in K or K^, is to 
the velocity at B, as y/EK to y/EB, or as y/LN : ; and ^e uniform ve- 

locity for £B is equal to half that at the point B, therefore the time in K/e : time 

. KJt EB „ . . . . N« LB 

in EB : : ~ r-r, : , tt-t: : : (by sim. tn.) —77^ ; y - j : ; N« or : 


VLN* iy/LB 


y/LN • iy/LB 


2 \/BL . LN* 

That is, the lime in YJt : time in EB :: Mp : 2^/ BL .»LN. 

But it was, time in G^ : time in KA ::y/BL :y/BN; therefore, 

By comp., time in G^ : time in EB : : Mp : 2‘v/BN . NL or 2NM. 

But, by sim. tri., Mm : 20M or BL . : Mjt? : 2NM. 

Therefore, time in : time in EB ; : Mm : BL, 

Consequently, the sum of all the times in all the G^’s is to the time in EB, 
or the time in DB, which is the same thing, as the sum of all the Mm’s is 


to LB; 

That is, the time in : time in J)B : : Lw^i ; LB. 

And the time in FB : time in DB : : LMB ; LB. 

Or the time in FBf : time in DB : : 2LMB : LB. 

That is, the time of one whole vibration, 

is to the time of falling through half CB, 
as the circumference of any circle, 
is to its diameter. 


Coro/, Hence all the vibrations of a pendulum in a cycloid, whether 
great or small, are performed in the same time ; which time is to the time 0/ 
falling through the axis, or half the length of the pendulum, as 3*1416 to 1, the 
ratio of the circumference to its diameter; and lienee that time is easily found 
thus. Put/? = 3* 1410, and / the length of the pendulum, also ^<7 the space 
fallen through by a heavy body in 1" of time : 


Tlien>v/4^; \/i/ : : 
Therefore, 1 : p • 


] '' : y/ the time of falling through 5/, 

: \/ -^ : /? t/ which therefore is the time of one vi- 
9 9 


bration of the pendulum. 


49. And if the pendulum vibrate in the small arc of a circle ; because tjiat 
small arc nearly coincides with the small cycloidal arc at the vertex B ; there- 
fore the time of vibration in the small arc of a circle, is nearly equal to the 
time of vibration in the cycloidal arc; and consequently the time of vibration 

in a small circular arc is equal to/? y/--% Avhere I is the radii\s of the circle. 
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50. So that, if one of these, g or /, be found by experiment, this theorem 
will give the otlier. Thus, if^or the space fallen through by a heavy body in 
T' of time, be found, then this theorem will give the length of tho seconds pen- 
dulum. Or, if the length of the seconds pendulum be observed by experin^nt, 
which is the easier way ; this theorem will give ^<7 the descent of gi*avity iw 1 ". 
Now, in the latitude of I^ondon, the length of a pendulum which vibrates seconds, 
has been found to be 39 J inches ; and this being written for I in the theorem, 

it gives/) ~ ^ hence is found -Ip* X 39^ = 193*07 

^ches = feet, for the descent of gravity in V ' ; which it has also been 
found to be very exactly, by many accurate experiments. 

^ * SCHOLIUM. 

51. Hence is found^the length of a pouduUnu that slwall make any number 
of vibrations in a given time. Or, the number of vibrations that shall be made 
by a pendulum of a given length. Thus, suppose it v.ere required to lind the 
length of a lialf seconds pendulum, or a quarter seconds penduluip ; that is, a 
pendulum to vibrate twice in a second, or 4 times in a second. Then, since tlie 
time of vibration is as the square root of the length, 

Therefore 1 : ^ : ^^.39^ : 

394 

Or 1 *.4 • * 39^ : = 9| inches nearly, the length of the half 

seconds pendulum. 

And 1 : : : 39^ : inches, the length of the quarter se<‘onds pendulum 

Again, if it were required to find how many vibrations a pendulum of 80 
inches long will make in a minute. 

Here ^^80 : v'SOJ : : 60" or 1' : 60^^^ = 7^31-3. = 41*95987, or 
almost 4"2 vibrations in a minute, 

52, III these propositions, the thread is supposed to be very line, or of no 
sensible weight, and the ball vei'y small, or all the matter united in one point ; 
also, the length of the pendulum, is the distance from the point of suspension, 
or centre of motion, to this point, or centre of the small ball. But if the ball be 
large, or the string very thick, or the vibmting body be of any other figure ; 
then the length of the pendulum is different; and is measured, from the centre 
of motion, not to the centre of magnitude of the body, but to such a point, as 
that if all the mntter of the pendulum were collected into it, it would then 
vibrate in the same time as the compound pendulum ; and this point is called the 
Centre of Oscillation, which will be treated of in what follows. 

The pendulum may be applied to three several important purposes. 

(1.) To measure portions of time, or to subdivide the units we derive from 
astronomical phenomena, into smaller and equal portions. 

* (2,) To determiiio the measure of the force of gravity, at different places, and 

under different circumstances; and thus to enable us to infer the variation in the 
apparent intepsity that is due to the centrifugal force ; and the variation in the 
actual intensity at the surface, that is due fb the figure of the earth. Hence tho 
figure of the earth may be determined. 

(3.) The standard unit from which all lineal measures are taken, is the length 
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of a pendulum vibrating seconds of mean time in the latitude of London, in a 
vacuum at the level of the sea, Fah. thermometer being at (32^, and the barometer 
at 30 inches. 


OF THE CENTRES OF PERCUSSION, OSCILLATION, AND 
UYRATION. 

5*3. The Centre of Percussion of a body, ora system of bodies, revolving about 
a point, or axis, is that point, nhich striking an immoveable object, the Avhole 
mass shall not incline to either side, but rest a§ it were in equilibrio, without 
iu ling on the wmtre of suspension. 

54. Tlie Centre of Oscillation is that point, in a vibrating body, in which 
if any body Lie placed, or if tlie whole niiiss be collected, it w]ll perform its vibra- 
ti(nis in the same time, and with the same angular velocity, as the wholtrbody, 
about the same [mint or axis of suspension. 

55. The Centre of Gyration, is that point, in which, if the whole mass be 
collected, the same angular velocity will be generated in tlie same time, by a 
given force acting at any place, as in the body or system itself. 

56. Tile angular motion of a body, or system of bodies, is the motion of a 
line connecting any point and the centre or axis of motion ; and is the same in 
all parts of tin* same revolving body. And in different, unconnected bodies, 
each revolving about a centre, the angular velocity is as the absolute velocity 
direcAly, and tlio distance from the centre inversely ; so that, if their absolute 
velocities bo as titeir radii or distances, the angular velocities will be equal. 


riior. xxvni. 

57. To find the centre of percussion of a body, or system of 

Let the body revolve about an axis passing tlirough 
any point S in the line iSGO, passing through the 
centres of gravity and percussion, (i and 0, Let 
MN be the section of the body, or the plane in which 
the axis SGO moves. And conceive all the particles 
of the body to be reduced to this plane, by perpendi- 
culars let fall from them to the plane; a suppoaitioii 
which will not affect the centi'es'G, O, nor the angu- 
lar motion of tlie body. ^ 

Let A be the place of one of the particles, so re- 
duced ; join SA, and draw AP perpendicular to AS, 
and Aa perpendicular to SGO ; then AP will be the direction of AJ8 motio'n, 
as it revolves about S ; and the whole mass being stopped at 0, the body A will 
urge the point P forward, with a force proportional to its quantity of matter 
and velocity ; or to its matter and distance fron^ the point of sds]>ension S ; that 
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is, as A • S A ; and the efficacy of this force in a direction perpendicular to SO, at 
ih^ point P, is as A . Sa, by similar triangles ; also, the effect of this force on 
tlie lever, to turn it about 0, being as the length of the lever, is as A . Sfz , PO 

= A . Sa . SU — SP = A . Sa . SO — A . Sa . SP = A . So . SO ^ A . 

SA*^ In like manner, the forces of B and C, to turn the system abSit 0, 
are as, 

B . S^ . SO — B . SB*, and, 

C . Sc . SO — C . SC^ &c. 

But, since the forces on the contrary sides of 0 destroy one another, by 
the definition of this force, the sum of the positive parts of these quantities, 
must be equal to the sum of the negative parts, 

that is, A . So . SO + B . S6 . SO + C . Sc . SO, &c. = - - - 

A . SA* + B . SB» + C . SC*, &c. ; 

, , or. A , SA* + B . SB* + G . SC* &c. 
and hence SO = . - Sa^BTSi + C ” “ 


u’hich is the distance of 


A . Sa + B . S5 + C . Sc &c. 
the centre of percussion below the axis of motion. 

And here it must be observed that, if any of the points «, b, &c. "fall on the 
contrary side of S,«the corresponding product A . Sfl, or B . SA,*&c. must be 
made negative. 

Coroh 1. Since, by cor. 8, pr. 15, A -f* B -J- C, &c, or the body h X 

th® distance of the centre of gravity, SG, is = A . Sa -f- B . S5 -f- C • Sc, 

which is the denominator of the value of SO ; therefore the distance of the cen- 

, . . en A . SA* + B . SB* + G . SC* &c. 

tw» of percussion is SO = ^ 

Corol 2. Since, by Geometry, tbeor. 36, 37, 

it is SA* =: SG* + GA* — 2SG . Ua, 

and SB* = SG* + GB* + 2S(i . 

and SG* r= SG* + GG* + 2SG . Gc, &c. 

and, by cor. 5, pr. 13, the sum of the last terms is nothing, namely, 

— 2SG . Ga -f- 2SG . Gb -f- 2SG, Gc, &c. = 0; 

therefore the sum of the others, or A . SA* + B , SB*, &c 

SG* + A . GA* + B . GB* + G . GC*, &c. 

SG* + A . GA* + B . GB* + C . GC*, &c. 


= A + B, &C. 
or = b 

which being substituted in the numerator of the foregoing value of SO, gives, 
SO - ^ > SG* + A . GA* + B . GB* + &c. 


or SO = SG + 


b . SG 

A . GA* + B . GB* + C . GC*, Ac., 
6 . SG 


CoroL 3. Hence, the distance of the centre of percussion always 

exceeds the distance of the centre of gravity, and the excess is always 

A . GA* + B . GB*, &C. 

(,0 = 

68. And hence also, SG . GO == — ■ * ^ ^ 

is always the same constant quantity, wflerever the point of suspension 8 is 
placed; since the. point G, and the bodies A, B, Ac. are constant Or GO is 
always redprocally as SG, that is, GO is less, ns SG is greater ; and conse- 
qnently tlie point rises upwards, and approaches toviards the point G, as liie 
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point S is removed to the greater distance ; and they coincide when SC is 
infinite. But when S coincides with G, then GO is infinite, or 0 is at an 
infinite distance 


PROP. XXIX. 


59. If a body A, at the distance SA from an axis passing throitgh S, he made 
to revolve about that axis by any force f acting at P in the line SP, perpen 
dicular to the axis of motion ; it is required to determine the quantity or mat- 
ter of another body Q, which, being placed at P, the point where ike force 
acts, it shall he accelerated in the same manner, as when A revolved at the dis-> 
tame SA ; and, consequently, that the angular velocity of A aj^ Q about S, 
may be the same in both cases. 


By the nature of the lever, SA : SF :: f : • f the effect 

of the force f acting at P, on the body at A ; that is, the force 
y acting at P, will have the same effect on the brdy A, as the 
SP 

force ^ f acting directly at the point A. But as ASP re- 
volves Jiltogether about the axis at S, the absolute velocities of 
the points A and S, or of the bodies A and Q, will bo as the 
radii SA, SP of the circles described by them. Here then we have two bodies 

SP 

A and Q, which being urged directly by the forces f iind f acquire veloci- 
ties which are as SP and SA. But the motive forc,es of bodies are as their 
mass and velocity ; therefore 

ftp ft A « 

/ : : A. SA : Q . SP, and 8P* : SA» : : A : Q = A. 

whicjh therefore is the mass of matter which, being placed at P, would receive 
the same angular motion from the action of any force at P, as the body A re- 
ceives. So that the resistance of any body A, to a force acting at any point P, 
is directly as the square of i s distance SA from the axis of motion, and reci- 
procally as the square of the distance SP of the point where the force acts. 


Corot. 1. Hence the force which accelerates the point P, is to the force 
f SP* 

of gravity, as to 1, or as jf , SP* to A . SA*. 

Coiol. 2. If any number of bodies, A, B, C, be 
put in motion, about a fixed axis passing through S, by 
a force acting at P ; the' point P will be accelerated in 
the same manner, and consequently the whole system 
will have the same angular velocity, if, instead of the 
bodies A, B, C, placed at the distances SA, SB, SC, 

, , . SA* ^ SB* „ SC* ^ 

there be substituted the bodies gpi A, gpi B, gp, 0; 

these being collected into the point And hence, the 
moving force being f and the matter moved being •••••• •• 

4 - ^ ^ ^ ^ * therefore the accelerating force 
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f SP* 

A — ggy Ij, Q ^ g — §(y ? which is to the accelerating force of gravity 

as/. SP* to A . SA* + B . SB* + C . SC» 

Carol 3. The angular velocity of the ^vhole system of bodies, as 
f SP 

A SA* — Sc** absolute velocity of tlie point P, is ns 

the accelerating force, or directly as the motive force / and inversely as tlie 
A . Sa* Ac. 

mass — ^p»’ • angular velocity is as the absolute velocity directly 

and the radius SP inversely; and therefore the angular velocity of P, or of the 
whole system^ which is the same thing, is as — SA* 


‘ PRor. XXX. 

60. To determine ihe centre of oscillation of any compound masstor body MN, 
or of any system of bodies A, B, C. 


LfcT MN be the plane of vibration, to 

which let all the matter be redacted, by ^ , / 

letting fall perpendiculars from every y Y 

particle, to this plane. Let G be the 'J f. s/ \ 

centre of gravity, and 0 the centre ot y | P 5 \ 

oscillation ; through the axis S draw / 1 ! / 1 • ' 

SGO, and the horizontal line S^; then / ; Y\i 1 / 

from every particle A, B, C, &c, let fall j j / 

perpendiculars A a, Ap, B^, By, Cc, Cr, 

to these two lines; and join SA, SB, / 1/ f \ 

SC; also, draw Gm, On perpendicular j I 1 

to Sy. Now, the forces of the weights 1 / j 

A, B, C, to turn the body about the axis, \ / / 

are A . S/?, B . Sy, — C . Sr; and there- Y 

fore, by cor. 3, prop. 29, the angular ' ^ 

motion generated by all these forces ’u 

A . Sp + ® • Sy — C . Sr 

A — SA* -f- SB* — SC?’ ^he angular velocitywhichany partiidc/?, 

placed in 0, generates, in the system, by its weight, is - or or 
St/) 

— gQ, because of the similar triangles SGwi, SOw. But, by the problem, 

the vibrations are performed alike in both cases, and therefore these two ex- 
pressions must be equal to each other, that is, 

‘ Sm _ A. Sp + B . Sy — C . Sr 

So . SO ~ A . SA* + B . SB* + C . SO 

4 J sjn — Sm ^ A . SA* + B . SB* + C . SC* 

And hence SO = X — rr-V-i> — e— . 

Six A . 6/1 -f. B . Sy — C . Sr 

But, by cor. 2, prop. 15, the sum A . -f- B . Sy — C . Sr = (A -f- B -f- C) 

Q *1, r J* , c/v ^ ^ • SA« -f- B . SB» + C . 8C* 

Sm; therefore the distance SO r: (A~+^B'+ Cj" ^ 


Sm; therefore the distance SO 
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A.1SA*+ B. SB*+ C. SC* 

^* ~" A Sfl +~!rrS77+ir Sc*' *^**^^' distance of the centre of 

oscillation 0, below the axis of suspension ; whore any of the products A , Sa, 
B . Sf, must be negative, when a, h, &Ci lie on the other side of S*, which is 
the flme expression as that for the distance of the centre of percussion, found 
in prop. 29. 

Hence it appears, that the centres of percussion and of oscillation are in the 
very same point. And therefore the properties in all the corollaries there 
found for the former, are to be here understood of the latter. 

CoroL 1. If be any particle of a body and r its distance from the 
axis of motion S ; also, G, 0, the centres of gravity and oscillation. Then the 
distaiH^e of the centre of oscillation of tlie body, from the axis jf motion, is 

SO = ofinoPlia 




SG . mass 


CoroL isJ. If h denote tbo matter in any compound body, whose centres 
of gravity and oscillation are G and 0 ; the body l\ which being placed at P, 
where the forfte acts as in the last proposition, and which receives the same motion 


from that force as the compound body L, is P 


.SO 

8P» • 


PI 1 o U 1 O ^ + B . SB* + C . SO*, 

i^or, by corol. 2, prop. 29, this body P ji: ^ ! 

•But, by corol. 1, prop, 28, SG • SO . ^ = A . SA’’ + B . SB* -f- C . SC*; 

therefore P = — gp — . a 


61. Scholium. — By the integral calculus, the centre of oscillation, for a 
regular body, will be found from cor. 1. But for an irrekiilar one ; snsj'cnd 
it at the given point; and hang up also a simple pendulum of such a 1* n;«;tb, 
that, making them both vibrate, they may keep time together. Tiien tlie 
length of the simple pendulum, is equal to the distance of the centre of 
oscillation of the bo ly, below the point of suspension. 

02. Or it will be still better found thus: suspend the body very freely by 
the given point, and make it vibrate in small arcs, counting the number of 
vibrations it makes in any time, as a minute, by a gO()d stop watch; and 
let that number of vibrations made in a minute be called n : then shall the 

distance of the centre of oscillation, be SO = inches. For, the 

n n 

length of the pendulum vibrating seconds, or 60 times in a minute, being 
39i inches, and the lengths of pendulums being reciprocally as the square 
of the number of vibrations made in the same time; therefore, 

n n n n 

the length of the pendulum which vibrates n times in a minute, or the dis- i 
tance of the centre of oscillation below the axis of motion. 

63. The foregoing determination o/ the point, into which all the matter of * 
a body being collected, it shall oscillate in the same manner as beforiy, only* 
respects the case in which the body is put in motion by the gravity of its own 
particles, and the point is the centre of oscillation : but when the body is put in 
motion by some other extraneous force, instead of its gravity, then the point is 
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different from tlie former, and is called ihe Centre of Gyration ; which is delete 
mined in the following- manner : 


nor. nH-xi. 

64. To determine the centre of gyration of a compound hody^ or of a sya. 
tern of bodies. 

Let K be the centre of gyration, or the point into 
which all the particles A, H, C, &r';. being collected, it 
shall retieivent-he same angular motion from a force f 
acting at P, as the whole system receives. 

Now, by cor 3, prop. the angular velocity ge- 
nerated, in the system, by the force is as ... 

f. ^SP 

; and, bv the same, the an- 
A . SA* + B . SB\ &c. ’ ’ ' 

gular velocity of the system placed in R, is 

f. SP 

( A + B +"crfa r r- S R»’ ''y 

two expressions'equol to each other, we have 

_ A. SA-+ B. SI)’+ C . SC* 

SK _ ^ A + B + C 

for the distance of the centre of gyration below the axis of motion. 

Corot. 1. Because A . SA* -f- B . SB“, &c. = S(i . SO • h, wliere O is 
the centre of gravity, 0 the centre of oscillation, and b the body A -f* B -f- (^ 
^^c.; therefore SR* =: S(t . SO ; that is, the distance of the centre of gyration 
is a mean proportional between those of gi’avity and oscillation. 

Cor. ‘2. If m denote any particle of a body at distance r from tho axis 

of wotioui then SR^ = 

im mass f im 



raop kkkv 

65. To determine the velocity with which a ball moves^ which being shot against 
a ballistic pendultwi, causes it to vibrate through a given angle. 

The Ballistic Pendulum is a heavy block of wood MN, 
suspended vertically by a strong horizontal iron axis 
at K, to which it is connected by a firm iron stem. This 
problem is the application of the last proposition, or of 
prop. 29, and was invented by the very ingenious Mr 
Robins, to determine the initial velocities of military 
projectiles ; a circumstance very useful in that science ; 
and it is tlie only method yet known for determining them 
with any degree of accuracy. 

Lot G, S, 0 be the centres of gravity, gyration, and 
oscillation, as determined by the finregoing propositions ; 
and let P bo the point where the ball strides the face of the pendulum , the 
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momentum of wliirli* or the product of its weight and velocity, is expressea oy 
Urn force f, nctiug at P, in the foregoing propositions. 

Put p = the whole weight of the pendulum, 
h = the weight of the b<all, 
g z= KG the dis>t of the ceutre of gravity, 

0 ~ KO the dist. of the centre of oscillation, 

r = KS rz ^go the dist. of the centre of gyration, 

1 = KP the distance of the^oint of impact, 

V = the velocity of the ball, 

u = the velocity of the point of impact P, 
c z= chord of tlie arc described by the point O. 


By Prop. 30, if the mass p be placed all at S, tlie pendulum wil^eceive tlie 

KS* 

same motion from the blow in the point P ; and as KP* ; KS* : * . p or 

^ p or yT p, (prop. 29) the mass which being placed at P, the peiululum will 
still receive th^ same motion as before. Here then are tuo (|i\imtities of matter, 
namely, h and ^ p, the former moving with the \eh)city v, and striking the 

latter at rest; to determine their common velocity w, with wiiich they will 
jointly proceed forward together after the stroke. In which (tase, by the law 

of the impact of non-ela^lic hodies, we imve y? -f- ^ ^ : : v : and there- 


fore V = 


bii -f- gop 
hit 


u the veiocily of the hall in terms of ?/ the velocity of tlie 


point P, and tlie known dimensions and wtsights of tlie bodies. 

but now to determine the value of //, we uuist have recourse to the angle 
tlu’ougb whicb the pejululmu \ihr.ues; fur when the penduhim desemds do^ul 
iJiain to the vertical position, it, will aecjuireil the same Aclocaty with whicli 

i* liegan to ascend, and, hy the laws <if /ailing bodies, the veiocily of the (!ei»ti e 
ol oscillation is such, as a lioa\y hraly would iicquire by freely /‘ailing througli 
the versed sine of the arc divscrib^nl by (he same centre O. J'nt the clioial ot 
that arc is c, audits radius is o ; and, hy the nature of the circle, the clioid 
ifi a mean proportional betAceu ihc \ersed sine and diameter, therefore 


: c : : c : the versed sine of the arc described by (). Then by the laws 

2o 

VC 2 ^/ 

of falling bodies, \/U)j\ : •• velocity acquired by the 

point O in descending through the arc whose chord is c, where a ~ feet : 

and therefore o x i w c k / — = ^ , whicli is the \elocily u. of the point P. 

^000 

Then, by substituting this value for u, the velocity of the ball, before found, 

becomes v = ^ ^ velocity of the ball, is di- 

rectly as the chord of the arc described by tlie pendulum in its vibration. 

66. Scholium In the foregoing solution, the change in the (;entre of oscil- 

lation is omitted, which is caused by the ball lodging in the jmint P- B^fit the 
^iUowance for that small (diange, and that of some other small quantities, may 
he seen in my Tracis, where all the ciirinus'ances of this method are treated at 
1*41 lenuftb, • 

i * 1 2 , 
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67, For an example in numbers of this method, suppose the weig-hts and 
dimensions to be as follow : namely, 


=i 570 lb. 

= 18 oz. li dr. 

= M31 lb. 

= 783 - inches. 

= 84J inches. 

7-065 feet. > 
=: 94^ inches. 

=r 18*73 inches. 


dit + ^op 


bio 


X c = 


Then 

1*131 X 94^3^ 78 i 


X 84 .3§x 570 


18.73 

12 


1-131 X X tt4j' 


= 656-36. 


» j 2a 
And v'-r 

o 


324 193 

^ 7-065 42-3y ~ 


Therefore 656*36 X 2*1337, or 1401 feet, is the veloc'ity, 
per second, with which the ball moved, when it struclc 
the pendulum. 


OF HYDROSTATICS. 

1. Hydrostatics is the science which treats of the pressure, or wciglit, 
and equilibrium of water, and other fluids, especially those that are non-plastic, 

2. A fluid is elastic, when it can be reduced into a less bulk by compres- 
sion, and which restores itself to its former bulk again when the pressure is 
removed; as, air. And it is non-elastic, when it is not compressible cr expan- 
sible ; as, water, &c. 


PROP. 1 

3. If any pait of a fluid be raised higher than the rest, by any force, and 
then left to itself; the higher parts will descend to the lower places, and the 
fluid will not rest, till its surface be quite even and level. 

For, the parts of a fluid being easily moveable every way, the higher parts wilJ 
descend by their superior gravity, and raise the lower parts, till the whole coiu« 
to rest in a level or horizontal plane. 

Coral, 1. Hence, water which communicates 
with other water, by means of a close canal or pipe, will 
stand at the same height in both places. Like as water 
in the two legs of a syphon. 



Carol. 2. For the same reason, if a fluid gravi- 
tate towards a centre ; it will dispose^itself Into a sphe- 
rical figure, the centre of which is the centre of force 
like as the sea in respect of the earth. 
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PROP, 11. 

4 . IJjheh a fluid is at rest in a vessel^ the base of which is parallel to the hori- 
* zon ; equal parts of the base are equally pressed by the fluids. 

For, upon every equal part of the base there is an equal column of the fluid 
supported by it. And, as all the columns are of equal height, by the last pro- 
position, they are of equal weight, and therefore they press the base equally; 
that is, equal parts of the base sustain an equal pressure. 

260. Corol, 1. All parts of the fluid press equally at the same depth. 

For, if a plane parallel to the horizon be conceived to be drawn at that 
depth ; then, the pressure being the same in any part of that plandfby the pro- 
position, therefore the parts of the fluid, instead of the plane, sustain the sarue 
pressure at the same depth. 

267. Corol, 2. The pressure of the fluid at any depth, is as the depth of the 
fluid. 

For the pressure is as the weight, and the weight is as the deight of the fluid. 

PROP. in. 

5. When a flu id is pressed by its own weighty or by any other force ; at any 

point it presses equally^ in all directions whatever. 

This arises from the nature of fluidity, by which it yields to any force in any 
direction. If it (jannot recede from any force applied, it will press against other 
parts of the fluid in the direction of that force. And the pressure in all direo 
tioiis will be tbe same. For if it were less in any part, the fluid would move 
that way, till the pressure were equal every way. 

CoroL 1. In a vessel containing a fluid; tlie pressure is the same against 
the bottom, as against the sides, or even upwards, at the same* depth. 

Corol, 2, Hence, and from the last pro- 
position, if ABCD be a vessel of water, and 
tiiere be taken, in the base produced, DFto 
represent the pressure at the bottom ; joining 
aF, and drawing any parallels to llie biise, as 
i C, HI; then shall FC represent the pressure 
at the depth AG, and HI the pressure at the 
<iepth AI, and so on; because the parallels, 
h'G, HI, ED, by sim. triangles, are as the 
dt'pths, AG, AI, AD ; which are as the pres- 
i'Ures, by the prop<»sition. 

And hence tlie sum of ail the FG, HI, &<;. or mea of tlie triangle ADE, is as 
the pressure against all the points G, I, &c. that is, against the line AD. Jlut 
as every point in the line CD is pressed with a force as DE, and that thence 
die pressure on the whole line Cl) is •as tbe rectangle El) . DC, while that 
figainst tlie side is as the triangle ADE or MD . Dl.!; therefore the'pressure 
on the horizontal line DC, is to the pressure against the vetliciil line DA, as 
DC to ^DA. And hence, if the vessel be an upright rectangular one, the 
pressure on the bottom, or wliole»wcigbt ofilic*IIuid, is to tbe pressure against 
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one sitJc, as tbe ba e is to half that side. And therefore the weight of the flui(t 
is to the pressure against all the four upright sidles, as the base is to half the 
upright surffu^e. And the same holds true also in any upright vessel, whatever 
tlie sides he, or in a cylindrical vessel. Or, in the cylinder, the witht of 
the fluid, is to the pressure against the upriglit surface, as the radius of base 
is to double the altitude. 

Moreover, when tlie rectangular prism becomes a cube, it appears that the 
weight of the fluid on tlie base, is double the pressure against one of the upright 
sides, or half the pressure against the whole upright surface. 

Corot 3. The pressure of a fluid against any upright surface, as the 
;fate of a sluice or canal, is equal to half tlie weight of a column of the fluid 
vhcse basaftis the surfice pr« ssed, and its altitude the same as the altitude of 
ihat surface. 

For the pressure on a horizontal base equal to the upright surface, is equal 
/> that column ; and the pressure on the upright siivfaije is but half that on the 
base, of the same area. 

So that, if b« the breadth, and d the depth of such a gate^or upright sur- 
face ; then the pressure against it, is equal to the weight of the fluid whoso 
iiiagnitude is \b(P = ^AB . Al)^ 

If the fluid be water, a cubic foot of which weighs 1000 ounces, or ()2,i 
pounds; and if the depth AH be 12 feet, the breadth AB 20 feet; then the 
content, or JAB . Al>^ is 1440 feet; and the pressure is 1,440,000 ounces, or 
00,000 pounds, or 40 J tons weight nearly. 


PROP. IV. 


(). The pressure of a finid, on the base of the vessel in which it is contained, 
is as the base and perpendicular altitude ; whatever he the figure of the vessel 
ihat contains it. 


If the sides of the base be upright, so tlmt it be a prism of 
a uniform width throughout, then the case is evident; for 
then the base supports the whole fluid, and the pressure is 
just equal to the weight of the fluid. 

But if the vessel be wider at top than bottom ; then the ^ a 
houom sustains, or is pressed by, only the part containeii 
within the upright lines 61); becmisc the parts ACV/, 

Bl)6 are supported by the sides AC, BD; ami those parts 
/lave no other effect on the part /?6l)C than keeping it in 
its position, by the InUnal pressure against aC and 61), 
which does not alter its perpendicailar pressure downwards. 

And thus the pressure on the bottom is less tlian the weight of the (;ontained fluid. 

And if the vessel be widest at bottom; then the b(»ttom ^ a B 
ig stdl pressed with a weight wbi<*h i# equal to that of the 
wliolo upright column ABDC. For, as the paris of the 
fluid are in equilibrio, all (he parts have an equal pressure 
at the same Wlcpth ; so that the parts within Cc and 
press equally as those in cd, and tj^erefore equally the same 
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ar^ if the sides of the vpsscl lial upright to A and B, the defect of fluid in 
Uie parts ACa and IM beiutf esiactly roinpensated by the dowiiAvard pressui e 
or resistance of the sid s oC an I 61) against the contiguous fluid. And thus 
Ihe Assure on ti e bas ^ may be made to exceed the weight of the contained 
fluiffn any proporlion wl.atever. 

So tliat, in general, be the vessels of any flirnre Arhntever, regular or irregii- 
lar, upright or sloping, or variously wide and naiTow, in diflTerent parts, if tlie 
hises and pinpendicular altitudes bj nut e<jual, tlie bases always sustain the 
lame pressure. And as that pressii e, in tlie regular upright vessel, is the whole 
column of the fluid, whicJi is as the bise and altitude, tlierefore the pressure in 
all figures is in the same ratio. 

Corr^f. 1. Hence, Avhen ti)eh‘it>hts are e<jua!, I ])o pressures <are as the 
bases. And Avhen tlie bases are equal, tlie pressure is as theifieights. But 
when both the heights and bases arc equal, llie pressures are equal in all, though 
their contents be over so different. 

Cort.l. Tlie pressure on the base of any vesst l. is the same as on ibat 
of a cylinder, of an equal base ami height. 

Coral, If there be an inverted syphon, or licnf 
tube, ABi), containing two different fluids (T), Ai>l), tint 
balance each other, or rest in eqnilibrio ; then their lieights 
in the two legs AE, Cl), above the point of meeting, will 
be reciprocally as their densities. 

For, if they do not meet at the bottom, the part BD ba- 
lances the ])art BE, and theiefore the part CD balances the 
part AE; that is, the Aveight of CD is equal to the weight 
of AE. And as the surface at D is the same, Avhere they 
act against each other, tlierefore AE : Cl) ; : density of 
Cl) : density of AE. 

So, if CD be water, and AE quicksilver, which is near 
14 times heaAier; then CD will be = HAE ; that is, if AiC he ! inch, CD will 
be 14 inches; if AE be 2 inches, CD Avill be 28 inches ; and k) on. 



T’UOO. V, 

7 . If a body he immersed in a find of the same density or sj)€cijic yramty ; 
it wit! rest in any place where it is pat. But a h<>dy (,fa yreater density u*iU 
sink ; and one of a less density w>ll ascend to the top^ and fioat, 

TfiK body, being of the sam^ dc.i.>i(y, or of 
the same weight Avilh the like fuilk of the 
fluid, Avill press the fluid under it, just ,is much 
as if it5 space Avas tilled w ifh the fin d ilsell^ 

The pressure then all around it will be the 
same as if the fluid were in its pine; con- 
sequently there is no force, neither upwards 
nor doAvnwards, to put the body cue of its 
place. And therefore it will remain wherever 
it is put. 

Hut if the body be lighter, its pressure down- 
wanls will he less than before, and less thaii 
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the water upwards at the same deplli theref(!re the greater force will overcoiu^i 
the less, and push the body upwards to A. 

And iftlie body be heavier, the pressure downwards will be greater than tJij 
fluid at the same depth ; and thereibre tlie greater force will prevail, an<icarrj 
the body to the bottom at C. w 

CoioL 1. A body immersed in a fluid, loses as much weight, as an equal 
bulk of the fluid weiglis. And the fluid gains the same weight. 

Tlius, if the body be of equal density with the fluid, it loses all its weiglit 
and so requires no force but the fluid to sustain it. If it be heavier, its weight 
in the water will be only the difference between its own weight and the weight 
of the same bulk of w ater ; and it requires a force to sustain it just equal to tii i 
difference, ^hit if it bo lighter, it requires a force equal to the SXlme difleronr-o 
of weights to keep it from rising up iivthe fluid. 

CoroL 2. The weights lost, by iminerging the same body in diliercmt 
fluids, are as the specilic gvaiities of the fluids. And bodies of equal weight, 
but different bulk, lose, in tiie same fluid, weights which are reciprocally as tlie 
specihc gravities of the bodies, or directly as tlieir bulks. * 

CoroL 3. The whole weight of a body, which will float in a fluid, is 
equal to as much of the fluid, as the immevsed piirt of the body takes up, wiion 
it floats. 

For the pressure under the floating body, is just the same as so much ot 
the fluid as is equal to tlm immersed part; and therefore the weights ai’e 
the same. 

Co) oh 4. Hence the magnitude of the whole body, is to the magni- 
tude of the part immersed, as the specific gravity of the fluid, is to that ot 
the body. 

For, in bodies of equal weight, the densities, or specific gravities, are reci- 
procally c'.s their magnitudes. 

CoroL d. And because, when the weight of a body taken in a fluid, is 
subtracted from its vveigbl out of tlie fluid, the difference is the weight of an 
equal hulk of the fluid; this therefore is to its weight in the air, as the specilic 
gravity of the fluiil, is to that of the body. 

Tlierefore, if V\i be the weight of a body in air, 
w its weight in water, or any fluid, 

S tlie specific gravity of the body, and 
s the specific gravity of the fluid ; 

then W — Ml : W : : : S, which proportion will give either of tliose specilic 

graviLios, the one from tlie other 

W 

Thus S = ^ s, the specific gravity of the body ; 

W w 

and s = — ^ — S, the specific gTavity of the fluid. 

So that the specific gravities of bodies, are as their weights in tlie air direrUyi 
and their loss in the same fluid inversely.^ 

CoroL 6, And hence, for two bodies connected together, or mixed 
totrether into one compound, of different specific gravities, we have Uie follow- 
ing equations, denoting their weights and specific gravities, as below, viz. 
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H r= of the heavier body in air, > . 

h = weight of the same in water, \ giaiily \ 

L = weight of the lighter body in air, ) 

- /• = weight of the same in water, \ ‘ *** »*•“' i 

*C = weight of the coinpouii«i in air, > 

c — weight of the same in water, W ® gravity 

Uf == the specific gravity of water. Then 


378 


1st, 

2d, 

3d, 

4th, 

6th, 

6th, 


From which equations, may be found any of the 
above quantities, in terms of the rest 

'I'hus, from one of the hrst three equations, 
is found the specific gravity of aiiy body, as 

g ~ j- — dividing the absolute ^ight of the 
body by its loss in water, and innitiplying by the 


(H _ 4) S c HJv;, 

(L — /) s = Lw, 

(C — c)/ = Cw, 

H + L = C, 

A + i = c, 

H , L C 

S' + 7 = T* 

sjiecjlic gravity of water. 

Jlut if the fmdy L be lighter than Avater; then / will be negative, and wo 
must divide by L + / instead of L — /, and to find / we must have recour>i! 
to the conipcTund mass G; aiid because, from llie 4tli ;fhd 5th equations, 

L — / = 0 — c — II — /i, tlierefore s c ^ /i)‘ 

divide the absolufe weight of the light body, by the did’erem e between the 
ill water, of the ( ompound and heavier hody% ami muilipl\ by the specific gra- 

S/‘L 

vity of water. Or thus, s = gg * — aa Icund from the last equation. 

Also, if it were required to find the quantities of two ingredients mixed in a 
compound, tlie 4tli and 6th equations would gi>o tiieir values as follows, viz. 

■.n , , 


H 


__ (/ —‘0 S T T _ ■ 

(s — s)/ ^ - (s — s) 7 • > 


tile quantities of the Iwo ingredients H and L, in the comp and C. 
for any other demand. 


And 80 


PROP. VI. 

To find the specific gravity of a body- 

8. Case I. — When the body is heavier them water ; weigh it holh in water 
and out of water, and take tlie difference, which will be the weight luhi in 

water. Then, by corol. 6, prop, 4, 5 = where B is the weiglit of the 

body out of water, b its weight in water, s its specific gravity, and w the specific 
gravity of water. That is. 

As the weight lost in water, 

Is to the whole or absolute weight. 

So is the specific gravity of water, 

To the specific gravity of the body. 

Example. If a piece of stone weigh 10 lb. but in water only 6J lb., required 
its specific gravity, that of water being* 1000 ? An^. 3077. 

9. Case IL — When the body is lighter than water ^ so that it will not sink ; 
Annex to it a piece of another body, heavier than water, so that the mass com* 
pounded of the two mny sink togetlicp. Weigh the denser body, and the com* 
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pound mass, separately, both in water, and out of it ; then find how muc^h each 
loses in water, by subtracting its weight in water, from its weight in air ; and 
subtract the less of these remainders from the greater. Then say. 

As the last remainder, 

Is to the weight of the light body in air, 

So is the specific gravity in water, 

To the specific gravity of the body. 


That is, the specific gravity s = 


Iao 


by cor. 6, prop. 4. 


Example^ Suppose a piece of elm weighs 15 lb. in air; and that apiece of 
copper, which weighs IS lb. in air and 16 lb. in water, is affixed to it, and 
that the compound weighs 6 Ib. in water ; required the specific gravity of the 
elm ? Ans. 600. 


10. Case III. — Fur n fluid of any sort. Take a piece of a body of knoAvn 
specific gravity; weigh it both in and out of the fluid, finding the loss of 
weight by taking <liffereiice of the two; then say, • 

A-i the whole or absolute weight, 

Is to tlie loss of weight, 

So is the specific gravity of the solid, 

To the specific gravity of the fluid. 

B — ft 

That is, the specific gravity w =: — g by cor. (5, prop. 4, 


Example, A piece of cast iron weighed 34^^ ounces in a fluid, and 40 
ounces out of it; of what specific gravity is that fluid? Ans. 1000. 


PROP. Til. 

11. To find the quantities of two ingi'edients in a given compound. 

Take the three differences of every pair of the three specific gravities, namely, 
the specific gravities of the compound and each ingredient; and multiply each 
specific gravity by tlie difference of the other two. Then say, 

As the greatest product. 

Is to the whole weight of the compound. 

So is each of the other two products, 

To tlie weights of the two ingredients. 

That is, the one IT = ^ ; ^’nd the other L = ^ » 

by cor. 6- prop, 4. 

Example, A composition of 112 lb. being made of tin and copper, nhosc 
specific gravity is found to be 87H4 ; required the quantity of each ingredient, 
the specific giavity of tin being and that of copjjer 90U0 ? 

Answer — 'J here is 100 lb, of copper, \ 
and consoqiientlj IS lb. of tin, 5 

12. SCHOUliM.— The specific gravities of several sorts of uintter, as found 
fttuii experiments, are expressed by the numbers annexed to their names in the 
fbRowing Table : 
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A Table of the Specific Gravities of bodies. 


Platiha (pure) 

- 

- 

23100 

Brick 


- 

- 

2000 

Fine gold 


- 

19640 

Common earth 


- 

- 

198^ 

IStaudard gold 

- 

- 

18888 

Nitre 

- 

- 

- 

1900 

Quicksilver 


• 

13600 

Ivory *. 

- 

- 

. 

1825 

Lead 

- 

- 

11325 

Brimstone , 


- 


1810 

Fine silver 

- 

- 

11091 

Solid gunpowder 

- 


1746 

Standard silver 

- 

- 

10535 

Sand 

. 



3520 

Copper 

- 

- 

9000 

Coal 

- 

- 


1250 

Copper halfp#uice 

- 

- 

8915 

Box-wood 

- 

jm 


1030 

(lun metal 

- 

- 

8781- 

Sen-water 

- 



1030 

Cast brass 

- 

- 

8000 

Common water 


. 


1000 

fSteel 

- 

- 

7850 

Oak 

- 

. 


925 

Iron 

- 

. 

7615 

Gunpowder, close shaken 


937 

(^astiron * 

- 

- 

7425 

Ditto, in a loose 

heap 



836 

'I’in 

- 

- 

7320 

Ash 

- 

- 


800 

Clear crystal gla.ss 

- 

- 

3150 

Maple 

- 

- 


765 

Marble and hard stone 

- 

2700 

Elm 

- 

- 


600 

Common green glass 


. 

2600 

Fir 

- 

- 


550 

Flint 

- 

- 

2570 

Clmr(‘oal 

- 

. 



Common stone 

- 

- 

2520 

Cork 

. 

. 


240 

Clay 

- 

- 

2100 

Air at a mean state 





13. Note, The several sorts of wood are supposed to be dry. Also, as a 
cubic foot of water w^ei^hs just 1000 ounces avoirdupois, the numbers in this 
table express, not only the specific gravities of the several bodies, but also the 
weight of a cubic, foot of each, in avoirdupois ounces ; and therefore, by pro- 
portion, the weight of any other quantity, or the quantity of any other weight, 
may be known, as in the next two propositions. 


I’HOP. Vlll. 

14. To find the magnitvde of any hody^ from its weight. 

As the tabular specific gravity of the body. 

Is to its weight in avoirdupois ounces, 

So is one cubic foot, or 172H cubic inches. 

To its content in feet, or inches, respectively. 

Example 1. Kequired the content of an irregular block of common stoni^ 
which weighs 1 ewt or 112 lb.? Ans. 1228^ cubic inches. 

Example 2. How many cubic inches of gunpow der are there in I lb. weight? 

Ans, 30 cubic iifches nearly. 

Example 3. How many cubic feet are there in a ton weigbjt of dry oak ? 

Ans. .38^J{ cubic feet 
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* PROt>. IX. 

15. To find the weight of a hody^ from its magnitude^ 

As on© cubic foot, or 1728 cubic inches, 

Is to the qoiitent of the body, 

So is its tabular specil^^ gravity, 

To the weight of the body. 

Example 1. Required the weight of a block of marble, whose length is 63 
feet, and the breadth and thickness each 12 feet; being the dimensions of one 
of the stones in tlie walls Bnlbec ? 

Ans. GH3^ toiJ, whidi is nearly equal to the burthen of an East 
% India ship. 

Example 2. What is the weight of 1 pint, ale measure, of gunpowder ? 

Ans. IJ) oz. nearly. 

Example 3. What is the weight of a block of dry oak, which measures 10 
feet in length, 3 feet broad, and 2^ feet deep? , Ans^ 4335|| lb. 


OF HYDRAULICS. 

16. Hydraulics is the science which treats of the motion of fluids, ami the 
foixes with which they act upon bodies. 


PROP. X. 

n. Tf a fluid run through a canal or river, or pipe of various widths, alivai/s 
filling it ; the velocity of the fluid in different parts of it, AB, CD will be 
reciprocally as the transverse sections in those parts. 

That is, 

Veloc. at A : veloc, at C : . ; 

or :: Cl) : AB; 

where AB and CD denote, not the diameters 
It A and B, but the areas, or sections, there. 

For, as the ckannci is always equally full, the quantity of water running 
through AB is equal to the quantity running through CD, in the same time ; 
that is, the column through AB is equal to the column through CD, in the same 
time; or AB X length of its column = CD X length of its column; theiefore 
AB : CD : : length of culiinm through Cl) : length of cidumn through AB. 
But ^he uniform velocity of the water, is as the space run over, or length of 
the columns; therefore AB : CD :: velocity tluough CD : velocity through 

Aa • 

CoroL Hence, by observing the velocity at any place AB, the quantity 
of water discharged in a second, or any other time, will be foued, namely, by 
multiplying Utd AB by the velodty there. 
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* m 

‘ if III® diairn®} W not a dose pip© or tunnel, kept filll, an 

^^%n isanJil or river; then tlie velocity in all parts of th® section will Wt he 
fhe sfune, because the velocity tonards the bottom and sides will be diminished 
by ill friction against the bed or channel \ and IJlterefore a mediam^aihong the 
tiire^ught to be taken. So, 

If Hie velocity nt the to|> be 
That at the bottom 
And that at tile sides • 




W, ^nttte. 


3) 210 sum; 

Dividing their sum by 3 gives 70 the mean veloi^'y, 

nhich is to bt multiplied by the section, to give the quantity discharged In a' 
minute. * ^ 


PROP. XI. 

IS.'The vehcity with which a fluid runs out by a hole in (he bottom or side of 
a vessel^ kept always full^ is equal to that which is gentrnted by gravity 
through the height of the water above the hole ; that is, the velocity of a 
heavy body acquired by falling freely through the height AB. 


Divide the nltitude AB into a great number of very 
sm.ill parts, cndi being 1, their number a, or a — the 
altitude A B. 

Now, by prop. 111. the pressure of the fluid against the 
bole B, by which the motion is generated, is equal to ^ 

the weight of the column of fluid above it, that is the 
column whose height is A B or a, and base the area of 

the hole B. Therefore the pressure on the hole, or v'^uiall pai*t of tl»e fluid 1, is 
to its weight, or the naturnl foi’<.e of gravity, as a, to I. But since the 


velocities generated in the same body in any time, arc as those forces; and he- 
iuause gravity generates the velocity 2 in descending t!jrough the small &pac,e I, 
therefore I : a : : 2 : 2a, the velocity generated by the pressure of the column < 
fluid in the same time. But 2a, is also, (formerly shown,) the velocity 
generated by gravity in descending through a or A W. That is, the velocity o( 
the issuing water, is equal to that which is acquired hy a body in falling thrnngh 
the lieight AB. 

Carol. I. The velocity, and quantity run out, at different depths, are 
as the square roots of the depths. For the vehndly a<aiuired in tailing through 
AB, is as ^AB. 

Coral 2. The waterspouts out with the same velocity, \^hether it be 
downwards or upwards, or sideways; because the pressure of fluids is the same 
in all directions, at the same depth. And therefore, if the adjutage be turned 
upwards, the jet will ascend to the height of the surface of the water in the 
Vessel And this is confirmed by experience, by which it is found tliut jets 
really ascend nearly to the height pf the reservoir, abating a small quanfity 
only, for the friction against the sides, and some resistain^e froni the oblfque 
motion of the water in the hole. 

CoroL 3. The quantity run out in any time, is equal to a column or 
\>rism, whose base is the area of the hole, and its length the tpace described in 
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fiiderable, and the altitude may be estimated from the (^eiitro of the hole, to 
obtain the mean velocity. But when the orifice is pretty large, then the 
mean velocity is to be more accui*ately computed by other principles, given in 
the next proposition. ^ 

2(h It is not to be expected that experiments, ns to the quantity of water 
runout, will exactly agree with this theory, holh on account of the resistance 
of the air, the lesistanceof the water against the sides of tlie orifice, and the 
oblique motion of tlie particles of the water in entering it. For, it is not merely 
tike particles situated immediately in the column over the hole, which enter it 
and issue forth, as if that column only were in motion ; but also particles from 
all the surrounding parts of the fluid, which is in a commotion quite around ; and 
the particles thus entering the hole in all directions, strike against each oilier, 
and impede one another’s motion; from whence it happens, that the ro;A 
velocity through the orifice, is somewhat less than that of a single body only, 
urged with the same pressure of the superincumbent column of the fiiiid. And 
ex|ieriftients on the quantity of waler dlscliarged through apeiltires, show tlial 
the velocity must be dimiiiished, by those causes, rather more than the fourth 
part, when the orifice is small, or such as to make the mean velocity equal to 
that of a body falling through \ the height of the fluid above tbe rit ilice. Or 
else, that the orifice is not quite full of particles tiiAt spout out with the whole 
velocity, assigned in the proposition. 

21. Kxperimenis have also been made on the extent to which the spout 
of water ranges on a horizontal plane, and compared with the theory, hy 
calculating it as a projectile discharged with the velocity acquired by deM end- 
ing through the height of the fluid. For, when the aperture is in tlie side of liic 
vessel, the fluid spouts out horizontally with a uniform velocity, w hicli, combined 
with tlie perpendicular velocity from the action of 
gravity, causes the jet to form the curve of a par- 
abola. Then the distances to which the jet will 
ft()Out on the horizontal plane B(ir, will be as the 
roots of the rectangles of the segments AC . CB, 

AD . DB, AE . EB. For the spaces BF, BG, are as 
ihe times and horizontal velocities ; but the velocities 
are as y'AC, and the time of the fall, which is 
the eame as the time of moving, or as ^'CB ; there- 
fore the distance BF is as v/ AC^.IJB • and the distance BG as 




' c4|utdistAnt 'fli?i^ttHs 

distance; for'if ,^'CJ '=» 

AC. w^ AE..EBi widish makes 

Or, if ef the diameter AB ieeiliifelr^ be d^sci^ed; heeaeae ike squaws 
of the ordifi^^s CH, DI, EK are equal b> the rectimgles AC * CB, dec; there- 
few the ^[sAcbs BF, B€r awae i^ ai?diu0t«e CH» DL And haned also it 
fblloi^ rthat the .projectipu ftom the lulddb pokifc B wiB hbflbsbdseb^ f9|r W is 
the^nfi^ oidlna^^ 

"Ihese are the proportions of the distances : but for the absolute 
, will be thus. 1®e ^odlty^l^ir0%h any hole, C» id such a« will 
liorisont^ly ilu^||^h a space equal to 2 AC in the time of falling through AW; 
but, after quitting the hole, it describes a parabola, and come?'to F in the time 
a body will fall through CB ; and to find this distance, since the tim^are as the 
roots of the spa('.es, therefore y/ AC : ^/CB : : 2 AC : AC . CB = ^ Ji. -:5: -il-i 

the space ranged on the horizontal plane. And the greatest range BC = s^DI, 
or 2 AD, or equal to AB. 

And as these ranges answer very exactly to the experiiuynts, this con firms 
the theory as to the velocity assigned. 


raop. XII. 


22. ^ a notch or slit EH, in form of a paralldogram^ he cut in the side 
of a vessel, full of water,, AD ; the quantity of water fl awing through it, 
will he ^ of the quantity flow mg through an equal onjicc, placed at the whole 
depth l^iC, or at the base Gil, in the same time ; it being supposed that the 
vessel is always kept full. 



For the veUnfity at G1 1 is to the velocity at IL, as ^/FG 
to that is, as (Dl or IL to IK, the ordinate of a 

parabola EKH, whose axis is EG. Therefore tlie sum of 
the velocities at all the points I, is to as many times the 
velocity at G, as the sum of all the ordinates IK to the 
sum of all the IL’s, namely, as the area of the parabola 
EfiHis to the area iXillF; that is, the quantity running 
through the notch Ell, is to the quantity running through an 
equal horizontal area placed at (Dl, as EGllKIC to EGHl^ 
or as 2 to 3 ; the area of a parabola being | of its circumscribing parallelogram 
Carol 1. The mean velocity of the water in the notch, is equal to I of 
that at GlI. 

Corol, 2. The quantity flowing through the hole IGHL, is to that- which 
would flow through an equal orifice placed as low as GH, as the parabolic 
fruslum IGHK, is to the rectangle IGHL. As appeal’s from the deaionstra- 
iion. 


OF PNEUMATICS. . ' 

28. Pneumatics is the science which treats of die properties of air, oi 
elastic fluids. 




it «ill spread itself all m-eron tlie eartli • a„d lit 

2j. 1 lie gravity ,in(l pressure of the air is also evident , 

fiom inany experiments. Thus for instamie, if water or 
humhs, ver, he poured into the tube ACE, ami the air I.e 
suffered to press on it, in both ends of the tube, the fluid 
Hill rest at the same height in botJi legs of the lube : Imt if 
he air be drawn out of one end as b; by any means, then 
Je atr pressing on Uie other end A, will press ilown the 
fluid in this leg at B, and raise it up in the other to D as 
niuiili higher than at B, as the pressure of the air is equal to 
y which It appears, not only tliat the air does really press hut si- I . ,i 
fluatility of that pressure is c<,ual to. And this T Tl m • i , " 

barometer. ^ l^niiciple oi the 


wmprsw, it. ' ^ /"■SP.'IW W the ethth 

thereby showing- its coudensihililv H \ H “‘to less spaoe, 

be felt to act strongly against the hand, milling the fo^ 00"* “"f®"*®''’ 
and more ; and, on withdrawin.- dm hand ilm^ ti ^ '-euipressing it more 

^be. it w.at fir. Which sh:r:ri . 

-!7. .Again fiU a strong bottle half full of water and 

oTrizt “rif r r" 

through die pipe, ^ by blowing with the mom^^^^^ 

.niected the air at A, die water will begin t^ rise frlm 
«nco in a jetp being pushed u,- the pipe by the increased 






th'« Ktji«fA«e|{^^Tlii^4^ 

1^1]^, Irlll^ 'mliu:li^l>i0 a$ tto-e-wiis In; uh*f|i 

B i|ill be Induced tQ fbe $^me density os nt Hcit, £Knd, tbe tinned 
betegSpw will cee^ ^ v ' ^ ^ 

Xifeeivise, ajar of water AB, be iiaerted an 

laanM# CD* or such like, tlie mouth downwards ; 
the 'vill fhter and partly €11 it, but not «eitr so 
liigfheethe water in the jar, compressing and condensing . 
the air into a less space in the up^r parts (3D, a^d e|iMein|t 
tlie glass to make a seni^iWe i?fi«iSl|^iiee io ’Iheliand Itt pil- 
ing it down* Hien, on I’etwOving ihe hand, the elasticity 
of tiie internal condensed air throws the glass up again. 

All these showing that the air is condensible and elasti<;. 

29. Again, to show the rate or propoition of the elasticity ^ 

to the condens.Uion ; take a long crooked gla-ss tube, equ illy ^ in 
wide throughout, or at least in the part BI), open at \, hut q 

close at the otl\,cr end B. Pour in a little quicksilver at A, , |i 

just to cover the bottom to tlie bend at Cl), and to stop the I 
coiuiminication between the c\teiual air and the air in Bl). Ii 

Then pour in more quicksilver, and mark the < orrespoiKl- IH 

ing heights at which it stands in the two legs: so, wlienit || | 
uses to H in the open 1 *g AC', Jet it use to C in the close n J 

one, reducing i s inc hided air from the n itural bulk Bl) to ^ Q -Mo 

the contracted sp >ce BK, by the pressure ol the column He ; llii: 

and when the quicksilver stands at I and K, in the open leg, 
let it lise to F and ti in the other, reducing the an to the 
respective spaces BF, BG, by the weights of the columns If, Kg. Then it is 
always found that the condensations and elasticities are as the 00114 ic>sing 
weights, or columns, of the quicksilver, and tlie at iwosphcre together. iM), if 
the natural bulk of the air 1)B he compressed into tlie spaces BJ% BF, iiCi, or 
I educed by the spaces Di^, DF, DG, which aie ^ ot 1)B, eras the numbci’s 
1, 2,3; tlien llie atmosphere, together with the* coi resp sliding columns He, 
If. Kg, will also he found to he in the same propuilion, or as the miiuheis J, 2, 
3. And then lie = If ~ A, and Kg rr: 3A ; wheie A is the weigliL of 
the atmosphere. Which shows, that the condc'nsations .iie dnecily ns the ccnii- 
pressing forces. And the elasticities are in the same i.itio, since llie ccilinuiis 
in AC aie sustained by the elasticities in BI). 

From the foregoing principles may he deduced many uselul lemaiks, .us sn 
the following corollaries, viz. . 

30. Cn?ol 1. The space which any quantity 

cl air IS conhned in, is reciprocally as the torce i lllilu. ^ I 

that compresses it So, the fortes which con- vi * - *'I \t 

hue a quantity of air in the cylindrical spaces \ 

AG, BG, CG, are reciprocally as the same, or i Hj \ k. 

reciprocally as the heights, AD, Bl), CJ). And ^, [ ' 

therefore, it to llie two perpeiulit ular lines, iiA, ITT 

Hll, as asymptote^, the hyperbola IKK ^he tie- • 

iCTibed, and the ordinates Al, BK, CL be drawn; then the fortes wliirli confine 
1-ne air in the spaces AG, BG, GG, will he directly as the corresponding ordi- 
nates Al, BK, CL, shite these are recipiocaily as the abscisses "AD, BD, Cl), 
hy iiie nature of ilie hjperhol^ j 


K K K 


PttOP. XV. 


31. Ihat increases the elasticity of the air, and cold dminishes it. Or, heat 
expands, and cold condeiiscs the air. 


Tills property is also proved by experience. 

32. Thus, tie a bladder very close with some air in it; and lay it before 
the tire : then as it warms, it will more and more distend the bladder, and at 
l,L>t burst it, if the heat be continued, and increased liigh enough. But if the 
bladder bo removed from the fire, as it cools it will (Contract again, as before. 
And it was upon this principle, that the first air-balloons were made by Mont- 
golfier; for, by heating the air within them, by a fire underneath, the hot air 
distends them to a size which occupies a space in the atmosphere, whose weight 
of common air exceeds that of a balloon. 

38. Also, if a cup or glfiss, with a little air in it, be inverted into a vessel of 
water ; and the whole be heated over the fire, or otherwise : the air in the top 
will expand till it fill the glass, and expel the water out of it; and part of the 
air itself will follow, by continuing or increasing the heat. 

Many other experiments, to the same effect, might be adduced, all proving the 
properties mentioned in the proposition. 

34. Scholium. — So that, when the force of the elasticity of air is considered 
regard must be had to its heat or temperature j the same quantity of air being 
more or less elastic, as its heat is more or less. And it has been found, by ex- 
periment, that the elasticity is increased by the part, by each degree of 
heat, of which there are 180 between the freezing and boiling lieat of water. 

85. N.jB. Water expands about the part, with each degree of heat 

(Sir (jieo. Shuckburgh, Philos. Trans. 1777, p. 600, &c). 

Also, the 


Spec. grav. of air - I . 

V water 836 

mercury 1 1305 


r, when the bai'om. is at 29*27, 
C and the thermom. at 53^. 


Or thus, 


air -1 
water 832 
nierciu'y 11^15 


? when the baroni. is 
( and tlie tliermom. at 


29*27, 





- 1 } wl^en ■ 'aO-S, 

^26 >41# the)^mciiii9il9_.. .53^ 

cottifitry. 


,^1i|fi;;;' ’ air 1*201 or 

T MM lOOO'Mn^okstcltesttmit^^ 
meroury 13392 V 
'6r thp|‘.w:.. ..fi)^''_ l;*222y 

, <jjr l|f nearly, when the Unrotn, is 30, 
water 1000 j ' and therinometer^^^ . 
mercury 1360o3 


PROP. XVI. 

86. The weight or pressure of the atmosphere, on any base at the earth^s sur» 
faccy is equal to the weight of a column of quicks dorr, of the same base, and 
the height of which is between 28 and 31 inches, 

I'll IS is proved by the bnronietcr, an instrument which measures the pressure of tlie 
air, and which is described heiow. For, at some seasons, and in some places, the air 
sustains and balances a column of mercury, of about 28 inches; but at otlier times 
it balances a column of 29 or .‘10, or near 31 incln s high ; seldom in the extremes 
28 or 31, but commonly about the means 29 or 30. A variation wliicli depends 
p'lrtly on the ditTerent degrees of heat in the air near tlie surface of the earth, 
and partly on tlie commotions and changes in the atmospliere, from winds and 
other causes, by whicli it is accumulated in some places, and depressed in others, 
being thereby rendered denser and heavier, or rarer and lighter; which 
changes in its state are almost continually liap}>ening' in any one place. BiP 
the meilium state is c-oiniiionly about 29| or 30 inches, 

CoroL 1. Hence the pressure of the atmosphere on every square inch ^ 
the earth’s surface, at a medium, is very near 15 pounds avoirdupois. 

For, a cubic, foot of mercury weighing 13600 ounces nearly, an inch of it will 
Weigh 7'866 or almost eight ounces, or near half a pound, which is the weight 
of the atmosphere for every inch of the barometer (ni a base of a square inch ; 
«'ind therefore 30 indies, or the medium heigiit, weighs very near 14J pounds. 

CoroL 2. lienee also, the weight or pressure of the atmosphere, is equal 
to that of a column of water from 32 to 35 feet high, or on a medium 33 or 34 
feet high. 

For, w'ater and quicksilver are* in weight nearly as 1 to 13*6 ; so that the at- 
mosphere w ill balance a column of water 13*6 times as high as one of quicksilver ; 
consequently 

1 3*0 times 28 inches = 381 inches, or 31 J feet, 

13*0 times 29 inches = 394 inches, or 32| feet, 

13*6 times 30 inches = 408 inches, or 34 feet, 

13*6 limes 31 inches =: 422 indies, or 35^ feet. 

And hence a common sucking pump will not raise water higher than ahouf 
34 feet. And a syphon will not run, if tho perpendicular height of the top of 
It be more than about 33 or 34 feet. 

CoroL 3. If the air w ere of the same uniform density at every height 
*»p to the top of the atmosphere, as at the surface of the earth ; height would 

be about 5i miles at a mediunu . „ 

* ' K K K 2 



reducing tbe factor 10692 l(» 10000, by cliaiiging the temperature proportionally 
from 55" : thus, as^the dilf. 592 is the l8th part of the whole factor 10592 ; and 
as 18 is the 24th part of 5 '5 ; therefore the c-orresponding change of tcniperaturo 
is 24" , which reduces the 55" to 31". 8o that the formula is, a = lOOOO X 
M 

log. “ fathoms, when the temperature is 31 degrees; and foi; every degree 
above that, the result is to be increased by so many times its 435th part. 

43. Exam. 1. — To find the height of a hill when the pressure of the atmos- 
phere is equal to 29*68 inches of mercAiry at the bottom, and 25*28 at the top, 
the mean temperature being 50 ’ ? Ans. 4363 feet, or 7*27 fathoms. 

Exam. 2. — To find the height of a hill when the atmosphere weighs 
29*45 inches of mercury at the bottom, and 26*82 at the top, the mean tem- 
perature being 33" V Ans. *4 US feet, or 408 fathoms. 

Exam. 3. — At what altitude is the density of the atmosphere only the 
4th part of what it is at the earth’s surface ? Ans. 6020 fathoms. 

By tlie weight and pressure of tlie almasjdtcre, the cfiTec.t and operations of 
pneumatic engines may be accounted for. and ex[»laiiied ; such as syphons, 
pumps, barometei's, &c ; of which it may not he impro[>er here to give a brief 
descri|dion. 


OF THE SIPHON. 


44. The Siphon, or Syphon, is any bent lube, 
Jiaviiig its two legs either of equal or of unequal 
length. * 

If it be filled with water, and tlien inverted, with 
the two open ends downward, and held level in that 
fiosition ; tlm water will remain sus[>en^d in it, if the 
two leg« bo equal. For the atmosphere will press 
equally on the surface of the water in each end, and 
supimrt them^^if they are not more than 34 feet high ; 




THE PUMP. 


«87 


fit tbem is an exact cbunter^ise by thek 
equal mgbts ; so l^at the one lias nje power to move more ^e oilier f ai»t 
they both supported by the atmosphere.. 

f>.iiow the syphon be a little inclined to one^side^i^ so that the orifice ol 
one efiti be loner than that of the other; or if the legs be of unequal length, 
\^bich is the same thing ; then the equilibrium is destroyed, and Ithe water itil| all 
4 i>escend out bjr the lower end, and rise up in the higher. Per, the air pressing 
equally, but liie two ends weighing unequally, a motion niust commence where 
the po\Ver is greatest, and so continue till all d ewa ter has run out by thedowec 
end; And if fite shorter leg be immersed into ^^^1 of water, and the syphon 
be seta ruflnti|g ns above, it will continue to run tilHI m^tfa e water be exhausted 
out of the vessel, or at least as lovr as that end t»f th^^pbieij^ Or, it may be 
set a running without filling the syphon as above, by only invertiiqf it, with its 
shorter leg into the vessel of water ; then, with the mouth applied to the lower 
orifice A, suck the air out, and the water will presently follow, being forced up 
into the syphon by the pressure of the air on tiie water in the vessel. 


• OP THE PUMP. 

45* There are three ".orts of pumps; the sucking, tlie lifting, and the forcing 
pump. By the former, water can bo raised only to about 34 feet, viz. by tho 
pressure of the atmosplierc ; but by tho others, to any height; but then they 
require more apparatus and power. 

The annexed figure represents a common 
sucking pump. AB is the barrel of the pump, 
being a hollow cylinder, made of metal, and 
sniootli within, or of wood for very commoti 
purposes. ('D is the handle, moveable about 
the pin E, by moving the end. (J up and down. 

DP an iron rod (ui niiig about a pin D, which 
connects it to the end of the handle. 'I’liis rod 
is fixed to the piston, bucket, or sucker, Fd, 
by which this is moved up and down within the 
barrel, which it must fit very tight and close 
that no air or water may pass between the 
piston and the sides of the barreJ ; and for this 
purpose it is commonly armed with leather. 

'Die piston is made hollow, or it has a perfo- 
ration through it, the orifice of which is 
covered by a valve II opening upward.*!. I is 
a plug firmly fixed in tlie lower part of the 
liarrel, also perforated, and covered by a valve 
K opening upwards. 

46. When the pump is first to be worked, and the water is below tliv» plug*!; 
raise the end C of the handle, and the piston descending, compresses the air in 
ill, whidi by its spring shuts fast the valve K, and pushes up the valve H, and so 
enters into the barrel above the piston. Then putting the end C of the handle 
down again^ raises the piston or sucker, which*] ifts up with it thd column of air 




c OF THE AIR PUxMP. 


47, Nearly on tlie same principles as the ^vater pump, is the invention of 
the Air puui[if, by which the air is drawn out of any vessel, like as water is 
draw n out by ll»e former. A brass barrel is bored and polished truly rylintlri- 
cal, and exactly fitted iih a lunied piston, so tlmt no air can pass by the siihis 
of it, and furnished ''iib a proper valve opening’ upwards. Tlien, by lifting uji 
the ];‘ston, fhe air in the (dose vessel below it follows the piston, and fills tlic 
barrel; and being urns diTused through a larger wSpace tliaii before, ulteu il 
occu|.)ied tlic vessel or receiver only, but not the barrel, it is niade rarer than it 
was before, in proportion as the capacity of the barrel and receiver Logetlier 
exceeds the rec.eiver alone. Another stroke of the piston exhausts anolber 
barrel of this now rarer air, which again rarefies it in the same pioporli(in a? 
before. And so on, for any number of strokes of the piston, still exhausting in 
the same geometrical progression, of whicli the ratio is that which the Cripaciiy 
of the receiver and barrel together exceeds the receiver, till this is exiiauvsted te 
any proposed degree, or as far as (he nature of the machine is capable of per- 
forming; which hap[»ens when the elasticity of the included air is so far dimin- 
ished, by rarefying, liiat it is too feeble to push up the vfilve of the piston, ai.i 
escaj>e, 

48. From the nature of this exhausting, in geometrical progression, we niaj 
f.tsily rind how much the air in tin? receiver is rarefied by any numbeV of strok(i 
of the piston; or wliat number of such strokes is neeessaiy, to exhaust tla 
receiver to any given degree, Ihus, if the capacity of tlie receiver and bane 
together, be to that of the receiver alone, as c to r, and I denote the natuia 
density of the air at first ; then, 

r 

c : : 1 : ~ , the density after 1 strolve of the piston, 


r r* 

c : r : : — , the density after 2 strokes, 
r* r* 

c : r : : p* J “ji , the density after 3 strokes, 
AC., and the density after n strokes. 



OF THE DIVING HELL, AND CONDENSING MACHINE. 

50. On the same piinci^iles, too, dcpeml the operations ami eilert of the 
comTMisiii**- engine, by which air may be condensed to any degi'ee, instead of 
rnrelled ns in the air pmup, And, like as the air pump rarefies the air, by 
exliMcling alua\s one barrel of air after anotlier; so> by this other raacliine, 
tlii! air is eomlensod by tin-owing in or adding always one barrel of air after 
another; which it is evident may be done by only turning the valves of the 
piston and barrel, th.at is, making them to open the contrary way, and working 
the piston in the same manner : so that, as they both open upwards, or outwards, 
in the air-pump, or rarefier, they will both open downw'nrds, or inwards, in the 
condenser. 

51. And on tlie same principles, namely of the compression and elasticity 
of tlie air, depends the use of the Diving Hell, which is a barge vessel, in w hicli 
a pei*son des(;ends to the bottom of tiie sea, the open end of tlie vessel being 
downwards; only, in tliis <'asc, the air is not <*oiidensed by (bri ing more ot it 
into the same spare, as in the condensing engine; but by compressing the same 
quantily of air into a less space in the bell, by increasing always tlie force wliich 
compresses it. 

52. If a vessel of any sort be inverted into water, and pusl evi or. let down 
to any depth in it; then by the pressure of the water some of it will ascend into 
the vessel, but not so high as the water without, and w ill i-ompress the air into 
loss space, according to tlie difierence between tlie heights of the internal and 
external water; and the <len.sity and elastic fon-e of the air will be increased 
in the same projo rtion, as its space in the vessel is diminished. 

iSo, if the tube CIC be inverted, and pudied down into water, till the external 
water exceed the internal, by the he!J*ht AB, and the air of the tube be reduced 
to the space CD; then that air is presse<l both by a roluinii of water ( f the 
height AH, and by the whole atmosphere wl icii presses on the upper surface of 
the water; consequently the space i'A) is tvvlhe whole spat« as the weight 
af Uie atmosphere, is to the weights loth^of the atmosplierc am* the cidumn of. 



. iv^r ^ is 

' feet, 

then GB ii;|il k^CE ; and so on. A»d hence, by 
^jteowliig b. wlwch tbe vessel is sunk; we 

' point D, to wbieb the water will 

1 ise within it at any time. For, lej|the weight of the 
atmosphere at that time be equal ^tbat 
water; also, let the depth AFfamjpfeek.an 
of the tube €£ 4 feet ; thej^|jRdiig the heig^-^ tiie 
internal water BE = i 



. + AB : S4 :: €E I CD, 

^that is, 34 + AF — DE : 34 : : CE : CE — DE, 
or 54 — a; : 34 : : 4 : 4 — a: ; 

hence, multiplying the extremes and means, 216 — 5Sx' -f- a** == 136, and the 
root is a; = 1 414 of a foot, or 17 inches neaily ; being the heigiit l)K to which 
the water will rise wjthin the tube. 

58. But if the vessel be not equally wide 
throughout, but of any other shape, as of a bell-like 
form, such ns is use<l in di\ing; then the altitudes 
will not observe the proportion iibo\e, but the 
•paces or bulks only, will respect that proportion, a 
namely, 84 + AB : 34 : : capacity CKL ; capa- 
city CHI, if it be common or fresh water ; and 33 
•f- AB : 33 : ; capacity CKL : capacity CHI, if it 
be sea-water. From which proportion, the height -j, 

BE may be found, when the nature or shape of the 
vessel or bell CKL is known. 



OF THE BAROMETER. 

64. The Barometer is an instrument for measuring the pressure cf the, 
atmosphere, and elasticity of the air, at any time. It is commonly made of a 
glass tube, of near 3 feet Ji>ng, close at one end, and tilled with mercury. When 
the tube is full, by stopping the open end with the finger, then inverting the 
tube, and immersing that end with the finger into a basin of qui<d<silver, on 
removing the finger from the orifice, the quicksilver in the tube will descend 
(into the basin, till what remains in the lube be of the same weight with a column 
of the atmosphere ; which is commonly between 28 and 31 inches of quicksilver ; 
and leaving an entire vacnaim in the upper end of the tube above the mercury. 
For, as the upper end of the tube is quite void of air, tlicre is no pi'essuro 
downwards but from the column of quicksilver, and therefore that will be an 
exact balance to the counter pressure of the whole column of atmosphere, acting 
on the orifice of the lube by the quidksilver in tlie basin. The upper three 
Incluis of the tube, nanmly, from 28 to 31 inche^ have a scale attached to them. 



or standard the whole pressure of the 

atmosphere is equal to 14f pounds, on every square inch of the base. And so 
in proportion for other heights. 


01' THE 'i'llKnMOMETKn. 

56. I ni; Till loioMKTEH is an iiistruiiicnt for measuring the ten perature of 
the air, as to heat and cold. 

It is found by experience, that all bodies expand 1>> heal, and contrail by 
cold : and lienee the degrees of expansion lK*corne the measure of the degrees 
of heat. Fluids are more co 'veniemt for this jmrpose, than solids : and quick- 
silver is now most commonly used for it. A very tine glass tube, having a pretty 
large hollow ball at the botton^ is tilled about half way up with quicksilver: tke 
whole being then heated very hot till the quic;ksilver rise quite to the top, the 
lop is then hermetically sealed, so as perfeclly to exclude all communication 
with the outward air. Then, in cooling, the quicksiher contracts, and conse- 
quently its surface descends in the tube, till it come to a certain pointy cor- 
respondent to the temperature or heat of the air. And w'hen the weather^ 
becomes warmer, the quicksilver expands, and its surface rises in the lube.; and 
again contracts and descends when the weather becomes cooler. So that^ by 
placing a scale of any divisions against ^he side of the tube, it will show tke degrees 
of heat, by the expansion and contraction of the quicksilver in the tube ;* observing 
at what division of the scale the top of the quicksilver stands. And the method 
of preparing the scale, as used in England, is thus : — Bring tlie thermometer 
into a temperature of just freezing, by immei'sihg the bail in w afer just freezings 





ibnwm|r, and mark the scale the mer- 
ic^ then this point ireeslngi ^mxi, immerse 

it!n heEiliia||f%ji^^ to a cer- 

taiii the scale, for 

the heat of hoiling water. Then 

the jistani^ hetwe^ points is divided into 180 

et^nal diviinohs^ or dejsrrees ; and tli|| like e4]|ual degrees are 
also Continued to any extent belomhe free2ln|r point, and 
above the boiling point. Thegi^i visions are then num- 
bered as follows, namely, ^0ln freesing poi^ is set the 
number 32 , and conse gn^ ^^ 212 at ^e boilil^ point ,* and 
all the other numbpiil^heir order. 

This div^n mthe scale, is commonly called Fahren- 
heit's. According to t^'i8 division, 55 is at the mean tem- 
perature of the air in this country ; and it is in this tem- 
perature, and in an atmosphere nhtch sustains a column of 
SO inches of quicksilver in the barometer, that all mensnies 
and specitic gravil^es are taken, unless uhen otherwise 
mentioned; and in this (emj>erature and pressure, the rela- 
tive weights, or specific gravities, of air, water, and quick- 
, silver, are as VJ for air, 1000 for water, and 1.S60) f< r 
mercury ; and these also are the weights of a cubic foot of 
each, in avoirdupois ounces, in that state of the barometer 
and thermometer. For other states of the thernionieter, each of these bodie< 
expands or contracts, according to the following rat**, with eadi (l. jrrce o 
heat ; viz. 

Air about part of its biiih, 

W ater about part of its bull- , 

Mer<!nry about part of its bulk. 



OF THE MEASUREMENT OF ALTITUDES RY THE 
BAROMETER AND THERMOMETER. 

56. From the principles laid down in the Scholium to prop. 17, concern- 
iug the measuring of altitudes by the barometer, and the foregoing description* 
of the barometer and iberinometer, we may now collect together the precepts 
for the practice of such measurements, which are as follow': 

Firsts Observe the height of the barometer at the bottom of any height, oi 
Slepth, intended to be luensured; with the temperature of the quicksilver by 
means t>f a thermometc r attached to the barometer, and also the temperature ot 
the air in the shade by a detached thermometer. 

Second, Let the same thing be done also at the top of the said height or 
depth, and at the same time, or as near the same time ns may oe. And let 
tlu>Be altitudes of barometer be reduced to the same temperature, if it be thought 
necessary, by cotS'ecting either the one or the other, that is, augment the height 




Barom. attat^li. cleiach. Ans. the alt ii 

Lower 29*68 57 57 • 72b fath. 

Upper 25*28 43 42 I 


KxAMrtB 2 — To find the altitude, when thestite of the barometers ami 
theririoiiieters are as follows, viz. • 

Thermom. 

Barom. attach, detach. Ana. the alt is 
Lower 29*45 38 3J 410 fath. 

Upper 26*82 41 S5 


OF THE RESISTANCE OF FLUIDS, WITH THEIR FORCES 
AND ACTION ON BODIES. 

PROP. XVIII. 

57. If any body mote through a fluid at reel, or the Jhdd more against the 
body at rest ; the force or resistance of the fluid against the body^ will be as 
the square of the velocity and the density of the fluid. That is, R oc dv*. 

For, the force or resistance is as the quantity of matter or particles struck, 
and the velocity with which they are struck. But the quantity or number of 
particles struck, in any time, are os the velocity and the density of the fiuid. 
Therefore the resistance or force of the fluid, is as the density and square oh 
the velocity. 

Corol, 1. The resistance to any plane, is also more or less, as the plane 
is greater or less ; and therefore the^esistance on any plane^ is the area oi 
the plane a, the density of the medium, and the square of the velocity. That 
is, R X adv*, 

CoroL 2, If the motion be not perpendicular, but ohl^ue to the plane, 

^ to the face of the body : thep the resistance, in the direction of motion, will 

_ • • 





^th€i sim ^ tlm 
; the cube ^ 
t\ putting I =s t^im^ 




{3iKnAi|ff ih%/dmdiai^0U!oi 
. 89 ##t E « 

be f>Ian«, P^t^Mt) of motion, a ^ 

an4 ii)^^«ir^«ndicu1aT to AC; tbeij^ more particles 
nflioet the plcu^ie than ^hat Ineet thAerpfendicular Bp, 
and tliere^re their number is diifl|piished ns AB to Bp, 
or as 1 tp s» But the fereej^^^^h pirticle, strtkmg' 
the plane iu the JflRupn is else dimin*- 

i^ied as AB to BC, orM^frw s j tiierefore the resistance, which is perpehdicn* 

t r to the face otis^^^^ane, by art, 8 is aS to sK But again, this reStitknce 
the dire 8 lh)n perpendicular to the face of the planes, is to that in the direc- 
1km AC, by art. 8 as AB to BC, or as 1 to s. Consequently, on ail these 
accounts, the resistance to the plane when moving perpendicular to its fac^e, is 
to that when moving obliquely, as I* to s*, or 1 to a*, lhat is the reMsUunce in 
the direction of the motion, is diminished, as I to 8\ or in the triplicjf^lfratto 
|f radius to the sine of inclination. ^ 

PROP. XIX. ^ 

• 58* The real resistance to a plane, bp ajlutd acting in a direct p^pendn^i^ 
lar to its face f is equal to ike weight of a column of the fluid, whose hme is 
the plane, and altitude equal to that which is due to the vdocity cf thei^ipn, 
or through which a heavy body must fall to acqtw e that velocity » 

Tire resistance to the plane moving through a fluid, is the Same os 
of tlie fluid in motion with the same velocity, on the plane at rest. " Bui tiie 
jorce of tlie fluid in motion, is equal to the weight or pressure which generates 
that niolion ; and this is equal to the weight or piessure of a (olunin of the 
fluid, whose base is the area of the plane, and its altitude that which is due to 
the velocity. 

CoroU 1. If a deiioto the area of the plane, v the \elocity, n the density 
or i^eeifio gravity of the fluid, and^^= 16/, feet, or 193 inches. Hien, 

altitude due to the velocity v being ^ ,the whole resistance, or motive foi'Ce E, 

.« 4 . u* antp 

will bo a X « X 2^ — 2^ • 

CoroL 3. If the direction of motion be not perpendicular tofliO Ihoe oi 
the plane, but oblique to it, in an angle whose sine is s. Then fl )|0 resistanc e 

to tbo plane will be 

CoroL S. Also, if w denote the weiglit of the body, whose ^^ani Isee 

H 

i,||Ma«t.d by the absolute force Bf tiie retantio, fore. or wl& be 



^4. if the body b9 l|w. ol' and is and 

niiBidy MwtsipgtetilWtteoeaoao^ atl, and a sn,^, 

whore p = 3*1416; the mkfmg force K Wwhe»?^^nd therefa^lb|^J^4 

/« £2!^^. 

*' %gw 






